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Theoretical Study of the Small Slope Approximation
for Ocean Polarimetric Thermal Emission

Joel T. Johnson,Member, IEEE,and Min Zhang

Abstract—Analytical models for ocean surface polarimetric
thermal emission based on the small perturbation method (SPM)
have shown success in matching brightness temperature az-
imuthal variations from aircraft based measurements. It has
also been shown that use of the small perturbation method for
calculation of surface emissivity results in a series in surface slope,
not surface height, so that the method remains accurate for large
height surface emission even when it fails for the corresponding
scattering calculations. This paper presents a detailed analysis of
the SPM/small slope approximation (SPM/SSA) for ocean surface
polarimetric thermal emission, and investigates the extent to
which varying ocean surface length scales contribute to brightness
temperature zeroth and second azimuthal harmonics. It is found
that ocean waves of lengths both comparable to and much
greater than the electromagnetic wavelength can contribute to
these harmonics, depending on the extent to which the ocean
surface spectral model places asymmetry in these length scales.
In addition, the SPM/SSA is approximated for the contributions
of both very long and very short ocean length scales compared
to the electromagnetic wavelength, and it is found that both
long and short wave contributions can be expressed in simple
equations involving either standard or modified ocean surface
slope variances.

Index Terms—Microwave readiometry, passive remote sensing.

I. INTRODUCTION

RECENT experimental and theoretical studies have
demonstrated the utility of polarimetric techniques in

microwave passive remote sensing of ocean wind speed and
direction [1]–[7]. The success of these studies has resulted
in plans for a polarimetric radiometer to be included in the
NPOESS series of satellites [8]. Analytical and numerical
models for the calculation of ocean surface polarimetric
thermal emission have also been developed [9]–[13], primarily
through application of standard surface scattering approximate
methods to calculate surface emissivity using Kirchhoff’s
law. Models based on both the small perturbation method
(SPM) and the physical optics (PO) approximation have
been presented, as well as some limited numerical studies
of short gravity/capillary wave emission with the method
of moments [14]. A recent work [12] has further revealed
that use of the SPM for emission calculations results in a
small slope, rather than small height, emission approximation
identical to that which would be obtained from the small slope
approximation of [15], so that the SPM can provide accurate
emission predictions even for surfaces with large heights in
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terms of the electromagnetic wavelength. Numerical tests
of the SPM for a set of canonical periodic surfaces have
confirmed this statement [16]. These results motivate use of
the SPM/small slope approximation (SPM/SSA) for the study
of ocean polarimetric thermal emission since ocean surface
slopes are often relatively small on average.

Although the SPM/SSA has been applied in several previous
studies of ocean emission [5], [9]–[10], obtaining insight into
the emission process through this technique remains difficult
due to the integration of bistatic scattering coefficients required
in Kirchhoff’s law. Furthermore, calculation of brightness
temperatures requires that a model for the ocean surface
directional spectrum be included, and the particular spectral
model chosen can strongly influence the results obtained.
For these reasons, several questions remain [17] regarding
the underlying sources of observed ocean emission azimuthal
harmonics, and in particular the influence of ocean surface
features of length scales much larger than or comparable to
the electromagnetic wavelength.

In this paper, an attempt to resolve some of these questions
is made through a detailed study of the SPM/SSA. The
SPM/SSA formulation of [9] is followed, but the resulting
equations are simplified and re-written in a form which is more
amenable to interpretation. It is found that brightness tem-
perature azimuthal harmonics for each polarimetric quantity
can be written as an integral of a weighting function over the
corresponding surface curvature spectrum azimuthal harmonic.
Studies of the harmonic weighting functions reveal them to
have a simple behavior for ocean length scales much larger
than or much shorter than the electromagnetic wavelength,
and approximations for these limits are derived and presented.
Overall results again confirm the small slope series of the
method, and show that ocean surface length scales both com-
parable to or much larger than the electromagnetic wavelength
can contribute to brightness temperature azimuthal harmonics.
Studies of the weighting functions allow the influence of a
particular ocean surface spectral model to be removed, so that
clearer insight into the emission physics of the SPM/SSA can
be obtained. In addition to providing insight, the techniques
presented offer a means for more rapid and direct calculation
of emission harmonics than previous integration techniques.

It is noted that the SPM/SSA studied in this paper involves
only second order terms in surface slope, so that no first
azimuthal harmonics of the emission are obtained. As shown
in reference [13], a consistent analysis of the first harmonic
requires that third order terms in surface slope be retained, but
the complexity of these terms has limited previous analyses
to approximate studies only. A heuristic prediction of first
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harmonics with the SPM/SSA can be obtained through a
“tilting” procedure [10], but such an approach is not fol-
lowed in this paper due to the ambiguity in choice of the
“cutoff” wavenumber for a small slope theory. Furthermore,
the influence of surface foam and atmospheric emission are
not considered, although both can potentially contribute to
azimuthal variations of measured brightness temperatures [11].

The next section briefly reviews the SPM/SSA for ocean
surface emission, and a simplified expression for the theory is
derived in Section III. The “weighting” functions in this ex-
pression are then studied in more detail in the Section IV, and
analytical expressions for long and short wave contributions
are then presented in the following sections. A final discussion
of the results presented concludes the paper.

II. SPM/SSAFOR OCEAN EMISSION CALCULATIONS

Polarimetric passive remote sensing involves measurement
of all four modified Stokes parameters of the microwave
thermal emission

(1)

where and are the brightness temperatures measured
by horizontally and vertically polarized antennas respectively,
and and are proportional to the real and imaginary parts
of the correlation between fields in horizontal and vertical
polarizations respectively [9]. The second equality follows
from Kirchhoff’s Law, which relates the emissivity of a
medium at constant temperature to the corresponding reflec-
tivity ( and ) multiplied with the surface physical
temperature Reflectivities are calculated as an integral of
bistatic scattering coefficients over the upper hemisphere in
the reciprocal active scattering problem [18].

Particular interest in ocean wind remote sensing is given
to brightness temperature variations in azimuth, and it is
convenient to represent these variations in terms of a set of
azimuthal harmonics. Due to the statistical reflection symmetry
of an ocean surface about the wind direction, it can be shown
[19] that an appropriate expansion is

(2)

where denotes the azimuth angle between the radiometer
look direction and wind direction. The azimuthal harmonic
coefficients, remain functions of the radiometer polar
observation angle the frequency of observation the
relative permittivity of sea water and the statistical properties
of the surface.

The SPM/SSA applies standard small perturbation theory to
predict the bistatic scattering coefficients of a rough surface,
and integrates these scattering coefficients over the upper
hemisphere to obtain the reflectivities and hence brightness
temperatures. It is well known that the SPM for scattering
predictions produces a series in surface height relative to the
electromagnetic wavelength, so that the approach converges

well only for surfaces with small rms heights in terms of the
electromagnetic wavelength (an accepted definition for first
order SPM is that the height should be less than approxi-
mately where is the electromagnetic wavelength [20]).
However, the rms height of an ocean surface at microwave
frequencies can be much larger than so use of the SPM
for scattering predictions becomes invalid, particularly in the
near specular region where the largest scattering cross sections
are obtained. Since calculation of emissivity requires that all
bistatic scattering cross sections be integrated, inaccuracies
in the largest scattering cross sections make the accuracy
of the SPM for emission calculations seem questionable.
These considerations resulted in only short gravity and capil-
lary wave contributions (ocean length scales within an order
of magnitude of the 2.14-cm electromagnetic wavelength
studied) being considered in [9], since a spectral “cutoff”
wavenumber was chosen below which long wave contributions
were neglected. Later works [10] modeled long wave effects
through a composite surface type approach, but again, choice
of a spectral “cutoff” to separate the long and short scale
contributions was required. However, predictions of the short
gravity/capillary wave model alone were found to be in good
agreement with measured brightness temperature azimuthal
harmonics, and long wave contributions were found to have
little influence on these results, seemingly demonstrating that
only ocean length scales comparable to the electromagnetic
wavelength are significant in generating brightness harmonics.
It should also be noted that these predictions were obtained
with the Durden–Vesecky ocean directional spectrum model
[21], derived to match measured ocean scattering cross sec-
tions through the composite surface scattering model.

Questions involving use of the SPM for ocean surface emis-
sion calculations were resolved in [12], in which expressions
obtained from the SPM for surface emissivity were shown to
have the form of a small-slope, and not small height, approx-
imation. Therefore, the SPM/SSA can be used for emission
studies even when it fails for scattering calculations due to
the small height limitation. Numerical tests with canonical
periodic surfaces have confirmed this statement [16]; it is
found that errors in scattering cross sections in the near
specular region are compensated by errors outside of the spec-
ular region, so that the integration still produces an accurate
emission prediction. Choice of a “cutoff” wavenumber based
on the SPM small height limitation is therefore not required in
emission studies, and the SPM/SSA can be applied to the entire
ocean spectrum. A “tilting” procedure to model long wave ef-
fects is also not required since the theory should be applicable
to all ocean length scales so long as they have small slopes.

Use of the SPM/SSA produces an expansion in surface
slope, with zeroth order terms reproducing flat surface emis-
sion results, first order terms identically zero, and second order
terms providing the first prediction of changes from flat surface
brightnesses. Second order terms take the form of an integral
of a set of weighting functions over the surface directional
spectrum. Properties of the directional spectrum result in
no first harmonic variations being obtained; a third order
SPM/SSA expansion is required to obtain first harmonics. Only
the second order expansion is considered.
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Second order scattering cross sections in the SPM result
from the standard incoherent Bragg scatter terms, plus a
contribution from the second order correction to the flat
surface coherent reflection coefficient. Emission contributions
for both of these terms are expressed as an integral over the
surface directional spectrum, and were discussed separately in
[9]. Following [9], but combining these two terms into one
expression results in the following form for surface brightness
temperatures:

(3)

where and are the horizontally and vertically po-
larized flat surface Fresnel reflection coefficients respectively,

is the surface directional spectrum (defined so that
an integral over the plane yields the surface height
variance ), and the “weighting” functions are given by

Re (4)

Re (5)

Re

Re (6)

Im

Im (7)

In the above equations, Re and Im represent the real and
imaginary part operators respectively,

and and are the first and second order SPM
scattering coefficients, respectively, as given in [9] with some
modifications described below. The first terms in the above

expressions represent the second order coherent reflection
coefficient contributions, while the second terms represent the
incoherent Bragg scatter contributions. Second order scattering
coefficients are exactly those taken from [9], with the variables

and in [9, App. 3] given by

and where

and Note that
is used with and as opposed to in [9] due to an
evaluation of the second order reflection coefficient in scattered
field coordinates. First order coefficients are as given in [9,
App. 2], except that the incident ( ) and scattered

( ) variables are first interchanged and then the above
equations used to represent etc. in terms of and

The integral in (3) for brightness temperatures is over
all length scales of the ocean spectrum (from 0 to );
however, the integration of incoherent scattering coefficients
should be limited to only those length scales which produce
a propagating Bragg scattered wave. The functionin the
second terms of (4)–(7) indicates this fact: is defined to
be 1 for real, 0 for complex, and limits the incoherent
contributions to waves propagating in the upper hemisphere.

Evaluation of (3) is performed through numerical integration
of the double integral for fixed values of all the radiometer
and surface parameters [ and ]. Typ-
ical formulations based on [9] would numerically calculate
double integrals for the coherent and incoherent contributions
separately; the above expression combines both into one inte-
gration. This is important because the coherent and incoherent
terms when calculated separately for large height surfaces can
both obtain very large values which cancel when combined
to yield the total emission prediction. This cancellation effect
results in extremely high accuracy required in the separate
numerical integrations. Combining the two into one double
integral eliminates this problem.

Since evaluation of (3) results in a brightness vector for
one value of only, studies of brightness temperature az-
imuthal harmonics require repeated evaluation of the double
integral for varying values of to produce functions of
azimuth. Harmonic coefficients can then be extracted from
these functions through a Fourier transform. Calculation of
brightness temperature azimuthal harmonic coefficients and
their variations with other surface and radiometer parameters
can therefore be quite time consuming.

III. SIMPLIFICATION OF SPM/SSA

To address these issues, several properties of the original
functions and the surface directional spectrum can be used.

First, it is widely accepted that the ocean surface spectrum
should vary as for large values of ; it is advantageous
to remove this dependency through use of the ocean curvature
spectrum, defined as Next it is noted
that the functions have a dependence on frequency which
can be factored out by defining

(8)

with the resulting functions depending on frequency only
through Using these ideas and re-writing the second
order change in brightnesses from a flat surface () in
terms of yields

(9)
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where

(10)

(11)

and the new functions have no explicit dependence on
frequency. Note that the above equation shows that the effect
of changes in frequency is simply to modify i.e.,
to modify the ocean length scale which is weighted by a
particular value of assuming that remains constant
with changes in frequency.

A second simplification is used to separate individual az-
imuth harmonics of the emission vector. First a study of the

functions reveals them to be functions of alone,
and not and separately. This motivates expansion of the

functions in a Fourier series as

(12)

Consideration of the fact that the functions are real func-
tions and the symmetric properties in for each polari-
metric quantity reveals that and should have only real
valued which are even in while and should
have only imaginary valued which are odd in

Using the Fourier expansion in (9) results in

(13)

(14)

(15)

Re

Im

(16)

where the upper row in the final equality holds forand the
lower row for and and an assumption that the curvature
spectrum contains only cosine harmonics has been made.
Equation (16) has separated out individual emission azimuthal
harmonic terms (the and terms) and reveals

them to be proportional to an integral of a weighting function
times the functions. Note that

(17)

represents theth harmonic of the surface curvature spectrum,
so the above equation demonstrates the direct correspondence
between emission and surface azimuthal harmonics. Again,
since the properties of a surface directional spectrum require
it to have no odd azimuthal harmonics, the above equation
clarifies that no odd emission harmonics will be obtained in
this second order formulation. In addition, the above equation
makes calculation of emission harmonics a much more direct
procedure, since two single integrals [one for the Fourier series
expansion of the functions and the integration in (16)]
replace the multiple double integrals in an azimuth sweep
procedure.

IV. STUDY OF WEIGHTING FUNCTIONS

Plots of the harmonic weighting functions for fixed
values of and can help reveal the extent to which emission
azimuth harmonics are sensitive to azimuthal anisotropy in
varying ocean length scales. Note that plots of the weighting
functions remove any influence of a particular ocean spec-
tral model, since the total azimuthal harmonic is obtained
by integrating the product of the weighting function with
the corresponding surface harmonic coefficients. The large
amount of uncertainty in the directional properties of the
ocean spectrum, and in particular their variation with length
scale, makes this a desirable procedure. Plots of the weighting
functions will be made using logarithmic axes due to the
large range of ocean length scales considered; however, use of
logarithmic axes makes assessing contributions to the integrals
in (16) difficult. Transforming the integration variable from
to eliminates this problem:

Re

Re (18)

Plots of Re versus can thus be multiplied
with plots of versus and integrated linearly
over to obtain total harmonic contributions. Note also
that use of a logarithmic axis for weighting function values
will produce rapid nulls when the weighting functions cross
through zero; however the wide range of possible weighting
function values again makes a logarithmic axis useful.

Figs. 1–3 plot Re for and and Im for
and versus (the logarithm of ocean length scale

relative to electromagnetic wavelength, expressed in terms of
length on the plot axis) for observation angles of 0, 30, and
60 , respectively, and for (approximate
permittivity of sea water at 14 GHz [22]). Four plots are
included in each figure: magnitudes of the zeroth and second
harmonic weighting functions in dB and their signs, defined
as 1 for positive values of Re or Im and

1 for negative values. Note the four sign functions are
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(a) (b)

(c) (d)

Fig. 1. Weighting functions for� = 39:7+ i40:2 and 0 degree observation angle (a) Magnitude of second harmonic weighting function. (b) Sign of second
harmonic weighting function. (c) Magnitude of zeroth harmonic weighting function. (d) Sign of zeroth harmonic weighting function. Note that�g

h
; �g

U
;

and �g
V

sign functions are shifted by+3, �3, and�6, respectively, to enable to curves to be distinguished.

shifted in steps of three to allow the curves to be more easily
distinguished. In general in these curves, it is observed that
the weighting functions are very smooth functions for length
scales much greater than or much less than the electromagnetic
wavelength, and clearly should reduce to simple expressions
in terms of 1/ A general trend of constant valued curves
for larger ocean length scales (small) is observed as well,
with the exception of which falls off rapidly for large
length scales. However, for length scales comparable to the
electromagnetic wavelength, several resonance type behaviors
are observed, particularly at larger observation angles. These
resonance type behaviors can be attributed to a “critical
phenomenon” effect [23], associated with scattered waves
making a transition from propagating to nonpropagating, i.e.,

crossing through 0 and becoming imaginary or reaching
a minimum. Further study of this effect shows that only
length scales in the ranges and Re

can show critical phenomena; the vertical lines in the
figures indicate the outermost boundaries of these limits and
confirm that the resonance effects are associated with critical

phenomena. In this region, extreme care must be exercised in
evaluating the weighting function harmonics from (12) due to
rapid variations with azimuth; a total of 16 384 points in the
azimuth integration were used to generate the figures shown.
Note also that in or near the resonance region there can be sign
changes in the weighting functions, showing that some length
scales can work in opposition to each other in generating
emission harmonics. Plots of the weighting functions for fourth
and higher azimuthal harmonics can be generated as well, but
since most models of ocean directional spectra do not predict
higher than second azimuthal harmonics in the spectrum, no
emission signatures would be obtained.

A few features of Fig. 1 are also worth noting. Since
these plots are for observation at normal incidence,and

weighting function magnitudes become identical, the
second harmonic weighting function magnitude is twice that
of or and the second harmonic weighting function
becomes zero. Second harmonic weighting functions in Fig. 1
are particularly simple, with only one critical phenomenon
occurring at the electromagnetic wavelength. Zeroth harmonic
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Fig. 2. Same as Fig. 1 but for 30� observation angle.

weighting functions (never plotted for and since these
quantities identically have no zeroth harmonic) are also inter-
esting, since they indicate that the zeroth harmonic at normal
incidence is dominated only by ocean length scales equal to
the electromagnetic wavelength. Zeroth harmonics at oblique
observation however show contributions from length scales
both larger and smaller than

Similar plots can be made for other observation angles
and values of surface relative permittivity, and show similar
behaviors. Some differences occur in the case when the surface
relative permittivity is purely real, but since this is not realistic
for the ocean at microwave frequencies, this case will not be
further discussed. Overall, plots of these weighting functions
show that emission second harmonics predicted by the
SPM/SSA are sensitive (with the exception of) to anisotropy
in ocean length scales much larger thanas indicated by the
constant valued weighting functions. However, the resonance
behaviors observed in the critical phenomena region produce
a significant sensitivity to ocean length scales on the order
of as well. Of course, obtaining a final prediction of
emission second harmonics requires inclusion of an ocean
directional spectrum model, and the product of the weighting
function and ocean curvature spectrum harmonics may result

in either large or mid range length scales being the dominant
contributor to emission harmonics. Fig. 4 plots zeroth and
second harmonic coefficients of curvature spectra obtained
from two ocean spectral models at wind speed 10 m/s: that
of Durden–Vesecky [21] and a symmetrized Apel spectrum
[24]. Note that these two models place surface azimuthal
anisotropy in differing length scales, with the Apel spectrum
emphasizing more the azimuthal anisotropy of longer gravity
waves. Prediction of emission second harmonics simply
requires shifting the curvature spectrum harmonic functions
so that the appropriate length scale is aligned within the
weighting function plot, and then integrating the product of
the two curves over This procedure clearly shows
that the Apel spectrum would result in much larger azimuthal
harmonic predictions at low frequencies than would the
Durden–Vesecky model. The exact directional dependence of
the ocean surface spectrum remains a subject of research.

V. APPROXIMATION FOR LARGE

SCALE WAVE CONTRIBUTIONS

An examination of the curves of Figs. 1–3 reveals them
to remain constant for length scales much greater thanA

dependence of the functions for small can also
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(a) (b)

(c) (d)

Fig. 3. Same as Fig. 1 but for 60� observation angle.

be derived in general through an expansion of the weighting
function in It is more convenient to illustrate this expansion
in terms of the original functions of (4)–(7). Small values
of indicate small values of or large length scale waves
in the ocean spectrum. Since the values of and
used in the first and second order scattering coefficients are
found through

and an expansion assuming is small
produces

(19)

to second order in Similar expansions can be made for
all terms in the first and second order scattering coefficients,
and terms multiplying powers of can be collected in the

functions. It is found that zeroth and first order terms
both produce no emission contributions for a surface spectrum
containing only even cosine harmonics; terms in yield the

first nonzero result. Overall it can be shown that the form of
the functions in this limit is

(20)

where and are now constants in and

; the subscript denotes “long” waves and the superscript
indicates the azimuthal dependency generated by the function.
The upper row in the above equation is used withand

brightnesses; the lower row with and Since these
expressions hold for the original functions, which did
depend on frequency in general, it is clear from the above
expression that the only frequency dependence of long wave
contributions to either zeroth or second emission azimuthal
harmonics is permittivity related.

The dependencies obtained in the long wave limit are
particularly appealing because when used in (3) they produce



2312 IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 37, NO. 5, SEPTEMBER 1999

(a)

(b)

Fig. 4. Zeroth and second harmonic coefficients of curvature spectrumCn(k�) for Durden–Vesecky and Apel models. (a) Second harmonics. (b)
Zeroth harmonics.

(21)

(22)

where and are the long wave surface slope variances in
the and directions respectively and is the

total surface slope variance. This result shows that long wave
emission zeroth and second azimuthal harmonic contributions
are directly proportional to the long wave slope anisotropy,
and that the dependence of the long wave contributions on
polar observation angle is completely determined by the
surface relative permittivity through the functions. Note
that the integration in the above equations is truncated at

to include only the long wave region; this region should
be chosen to be well outside the critical phenomenon limit
described previously.

Although the and functions can be

derived analytically through the expansion, the resulting
functions are quite complicated and so are not presented here.
It is found that as expected from Figs. 1–3.
Rewriting (22) as

(23)
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(a)

(b)

Fig. 5. Long wave zeroth harmonic “shape” factorsh
(0)
;l

(�i; �) versus polar observation angle�i for sea water permittivities at 14, 19, and 35 GHz.
(a) Horizontal. (b) Vertical.

shows that long wave second harmonic contributions can be
expressed as a product of three factors: the long wave total
slope variance, a slope asymmetry factor,

and the “shape” versus polar observation angle functions,

again which are independent of frequency and the
surface geometry.

The observed dependence on surface slope only confirms
the small slope approximation, and it is clear that increases
in total long wave slope variance for a fixed upwind to
cross wind slope variance ratio results in increasing second
harmonics. The asymmetry factor correctly reduces to zero
for an isotropic spectrum, and is seen to vary between minus
one and one with a fairly rapid saturation as the up wind to
cross wind slope ratio increases. Figs. 5 and 6 plot the zeroth
harmonic and second harmonic“shape” factors respectively
for three surface permittivities, corresponding to approximate
permittivities of sea water at 14, 19, and 35 GHz [22].
The characteristic variations of emission second harmonics
observed in measurements are seen in these figures, with a
zero crossing occurring in the 50–60 degree polar observation
angle range, which varies with surface permittivity. Note

terms are also included from the exact weighting functions,
but they are extremely small and can be neglected. It is seen
that long wave zeroth harmonic contributions are zero near
normal incidence, as in Fig. 1, and increase in magnitude at
oblique incidence.

Depending on the ocean spectrum model chosen and the
operating frequency, the long wave portion may or may
not contribute significantly to ocean azimuthal harmonics.
The above equation reveals the simple dependence of these
contributions on long wave slope variances. A dependence
on surface slope alone is similar to what might be expected
from a geometrical optics emission calculation, and numerical
studies [16] have confirmed that both PO [11] and SPM
based emission calculations yield accurate results for large
scale surface features. It is interesting to observe that an
SPM based emission formulation reduces to the physical
optics limit for large height but small sloped surfaces! The
relatively simple integral expressions of the SPM/SSA method
however make obtaining the above approximations for long
wave contributions much simpler and clarify the limitations
of the approximation. In addition, the approximate expression
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(a) (b)

(c) (d)

Fig. 6. Long wave second harmonic “shape” factorsh
(2)
;l

(�i; �) versus polar observation angle�i for sea water permittivities at 14, 19, and 35 GHz.
(a) Horizontal. (b) Vertical. (c)U . (d) V:

presented can be used to increase the efficiency of emission
harmonic calculations for the full spectrum, since only a
calculation of long wave slope variances is required to obtain
all long wave contributions.

VI. A PPROXIMATION FOR SMALL

SCALE WAVE CONTRIBUTIONS

A similar expansion can be made for length scales much
smaller than Re again as seen in Figs. 1–3
where the weighting functions become smooth for small length
scales. In this case the expansion assumes large values of
so that an expansion in is obtained:

(24)

where In this case it is found that zeroth
order in terms contribute to emission azimuthal harmonics

if the surface permittivity has an imaginary part. It can be
shown for very short waves (again significantly outside the
critical phenomena region for the sea water region) that the

second harmonic weighting functions approach a function
which varies as so that a direct dependence on
short wave surface slope variances is not obtained. Instead the
result can be written as

(25)

where the subscript on the functions now stands for
“short” waves, and the and
are “modified” short wave slope variances in that they are
calculated with a filtering function included. Since
is assumed to be large in this limit, the filtering function
shows a de-emphasis on the contributions of short scale waves
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(a) (b)

(c) (d)

Fig. 7. Short wave second harmonic “shape” factorsh
(2)
;s(�i; �) versus polar observation angle�i for sea water permittivities at 14, 19, and 35 GHz.

(a) Horizontal. (b) Vertical. (c)U . (d) V:

in the SPM/SSA emission process. Zeroth harmonic terms
in the short wave limit are more complex, involving terms
proportional to the short wave surface variance and modified
surface slope, and so are not presented here. Note even though
a surface variance dependence is obtained, these contributions
occur only for length scales much shorter thanfor which
small slopes also imply very small heights relative to; the
overall expansion can thus still be considered a small slope
approximation.

Fig. 7 plots second harmonic “shape” factors analogously
to Fig. 6. Note overall that the short wave contributions
have smaller values of the slope-dependent “shape” factor
than the long waves, with the exception of which has
no long wave contributions. Clearly the weighting functions
demonstrate that the brightness has the most sensitivity to
short scale waves on the ocean surface. Again these approxi-
mations can be useful in calculating emission harmonics more
efficiently.

VII. D ISCUSSION

The results of this paper clarify the physics of the emission
process predicted by the SPM/SSA, independent of a particular

directional spectrum model for the ocean surface. Use of an
azimuthal Fourier series enabled the sources of individual
emission harmonics to be identified as an integral of the corre-
sponding surface spectrum harmonic with a distinct weighting
function for each harmonic and polarimetric brightness. These
weighting functions were found to be sensitive to length
scales much larger than the electromagnetic wavelength, with
the exception of the term, although significant sensitiv-
ities to length scales within an order of magnitude of the
electromagnetic wavelength were also observed. The fourth
Stokes brightness, was found to be the most sensitive
of the four brightnesses to small scale features in the ocean
spectrum, and an interesting sensitivity of nadir viewing zeroth
harmonic brightness to a single scale in the ocean
spectrum was observed. Consideration of these results clarifies
the fact that previous works have concluded that the short
gravity/capillary wave portion of the spectrum dominated
emission second harmonics due to use of the Durden–Vesecky
ocean spectrum, which places most of the azimuthal anisotropy
in these length scales. However, the weighting functions
show that large scale waves can also contribute if they are
anisotropic.
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Approximations to the weighting functions in the large
wave and short wave limits produced simple equations for
emission zeroth and second azimuthal harmonics in terms of
a product of the surface standard or modified slope variance
with an asymmetry factor and a “shape” factor which was
independent of surface geometry and completely determined
the dependence of the harmonic coefficients on polar ob-
servation angle. These approximations again show that long
wave contributions can be significant, and can also be used to
improve the efficiency of brightness temperature calculations.
A physical or geometrical optics approximation should also
be appropriate for these contributions, but would become
inaccurate for wavelength and sub-wavelength scale effects.

The success of the SPM/SSA in matching measured bright-
ness temperature harmonics [10] has shown that the technique
should be applicable for ocean brightness temperature pre-
dictions. Remaining issues involve a more complete study
of the third order expansion, so that emission first azimuthal
harmonics can be obtained, as well as the effects of foam and
atmospheric emissions. In addition, the dependence of ocean
surface anisotropy on length scale remains an open question,
as evidenced by the differing predictions of the two spectral
models considered in this paper. Finally, consideration of the
weighting functions presented in this paper can enable combi-
nations of polarimetric brightness quantities to be designed
to obtain enhanced sensitivities to particular ocean length
scales for remote sensing applications; the sensitivity of nadir
viewing zeroth harmonic brightness temperatures to a single
ocean surface length scale clearly suggests such possibilities.
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