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Time Statistics of Propagation over the Ocean
Surface: A Numerical Study
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Abstract—Temporal evolution of the ocean surface affects the
received signal characteristics in a shipboard communication
system. Predicting these time-varying properties is important in
studying multipath fading problems. A statistical channel descrip-
tion to the second order is provided by knowledge of the coherent
and incoherent power levels as well as the power spectrum of
the received field. Several other time-dependent properties of
a Gaussian channel can be determined from these statistics. In
this paper, a method of moments (MoM) model for propagation
over a one-dimensional (1-D) time-evolving, perfectly conducting
rough surface is applied to numerically study time statistics of
propagation over the ocean. The ocean surface is described by
a Pierson-Moskowitz spectrum and evolves in time according
to a linear hydrodynamic dispersion relation. Due to the large
size of propagation geometries in terms of the electromagnetic
wavelength, an efficient numerical method is required to complete
the simulation in a reasonable time. The recently developed
forward–backward method with a novel spectral acceleration
(F-B/NSA) technique is applied and enables time-evolving simu-
lations for many realizations to be calculated so that reasonable
statistics are obtained. Numerically obtained results for the co-
herent and the incoherent powers are illustrated. These results are
compared with available analytical approximations to investigate
the success of the approximate methods. Particular emphasis is
placed on comparison with the Kirchhoff approximation, which
provides reasonable predictions for smoother surface profiles and
larger grazing angles.

Index Terms—Electromagnetic propagation, rough surface scat-
tering, sea surface scattering.

I. INTRODUCTION

A TEMPORALLY varying ocean surface imposes certain
properties on the transmitted signal in a maritime com-

munication link. Predicting the time statistics of the received
signal is important in the characterization of the propagation
channel. Knowledge of the coherent and incoherent power
levels along with the power spectrum of the received signal
provides a complete second order statistical description, and in
the case of a Gaussian received field, i.e., the real and imaginary
components of the field are independent Gaussian random pro-
cesses, the second order statistics completely describe the time
varying channel properties. Other time dependent properties
of a Gaussian channel, such as the fade duration and the fade
occurrence interval, can be determined from these statistics.

Although several theoretical and empirical models have been
developed to describe some of these characteristics [1]–[6],
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Fig. 1. Geometry of the propagation problem.

approximations are required in their derivation and therefore
limit their applicability. Due to the limitations of the analytical
models, numerical techniques have been developed for the
solution of the propagation over the ocean problem. However,
typical profiles for microwave propagation over the ocean
surface involve distances on the order of tens or hundreds
of thousands of wavelengths separating the transmitting and
receiving antennas. Such scattering geometries in terms of a
wavelength are usually considered too large for exact numer-
ical methods. Moreover, simulations of propagation over a
time-varying ocean surface require repeated solutions of the
scattering problem. Fortunately, efficient numerical techniques
for rough surface scattering that allow propagation simulations
for these size profiles to be performed [7]–[14] have recently
been developed. One approximate technique, the parabolic
wave equation method (PWE) [13], [14] is highly efficient for
propagation studies and can include atmospheric effects such as
ducting. However, it neglects the effects of small-scale surface
roughness that can potentially be important in the prediction of
propagation time statistics, especially at large grazing angles.
Exact numerical methods based on the method of moments
(MoM) solution are usually less efficient compared to the
approximate methods. However, it has been shown that the
exact MoM solution can be obtained in a relatively efficient
manner using the forward–backward method with a novel
spectral acceleration (F-B/NSA) technique [10].

In this paper, scattering of electromagnetic waves from a
time evolving rough ocean surface is studied. The operating fre-
quency is selected to be 1 GHz, a typical UHF band frequency
used in shipboard communication systems. Atmospheric effects
such as ducting and scintillations are neglected for simplicity.
The geometry of the problem is shown in Fig. 1. Both the
transmitting and the receiving antennas are chosen to be hori-
zontally polarized line sources. The transmitter height is fixed
at 10 m above the mean surface level. Variations of the receiver
height are described in terms of the grazing anglemeasured
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through the mirror image of the transmitter (see Fig. 1). The
horizontal distance separating the two antennas is on the
order of kilometers, while the antenna heights are on the order
of meters. Therefore, propagation is close to grazing, and it is
reasonable to model the ocean surface as a one-dimensional
(1-D) perfectly electric conducting (PEC) boundary.

As shown in Fig. 1, the total received electric field can be
decomposed into two components: the direct field, which
would be received in free space without considering the surface,
and the scattered field , which is radiated from the induced
currents on the surface. Since the total field at the receiver is the
sum of these two, there is a possibility for them to interfere with
each other, causing multipath fading effects. Due to the rough-
ness of the ocean surface, the scattered field path is not unique,
resulting in irregular multipath fading statistics. Usually, it is
convenient to express the received signal in terms of the propa-
gation gain, defined as

(1)

which is the ratio of the total field to the direct field. In the
following, the propagation gain will be used to present the
characteristics of the received signal.

Accurately modeling the ocean surface is important in the
prediction of realistic time statistics of the received signal. A
detailed description of surface models used in numerical simula-
tions and analytical calculations is given in Section II. Temporal
variations of the surface and resulting changes in the fields are
also discussed in this section. Coherent and incoherent compo-
nents of the received power are studied in Section III. The power
spectrum of the signal is investigated in Section IV. Numerically
obtained results for these quantities are compared with available
analytical approximations to assess the success of the approx-
imate methods. Particular emphasis is placed on comparison
with the Kirchhoff approach, which is shown to provide reason-
able predictions in many cases for the near-forward propagation
geometries. A discussion of propagation channel properties and
several other time statistics of the received field derived from
the second-order statistics is given in Section V. Finally, con-
clusions are presented in Section VI.

II. TIME VARIATION OF THE OCEAN SURFACE

Numerical and analytical calculations of the received time-
varying fields over the ocean surface demand several character-
istics of the surface to be known. Time variations of the propaga-
tion geometry are handled by discretizing the time duration into
a number of time steps. Then, time-varying fields are obtained
by solving the scattering problem “frozen” at each time step as
described for backscattering in [16]. Finally, the time statistics
are determined by averaging these field quantities over several
realizations of the surface. This procedure requires statistics of
each point on the ocean surface as a random variable, the spec-
trum (or the correlation function) of the surface, and the hydro-
dynamic relation with which it evolves in time.

In this paper, the ocean surface is modeled as a Gaussian
random process with a Pierson–Moskowitz spectrum. The

Fig. 2. Time variation of a single realization of the ocean surface for wind
speeds 5 m/s and 15 m/s.

Pierson-Moskowitz spectrum is defined in terms of the spatial
wavenumber of the surface as [15], [16]

(2)

where 0.0081 and 0.74 are two empirical constants,
9.81 m/s is the gravitational acceleration constant, and

is the wind speed measured in m/s. Thus, the spectrum is de-
pendent on the wind speed such that higher wind speeds cause
low frequency components of the surface to have larger ampli-
tudes. Temporal evolution of the ocean surface is modeled ac-
cording to the linear gravity/capillary wave dispersion relation
for deep-water, given in terms of the phase velocity of each fre-
quency component as [16]

(3)

where is the gravitational acceleration constant and 7.4
10 m /s accounts for the surface tension. While nonlinear

models for hydrodynamics of the ocean surface are available,
they are extremely computationally expensive. The linear prop-
agation model used here avoids this computational complexity
while still retaining many of the basic features of sea surface
temporal evolution. Numerically generated temporal evolution
of the ocean surface is as shown in Fig. 2 for wind speeds 5 m/s
and 15 m/s. It can be seen from the figure that higher wind
speeds result in larger waves with larger wavelengths. Phase ve-
locities of the surface waves range from 0.5 m/s to 7 m/s for a
wind speed of 5 m/s and to 18 m/s for a wind speed of 15 m/s.

Time variation of the scattering geometry modulates the re-
ceived signal. Therefore, a transmitted continuous wave signal
is received as a time-varying propagation gain that can be ex-
pressed as

(4)

where and are the time-dependent amplitude and
phase of the envelope of, respectively. The carrier frequency
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Fig. 3. Time variation of the magnitudeA(t) and the phase�(t) of a single
realization of the propagation gainF (t) (wind speed= 15 m/s and� = 4.88�).

1 GHz is included in (4) through the angular frequency
. The time-varying propagation gain is computed

numerically using the F-B/NSA technique at each frozen time
step. Computing the received field at one time step involves
the numerical solution of the scattering from the rough ocean
surface of length 2.4576 km discretized into 32 768
points with 4 increments, where is the electromagnetic
wavelength. The F-B/NSA method takes approximately 3 min
and five iterations to simulate one time step for the 5 m/s wind
speed and 4.5 min and six iterations for the 15 m/s wind speed
on a 200 MHz Pentium Pro processor. A single realization
of generated from 400 time steps separated by a time
increment of 0.05 s at a grazing angle of 4.88
and a wind speed of 15 m/s is shown in Fig. 3. The duration
of the time increments is chosen to maintain the continuity
of the consecutive realizations and thus, a smooth evolution
of both the ocean surface and the fields is observed. Note the
significant variations in amplitude and phase occurring in this
example. These time-varying properties broaden the frequency
spectrum of the received field around the carrier frequency,
as described in more detail in Section IV. Fig. 3 also displays
a typical fade between 17 and 18 s, caused by interference
between the large number of ray paths occuring at high grazing
angles for a rough surface profile. A statistical description of
these fading characteristics is given in Section V.

III. COHERENT AND INCOHERENTPOWERS

Since the ocean surface is described statistically as a random
process, the received signal is a random variable. Therefore,
ensemble averages and time averages of the field and power
quantities are considered in calculations. Ensemble averages are
mean values for different realizations of the ocean surface, each
of which is generated as a sample of the random process de-
scribing the surface. Time averages, however, are averages over
a specified time duration. Since ocean surface realizations at a
specific time are correlated to those at an earlier time, time av-
erages are different from ensemble averages for a limited time
duration.

It is convenient to separate the propagation gaininto its co-
herent and incoherent components. The coherent component is
the power of average field, and it is expressed as .
Due to the averaging operation that cancels the random vari-
ations in , the coherent power depends mainly on the large
scale geometry of the problem. The incoherent component is
the mean of the variance of , and it is expressed as

. In these definitions, denotes the ensemble
average (or arithmetic mean) over many realizations. Since the
variance describes how a function is spread around the mean, the
incoherent power corresponds to the amount of deviation from
the coherent component (i.e., it is a measure of the randomness
of the received power). In the rough surface scattering problem,
the incoherent power depends on the random variations of the
surface. Accordingly, the coherent component is dominant for a
smooth surface profile, whereas the incoherent component can
be dominant for a rough surface profile.

The coherent and incoherent powers are numerically gener-
ated using the F-B/NSA method and by ensemble averaging
over 50 realizations of the ocean surface at a fixed time
(say 0). The simulation results of the coherent and inco-
herent power as a function of the grazing angleare given in
Figs. 4 and 5 for wind speeds 5 m/s and 15 m/s. The low wind
speed case for the coherent power shows the characteristic
multipath fading pattern clearly, due to the interference between
the direct and specularly reflected wave. In the high wind speed
case, however, the rough surface profile causes a reduction in
the specular reflection coefficient so that the coherent power
vanishes for large grazing angles. This is due to the increased
randomness in the received field, which in turn results in a
larger incoherent power.

Monte Carlo-averaged MoM results are compared with a
Monte Carlo physical optics (PO) method. Monte Carlo PO
results are generated using the Kirchhoff approach (i.e., tangent
plane approximation) applied to determine induced currents
at each point on the surface, and ensemble averaging over 50
realizations of scattered fields. Since the Kirchhoff approach
does not take into account shadowing and multiple scattering
effects, the scattered field component of the received field
is multiplied by a shadowing factor in order to improve the
results. The shadowing factor for forward scattering is given as
[17]

(5)

and

erfc

(6)

where is the mean square surface slope, erfc() is the comple-
mentary error function, and is the grazing angle. This shad-
owing factor, however, applies only under the assumption that
the received field is dominated by its incoherent component.
Therefore, it is only applied to the calculation of the incoherent
power. Monte Carlo PO simulations for the coherent and the in-
coherent power are also given in Figs. 4 and 5. It is clear that
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Fig. 4. Coherent power as a function of the grazing angle for wind speeds
5 m/s and 15 m/s.

Fig. 5. Incoherent power as a function of the grazing angle for wind speed
5 m/s and 15 m/s.

both MoM and PO results are in very good agreement for the
low wind speed case. At high wind speeds, however, for low
grazing angles, the incoherent power numerical PO results de-
viate from the exact MoM solution. This is due to the relatively
more complex scattering mechanisms involved for rough sur-
faces near grazing for which the tangent plane approximation
may not be valid. Note also the shifted locations of the first few
peaks and nulls in the coherent power pattern in the 15 m/s wind
speed case, in which PO fails to follow the exact solution. These
results appear to describe a difference in the coherent reflection
coefficient from that obtained in the PO approximation, however
an analytical description of this effect has yet to be obtained.

In addition to the Monte Carlo computation of the coherent
and incoherent powers with the MoM and PO, analytical tech-
niques are also applied to determine these quantities. The co-
herent component of the received power corresponding to an

ensemble average is calculated through the use of the reduced
reflection coefficient on a flat surface. This modified field re-
flection coefficient takes into account the surface roughness ef-
fects and is derived using the Kirchhoff approximation as [17]

(7)

where is the reflection coefficient at the boundary, which
equals 1 for the PEC surface considered in this paper,is
the electromagnetic wavenumber 2, and is the variance
of the surface height profile. Results for coherent power using
this approach are given in Fig. 4 for two wind speeds. For low
wind speeds, the analytical PO approach is observed to be satis-
factory, whereas for high wind speeds, it follows the numerical
PO results instead of the exact MoM solution. Also note the ef-
fects of the rapidly decaying reflection coefficient as the grazing
angle increases for the rougher surface.

The Kirchhoff approach is also applied to calculate the
ensemble average incoherent power. The procedure leading to
the incoherent power expression is outlined in the Appendix.
The incoherent power results of the expression in (28) of the
Appendix are given in Fig. 5. Analytically derived PO results
[which also include the shadowing effect correction function
of (5) and (6)] are in good agreement with the numerical PO
solution. Both methods closely approximate the exact MoM
results for smoother surfaces but fail to predict the exact results
for rougher surfaces at near grazing angles.

Another analytical method to test against the numerical sim-
ulation results is the geometrical optics (GO) approach, which
is the large surface height limit of the PO approximation. For
large surface profiles, such that , it can be shown that

in (30) of the Appendix takes the form

(8)

The incoherent power results obtained by the GO limit are given
in Fig. 5. As expected, the GO results follow the PO approxima-
tions for rougher surfaces corresponding to large wind speeds
( 25.45 at 15 m/s wind speed) and deviate from PO for
smoother profiles ( 2.83 at 5 m/s wind speed).

As a conclusion, the PO approximation predicts the coherent
and the incoherent power characteristics accurately except in
some limiting cases. It is shown that for smoother surfaces and
large grazing angles, the PO results are in reasonable agreement
with the numerical simulations. However, when the surface scat-
tering mechanism is too complicated to be approximated by the
tangent plane approach, the PO solution is shown to underesti-
mate the incoherent power level by as much as 10 dB.

IV. POWER SPECTRUM

The power spectrum of the received signal, along with the co-
herent and incoherent power levels, provides a complete second-
order statistical description of the received field. In the case of a
continuous wave transmitted signal, the received signal is mod-
ulated due to the temporally evolving ocean surface. The power
spectrum is the measure of the frequency modulation introduced
by the time-varying surface and is dependent on the wind speed
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Fig. 6. Propagation gainF as a function of time and frequency for grazing
angles of 1.40� and 6.04� (wind speed= 5 m/s).

Fig. 7. Propagation gainF as a function of time and frequency for grazing
angles of 1.40� and 6.04� (wind speed= 15 m/s).

and the grazing angle. In order to demonstrate the effects of
these parameters on the spectrum, the amplitude of the propaga-
tion gain for one realization is shown in both time domain and
frequency domain in Figs. 6 and 7. It is clear that an increase in
randomness of the received field (either by a larger wind speed
or a larger grazing angle) results in a broader spectrum.

The power spectrum is defined as the Fourier transform of the
incoherent correlation function

(9)

where the inner brackets () denote time averages, and the
outer brackets denote both ensemble and time averages. Note
that according to the definition of given in (4), the carrier
frequency is factored out in the resulting power spectrum ex-
pression. Therefore, it should be remembered that the spectrum
is centered around the carrier frequency. It is also worth noting

Fig. 8. Power spectrum for wind speeds 5 m/s and 15 m/s.

that the peak magnitude is determined by the incoherent power
level. This peak value is removed and the power spectrum re-
sults presented in this section are normalized so that the area
under them is equal to unity.

The power spectra are numerically generated using the
F-B/NSA method. Monte Carlo results are produced by
performing time averages in (9) over 400 time steps of total
duration 20 s to obtain the incoherent correlation function, then
the resultant spectra are ensemble averaged over 20 realizations
at a grazing angle of 7.19. The results of this operation are
presented in Fig. 8 for two different wind speeds, together
with the numerical PO results obtained in a similar way using
the Kirchhoff approach instead of the exact solution. It is
observed that these two methods yield similar results, even
when the incoherent power level is underestimated by the PO
approximation. It is also of interest to examine closely the
effect of the dominant wave structure. For the 5 m/s wind speed
case, the dominant wave has a wavenumber of about 0.2 rad/s
and according to the dispersion relation, moves with a phase
velocity of about 7 m/s, thus creating a peak in the spectrum
at 0.22 Hz, as observed in Fig. 8. Similarly, the peak for the
15 m/s wind speed case occurs at 0.09 Hz (not resolved for the
results presented).

As described in Section II, the ocean surface evolves in time
according to the hydrodynamic dispersion relation given in (3),
which requires each frequency component of the surface pro-
file to move with a different phase velocity. Due to these dis-
persive properties of the ocean surface, it is difficult to obtain
an analytical description for the power spectrum of the received
field. Several analytical and empirical models to assign an ap-
proximate random velocity to the ocean surface [2], [3], [18] are
found to be unsatisfactory upon comparison with the numerical
simulations. Therefore, the numerically generated spectra are
matched by curve fitting. It has been found that a power spec-
trum model of the form

(10)
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Fig. 9. Cutoff frequencyf as a function of wind speed and grazing angle�.

can be used to fit the numerical results reasonably. The func-
tion has a single parameter , which corresponds to
the 6 dB bandwidth of the spectrum. Curve fitting results are
also presented in Fig. 8. As with the spectrum itself, the cutoff
frequency varies with wind speed and grazing angle. As
shown in Fig. 9, depends strongly on the wind speed and
increases as wind speed increases, whereas it depends rather
weakly on the grazing angle and does not display a proportional
variation.

As a conclusion, the numerical PO approximation predicts
the frequency domain characteristics of the received field very
accurately. Although an analytical approximation to the power
spectrum is not available, the empirical curve fitting approach
presented above is shown to reproduce the numerical results rea-
sonably.

V. OTHER TIME STATISTICS

As discussed in the previous sections, the second-order time
statistics of the received signal are determined by the coherent
and incoherent power levels and the power spectrum. In the case
of a Gaussian channel, the real and imaginary parts of the re-
ceived field are independent Gaussian random processes and
time statistics of the second order give a complete description
of the received signal characteristics.

In order to investigate the nature of the propagation channel
discussed in this paper, histograms of the received field are gen-
erated numerically from five realizations of the ocean surface,
each of which evolves in time for 400 time steps. It is observed
that the real and the imaginary parts of the propagation gain
indeed approximate Gaussian random variables with variance
equal to the incoherent power level, as shown in Fig. 10. More-
over, the correlation coefficient of the real and imaginary parts
is found to be less than 0.1, which suggests that they are inde-
pendent random variables. Therefore, it is reasonable to assume
that the propagation channel is Gaussian under the assumption
of the ocean surface models used here.

Fig. 10. Cumulative distribution functions of the real and imaginary parts of
the propagation gainF . Numerical simulations are compared with the Gaussian
CDF for wind speed= 15 m/s and grazing angle= 6.04�.

Fig. 11. Cumulative distribution function of the magnitude of the propagation
gainF . Numerical simulations are compared with the Rician CDF for wind
speed= 15 m/s and grazing angles 1.40� and 6.04�.

A study of the magnitude distribution of the propagation gain
shows that it can be approximated by the Rician density function
[1]

(11)

where and are the coherent and incoherent components,
respectively, of the power in the scattered field. is the ze-
roth order modified Bessel function of the first kind. A compar-
ison of the cumulative distribution function of the magnitude
of , generated numerically from 2000 samples, and the Rician
distribution is given in Fig. 11. It is worth noting that for the lim-
iting case of a highly random field (i.e., a zero coherent field and
an incoherent field equal to the mean power), the Rician density
function of (11) reduces to the Rayleigh density function.
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Since the complete statistical description of the propagation
channel is known, it is possible to obtain other time statistics
from the second-order statistics described in this paper. For ex-
ample, the fade duration statistics and the fade occurrence in-
terval can be predicted from the power spectrum of the received
fields, as discussed in detail in [2].

VI. CONCLUSIONS

A numerical study of the time statistics of the received signal
in a maritime communication system is presented. It is shown
that the time statistics of second order can be produced by nu-
merical methods. PO and GO approximations are tested against
the results of these numerical methods and are found to pre-
dict the simulated results of the coherent and incoherent power
levels for some limited cases. It is observed that the PO approx-
imation matches the exact numerical model for smoother sur-
faces (corresponding to lower wind speeds) or larger grazing
angles, whereas the GO approximation can only reproduce the
PO results for large surface height profiles. It is shown that the
numerical PO approximation predicts the spectral characteris-
tics of the signal at the receiver very accurately. An analytical
model for the power spectrum of received fields is difficult to re-
alize since the time evolution of the ocean surface is dispersive.
However, an empirical function is shown to match the modeled
spectra well. These statistics can be used to obtain other char-
acteristics of the propagation channel such as the field density
and distribution functions, fade duration, and fade occurrence
interval. Results produced in this paper can be applied to study
multipath fading problems in ocean communication systems.

APPENDIX

CALCULATING THE ENSEMBLE AVERAGE INCOHERENTPOWER

The ensemble average incoherent power is derived using the
Kirchhoff approach as follows. Consider a line source trans-
mitter located at for which the incident field
is expressed as

(12)

where , and the corresponding direct and scat-
tered fields reaching the receiver located at are

(13)

(14)

and

(15)

respectively, where . In the above equations,
and

are the incident and scattered wave
directions with and the incident and scattering angles. The
function in (15) is given by

(16)

where . The ocean surface profile, as a function of
the horizontal position , is denoted as , and its derivative
with respect to is denoted as . Rewriting (15) and (16)
in terms of the angles and yields

(17)

and

(18)

where and are the integration paths in the complex plane
corresponding to the change of variables .
Changing the order of integration in (17) gives

(19)

The scattered field expression in (19) involves two angular in-
tegrals and another integral along the surface profile. In order to
simplify this expression for practical use, some approximations
are needed. First, the outer integral is separated into a number
of finite segments. These segments along the surface need to be
small enough to maintain a reasonable continuity in local inci-
dent and scattered angles but must also be large enough so that
fields scattered from each segment are uncorrelated with those
from neighboring segments. It has been observed that a segment
size of about 20 m is sufficient for the examples illustrated. The
resulting expression for the scattering field is

(20)
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where is the number of segments along the propagation dis-
tance . Next, the angular integrals are approximated using the
stationary phase method assuming the incident and scattering
angles do not change much within each segment. Hence

(21)

and

(22)

In the above equations, the ’s are the center point of each seg-
ment along the -axis, and and are the incident and scat-
tering angles at each segment center point. Inserting the above
expressions in the scattered field integral results in

(23)

where

(24)

Integrating (24) by parts yields a simpler expression for

(25)

with

(26)

Finally, the incoherent component of the received field is cal-
culated from the scattered field expression of (23). Since each
segment of the surface is uncorrelated with the rest, the inco-
herent powers resulting from each segment can be added to give
the total incoherent power. Therefore

(27)

(28)

The function is derived in [17] as

(29)

(30)

where and
. The correlation function of the ocean sur-

face is denoted as and is related to the inverse
Fourier transform of the spectrum given in (2), such that

. Since an analytical expression for
the correlation function is not available in closed form,
is computed numerically using an inverse Fourier transform
routine from the Pierson-Moskowitz spectrum. Equation (30)
is evaluated numerically for every incident and scattering angle
and takes considerably less time compared to Monte Carlo
MoM and PO computations.
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