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Radar Images of Rough Surface Scattering:
Comparison of Numerical and Analytical Models

Hyunjun Kim, Student Member, IEEE,and Joel T. Johnson, Member, IEEE

Abstract—Rough surface scattering theories are investigated
through analysis of radar images. Backscatter results from 10–14
GHz under tapered wave illumination are considered for one-di-
mension (1-D) random rough surface realizations which satisfy
an impedance boundary condition. Back-projection tomography
is applied to form two-dimensional (2-D) synthetic aperture
radar images from deterministic surface scattered field data at
multiple-incidence angles and frequencies. Numerical predictions
of surface backscattered fields are obtained from an accelerated
forward-backward (FB) method and the resulting images are
compared with those obtained from approximate scattering
theories such as the physical optics (PO) approximation, the small
slope approximation (SSA), and the nonlocal SSA (NLSSA). The
resulting radar images illustrate scattering sources associated
with single and multiple scattering on the boundary, and a ray
tracing analysis confirms the locations of time-delayed image
points due to double reflections. For single scattering effects,
images demonstrate excellent agreement between analytical and
numerical methods in both horizontal and vertical polarizations.
For surfaces with rms height 2.0 cm and correlation length 7.5 cm
at normal incidence, multiple-scattering effects are observed and
successfully captured when the lowest-order NLSSA is employed.

Index Terms—Multiple scattering, radar imaging, rough surface
scattering.

I. INTRODUCTION

I N recent years extensive studies of rough surface scattering
have been conducted to develop accurate and efficient

models valid over a wide range of incident and scattering angles.
Several analytical approaches have shown good results for
specified ranges of surface statistics [1], [2]. No approximate
solution, however, clearly explains all possible scattering
mechanisms, and each approximation is limited to a particular
range of surface roughness or electromagnetic parameters.
Evaluation of analytical theories is typically based on results
for average cross sections. However, data averaged over surface
realizations does not provide a detailed description of surface
scattering phenomena, so that detailed investigations of the
scattering physics captured by the approximate theories have not
been performed. Due to the lack of information on the physical
behavior of scattering from rough surfaces, a more descriptive
approach can be helpful to understand the existing theories.

Imaging techniques have been widely used in other areas of
electromagnetics as a tool for analysis and understanding of
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scattering and propagation phenomena. For example, studies of
natural target scattering have used high-resolution radar images
to examine small foliage targets [3]–[6]. Imaging techniques to
assist in separating buried targets from surface clutter are also
of interest in subsurface target detection problems [7],[8]. The
advantages of imaging techniques for improving understanding
motivate the use of high resolution imaging for studies of rough
surface scattering phenomena [9].

Computational requirements in image analysis are com-
pounded by the need for data at multiple frequencies and
aspect angles; advances in computing facilities and the recent
development of efficient numerical methods for backscatter
predictions enable radar image formation with numerical
scattering models. Images formed from numerical scattering
models can be used as a reference solution to evaluate the
performance of the existing analytical models such as the small
slope approximation (SSA) and the nonlocal SSA (NLSSA).
Recent studies have proven the success of these approximations
in terms of average radar cross sections and for surfaces with
moderate rms slopes [10]–[17].

In thispaper,highspatial resolution radar imagesofasingle re-
alization of a Gaussian random process surface are formed using
both approximate and numerical surface scattering models. In
Section II, the scattering geometry is described and a brief re-
view of the analytical and numerical methods to be evaluated
is presented, followed by a description of the two-dimensional
(2-D) synthetic aperture radar (SAR) image formation proce-
dure. Images from the scattering models are compared in Sec-
tion III, including a discussion of the performance of the ap-
proximate theories. A summary and conclusions are presented
in Section IV.

II. SCATTERING GEOMETRY AND BACKGROUND THEORIES

A. Problem Geometry and Incident Field

Fig. 1 illustrates the scattering geometry of a typical one-di-
mensional (1-D) rough surface, , described as a re-
alization of a Gaussian random process with a Gaussian cor-
relation function. Surface statistics can be characterized by the
rms height ( ) and correlation length (). The rms slope ()
of the surface is proportional to the ratio of the two parameters
( ) for a Gaussian spectrum. The medium is assumed
to be described by an impedance boundary condition with a rel-
ative permittivity of ( ).

A single surface realization is used in this paper, generated
with rms height 1.25 cm and correlation length 7.5 cm. A larger
amplitude version of this surface is also employed by multi-
plying the original surface amplitude by 1.6 to obtain an rms
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Fig. 1. Scattering geometry of a rough surface.

height of 2.0 cm. The resulting rms slopes for the two surfaces
become 0.236 (13.28) and 0.377 (20.66), respectively.

The length of the surface profile studied is me-
ters (64 at 10 GHz). To avoid scattering effects from surface
edges, a Gaussian “tapered wave” [18] is used as the incident
field. According to the criterion described in [19], a 64sur-
face with tapering parameter is sufficient to provide
accurate surface scattering calculations up to the maximum 55
incidence angle considered in this paper.

Scattering cross sections under tapered wave illumination are
obtained for the analytical theories through a superposition of
plane wave responses with a Gaussian weighting in the spectral
domain

(1)

where
scattered field under uniform plane wave excita-
tion;
determines the taper size of the incident field;

, wave numbers of incident and scattered fields in
the x direction, respectively.

B. Scattering Theories

A numerical solution based on an iterative method of
moments (MOM) called the forward-backward (FB) method is
used as a reference backscatter result. To improve the efficiency
of the computations, the novel spectral acceleration algorithm
is employed [20]. A total of 1024 points were used in sampling
the surface profile and surface fields for all scattering calcu-
lations of this paper. The physical optics (PO) approximation,
the small slope approximation (SSA), and the nonlocal SSA
(NLSSA) are also investigated in terms of radar images in this
paper. Results from small perturbation method (SPM) are not
included in this paper because SPM is valid only for small
height surfaces [1], [21].

In PO predictions, the scattering phenomena involve only
single scattering on the surface neglecting interactions between
points of the surface [1]. It has been shown that a PO model
should be adequate for surfaces with large radii of curvature and
for near specular scattering. PO results however show little po-
larization dependence even at oblique observation angles.

The small slope approximation (SSA), proposed by
Voronovich, is based on a series expansion in generalized
surface slope [10]–[15]. Though this series gradually improves
results as additional terms are included, additional integrations
in higher order terms make the computations more complicated.
However, SSA results have shown good agreement with exact
solutions when moderate incident angles are considered and
when rms slopes of surfaces are relatively small (less than
30 ) so that only a few series terms are required [15]. In this
paper, zeroth (first order in slope) and first (second order in
slope) order SSA results are considered. Note that the first
order SSA requires an additional integration for backscatter
computation compared to PO calculations, but remains very
efficient compared to the MOM/FB solution.

The nonlocal SSA (NLSSA) is an improvement of the
SSA which attempts to include nonlocal interactions more
accurately [16], [17]. To include the multiple interactions
explicitly, a second kind integral equation (IE) is expanded
to include double scattering terms, and then the expansion
in generalized surface slope is applied. A stationary phase
analysis shows that the lowest order NLSSA can capture the
double scattering mechanism [16]. In the references, expres-
sions for kernels in the NLSSA integrations were developed
for perfectly conducting surfaces. Since these kernels are based
on combinations of SPM solutions, the NLSSA formula for an
impedance surface can be easily achieved. Also, expressions
for vertical polarization can be obtained by duality principles.
In this paper, the zeroth order NLSSA formulation is employed,
which also requires an additional integration compared to PO
calculations. However, the NLSSA double integration can be
separated into a pair of 1-D Fourier transforms so that very
efficient calculations are possible.

C. Construction of Radar Images

A 2-D SAR image of a deterministic surface can be con-
structed from a set of frequency and angular swept complex
backscatter field data. This corresponds to a “spotlight” SAR
image in which the incident beam is oriented to illuminate a
fixed surface area. Tomographic processing using an inverse
Fourier transform with back projection is employed to generate
the images of this paper [22], [23].

For normal incidence, the down- and cross-range direc-
tions coincide with the and axes as shown in Fig. 1,
respectively (i.e., the incident field approaches the surface
from above). Down- and cross-range resolutions of the image
can be determined by the frequency and angular bandwidths,
respectively. The down-range and cross-range resolutions,
and , are given by

(2)

where is the velocity of light, and and represent the fre-
quency bandwidth centered on and the angular rotation, re-
spectively. To resolve surface variations on the order of a wave-
length, backscatter data were collected over a 4 GHz frequency
bandwidth (10 – 14 GHz) and a 20angular bandwidth corre-
sponding 3.75 cm down- and 3.65 cm cross-range resolution in
the image domain, respectively.
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The unambiguous down- and cross-ranges,and , can
be obtained by the following equations:

(3)

where and denote the steps in frequency and angle, re-
spectively. Step sizes 50 MHz ( meters) and 0.2(

meters at GHz) are used so that image forma-
tion with large down range and cross range unambiguous re-
gions are possible at normal incidence. Note that these unam-
biguous ranges should also take into account the possible ranges
of time-delayed images due to multiple scattering.

To reduce the side-lobe level, a proper choice of windows
is necessary. Since image formation is closely related to the
Fourier transform, there is a tradeoff between side-lobe level
and spatial resolution. Windows functions in both frequency and
angle are chosen to set the relationship between these quan-
tities. In this paper, the well-known simple windows are used
[24]. A rectangular window has optimum resolution, but the
first side-lobe level is relatively high ( dB) so that minor
scattering events other than strong single scattering can be com-
pletely obscured by the side lobes. The Hamming widow has a
low side-lobe level ( dB) with a wider main lobe. The disad-
vantage of the Hamming window is that the side-lobe level does
not decrease significantly at wide ranges. Throughout this paper
a Kaiser–Bessel window ( ) is selected as an appropriate
choice for the windowing function, resulting in a fast decaying
side-lobe level at the expense of degrading image resolution.

III. B ACKSCATTER RESULTS AND 2-D SAR IMAGES

A. Moderate Height Surface

First, SAR images of the moderate rms height surface with
cm and cm are investigated for aspect an-

gles centered at normal incidence. The images in Fig. 2 show
the horizontal (HH) and vertical (VV) polarization images re-
constructed from the exact numerical results (MOM/FB). Each
image is expressed within a dynamic range of 60 dB (

db) and composed of 200200 pixels in a 2 m 2 m range
so that the pixel size is much smaller than the image resolution
(note only a 2 m 1.6 m range is shown in the figure). As men-
tioned in the previous section, the image resolution depends on
the choice of windowing function as well as the angular and fre-
quency bandwidths.

Images are observed to have a maximum scattering level at
the center of the surface due to the tapered wave illumination
on the surface. The surface profile is also overlaid
to match scattering centers to the corresponding surface points.
The main scattering center distributions are from single scat-
tering responses corresponding to the near specular points as
shown in the figure. The maximum pixel amplitudes of the im-
ages are dB and dB for HH and VV, respectively.

Radar images obtained from the PO and SSA theories were
found to be virtually identical to those in Fig. 2, and thus
are not plotted. PO results show maximum pixel amplitudes
of dB for HH and dB for VV, showing very
little polarization dependence as expected. Zeroth order and
first order SSA images are also almost identical and produce

(a)

(b)

Fig. 2. 2-D SAR images for a Gaussian rough surface with moderate rms
height (� = 1:25 cm andl = 7:5 cm): MOM/FB,f = 10 � 14 GHz,�f =

50 MHz, � = �10 � 10 , and�� = 0:2 . (a) Horizontal polarization.
(b) Vertical polarization.

maximum pixel amplitudes of and dB for HH and
VV, respectively. The maximum pixel amplitude differences
between PO, first order SSA, and MOM images are thus less
than 0.1 dB, demonstrating the accuracy of approximate solu-
tions in predicting single scattering effects for this particular
surface at near normal incidence.

It is also interesting to calculate image differences in the
spatial domain between analytical and numerical results more
quantitatively. To estimate the performance of the theories, the
rms error is defined as

(4)
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(a)

(b)

Fig. 3. 2-D SAR images for a Gaussian rough surfaces with high rms height
(� = 2:0 cm andl = 7:5 cm): MOM/FB,f = 10 � 14GHz,�f = 50MHz,
� = �10 � 10 , and�� = 0:2 . (a) Horizontal polarization. (b) Vertical
polarization.

where and represent the pixel intensity of the exact
solution and approximations, respectively. With the above defi-
nition, for both polarizations, the rms errors are 0.6% and 1.5%
for the PO and first order SSA images, respectively. The error
estimation shows that approximate theories such as PO and SSA
for moderate height surfaces can predict the overall scattering
events quite accurately.

B. Large Height Surface

For the moderate rms height case only single scattering con-
tributions were observed. However, as the surface rms height
increases some additional effects can appear. Fig. 3 shows radar
images from the exact MOM solution for the scaled large rms
height surface ( cm). When compared to the moderate
rms height case, the maximum pixel amplitudes ( dB for
HH and dB for VV) are decreased by approximately

Fig. 4. Ray tracing prediction for the location of image spots due to multiple
scattering at normal incidence: Overlay of time-delayed scattering centers
(marked as dots) and the same image as in Fig. 3.

2.2 dB due to the fact that the moderate height surface has more
specular points than the large height surface. Images for both
polarizations show additional scattering points below the sur-
face, possibly from multiple scattering effects.

To study the origin of these additional scattering points, a
ray tracing analysis was carried out to predict the locations of
points which occur due to double reflection. Fig. 4 illustrates
predicted locations corresponding to double bounces between
two points. Overlaid by the images of Fig. 3, the predicted points
match the time-delayed images from multiple scattering effects.
Another property of the multiple scattering images is that the
spots are deformed into stripe-like images with an increasing
angular bandwidth whereas single scattering spots become more
focused. These effects were clearly observed when the angular
bandwidth was doubled from 20to 40 .

First order SSA predictions for the large rms height surface
are presented in Fig. 5 and fail to resolve the nonlocal inter-
actions. However, good results for single scattered responses
are obtained when compared to the MOM images of Fig. 3.
PO images (maximum pixel amplitude of dB for HH
and dB for VV) are again virtually identical to the first
order SSA (maximum pixel amplitude of dB for HH and

dB for VV) for this case, and maximum pixel amplitudes
from both theories are within 0.1 dB of the maximum pixel am-
plitude for numerical results in both polarizations. PO images
produce an rms error of 4.4% for HH and 6.8% for VV while
first order SSA images obtain an rms error of 4.9% for HH and
6.8% for VV in the image domain, respectively, which are larger
than the moderate rms surface case. This is expected because
both the PO and SSA predictions should be more accurate for
surfaces with smaller slopes.

Nonlocal SSA (NLSSA) images are also presented in
Fig. 5. Excellent predictions for single scattering are acquired
from NLSSA for both polarizations. More importantly, the
NLSSA also captures multiple scattering contributions in VV
polarization successfully. Again, the maximum pixel amplitude
( dB for HH and dB for VV) shows less than a
0.1 dB difference from MOM/FB results and the rms error is
reduced to 4.1% and 2.1% for HH and VV, respectively. Unlike
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(a) (b)

Fig. 5. 2-D SAR images of a Gaussian rough surface with high rms height (� = 2:0 cm andl = 7:5 cm): first order SSA and Non-local SSA,f = 10 �

14 GHz, �f = 50 MHz, � = �10 � 10 , and�� = 0:2 (a) SSA. (b) NLSSA.

the first order SSA, NLSSA produces a smaller rms error for
the VV case because NLSSA is able to capture multiple scat-
tering effects comparable to the level of the MOM. For the HH
case, however, the NLSSA underestimates multiple scattering
effects. Changing the windowing function to a lower side-lobe
windowing such as the Nuttall window (3 cosines), multiple
scattering points can also be observed in the NLSSA HH case.
The underprediction of HH multiple scattering effects observed
is consistent with the discussion of polarization effects in
multiple scattering NLSSA contributions provided in [16].

C. Oblique Incidence Images

Fig. 6 shows images from MOM and NLSSA results for as-
pect angles centered at 45for the large rms height surface. With
a 20 angular bandwidth, the highest incident angle becomes
55 . The incident field propagates in the and directions
in the images shown. When compared to the normal incidence
case, scattering centers have moved to points near the specular
direction at 45, and the maximum pixel amplitude is dB
for HH and dB for VV.

Images formed with the moderate height surface show sim-
ilar features and a maximum HH and VV pixel amplitudes of

dB and dB, respectively. Because rms slopes for
the moderate and large height surfaces are 13.28and 20.66,
respectively, the probability of obtaining specular features at
45 incidence angle is much greater for the large height sur-
face, resulting in the much larger maximum pixel amplitudes
compared to the moderate height case. Overall scattering cross
sections for the moderate height surface are primarily nonspec-
ular in this angle range, and thus decrease rapidly as the angle
increases.

At high incidence angles multiple scattering events are no
longer observable for the large height surface although the exact
images show a very low level of contributions when the dynamic
range is extended. This is because the chance to have near spec-
ular reflections for two points simultaneously reduces signifi-
cantly for smooth Gaussian roughness surfaces and, thus domi-
nant scattering mechanisms are from the specular points.

Performance of the approximate theories for the large height
surface is as follows: PO (1.6% error, dB maximum),
SSA (1.6% error, dB maximum), NLSSA (5.7% error,

dB maximum) in HH, while VV performance is: PO
(0.5% error, dB maximum), SSA (9.0% error, dB
maximum), NLSSA (23.9% error, dB maximum). For the
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(a) (b)

Fig. 6. 2-D SAR images for a Gaussian rough surface with high rms height and large aspect angles (� = 2:0 cm andl = 7:5 cm): f = 10 � 14 GHz,
�f = 25 MHz, � = 35 � 55 , and�� = 0:2 (a) MOM/FB. (b) NLSSA.

moderate height surface case, performance is: PO (2.8% error,
dB maximum), SSA (1.8% error, dB maximum),

NLSSA (4.9% error, dB maximum), in HH, while VV
performance is: PO (0.64% error, dB maximum), SSA
(13.9% error, dB maximum), NLSSA (21.6% error,

dB maximum).
Errors obtained in HH polarization for both surfaces are

comparable to those at normal incidence, although the NLSSA
shows slightly worse performance compared to PO and SSA
results. Vertical polarization results however show greatly
increased errors for the NLSSA and SSA theories, while PO
continues to perform well. This somewhat surprising result
suggests that the large height surface is sufficiently rough to
begin to approach the geometrical optics (GO) limit, in which
scattering is completely dominated by specular points. The
similarity of HH and VV maximum pixel amplitudes from the
MOM/FB model further indicates a GO scattering behavior.
Since GO results are captured by the PO theory, but only
approximately by the SSA and NLSSA theories as more terms
are included, the low-order SSA and NLSSA methods used
here obtain somewhat larger errors. Of course, generalization

of these results will require further image studies of a larger
number of surface realizations.

IV. SUMMARY AND CONCLUSION

Backscatter radar images of a deterministic rough surface
with a Gaussian spectrum have been investigated. Observations
in the image domain enabled interpretation of the major and sec-
ondary scattering events on the rough surfaces. Dominant scat-
tering events were found at surface points related to the near
specular directions.

For the moderate rms height surface ( cm and
cm) single scattering returns are dominant and multiple scat-

tering effects were negligible at normal incidence. In this case,
PO and first order SSA predictions showed excellent agreement
with numerical results for both horizontal and vertical polariza-
tions. Estimated image domain errors between PO, first order
SSA, and numerical images were less than 2%.

Multiple scattering effects at normal incidence were found
to become more significant as the rms height increased, as de-
picted in the numerical images. For the large rms height surface
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with cm and cm, time delayed spots due to
multiple scattering clearly appeared on the image space under-
neath the surface. A simple ray tracing algorithm was able to
specify the location of these spots due to double reflection be-
tween two points. Images revealed that multiple scattering ef-
fects were captured successfully from the lowest order NLSSA
results, especially in VV polarization, but not from the PO or the
first-order SSA results which emphasize only single scattering
and local interactions.

The studies of this paper demonstrate that radar images pro-
vide a means for better understanding of rough surface scat-
tering problems and confirm that the NLSSA can capture some
multiple scattering effects.
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