ECE7850 Wei Zhang

ECE7850 Lecture 4:
Basics of Stability Analysis

e Basic Stability Concepts

e Lyapunov Stability Theorems

e Converse Lyapunov Functions

e Semidefinite Programming (SDP)
¢ Basic Polynomial Optimization

e Computational Techniques for Stability Analysis
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Basic Stability Concepts

e Consider a time-invariant nonlinear system:

&= f(z)with IC z(0) = z (1)

e Assume: f Lipschitz continuous; origin is an isolated equilibrium f(0) =0
A~ AN A

e © = ( stable in the sense of Lyapunov, if

Ve > 0,30 > 0, s.t. [|2(0)]] < 8= [la(t)]| < e, ¥t >0
g_balt 1\

i Hruectories Stortig L S-ball vemeius in T-bat

7 -
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inthe Sence o Lyapma\/
e = = (0 asymptotically stasz stable and ¢ can be chosen so that

P e A A

12(0)] <6 = z(t) s 0ast — oo & BOrgin 15 Ckbmetile

if the above condition holds for all clS , then globally asymptotically stable
\%

$ER o¥erue, it it oy lomlﬁ asip. sable.

e Region of Attraction: Ry = {x € R" : whenever z(0) = z, then z(t) — 0}
M~ TN\ “—

S T —_—

e = = (0 exponential stable if there exist positive constants 4, \, ¢ such that
/\/\'M/\_’\_,-\’
lz ()] < cllz(0)]le™
AN A—

v of stxte “rjecéry Aé’ccnyx apertially
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e Does attractive implies stable in Lyapunov sense?

SN . - -
— Answer is NO. e.g.: {xl 1= 1 bj |VLCJ)€t‘ne~\. ¥, - X®y>o, a5 4
.ii?g = 21‘1372

Howestr, 1t s nst Stable inthe Lja]?unw semse .

wbﬁ?: ey s mo S-ball thak quanmters

Hou‘ec Yezmang MS\‘de o ﬁiVm f-l:a{\_
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Stability Analysis Using Lyapunov Functions

How to verify stability of a system:

e Trivial answer: explicit solution of ODE z(¢) and check stability definitions
e Need to determine stability without explicitly solving the ODE

e Preferably, analysis only depends on the vector field

L\lifﬂi Eind o STMFLQ Q[Q[Cr—l/ﬂf{"l@f

e The most powerful tool iszwn y Sunctim
[O‘N\pux OJ,DWM\I'I \M hl\\SLPM]\M g?&cg '5 ‘ \—\
(e — +

Stability Analysis Using Lyapunov Functions " Q 38-5
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e Classes of functions: l(Assumlng 0e DCR") \

-g:D— R is called positive semidefinite (PSD) on D if g(0) = 0 and g(x) > 0,Vx € D

w \——\ﬁ,

— g : D — R is called positive definite (PD) on D if g(0) =0 and g(z) > 0,Vx € D\ {0}
— g is negative semidefinite (NSD) if —g is PSD J is Megative definive (W) -9 ‘4 PD

— g : R" — R is radically unbounded if Kﬁ@ — o0 as ||z|| = oo Zj‘ V&)=(x ) md{aug unlounM
( V)= s> ¢

— C": n-times continuously differential functions ¢ : R" — R™

L~

e Lie derivative of a C! function V : R" — R along vector field g is:
AN

NN\

I
P

§C&lah-\/ﬂ1u&{ funlhion lc V(x B (({;‘;(x>) g(z) j({x) & notatim S ?ﬂft( use
V.‘[}Qh—S [R I s _ﬂ,\,\/\/\/

we want tel| whether I”f we Yty V(fX(ﬂ) oS e Sun Gy of t ( = (b - 4(,(4,]

\ yl
Mi‘))@wn‘ljoﬁownv%_l %g %'%“?a‘/ i) = ( Y%

hﬁ SUSHM 3&0% ‘ ’5((1-')‘2 I{?é:&:; ] [ﬁ:\:ﬂ}} _g\(“) = (V\/Sl_

Stability Analysis Using Lyapunov Functions P | 38-6
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e Theorem 1 (Lyapunov Theorem)Z;t D c R" be a set containing an open neighborhood

of the origin. If there exists a Pl%n—ction V . D — R such that

LV is NSD #He [ilue D]L \/ﬂ/ﬁy S\‘fjfw(z)

‘\/\/\/\/\M

%@cﬁ? 'S A InCrpas
then the origin is stable. If in addition,
A e U W Sl g S

L¢V is ND kmfghge Dt[@ ys %7/@’ (3)
(
then the origin is asymptotically stable.

e Remarks:

— A PD ! function satisfying (2) or (3) will be called a Lyapunov function

— For the latter case, if V' is also radially unbounded =- globally asymptotically stable
W/'\-’—
D=Ik"

Stability Analysis Using Lyapunov Functions 38—7
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e Proof of Lyapunov Theorem: > 5_6 ((
D shw S“[‘&é;\[;\y : ) ’
T we g{gj—mz) swhlevg( et Sy, = f‘XEUQvl f Vb()éL;j

AP <>
% Mﬁf”%’ﬁ ) EJl, Hen, kOESY, Yt

W’ﬁ@% I Ve @n Choose b>0 St ) ¢ Blo,g) -y

Oﬂﬁ{ C/7170_§€ $>4 , St %(O,g) < 526 R
{AZM We. ayv 0[3/7@ _

(Q.‘ (% L{/@j{{z\/\ﬂ[ 5 WW{ 5 4o '@@r_&‘m‘b’b <> ond € 1)>

4 beawgp /i oty = M= min V) oxBts due to
l&l|=¢

Vis PD 2D M Whiers tasg Hw

.'§> V4 (ﬁ?m CAOUS:p bé('D) m
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o ) s cmtruous ot aﬂay‘n > S0 Jor Gmy_f >0

N 3820 Gt YV xeBlo,g) we have V- V(o) = /6<) <k

/V\/N\_‘/“/WVM‘—/\/"

= Bl(o,cyc N,

NED.

Show oampbebcally St ¢y, meupioe Kid € Bl0,S)
J ! V/ / &

v/
[ECtyy 1" Yt 2zl mo| | (‘K{' !

/Y L 4nV,
r - U/ ’ W,

e ord \@ >0 ’
0=l Rty he b prnotid cmtesgoncy MPrem

v v

Ve gust ned to Shw  C=0

AT .

~

T e €50 = ek e = fxeR"[ Uixy<d
J

= C. q




[T\ 4 hall . Vis VD

[N et ae —wax Vi) o pe aso
(o)) R SIXl|<
AGwA \
AN £
\ / *“> \\/(QC{H)Z \VI(.N'LL’\\ 1 (\ Y SPPEEON
~__~ KD ) \ V(D)) oks
v,
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e Definition: V : D — R is called an Exponential Lyapunov Function (ELF) on D c R” if

3k1,]€2,]€3},\> 0 such that
on P .
A 2> wllzl®< Vi) < kjz)® - - )
LiV(x) < —kgllz]¥ - - (2)

e Theorem 2 (ELF Theorem) If system (1) has an ELF, then it is exponentially stable.

DB Vi) < sllnw | < '%q'\/ () = V< —% /

e Proof:

1 show V(u(t) < Vi) > m uhert - f
/

2. show z(t) < ce ||z (0)]| \l/ ¢
—C
2 [ixee]|* < gVl < Te ym)
ok
Lo < 25 ke 8
2 v (| & @E—j&éif <o <
_ bk, ~ct d
= b S
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Xy

o Example 1 {xl Conrn +flx23 TryVia)=|zl® = ¢ >y (}(f_
Lo =T1 — T2 —T] — Ty r au
e uhitiy -
: " sYS Lo Sthlf = A/DI ) Y,
Vo

> Vo= e D anh & Shwofs

: J ~%
Q" L3LV: %/([x)) ‘--\E[x} — [2% 2%]. Kt 1y .

o 4 -
J
- 2 h
=) —QC/J, +ﬁ‘)ﬂ1+’x Ky +£\X/\\/’x7_ - ?ﬁl “%1" O(z%
N

alearg
S ND o 0{7w Stablp
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l"l = —T1 + 2122

+Bxample2 | "1 ) ology net meen i §€aé;‘l,‘?

— Fact: The system is GAS (Homework: try V (x) = In(1 + 2%) + 3)
L/_‘-'—‘\'v\, _./\/\_

— Can we find a simple quadratic Lyapunov function? First try: W

| ) > 2
\/,____ [2“1 Q.(X'l] lxl'HXl%, =2 [-—/Xll-{- (X|2’XZ a (X;] Rl Q%I ( I—M2> +/><Z_J

_oly

@Jﬁt‘j LUt‘XFJ%

= \/ == [g(l"lxz){-/)(:]
N}E{fxg +4 — @(&—4@1,57

— In fact, the system does not have any (global) polynomial Lyapunov function

Tc U wD @nyon RF )

Stability Analysis Using Lyapunov Functions 38-11
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When there is a Lyapunov Function?

e Converse Lyapunov Theorem for Asymptotic Stability

origin asymptotically stable;
f is locally Lipschitz on D
with region of attraction R4

= 4V s.i.

V is continuuos and PD on R4

LV is ND on Ry i hMIA
V(x) > occasx — OR4 -
0 Pﬂ\,f?

e Converse Lyapunov Theorem for Exponential Stability

origin exponentially stable on D;

fisC!

= dJanELFVonD - %x{,/,,?w

e Proofs are involved especially for the converse theorem for asymptotic stability

e IMPORTANT: proofs of converse theorems often
N— —AAAANNS

When there is a Lyapunov Function?

assume the knowledge of system solution.

38-12
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Semi-definite Programming

e Converse Lyapunov function theorems are not constructive
(et G\

- E”E‘ th Yol b
e Basic idea for Lyapunov function synthesis _
YR =P V)R Hlg

— Select Lyapunov function structure (e.q. quadratic, polynomial, piecewise quadratic, ...
yap (e.g9-q poly p quadrali, )

X al
— Parameterize Lyapunov function candidates \f b(}: [ X PL‘JG /KEWJ |}!(
SN +
— Find values of parameters to satisfy Lyapunov conditions X ?z“(»”@%rﬂﬂl

e Many Lyapunov synthesis problems can be formulated as Semidefinite programming (SDP)

problems.

Semi-definite Programming 38-13



ECE7850 Wei Zhang

Convex Cone

e Recall: A set S'is convex if 1,29 € S implies Az + (1 — M)z € S, Va € [0, 1].

e AsetSisaconeif\>0,z€S= \xeS.
PR P e Ve Ve AN

e Conic combhination of x; and z»:

r = a1x] + asre With oy, g > 0 I]ﬂ Rg “1’1 Cﬁ“fﬁ{ ?@whgdm{ fﬁﬁg
% Afﬂ.& At

2
A 0
Q
e convex cone: (i) a cone that is convex; (ii) equivalently, a set that contains all the conic
W i S

combinations of points in the set

Semi-definite Programming 3814
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Real Symmetric Matrices: <

e §": set of real symmetric matrices AT: A

1
. 7<l ¢ All eigenvalues are real

§jmmd—v§c Mekh A 5 Q{Taﬁwvf]zaﬂ@

e There exists a full set of orthogonal eigenvectors

X Spectral decomposition: If A € S", thenTA QAQTi where A diagonal and Q) is unltary
'7.6 . : . L@:t @\f [q. ! ,% ]

b TR U

o 4= { J \

0, “therwmse

Semi-definite Programming 38-15
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Positive Semidefinite Matrices

e A c S"is called positive semidefinite (p.s.d.), denoted by A = 0, if 7 Az > 0, Vo € R"

I\‘k [Mj-}nﬁ 6 PSp QW['A‘H\C—P,-(M V)= oA

o A c S"is called positive definite (p.d.), denoted by A = 0, if 27 Az > 0 for all nonzero z € R”"

V&)=dpa 35 PD

o S set of all p.s.d. (symmetric) matrices
RV, "V 4

o S, : setof all p.d. (symmetric) matrices
—nS

e p.s.d. or p.d. matrices can also be defined for non-symmetric matrices. But we focus on

[ /H'\-lﬂ\_/’\_,—u-'vw
C
symmetric ones. bl/{k' ot Sj e
eg:| b}
91|

0] PP =R m[_ff qﬂ i i

A

Semi-definite Programming 38-16
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e Other equivalent definitions for symmetric p.s.d. matrices:

Aeg

— All 2" — 1 principal minors of A are nonnegative
an e ol|} | h 3 L@ i \a?_z, 423 \QH ng,
Ry Ars ﬁz_g o W v 2= 7: ﬁ 0‘3;7— O3 ) By A3y

015] (A2r qz} ( l A [
; 3
— All eigs of A are nonnegative > s \

re [M“j Pringpal Wigwy

7/

B~
1

.5(1 — There exists a factorization A = B'B
. AN

e Other equivalent definitions for p.d. matrices:
- All megpal minors of A are positive
— All eigs of A are strictly positive
:>\<‘.>1<-1- There exists a factorization A = ﬁ B with Wlar.

Semi-definite Programming 3817
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e Useful facts: TAT A t Cim [&urﬂc{j 'H’Olh ﬁarmﬁ"ﬁ On

n h _ )
— If T nonsingular, A = 0 < TTAT = 0;and A = 0 < TTAT = 0; g* y SI-H Are \nayant

ronshmtin

— S is a convex cone: positive semidefinite cone
v NvN———

i PSD (one
P:%GSJc, 0{A+$B>(G,VD(/}O§?’D

N

,BES
it ’; gjw%rmrs)

— Inner product on R™*": < A, B >= tr(ATB) = Ae B.

v A;PJGHQMM'. R E 22 A;\i %,;J?TC}M}(W Ly <’ ?wp{u& v R

Mj‘.nps Dr@ ey \)Yoo{uu‘ " ﬂlww Buclideon 55”(6)

ocle Wayem H8egt. o A2B>
SaA A 'JCB,»ED

Semi-definite Programming 38-18
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4

5(1 — For A, B € S, tr(AB) > () (the cone S’ is acute)

o ?Y"Fff"“a Shpw T Hiw 2

, A B
— Schur complement lemma: Define M = BT O }'\4‘5 “éo ]r,n(’ 5\(jmm€1c’y|\c
A
1. M »>0«& ~ 0 _ @O}O _
e C —BTA'B =0 A—BC™'BT =0

2.1f A= 0,then M 0= C - BTA'B =0

3.1fC =0,then M = 0= A— BC'BT >0

P-jﬁ mwu@; AAT'ST, :) I~ A&".ATZ(O :7 18 },0

Semi-definite Programming 3819
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— Proof of Schur complement lemma:

0.jl: W ETLk 2y +. kmvg L

4
The &ssumi{.m ig: A ) A*&Sﬂ

9 %E\P .gmo [iGshme M >z0 Q_-B Fﬂ—r [A &

ﬂ[(x'ia) \
\ MM\ o T Y
@)WIHLOJ—A%+1J83+MTCB\ZD ghfﬁﬁ?('\‘i(x %J”l‘b }>/rD
WM/\/W\/\_/ TN — 7T
N 2] Wi Juny )
< J_X’:ﬂ Qﬂ> @T K= A Bﬁ % UT(C‘gA"i%>d

Semi-definite Programming

Wei Zhang
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Operations that preserve convexity

e intersection of possibly infinite number of convex sets:
e N

2

— e.g.: polyhedron:

b 1o bowndeol ol hedran
// FO{LJ ]H PD ‘ﬁ

/ <

— e.g.: PSD cone:

e vt G0={re o] o s

s¢ = (1 W)
2¢R

Semi-definite Programming 38-21
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e affine mapping f : R" — R™ (i.e. f(z) = Az + b) &%
h e W g D |

- mz {f(x):x € X} is convex whenever X C R" is convex 7 Center Uj C[{;})Jv,fg(

£ )=
e.g.: Ellipsoid~{||x € R" : (z — z.)" P(x — x.) < 1} or equivalently{x, + Au : |lul]s < 1}
— i~ ——— e
%

R={]}. o Hlﬂlj patl -

L

¥ E=d®), = adapx  TTSE,
2 - ‘§\€70= ?2(9(—’)&)

- YY) ={z €R": f(x) € Y} is convex whenever Y C R" is convex

e.g.: {Ar < b} = f1(R"), where R’ is nonnegative orthant
3 powtwis e

{“f«h% b- Ax

R:zf’xém“e X3, vcj

Semi-definite Programming 38-22
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Linear Matrix Inequality

. . . n h .
e Given symmetric matrices Fy,..., F,, € §", XEE' 15 vartdle

F(zx)=Fy+xFy+- 4 2,F, =0 ['J(l %)

is called a Linear Matrix Inequality in z € R"

e The function F(z) is affine in x ; VF\'-‘ T)=RK1+Glx)

where  Gix) 5 [iner

£

e The constraint set {r € R": F(z) = 0} is nonlinear but convex
AN AN

Pk KHeE M§ SE LV «e(s, 1]
ETE o

Semi-definite Programming

Wei Zhang
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1+ x9 19+ 1

To+ 1 T3

\ bl w1
s 0w m[’ 2] +4&,_[[J NRES {3ﬂ+[f ;]

@ F0n0 ifxmw

> 0

e Example 3 Characterize the constraint set: F'(x) =

e, 70
QCH’X;_)‘X; - ((XL'I")'l >/ 0

Set ot pwmintar ihedluaﬁ'lc?fs

Semi-definite Programming 38-24
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e Example 4 Find a Lyapunov function V (x) = x* Px for a linear system i = Ax
ANANA NN .

'y@zu‘lrﬂmrﬁg: OV er @ Visip. l» Nere, ur unkiir voyiably s PeRS”

_CD,(:E \P >_0‘\®):_®7 \-/""\%)T-f“):@?%{f\'x clfxTPAw - &)

Ded@ore it § 1 RV =@p0's Tpa4 7Pk = At oA

37 36 Hhe unkmn) | = (M)W-W

L Wd=k) G all .
'YQP\’IIPIV‘[“ P= l.-\i_. . E'lJ &]—

g3 1= ) l@@>:Q{‘P+PF‘>}O '"@ - -

whore Eii‘aé'S:tsﬂe'xcepf v = \_\_ T B
b&(-{’j)'(j)i) b~
n
P
q{

E[Lm):ﬁ ;] enties e 4 @ Oj (»
nd

| 52 & (-REV- ggta) s

1= 1=

——

\

«{jE‘E > 0 3
D

ML-)

~

"5

2Dimy

Semi-definite Programming 38-25
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Semidefinite Programming (SDP)

e SDP: optimization problem with linear objective, and LMI and linear equality constraints:

A~ NN NSNS\ ——r
The S‘f‘andarpt LT fvan bﬂ- SD? minimize: é variable  x efg!
{subjectto: Fy+aFy+---+x,F, =0 (4)
Ar =0

o le/Ql_)_@L optimal solution oleQP] can be found efficiently.

e Equivalent SDP (Standard Prime Form):.
e A

iy el NG ¢’

6"[31’10{0«0{ Poplc "gﬂTM . minimize:  f,(X)=Ce X
. isubjectto: A;e X =bi=1,....m (5)
X =0
CeX= 5 CoyXs
A)3 J

Ore can show ‘_Fﬂ—h/l @ & _ﬁm @

Semi-definite Programming 38-26
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e Dual form:—]Coh ,:gom/l@
maximize:  f4(y) =b'y Yo Y
QMVNE AJM‘» \FWM,, Hip 42 {subject to: =7,y A < O“L lele ;LQ R

./1_\ T ~ -~ 0~ _
e Weak duality: f,(X) > fa(y) for any primal and dual feasible X and y '
~ AN g I
W Heas bl \{»wO “S‘]OU‘]CWJ |

f?bc)“@w):C*X—bg: O£ 1fiex )= (C- 2 v
BYo oy

20 (Psp e i AL

e Strong duality holds under Slater’s condition: f,(X*) = fi(y")
'_F\/‘—'\/\/\_,. e i el U W D

Shiter omdition: rime 35 Sticky feuslle, 1o, AX gt Ao,
X0

Semi-definite Programming 38-28
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e Example 5 LMIs A"P+PA+1 <0, P > 0 indicate that the Lyapunov function V(z) = rT Px

for linear system i@ = Ax proves the bound: | z(7)|*dr < x(0)" Pz(0). Suppose x(0) is
F""N‘_l‘_—ﬂ\__‘-l — —_— . . _
fixed. How to find the best possible such bound? 1™ 'tbﬂL -End energ j

- - -

_ T o -~ -

@ Show L@uhdt )

v
A

Vo) = ¥ TATHPA) i) <~z
g <V =)t J} \}(rxm) e < \{@Jr j:t Lo\ ol
T
@ med | ()Q"’j P’){(\)
) glvam o) : w;n X103 P Afo)
Suby. to; _@W@\PH *17>/D

P o
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Basic Polynomial Optlmlzatlon

Motiatia: we want 4o congiey GEngrol P%;gﬂ%fv W)é o+ 1

e R, ;. Set of polynomials (with real coefficients) in n v les of degree d:
v NS

f(ﬂi’) — Z Caﬂi‘?l ce 352”'
GEI/P

QT_%. = XY A /X:Jr 7{17;

where d = max,c7 X" «;.
wd =14 € Ruq: flx) >0,Vx € R"}: set of p.s.d. polynomials

Y, i=1{f€R,q:f=xg? forsome g; € R, ,}: Sum of Squares (SOS)
W

~—

P ‘ 'a ) FS_L‘K] = 4{?_4' @[( ’/XZ_Q-QQ'XDL

_'F\}L—HM

e checking f € P, is NP hard

UYIIM—EE!WI.]VIISEIC PD[BMPMIF’L tmg HN‘C&

e checking f € ¥, ; is a SDP problem

Basic Polynomial Optimization 38-30
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Representation of Polynomials o
,0{\ y O/n
e monomial bases Z,(x): /Xy IR o o €po, -+ ,nj 20 & OL

(VY e e VW e Ve
]

( . h
ej ’xélRl-' a Zz(.’x):[l KN X Xy N /Kzz:] ( I_‘Fm K W‘.HA Ol?jﬂ( 0(':

o () Oy
iz i lx) = =
| e (0( > AL !
( \
¢ . e-j‘ (‘CF - L - é.

e Linear representation: e ] 2)7 212

055300t Dt bx, =0 0 § F 3 0) 2,lx)
-

(ol of- § wirs Zy(n)

XER Z0=[1 x xF 487

hy '&GRML has & Vm‘ihf WPM‘?D\'ﬁm CC'U{N ,1,,\4@,,(, A= QT")

Basic Polynomial Optimization 38-31
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e Quadratic representation (Gram matrix representation): *&x 4’&1 +4’X?’Xg_~'l°‘:9f:" - g'x‘qz ‘P\Ms
T
<b Hln & R0 on be vepresaded as 240 RZj(xy with BeS"

2D 8. ‘-1}_4- (@n be wrtten O ’X\-L T, 4. cl.g ’K\'Z =4 3 n L g 3 y
by .
3 e 4 L™
3 - metih Cﬂeﬁl‘u‘{m‘h

-‘;> 4'zq') qL: 2) 1((,'['7-%:“{ / 452 ‘l) q‘;‘ [0

X ')

l

e Quadratic representation is not unique:

n \ ~
V == VY0ES ) with exbries so\hdﬂyj W% 15 a wvlid Yepregeatation of o)

<2> Quadnt emgaticion ollws us ts chede,  §€Zny

Basic Polynomial Optimization 38-32
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e Hilbert showed in 1888: P, ; = ¥, 4 iff

— d = 2 quadratic polynomials ’j:n- all n

— n = 1 univariate polynomials ‘:Sm‘tku 0{

AN

—n = 2,d = 4, quartic polynomials in two variables.
e

e SOS decomposition for f € P, 4: if 3g1,. .., gs such that f = 5, ¢°
W ! A

Thw If fedog is psp LI To0 St Lo (20d) € 2, 4

A\

Basic Polynomial Optimization 38-33



ECE7850 Wei Zhang

e Theorem 3 Let Z,(x) be the monomial basis of degree < d. Then f(x) € %, 4 iff there exists

() such that
{on & LM with varably Q
VA

(@) = 22" QZi(x)  oftolty turstyntnss ag G

— this is SDP problem (LT jw:l;,kgc& Prblem )

— comparing terms gives affine constraints on the elements of @)

(g v

@I:f?fud\ A exizts ’—:> (Q: \/VT , let V=L{y, - Vel

- Y
= —me= e V3o = I VT@Qo{(x)\ll = f_‘l@— i‘i(x)f

< =) .l
0, n
i QT 20

FH= 2000 ax)
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o Example 6 f = 2r{=2mimr =TT 58 Sbme £ W )

2= Fﬁ‘r
242t = < n
@- :Fq' 2 ’\)\ _ qg ‘h‘_ F) - 7:
2 - - ‘ y
LN I BN prtiwar, wg Choe A={
A -
) ‘ K (9.: 4L 2 "6 o b2 0 X
-~~~ . _ . = 25—1_{2|[1|-3]
(L -1 o | =3

-:) ':F[X) = Q{x\')‘z"‘ 'x??_jz J(’(Q %+ %1% - 37(: >—L
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Numerical Construction of Lyapunov Functions

e Important conditions for many stability problems:

go(x) > 0on {z € R"|gi(z) > 0,...,gi(x) > 0}
" —

e Conservative but useful condition: 3 SOS s,(z) s.t.

AN

go(x) — ¥ si()gi(w) > 0,Vz € R”

AN~ ) A—

This is Generalized S-Procedure S?Mfle % prve
A

thech wedh whethert 3 S3€ S, 4 s M - =69 €8s,
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e Important special case: g;(z) = 27 G;z,i = 0, 1, ... are quadratic polynomials:
AN~

— Original condition: V2 € R", 2G> 0,...,2'Grz > 0= 21 Gyz >0
e ———

— Sufficient condition (S-procedure): da;, ..., a; > 0 with
N O R e A N

:'> GU>_'(f]qG-l-|—°°°-|—(f]f,z€G,:ﬂ

— S-Procedure is lossless if k = 1 and 32,27 G4 > 0 (constraint qualification)
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Application to Stability Analysis
e Example 7 i = Ax + g(z) with g(z) < S||z|? (P’J- $x) Can be uknown olistwl,ame
—~—— /\fon%v:'

(@—@A,L.- ;F‘mbk L\: 4 — S’@L\I(T‘ﬁa ot- Form on 9@) Con \oe\gra\on\l\ﬂﬁ‘vr ‘f'?YMq)
:
¥ LIS pro o VI <-aVlK)  Casme >0 it gign)
2 kel g0 (levs denoe 2= 91))

¢ T T ~
2 Vel = 2P (ki) + ofal P = o (AP DA+ op YK + 29 o)

%= (1) - mT A7+ Patecp PM«] o
S We want N[ op o U2
#NTE N N > -G
> v @m d f Iz < fola]
Mlé’neu/w ’%Tér,r&zo NN
T »
B\v] =Medwe . = &M &, Loy some ﬁw [2] [ea INZJ 20
—~———
LT (varrahly P) &,
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53 1 5
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e Example 8 Find Lyapunov function for

-:> Lﬂ Ok fﬂb ?iﬂham‘mL L}la?wbu ”\fwd‘:m: W@ uBrt ft-*h—orp{@r ’Pblf}

B =gloQ e = 5 0 olal
,A:z 0‘“’3\)4

O we wpmt VeSS = Qo

Q) wt wont -V &505

L]cv :E%V&’.ﬁb( 21 C”J ("' /Xl ( {xz"_'Xl'- —"Kl >J— (XJ I(’i’xl L)’\

o(;vla(*.

We shodd J =
AR V=LV = 2@ P@) 26y | uhe P(6) 1S atfing in(]

= @0
= S0P, Solvy Lsiw) S05T0013. 3
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