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ECE7850 Lecture 4:

Basics of Stability Analysis

• Basic Stability Concepts

• Lyapunov Stability Theorems

• Converse Lyapunov Functions

• Semidefinite Programming (SDP)

• Basic Polynomial Optimization

• Computational Techniques for Stability Analysis
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Basic Stability Concepts

• Consider a time-invariant nonlinear system:

ẋ = f(x) with IC x(0) = x0 (1)

• Assume: f Lipschitz continuous; origin is an isolated equilibrium f(0) = 0

• x = 0 stable in the sense of Lyapunov, if

∀ǫ > 0, ∃δ > 0, s.t. ‖x(0)‖ ≤ δ ⇒ ‖x(t)‖ ≤ ǫ, ∀t ≥ 0
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• x = 0 asymptotically stable if it is stable and δ can be chosen so that

‖x(0)‖ ≤ δ ⇒ x(t) → 0 as t → ∞

if the above condition holds for all δ, then globally asymptotically stable

• Region of Attraction: RA = {x ∈ R
n : whenever x(0) = x, then x(t) → 0}

• x = 0 exponential stable if there exist positive constants δ, λ, c such that

‖x(t)‖ ≤ c‖x(0)‖e−λt

Basic Stability Concepts 38–3
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• Does attractive implies stable in Lyapunov sense?

– Answer is NO. e.g.:


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









ẋ1 = x2
1 − x2

2

ẋ2 = 2x1x2
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Stability Analysis Using Lyapunov Functions

How to verify stability of a system:

• Trivial answer: explicit solution of ODE x(t) and check stability definitions

• Need to determine stability without explicitly solving the ODE

• Preferably, analysis only depends on the vector field

• The most powerful tool is: Lyapunov function

Stability Analysis Using Lyapunov Functions 38–5
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• Classes of functions: (Assuming 0 ∈ D ⊆ R
n)

– g : D → R is called positive semidefinite (PSD) on D if g(0) = 0 and g(x) ≥ 0, ∀x ∈ D

– g : D → R is called positive definite (PD) on D if g(0) = 0 and g(x) > 0, ∀x ∈ D \ {0}

– g is negative semidefinite (NSD) if −g is PSD

– g : Rn → R is radically unbounded if V (x) → ∞ as ‖x‖ → ∞

– Cn: n-times continuously differential functions g : Rn → R
m

• Lie derivative of a C1 function V : Rn → R along vector field g is:

LgV (x) ,





∂V

∂x
(x)





T

g(x)
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• Theorem 1 (Lyapunov Theorem) Let D ⊂ R
n be a set containing an open neighborhood

of the origin. If there exists a PD function V : D → R such that

LfV is NSD (2)

then the origin is stable. If in addition,

LfV is ND (3)

then the origin is asymptotically stable.

• Remarks:

– A PD C1 function satisfying (2) or (3) will be called a Lyapunov function

– For the latter case, if V is also radially unbounded ⇒ globally asymptotically stable

Stability Analysis Using Lyapunov Functions 38–7
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• Proof of Lyapunov Theorem:

Stability Analysis Using Lyapunov Functions 38–8
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• Definition: V : D → R is called an Exponential Lyapunov Function (ELF) on D ⊂ R
n if

∃k1, k2, k3 > 0 such that















k1‖x‖2 ≤ V (x) ≤ k2‖x‖2

LfV (x) ≤ −k3‖x‖2

• Theorem 2 (ELF Theorem) If system (1) has an ELF, then it is exponentially stable.

• Proof:

1. show V (x(t)) ≤ V (x(0))e−(k3/k1)t

2. show x(t) ≤ ce−λt‖x(0)‖

Stability Analysis Using Lyapunov Functions 38–9
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• Example 1















ẋ1 = −x1 + x2 + x1x2

ẋ2 = x1 − x2 − x2
1 − x3

2

Try V (x) = ‖x‖2
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• Example 2















ẋ1 = −x1 + x1x2

ẋ2 = −x2

– Fact: The system is GAS (Homework: try V (x) = ln(1 + x2
1) + x2

2)

– Can we find a simple quadratic Lyapunov function? First try: V (x) = x2
1 + x2

2

– In fact, the system does not have any (global) polynomial Lyapunov function

Stability Analysis Using Lyapunov Functions 38–11



ECE7850 Wei Zhang

When there is a Lyapunov Function?

• Converse Lyapunov Theorem for Asymptotic Stability


































origin asymptotically stable;

f is locally Lipschitz on D

with region of attraction RA

⇒ ∃V s.t.



































V is continuuos and PD on RA

LfV is ND on RA

V (x) → ∞ as x → ∂RA

• Converse Lyapunov Theorem for Exponential Stability















origin exponentially stable on D;

f is C1
⇒ ∃ an ELF V on D

• Proofs are involved especially for the converse theorem for asymptotic stability

• IMPORTANT: proofs of converse theorems often assume the knowledge of system solution.

When there is a Lyapunov Function? 38–12
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