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Packed Integer Wavelet Transform Constructed by Lifting Scheme
Chengjiang Lin, Bo Zhang, and Yuan F. Zheng

Abstract—A new method for speeding up the integer wavelet
transforms constructed by the lifting scheme is proposed. The pro-
posed method packs multiple pixels (wavelet coefficients) in a single
word; therefore, it can make use of the 32-bit or 64-bit computa-
tional capability of modern computers to accomplish multiple ad-
dition/subtraction operations in one instruction cycle. As a result,
our method can save the decomposition/reconstruction time by up
to 37% on 32-bit machines and require much less working memory
in comparison with the original wavelet transform algorithms.

Index Terms—Biorthogonal wavelets, image compression,
integer wavelet ransform, lifting scheme, packed computation.

I. INTRODUCTION

T HE WAVELET transform has received much attention in
the field of image compression [1]–[3]. It provides great

potential of achieving better rate-distortion performance than
conventional DCT-based approach (e.g., JPEG). One problem
associated with the wavelet image compression technology is
the high computational complexity. Although floating-point
arithmetic is nearly as fast as integer arithmetic when their
operands have the same data length, the integer wavelet trans-
form can be implemented much faster than the floating point
wavelet transform in almost all general purpose computers
because the floating point wavelet transform demands for
longer data length than the integer wavelet transform does.
Another benefit of using integer wavelets is the reversibility.
That is, the image can be reconstructed losslessly because
all the coefficients are integers and can be stored without
rounding-off errors.

The lifting scheme is a new method for constructing in-
teger wavelet transform [4]. Recently, biorthogonal wavelets
constructed by the lifting scheme have been identified as
very promising filters for lossless/lossy image compression
applications [3], [5]. By making use of similarities between
the high- and low-pass filters, the lifting scheme reduces the
computation complexity by a factor of two compared with
traditional wavelet transform algorithms. With certain mod-
ifications, the corresponding wavelet transform can even be
calculated with only integer addition and shift operations which
make the computation even faster [3]. Besides, the transform
is reversible which means that it can be used for both lossless
and lossy image compression. Furthermore, the inverse wavelet
transform can be immediately found by undoing the operations
of the forward transform.
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Modern wavelet-based image compression systems [1], [2]
contain three building elements: 1) wavelet transform; 2) suc-
cessive quantization; and 3) adaptive entropy coding. Typically,
more than 60% of the time used in image compression is con-
sumed by the wavelet transform. It is very crucial to speed up the
computation of the wavelet transform for real-time image and
video-compression applications, especially for large-scale and
color images. While integer wavelets using the lifting scheme
significantly reduce the computation time [5], we propose a new
approach to further speed up the computation of the wavelet
transform.

The method is based on the fact that the 16-bit integer arith-
metic has the same speed as the 32-bit integer arithmetic in con-
temporary computers while a 16-bit data unit is sufficient for
most integer wavelets. We can therefore pack multiple pixels
(wavelet coefficients) in a single long word during the compu-
tation of the reversible wavelet transform. As a result, opera-
tions on multiple pixels (wavelet coefficients) can be performed
at once. Thus, the computation time as well as the working
memory space can be dramatically reduced. Furthermore, we
observed that for reversible integer wavelets constructed by the
lifting scheme, if the dynamic range of the coefficients is within

, their corresponding packed version is also a
reversible transform. Consequently, the quality of the recon-
structed images is the same as an unpacked transform method.
Performing two logical arithmetic operations with one physical
operation was proposed earlier for DCT-based JPEG compres-
sion and decompression [6]. This paper uses the same approach,
but applies it to the integer wavelet transform that needs dif-
ferent considerations in the design of multiple arithmetic oper-
ations and analysis of errors.

This paper is organized as follows: Section II describes the
basic idea of the wavelet transform and the integer wavelet trans-
form based on the lifting scheme. Section III introduces the
packed computation and gives the packed integer wavelet trans-
form algorithm. Section IV presents the experimental results
of the new method for grayscale and color image compression.
Conclusions are offered in Section V.

II. I NTEGERWAVELET TRANSFORM

The wavelet transform can be considered as a subband trans-
form and implemented with a filter bank [7]. Fig. 1 describes
the general block scheme of a one-dimensional biorthogonal
wavelet transform. The forward transform uses two analysis fil-
ters (low pass) and (high pass) followed by subsampling,
while the inverse transform first upsamples and then uses two
synthesis filters (low pass) and (high pass). The outputs of

1051–8215/00$10.00 © 2000 IEEE



IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS FOR VIDEO TECHNOLOGY, VOL. 10, NO. 8, DECEMBER 2000 1497

Fig. 1. Basic filter bank for biorthogonal wavelet transform.

the synthesis filters are added together to reconstruct the orig-
inal signal. The conditions for perfect reconstruction are given
by [8]

When and , forms an orthogonal
wavelet transform. By using the polyphase representa-
tion of a filter : , where

contains the even coefficients, and
contains the odd coefficients, we can

assemble thepolyphase matrix [5] to represent the filter
pair ( , )

Let . The corresponding wavelet transform and
subsampling in Fig. 1 can be written as

where and are the even and odd components of
.

The lifting scheme [4], [5] provides a new approach for
construction of biorthogonal wavelets with compact support.
Daubechies and Sweldens [5] proved that any polyphase matrix

representing a wavelet transform with finite filters can be
obtained by performing a Lazy wavelet transform followed by
alternatingprimal and/ordual lifting steps.

With primal lifting, starting from two complementary finite
filters and , a new finite filter complementary to is
created

(1)

where is a Laurent polynomial. Using the polyphase rep-
resentation, (1) can be written as

With dual lifting, starting from and , a new finite filter
complementary to is created

(2)

where is a Laurent polynomial. Using the polyphase repre-
sentation, (2) can be written as

By iteratively repeating this process, can be factored into a
product of unit upper and lower triangular matrices, and a
diagonal normalization matrix [5]. Alternatively, one can obtain
any wavelet transform by starting with a simple wavelet
transform represented by the diagonal normalization matrix and
using the lifting scheme. One of the most interesting advan-
tages of the lifting scheme is that it can be used to create integer
wavelet transforms.

It has been proven that if the decomposition and reconstruc-
tion by filters can be accomplished with only in-
teger arithmetic, we can also create a corresponding integer
wavelet transform by filters which are gen-
erated based on and . In fact one can, in each
lifting step, round off the result of the filter right before the
addition or subtraction. Thus, the forward and inverse integer
wavelet transforms are as follows.

1) Forward transform:

a) Classical subband splitting by applying the analysis
filters ( ) to , the corresponding low-pass
and high-pass subbands are and , re-
spectively.

b) Updating the low subband by applying the
filter on the high subband

(3)

or updating the high subband by applying the
filter on the low subband

(4)

2) Inverse transform:

a) Undoing the primal lifting with , or
undo the dual lifting with . This is
exactly the “backward” version of (3) and (4). In
practice, this comes down to simply changing each

into a and vice versa.
b) Inverse transforming using the synthesis filters

( ) on the low-pass and high-pass subbands
and to get back the original signal

.

Notice that if we carefully choose the parameters in
(3) and (4) so that only integer addition, subtraction, and shift
operations are required in the computation, the wavelet trans-
form can be performed directly by integer arithmetic [3]. For
example, for one of the biorthogonal filter banks for image com-
pression, the (2, 6) wavelet that corresponds to the TS transform
[2], [9]
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the decomposition can be done via the following lifting steps
[3]:

Its reconstruction algorithm immediately follows as we undo
the decomposition operations. Based on the work of [3] and [5],
several other integer wavelet transforms, such astransform,
(5,3) transform, and transform, etc. can be modified
and only need integer addition, subtraction and shift operations.
This property gives rise to the possibility of our proposed packed
reversible integer wavelet transform, which takes advantage of
the 32- or 64-bit computational capability of modern computers.

III. PACKED INTEGERWAVELET TRANSFORM

The basic idea of packed integer wavelet transform is to
pack multiple pixels (wavelet coefficients) in one integer word;
therefore, multiple additions/subtractions can be accomplished
in one instruction cycle. There are two issues associated with
the packed approach. One is overflow of the magnitude, and the
other is carry over of the sign bit. When either occurs, the result
of the transform will be affected. It can be shown that overflow
is not a concern in most applications of the wavelet transform.

The packed addition and subtraction will not overflow if the
wavelet transform is limited to a few levels of the multi-band
decomposition. This is because in the wavelet transform, the
low-pass filters and must satisfy [10]

(5)

As a result, the magnitude of the coefficient is increased by
for every level of decomposition. For the 2-D case, the in-

crease will be 2. This will enlarge the range of the coefficient
by 1 bit in each level of decomposition. If the decomposition is
limited to three to four levels, an additional 3–4 bits will be suf-
ficient to hold the dynamic range of the coefficients. The above
is based on a condition that every or is positive. If
the coefficients are not all positive, one may have
or be greater than . And the dynamic range may
be increased by more than 1 bit in each level of decomposition.
In reality, however, it is still not much greater than . For ex-
ample, in the , (5,3), and ( ) transforms, which we
have implemented using the integer computation, the limit is

. Consequently, four levels of decomposition will intro-
duce at most 7 bits in the worst case. If the pixels are assigned
with 8 bits in the first place, the dynamic range will not exceed
16 bits.

In the integer computation, the magnitude does not even in-
crease (see the lifting steps shown in the previous section). Ref-
erence [3] also confirms this property and calls it thePrecision
Preservationproperty. Consequently, overflow of the magni-
tude is not a concern in our applications. On the other hand,
the most significant bit of a binary number in the computation
is the sign bit; when multiple numbers packed in a long word,

the carry over of the sign bit from the low word to the high word
will alternate the magnitude of the high word. This issue needs
a careful consideration and will be discussed in the following
sub-section.

A. Packed Computation

Let and
be the packed integer of
( ). Notice that for 32-bit computers,

; for 64-bit computers, , etc. The packed addition
and subtraction of and are denoted as and

, respectively, where ,
, . We observe that even

when , it is not necessary that
or . For example, let and

. We have instead of (9, 2). Although
does not overflow, there is a carry bit generated by the

low word addition that is propagated to the high word. As a
result, . Similar situations exist for the packed
subtraction. For and , we have

, where .
Although the carry over of the sign bit alters the result of the

packed addition and subtraction, the effect is very small (limited
to for each level of wavelet transform). Consequently, we
have the following possibilities for and ( ):

if or

if
(6)

if or

if
(7)

In addition to the packed addition and subtraction operations,
we further introduce the packed shift operation to avoid the in-
terference on from when we apply a right shift to the
packed integer (i.e., divided by where is the number
of shifts). The functionality of the packed shift operation is
equivalent to that of the following operations: ,

.

B. Packed Integer Wavelet Transform

In general, multiple coefficients can be packed into one in-
teger provided that the width of the data-path is sufficient. Since
32-bit is a typical data width for the state-of-the-art computers,
we will focus on packing two pixels/coefficients into one 32-bit
integer in our implementation. This does not mean that our al-
gorithms are limited to 32-bit machines. The general algorithm
for the packed integer wavelet decomposition can be described
as follows.

1) Pack two rows/columns
Let and be the th and

th row or column, respectively. Suppose the
packed result is saved in , we have

2) Compute the packed wavelet transform using the simple
filters and . The algorithms are the same as (3), (4) ex-
cept that we use as the input instead of . The
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(a)

(b)

Fig. 2. Distribution of difference values between the packed and unpacked TS transforms applied to thePeppersimage. (a) Before quantization. (b) After the
scalar quantization (stepsize= 16).

intermediate results , and the final results
, are also in packed format, which corre-

spond to , and , .
3) Unpack two rows/columns

where and represent the high word and
low word of the packed integer, respectively.

Similarly, the algorithm for packed wavelet reconstruction
can be described as follows.

1) Pack two rows/columns

2) Undo the packed primal and/or dual lifting. Notice that
the reconstructed signal is in packed format .

3) Unpack two rows/columns

C. Performance Analysis

Although we may introduce a difference in each packed
addition or subtraction operation, the impact of this difference
on image compression and reconstruction is rather negligible
because: 1) it is not necessary that every packed addition or

subtraction will contribute a or to or ; 2) according
to (6) and (7), alternating addition and subtraction can cancel
out the 1-bit difference; and 3) right shift operations can further
reduce the effect of bit propagation.

Consider to apply the TS transform to thePeppersimage. In
a three-level packed and unpacked TS transform, the maximum
difference is only three, as expected, and its population is limited
to 0.58% of the entire coefficient set. As is evident in Fig. 2, the
majority of the coefficients is the same (52.24%) or the differ-
ence is only 1 (41.38%). The difference becomes even smaller
and negligible after the scalar quantization, where 98.60% of the
coefficients are the same and the difference for the rest 1.40%
is limited to 1 (Fig. 2).

According to [5], every wavelet with finite filters can be
obtained as the Lazy wavelet followed by a finite number
of lifting steps and scaling. The Lazy wavelet is reversible
for either packed or unpacked data because it does nothing
but splitting the original signal into even and odd indexed
samples. The lifting step is also reversible because the packed
reconstruction is the exact reverse of the packed decomposition
provided that there is no overflow. As a result, the entire packed
wavelet transform is reversible when the dynamic range of its
coefficients is within , which is true for most
applications.

In our scheme, we have to unpack each row before we can
pack the columns, and vice versa. This process will induce some
overhead. However, in the practical implementation, pack and
unpack operations can be done simultaneously with memory
copy which is also required by the original wavelet transform
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TABLE I
DIFFERENCE INCOMPRESSIONRATIO

TABLE II
COMPARISON OFDECOMPOSITIONTIME (MSEC) AND RECONSTRUCTED

IMAGE QUALITY IN PSNR (dB)

to move data between the image matrix and the working buffer
for the wavelet transform. So the overhead of the pack/unpack
operations is negligible.

IV. EXPERIMENT RESULTS

To verify the advantage of the packed integer wavelet trans-
form, we compared its performance with that of the original in-
teger wavelet transform for image compression. The coding al-
gorithm used was a three-level wavelet transform, followed by
a scalar quantization and stack-run coding [11]. No further en-
tropy coding was used after the stack-run coding. The step-size
used in the quantization is 16. We implemented four different in-
teger wavelet transform algorithms [ , (5, 3), and ( )]
along with their packed versions. This experiment was done on
a 166-MHz Pentium PC with 16-MB memory. We compared
the performance of the packed and unpacked integer wavelet
transforms on four images:Girl ( ), Lena( ),
Peppers(color, ), andMan( ), respec-
tively. Table I shows the compression ratio for both the packed
and unpacked computations in terms of the bitrate. One can see
that the difference between the packed and unpacked transforms
is very small. Table II shows the decomposition time savings
and reconstructed image quality for the four packed wavelets
versus the original ones. We can see that up to 37% savings in
the decomposition time can be achieved by using our packed
transform algorithms. We also observed that the speed-up factor
is nearly image invariant and wavelet-type invariant. Since the

packed wavelet transform is symmetric in terms of computa-
tion, it follows that we have very close performance in the re-
construction time as in the decomposition time. For the above
experiment, the maximum difference in compression ratio be-
tween the packed and unpacked transforms is less than 0.25 and
the difference in the reconstructed image quality (PSNR) is lim-
ited to 0.24 dB.

One may notice that in the transform, the packed compu-
tation has consistently a better PSNR than the unpacked one,
while in general it should be other way around. This is because
the transform is based on the Haar wavelet, which is the
simplest among the four transforms shown. It produces many
small high-frequency coefficients by the high-pass filter. Many
of them are eliminated after the quantization. On the other hand,
the minor errors generated by the packed computation move
some of them to the nonzero range after the quantization. As a
result, more high-frequency coefficients are kept than in the un-
packed computation, which result in a better PSNR, but a lower
compression ratio.

V. CONCLUSION

In this paper, an efficient mechanism for computing the in-
teger wavelet transform, the packed integer wavelet transform,
is described. The proposed packed transform can speed up the
decomposition/reconstruction process up to 37% with a com-
parable performance in the compression ratio and reconstructed
image quality. This approach is quite suitable for the applica-
tions in which the speed is a critical factor but no additional
hardware such as vector processing devices or other embedded
system is available. In reality, many types of special-purpose
processors exist which can significantly speed up the compu-
tation of the wavelet transform. The current approach is not to
replace them but to provide an alternative, especially when the
extra hardware is not available to the users.

Although the current implementation of our proposed algo-
rithms is based on 32-bit computers, the packed wavelet trans-
form algorithm is not limited to 32-bit data path. More speed-up
can be achieved if the software is tested on 64-bit machines,
or future computers with even wider data path. The speed-up
mechanism is made possible by using the lifting scheme. It is
shown in [5] that the cost of the lifting algorithm for computing
the wavelet transform is one half of the cost of the standard al-
gorithm. For certain wavelet transforms, the lifting scheme can
result in only addition, subtraction and shifting of integers. By
using the packed integer wavelet transform, the computation
cost can be further reduced. Finally, it should be pointed out
that the current approach is not suitable for completely lossless
image compression because it introduces a difference during the
process of computation although the magnitude of the difference
is very small.
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