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Abstract—This paper studies two energy management prob-
lems under uncertainties for a grid-connected microgrid. The
problems are motivated by practical microgrid problems such
as peak power shaving and frequency regulation. The problems
require constraints on the microgrid energy output which is
uncertain due to the integration with renewable resources and
random loads. Both problems are formulated as chance con-
strained optimization problems which systematically incorporate
uncertainties. We also show that the resulting chance constrained
optimization problems can both be solved using linear program-
ming. The proposed formulation and solution are validated by
two case studies originated from real world applications.

I. INTRODUCTION

Microgrid is an appealing concept proposed recently [1],
which integrates local loads with distributed energy resources
(DER) such as renewable resources and energy storage sys-
tems [2]. With proper energy management strategies a mi-
crogrid has a twofold benefit for the power grid [3]: first, it
coordinates DERs to provide reliable energy supply for local
loads; second, it can also serve as one controllable energy asset
to produce grid-friendly power response and to provide grid
services.

The energy management problem (EMP) of a microgrid op-
erating in grid-connected mode has been studied extensively in
the literature. The EMPs mainly aim to find optimal microgrid
energy outputs to minimize electricity and operating costs.
The challenge of the EMPs lies in the uncertain nature of the
microgrid energy output due to the integration of the renewable
resources and loads such as plug-in electric vehicles. In [4],
[5], the authors exploit numerical prediction techniques to
forecast the uncertainties in the microgrid and solve the EMP
in a deterministic way. However, the accuracy of prediction
decreases substantially as the prediction horizon increases [6].
To reduce the accumulation of numerical forecast errors, in
[7]–[9] the EMPs are solved using a rolling horizon approach
that updates the forecasts at each time step. Robust and
stochastic programming approaches have also been used to
solve the EMPs [10]–[12].

Despite the rich literature about the microgrid EMPs, the
microgrid EMPs with uncertainties involved in the constraints
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have not been adequately studied. In the literature, the con-
straint under uncertainties considered is mostly aimed at
balancing the generation and load within microgrids [7],
[10]–[12]. In this paper, we focus on two grid-connected
microgrid EMPs involving uncertainties in the constraints. The
two EMPs represent a wide range of problems in practice.
The first EMP tries to optimize microgrid operation with
probabilistic guarantees on the magnitude of the microgrid
power output. This EMP is motivated by applications such as
peak shaving, valley filling, and instrument protection. These
applications have been studied in the literature using different
methods [13]–[15]. In contrast to the existing works, our
focus is on the systematic consideration of the probabilistic
uncertainties involved in the constraints. The second EMP
requires a probabilistic bound on the power output capacity
of the microgrid, which is to maintain a power range within
which the microgrid can decrease or increase its power output.
This EMP originates from applications such as regulation
markets [16]. For instance, to provide frequency regulation,
a microgrid needs to be able to decrease or increase its
power output within a predetermined regulation capacity range
[17]. In the literature, the capacity requirement for microgrids
is formulated as deterministic constraints [18], [19] relying
on accurate numerical predictions that are hard to obtain
in real-world applications. Therefore, the second EMP with
probabilistic constraints on power capacity is a novel and
important problem for microgrid applications.

In this paper, we propose a chance constrained programming
(CCP) approach to solve the two EMPs. The CCP is a math-
ematical program containing chance constraints, which only
need to be satisfied with a probability. The chance constraints
can be utilized to characterize constraints under uncertainties,
and the CCP approach has been used to solve power system
EMPs [20], [21] including microgrid EMPs [6], [22], [23].
For example, in [6], [23], the requirement of maintaining
the balance between generation and load in microgrids is
formulated as a chance constraint, thus obtaining a high
probability of load satisfaction. In general, efficient algorithms
to solve a CCP are not available except for some special
cases [24]. However, the two EMPs considered in this paper
can be both equivalently transformed into convex optimization
problems that have numerically effective solutions [25].

The contributions of the paper lie in the development of
two general CCP frameworks to solve the two EMPs. First,
we develop a chance constraint on output framework (CCOF)
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to solve the first EMP that involves probabilistic bounds on
the magnitude of the microgrid power output. The CCOF is
general for various problems such as peak power shaving,
valley filling, and power instrument protection. Second, we
present a chance constraint on capacity framework (CCCF) to
solve the second EMP that involves probabilistic bounds on
power capacity of a microgrid. To our knowledge, this paper
is the first to use the CCP approach to solve such problems.
Third, different from many CCP formulations in the literature
[22], [23], the proposed CCP frameworks can be equivalently
transformed into efficient convex programs, making them more
appealing for practical applications.

The rest of the paper is organized as follows: Section II
describes the model of the microgrid and the description of the
two EMPs, Section III proposes two general CCP frameworks
to solve the problems, Section IV presents two case studies to
validate the proposed frameworks, Section V concludes this
paper and raises future schedules.

II. SYSTEM MODELING AND PROBLEM DESCRIPTION

A. System Modeling

We consider a microgrid consists of n battery packs, m
on-site deferrable loads, p types of renewable resources, and
a composite uncontrollable load in this paper. Such a con-
figuration contains a large class of microgrids studied in the
literature [26]–[28]. In this subsection, we present a discrete
time linear model of the microgrid dynamics.

In this microgrid, the controllable components are battery
packs and on-site deferrable loads. Let xB

i (k) be the state of
charge (SOC) of the i-th battery pack at the k-th time step.
Its dynamics is given as follows:

xB
i (k + 1) = xB

i (k) + uB
i (k), xB

i (0) = s0 (1)

where s0 is the initial SOC estimation, uB
i (k) is the decision

variable which is the change of the SOC at k, and i ∈ IB

with IB = {1, · · · , n}. The energy that the battery consumes
at k is given by EB

i (k) = uB
i (k) · capi where capi is the rated

capacity of the i-th battery pack, .
A deferrable load allows the microgrid to schedule its

charging job as long as the required energy and charging
deadline are respected [29]. It becomes on-site when it is
plugging in and its charging job has not been finished. For
the j-th on-site deferrable load, let ej be the initial required
energy, E

D
j be the maximum charging rate, and tj be the

number of time steps from the initial time to its charging
deadline. Its state is given by xD

j (k) = [xD
j,1(k), xD

j,2(k)]
T

[30], where xD
j,1(k) denotes the minimum remaining charging

time and xD
j,2(k) represents the maximum remaining waiting

time. The state dynamics of the j-th deferrable load is given
by:

xD
j (k + 1) =

{
xD
j,1(k + 1) = xD

j,1(k)− uD
j,1(k)

xD
j,2(k + 1) = xD

j,2(k)− uD
j,2(k)

,

xD
j,1(0) = ej/ED

j , xD
j,2(0) = tj − ej/ED

j ,

(2)

where the decision variable uD
j takes values in the set U

defined by U = {(a1, a2) ∈ {0, 1}2|a1+a2 = 1}, and j ∈ ID

with ID = {1, · · · ,m}. The energy that the deferrable load
consumes at k is given by ED

j (k) = uD
j,1(k) · ED

j .
The uncontrollable components in the microgrid include the

renewable resources and the composite uncontrollable load.
Due to the randomness in their energy output they can be
modeled by random variables. At the k-th time step the
energy outputs of the l-th renewable resources is wR

l (k) and
the composite uncontrollable load is wU(k), their probability
distributions are obtained from historical data as WR

l (k) and
WU(k) respectively, i.e.,

wR
l (k) ∼WR

l (k), wU(k) ∼WU(k), (3)

where l ∈ IR with IR = {1, · · · , p}.
Given the above mathematical models of the components,

the dynamics of the entire microgrid can be modeled by the
following aggregated linear system:{

x(k + 1) = Ax(k) +Bu(k),
y(k) = DTu(k) + ETw(k),

(4)

where x(k) ∈ Rn+2m consists of all the states of n battery
packs and m deferrable loads which is given by

x(k) = [xB
1 (k) · · ·xB

n(k) (xD
1 (k))

T · · · (xD
m(k))T ]T , (5)

u(k) ∈ Rn+2m is the overall control vector, y(k) ∈ R is the
energy output of the entire microgrid at time k, which equals
the sum of all the energy generation and consumption within
the microgrid, and w(k) ∈ Rp+1 is the energy output of p
renewable resources and the composite uncontrollable load,
i.e.,

w(k) =
[
wR

1 (k) · · ·wR
p (k) wU(k)

]T
. (6)

By virtue of (1), (2), matrices A and B are given as follows.

A = In+2m, B =

[
In 0
0 −I2m

]
, (7)

where In is an n-dimensional identity matrix. D ∈
Rn+2m and E ∈ Rp+1 are two vectors given by D =
[cap1, · · · , capn, ED

1 , 0, · · · , ED
m, 0] and E = [1, 1, · · · , 1].

B. Problem Description

Given the aforementioned microgrid model, we are con-
cerned with finding the optimal control vectors that minimizes
the electricity cost subject to different requirements. In this
paper, we focus on two types of energy management problems
(EMPs) of the grid-connected microgrid with two different
types of constraints under uncertainties.

The first problem is an energy magnitude bounding problem
which requires the microgrid to bound its energy output
magnitude either from above or from below. It can be met in
practical applications such as peak shaving, valley filling, and
instrument protection. For example, the power line between
the microgrid and the power grid has physical capacity limits.
Violating such limits could cause overheating and damage to
the power line. Therefore, bounds on the magnitude of the
microgrid energy output are needed for instrument protection.
Since the microgrid energy output is uncertain, it is hard to
directly use a deterministic constraint to bound its magnitude.
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The second problem is an energy capacity bounding prob-
lem which requires the energy output of the microgrid to be
able to vary within a predetermined range. The problems can
be seen in frequency regulation and reserve markets, where a
committed regulation capacity needs to be respected during
operation. In such problems, as Fig. 4 illustrates we need
to find constraints to guarantee that the microgrid output
range covers the capacity requirements range. However, the
maximum and minimum energy outputs of the microgrid de-
pend on the uncontrollable components, making the constraints
involving with uncertainties.

Time
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Real Time Power 
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Cap.
Reg.
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Output
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Fig. 1: Microgrid energy output capacity requirements

Both of these two types of EMPs have constraints involving
uncertainties that are important for real world applications.
A method that can effectively characterize the constraints
involving uncertainties and can be efficiently implemented in
practice is needed.

III. CHANCE CONSTRAINED PROGRAMMING APPROACH

In this section, we develop two types of chance constrained
programming (CCP) frameworks to solve the two EMPs
described in Sec. II.

A. Chance Constraint on Output Framework

We propose a chance constraint on output framework
(CCOF) to solve the energy magnitude bounding EMP as
follows:

min
u(1),··· ,u(N)

E

[
N∑
k=1

c(k)y(k)

]
, subj. to (8.a)

x(k + 1) = Ax(k) +Bu(k), (8.b)

y(k) = DTu(k) + ETw(k), (8.c)

uB
i (k) ≤ min{xB

i (k)− xB
i , u

B
i },∀i ∈ I

B,∀k ∈ IN (8.d)

uB
i (k) ≥ max{xB

i (k)− xB
i , u

B
i },∀i ∈ IB,∀k ∈ IN (8.e)

xB
i (N) = fB

i ,∀i ∈ IB (8.f)

uD
j,1(k) + uD

j,2(k) = 1,∀j ∈ ID,∀k ∈ IN (8.g)

uD
j,1(k) ≤ min{xD

j,1(k), 1},∀j ∈ ID,∀k ∈ IN (8.h)

uD
j,1(k) ≥ max{1− xDj,2(k), 0},∀j ∈ ID,∀k ∈ IN (8.i)

uD
j,1(k) = 0,∀j ∈ ID,∀k > min{N, xD

j,1(0) + xD
j,2(0)} (8.j)

P({w(k) : gk(u(k), w(k)) ≤ 0}) ≥ 1− ε,∀k ∈ IN (8.k)

where N is the optimization horizon, IN = {1, · · · , N}, c(k)
is the energy price of the k-th time step. (8.b) and (8.c) are
the linear model of the microgrid (4). (8.d) as well as (8.e)
bounds the energy output of each battery pack where uB

i and
uB
i are the upper and lower bounds for the control while xB

i

and xB
i are the upper and lower bounds for the states of the

i-th battery pack. (8.f) makes sure the final SOC of each
battery pack reaches a required level, fB

i ∈ R. (8.g) is due
to the fact that an on-site deferrable load is either waiting or
charging at one time step. (8.h) and (8.i) set constraint on the
energy consumption of the deferrable loads and ensure the
required energy to be charged before the deadline. Constraint
(8.j) ensures that the deferrable load cannot be charged after
the specified deadline. Notice, from (8.g) and (8.j) we have
uD
j,2(k) = 1, ∀k > min{N, xD

j,1(0) + xD
j,2(0)}, this can

potentially make xD
j,2(k) < 0, indicating the deferrable load

is already unplugged. Furthermore, from (8.d), (8.e), (8.h),
and (8.i) the bounds on the control of the batteries and the
defferable loads depend on the current states, which is actually
determined by the initial states and the previous control.

Notice that in this CCP the objective function (8.a) aims
at minimizing the expected electricity cost of the microgrid,
which is ubiquitously used in the literature [21], [31], [32]. It is
worth pointing out that the objective function does not affect
the formulation of the chance constraints, and the proposed
CCP frameworks can be easily extended to other objective
function forms.

The chance constraint (8.k) requires that the probability
measure of the set {w(k) : gk(u(k), w(k)) ≤ 0} to exceed a
confidence level 1− ε, where ε ∈ [0, 1] denotes the risk level.
The constraint function gk(u(k), w(k)) : Rn+2m×Rp+1 → R
is given by

gk(u(k),w(k))=η
T
k diag(D)u(k)+θ

T
k diag(E)w(k)+γk, (9)

where ηk ∈ Rn+2m, θk ∈ Rp+1, diag : Rn → Rn×n is
a function which yields a diagonal matrix with its diagonal
entries being the elements of the argument, and γk ∈ R.

The constraint function gk(u(k), w(k)) is a linear com-
bination of the energy output of all the controllable and
uncontrollable components at time k. The coefficients ηk,
θk, and γk may vary depending on the requirements of the
problems. If at time k we want to constrain the microgrid
energy output with an upper (resp., lower) bound bk, we
can choose ηk = 1(n+2m) (resp., ηk = −1(n+2m)) and
θk = 1(p+1) (resp., θk = −1(p+1)), where 1i is a vector
of dimension i with all its elements being 1 , and γk = −bk
(resp., γk = bk).

To solve this program, we first transform it into a static
program to exploit efficient static optimization algorithms.
Let x̃ ∈ R(N+1)(n+2m) , ũ ∈ RN(n+2m), ỹ ∈ RN ,
w̃ ∈ RN(p+1) be the stacked state, control, output, and
disturbance variables, respectively. The stacked state x̃ is given
by x̃ = [x̃T0 , x̃

T
1 , · · · , x̃TN ]T , with

x̃k = Akx(0) +

k−1∑
i=0

AiBu(k − 1− i). (10)

Similarly, we can obtain ũk, ỹk, w̃k, where w̃ ∼W with W
being the joint distribution of all Wk. The static model of the
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microgrid dynamics over the time horizon N is thus given as
follows {

x̃ = Ãx(0) + B̃ũ,

ỹ = D̃ũ+ Ẽw̃,
(11)

where Ã, B̃, D̃, Ẽ are computed by Batch approach [33]. No-
tice that the overall state and output trajectories are completely
determined by the initial state x(0) and the control input ũ.
The initial state x(0) can be determined from measurements
of the microgrid, and ũ needs to be determined by solving an
optimization problem.

Substituting (11) into the cost function (8.a), we have

E

[
N∑
k=1

c(k)y(k)

]
= cT D̃ũ+ cT ẼE [w̃] , (12)

where c = [c(1), · · · , c(N)]T . In (12), only the term cT D̃ũ
can be minimized by the decision variable ũ, hence the term
cT ẼE [w̃] is excluded from the minimum operator. The cost
function is then linear in ũ

We then substitute (11) into the constraints (8.d)-(8.j). The
resulting constraints are all linear in ũ. For example, (8.d) and
(8.j) are given respectively by

Ih(N),vB(k−1,i)ũ ≤ min
{
Ih(N+1),vB(k,i)x̃− xB

i , u
B
i

}
,

∀i ∈ IB,∀k ∈ IN (13)

Ih(N),vD(k−1,j)ũ = 0,∀j ∈ ID,

∀k > min{N, xD
j,1(0) + xD

j,2(0)} (14)

where Ii,j is the j-th row of an i× i identity matrix, h(a) =
a(n+2m), vB(a, b) = a(n+2m)+b, vD(a, b) = a(n+2m)+
n+ 2b− 1. (13) and (14) are both linear inequalities in ũ.

Lastly, we substitute (11) in the chance constraint (9). Then
the constraint function becomes

gk(ũ, w̃) = αTk ũ+ βTk w̃ + γk, k ∈ IN (15)

where αk and βk are given by

αk =
[
0T(k−1)(n+2m) ηTk diag(D) 0T(N−k)(n+2m)

]T
,

βk =
[
0T(k−1)(p+1) θTk diag(E) 0T(N−k)(p+1)

]T
,

where αk ∈ RN(n+2m), βk ∈ RN(p+1), and 0i denotes a
vector of dimension i with all its elements being 0. Note
that in (15) the distribution of βTk w̃ can be obtained since we
know W, and we denote it by Wβk

. For instance, for energy
magnitude upper bounding problem, βTk w̃ is actually the sum
of the energy output of all the uncontrollable components
at time k, Wβk

is the same with Wk. Knowing Wβk
, we

can obtain its cumulative distribution function Fo,k(·) and its
inverse function F−1

o,k (·). Chance constraint (17.j) can then be
transformed into

αTk ũ ≤ −γk − F−1
o,k (1− ε),∀k ∈ I

N (16)

which is linear in ũ where F−1
o,k (1 − ε) is a known function

that can be obtained off-line.

From the discussions above, the CCOF is then given by,

min
ũ
cT D̃ũ, subj. to (17.a)

x̃ = Ãx(0) + B̃ũ, (17.b)

Ih(N),vB(k−1,i)ũ ≤ min
{
Ih(N+1),vB(k,i)x̃− xB

i , u
B
i

}
,

∀i ∈ IB,∀k ∈ IN (17.c)

Ih(N),vB(k−1,i)ũ ≥ max
{
Ih(N+1),vB(k,i)x̃− xB

i , u
B
i

}
,

∀i ∈ IB,∀k ∈ IN (17.d)

Ih(N+1),vB(N+1,i)x̃ = fB
i ,∀i ∈ IB (17.e)

Ih(N),vD(k−1,j)ũ+ Ih(N),vD(k−1,j)+1ũ = 1,

∀j ∈ ID,∀k ∈ IN (17.f)
Ih(N),vD(k−1,j)ũ ≤ min{Ih(N+1),vD(k,i)x̃, 1},
∀j ∈ ID,∀k ∈ IN (17.g)
Ih(N),vD(k−1,j)ũ ≥ max{1− Ih(N+1),vD(k,i)+1x̃, 0},
∀j ∈ ID,∀k ∈ IN (17.h)

Ih(N),vD(k−1,j)ũ = 0,∀j ∈ ID,

∀k > min{N, xD
j,1(0) + xD

j,2(0)} (17.i)

αTk ũ ≤ −γk − F−1
o,k (1− ε),∀k ∈ I

N (17.j)

where the cost function (17.a) and constraints (17.b)-(17.j) are
all linear in ũ. Thus, the CCOF is effectively transformed into
a linear program in ũ which can be easily solved using the
existing linear programming tools.

B. Chance Constraint on Capacity Framework

For the energy capacity bounding problem, we present a
chance constraint on capacity framework (CCCF) to solve it.
As Fig. 1 illustrates, we need to set an upper bound on the
minimum output and a lower bound on the maximum output
of the microgrid to ensure the microgrid output range can
cover the capacity requirement range. We formulate chance
constraints to characterize these two constraints, and the CCCF
is given as follows:

min
u(1),··· ,u(N)

E

[
N∑
k=1

c(k)y(k)

]
, subj. to (18.a)

Constraints in (8.b)− (8.j),

P({w(k), ymax : gk,max(w(k), u(k), ymax}) ≤ 0})
≥ 1− ε, ∀k ∈ IN (18.b)

P({w(k), ymin : gk,min(w(k), u(k), ymin}) ≤ 0})
≥ 1− ε, ∀k ∈ IN (18.c)

where ymax and ymin are the maximum and minimum energy
output of the microgrid at time step k, and they are both
random variables. The chance constraint (18.b) and (18.c) set
the bounds on the microgrid minimum and maximum energy
outputs. The constraint functions gk,max(w(k), u(k), ymax) and
gk,min(w(k), u(k), ymin) are given by:

gk,max(w(k),u(k),ymax)=(DTu(k)+ETw(k)+ζk)−ymax,
gk,min(w(k),u(k),ymin)=ymin−(DTu(k)+ETw(k)−ζk),

(19)
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where ζk is the required capacity for the microgrid to maintain
at k. In (19), notice that (DTu(k) +ETw(k) + ζk) and
(DTu(k) + ETw(k) − ζk) are the upper and lower capacity
requirements.

To solve the problem, we transform it into a static program
as in CCOF using (11). We substitute (11) into (18.b) and
(18.c). Then the two chance constraints become

P({w̃, ỹmax : gk,max(w̃, ũ, ỹmax) ≤ 0}) ≥ 1− ε, (20)

gk,max(ũ, w̃, ỹmax) = (IN,kD̃ũ+ IN,kẼw̃ + ζk)− IN,kỹmax,

P({w̃, ỹmin : gk,min(w̃, ũ, ỹmin) ≤ 0}) ≥ 1− ε, (21)

gk,min(ũ, w̃, ỹmin) = IN,kỹmin − (IN,kD̃ũ+ IN,kẼw̃ − ζk),

where ỹmax and ỹmin are the element-wise supremum and
infimum of ỹ respectively , and IN,k is the k-th row of a
N ×N identity matrix.

Constraints (20) and (21) can be transformed equivalently
into linear inequalities in ũ. We show the transformation by
tackling the chance constraint (21). Notice, ỹmin = D̃ũmin +
Ẽw̃min, where ũmin is the element-wise infimum of ũ, and w̃min
is the stacked uncontrollable energy output when ỹmin hap-
pens. w̃min and w̃ are independent and identically distributed.
gk,min(w̃, ũ, ỹmin) is then given by

gk,min(w̃, ũ, ỹmin) = IN,kD̃(ũmin−ũ)+IN,kẼ(w̃min − w̃)+ζk,

where IN,kẼ(w̃min− w̃) is a random variable, we denote here
as wcmin,k. The stochastic distribution of wcmin,k is Wcmin,k,
which can be obtained since IN,kẼw̃ and IN,kẼw̃min are of
the same distribution Wk. For example, if Wk is a normal
distribution N (1, 1), Wcmin,k is N (0, 2). Then (21) becomes

P
({
wcmin,k : wcmin,k ≤ −IN,kD̃(ũmin − ũ)− ζk

})
≥ 1− ε,

where distribution Wcmin,k is known, we can perform a similar
transformation here as in the previous problem, which yields

IN,kD̃ũmin ≤ IN,kD̃ũ− F−1
cmin,k(1− ε)− ζk, (22)

where F−1
cmin,k(·) is the inverse function of the cumulative

distribution function of Wcmin,k.
Substituting (17.d) as well as (17.h) into (22) yields

IN,kD̃ũmin =

n∑
i=1

capimax{Ih(N+1),vB(k,i)x̃− xB
i , u

B
i }

+

m∑
j=1

ED
j max{1− Ih(N+1),vD(k,j)+1x̃, 0}

≤ IN,kD̃ũ− F−1
cmin,k(1− ε)− ζk, (23)

where Ih(N+1),vB(k,i)x̃ and Ih(N+1),vD(k,j)+1x̃ are linear in ũ
from (17.b). With maximum operator on the left hand side
of (23), it is a convex constraint. To tackle it we can use
convex approximations [25], such as exponential functions to
replace the maximum operator. However, this approximation
cannot guarantee the global optimality of the original program.
Here, we obtain the equivalent of (23) using the fact that
max{µ1, µ2}+max{σ1, σ2} ≤ φ is equivalent to µi+σj ≤ φ,
∀i ∈ {1, 2} and ∀j ∈ 1, 2.

We can find a set Ũmin,k which is given by

Ũmin,k =

n∏
i=1

ŨB
min,k,i ×

m∏
j=1

ŨD
min,k,j , (24)

where the sets ŨB
min,k,i = {capi(Ih(N+1),vB(k,i)x̃ − xB

i ),

capiu
B
i }, and ŨD

min,k,j = {ED
j (1− Ih(N+1),vD(k,j)+1x̃), 0}, the

operator × denotes Cartesian product of two sets, and
∏

is a
Cartesian product operator for a sequence of sets.

For Ũmin,k, it is composed of 2n+m vectors, let ũmin,k,i be
the i-th vector, we know ũmin,k,i ∈ Rn+m. Then we can give
the equivalent to (23) as:

grand(ũmin,k,i)− IN,kD̃ũ ≤ −F−1
cmin,k(1− ε)− ζk, (25)

for i = 1, · · · , 2n+m, where grand(ũmin,k,i) : Rn+m → R is
the sum of each element of ũmin,k,i.

Similarly, constraint (20) can also be transformed equiva-
lently into another 2n+m linear inequalities given as

grand(ũmax,k,i)− IN,kD̃ũ ≥ F−1
cmax,k(1− ε) + ζk, (26)

where ũmax,k,i and F−1
cmax,k(·) are defined similarly as in (25).

By doing so, we also transform the CCCF into a linear
program in ũ as follow:

min
ũ
cT D̃ũ, subj. to (27)

Constraints in (17.b)− (17.i), (25), and (26).

IV. CASE STUDIES

In this section we use two case studies to show the effective-
ness of using the proposed CCP frameworks. The optimization
problems are solved using CVX [34], [35] on a laptop with
Intel Core 2.49 GHz and 24 GB memory.

A. Microgrid Testbed
We consider a microgrid testbed shown in Fig. 2 for the case

studies. The microgrid testbed is motivated by the microgrid
at the Center for Automotive Research (CAR), the Ohio
State University. The battery packs, plug-in electric vehicle
(PEV) charging load, photovoltaic (PV) panels, and building
load can be represented by the 4 general component models
respectively, the controller implements the CCP frameworks
discussed in Sec. III.

Building

PEV Chargers

Grid

DC/AC

DC/DC

DC/DC

Controller

Battery

PV
DC Bus

AC Bus

Fig. 2: The configuration of the microgrid testbed

We briefly state the specifications and assumptions about
these components as follows.
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1) Battery Packs: We connect six 20kWh lithium-ion bat-
teries to the microgrid, and we assume that they are identical.
TABLE I concludes the specifications of each battery.

TABLE I: Specifications of one battery

Capacity 20 kWh
Initial and final SOC 0.5
Upper bound of SOC 0.9
Lower bound of SOC 0.1
Upper bound of power 4 kW
Lower bound of power -4 kW

2) PEV chargers: We have level 2 PEV chargers in the
microgrid [36]. We assume that all the charging jobs conducted
on them are qualified to be deferrable loads. The charging
power is uni-directional and ranges from 0 to 6kW . We
assume there are 8 charging jobs for these PEV chargers with
4 taking place in the morning and the others in the afternoon
per day. The distributions for the arriving and leaving events
are summarized in TABLE II, where U(i, j) is the uniform
distribution between the hours of i and j with i being the i-th
hour of one day. In all the events, each charging job would
need 24kWh of energy to charge.

TABLE II: Distributions of PEV charging job

Events Distribution
Morning arriving event U(8, 9)
Morning leaving event U(13, 15)

Afternoon arriving event U(14, 15)
Afternoon leaving event U(18, 20)

3) PV and Building: These two components correspond to
renewable resources and the composite load. The building load
accounts for a part of the energy consumed by the CAR office
building, which only consists of uncontrollable elements. The
joint distribution of these two components can be obtained
from historical data. For simplicity, here we assume that the
joint energy distribution at time k is wj(k) ∼ N (µ(k), 5). The
values for µ(k) are listed in TABLE III. Notice that the power
increases in the morning standing as people arrive. Around
noon the consumption is compensated by solar generation, and
in the evening the power drops after people leave for home.

TABLE III: Average Hourly PV and Building Load

Hour(k) µ(k) (kW )
1 - 5 30
6 - 9 80

10 - 15 50
16 - 20 80
21 - 24 30

Provide
the latest

information

Initialization

Controller

Microgrid

Planning

… …

… …

1st thithm
… …

1stthj thn

1st thl (p q)th

Modeling

Apply
the first step 

control

(0), ,kx kW (0)x Ax B

y

u

Du Ew

(0)(0)(0)
y

(0)A (0) BuBuuuu
min
s.t ( ) -( )

or ( b)-( i),(25), 6)

T
u c Duu DuDuuuuu

Fig. 3: Microgrid controlled in rolling-horizon fashion

4) Controller: A grid-coupling controller is set in the
microgrid to implement data collecting, modeling, planning,
and control [27] in a rolling horizon fashion as pictured in
Fig.3. At each time step, which is set as 1 hour for the
following cases, the controller first collects measurements of
the microgrid to form the initial state and to find the probability
distribution estimations. Then it forms the model of the current
microgrid and perform energy planning with a time horizon,
which is set to be 6 hours, in which only the planning of
the first time step is implemented by real time control in the
rolling horizon strategy.

B. Case 1: Peak Power Shaving

In this case study we show the effectiveness of the CCOF.
We suppose that the microgrid is charged for both electricity
costs and demand charges. The demand charge penalizes the
average power of the time interval with the highest energy
consumption in one billing period. It is often used by the
electricity utility along with a time of use energy price
for peak-shaving. Without proper consideration, the demand
charge could account for a half of the total electricity cost
for customers [37]. To reduce the cost we need to limit
demand charge. One method is to limit the magnitude of the
microgrid. The set-up of the problem is as follows. A billing
period of the microgrid is assumed to be 30 days. The time
of use energy price and demand charge are obtained from
realistic data [38], and they are listed in TABLE V. During
the billing period, the distributions of PEV charging events,
the uncontrollable components, and the electricity prices for
each day are assumed to be the same for each day.

TABLE V: Three-tier Electricity Rates and Demand Charge

Demand charge $10.00/kW
Peak Hours (13-18) $0.18/kWh

Part-peak Hours (9-12 & 19-22) $0.09/kWh
Off-peak Hours (1-8 & 23-24) $0.04/kWh

We use the CCOF to solve the problem, in which the
electricity cost is implemented in the cost function while the
demand charge is considered by the chance constraint on
output. The chance constraint guarantees that the magnitude
of the microgrid energy output to be lower than a bound
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TABLE IV: Results of the predetermined bound and risk method

Ave. Peak (kW ) Ave. Electricity Cost Saving ($) Ave. Demand Charge Saving ($) Ave. Overall Cost Saving ($)
1− ε =0.999 108.96 332.89 79.22 412.11
1− ε =0.975 113.77 403.10 25.18 428.28
1− ε =0.95 114.82 413.28 17.17 430.45
1− ε =0.925 115.35 415.76 11.19 426.95
1− ε =0.90 117.56 421.96 -12.87 409.09

Greedy Planning 133.85 468.55 -168.22 300.33

with a confidence level at each time step. To make the case
simple, this bound is set to be a constant, 110kW to refrain
the average power at each time step. We choose different
confidence levels ranging from 0.999 to 0.90, and perform
10 stochastic simulations for each confidence levels. Through
simulations, the average peak power, average cost saving,
which is obtained by comparing to the case without any energy
management, of different confidence level are listed in TABLE
IV. We then perform another 10 stochastic simulations for the
greedy planning case, for which there is no constraint on the
magnitude of the microgrid energy output, and the results are
also listed in the table.

From TABLE IV, when the confidence level is 0.999 the
average peak power of the microgrid in this billing period is
lower than 110kW , validating the CCOF. For comparison, in
the greedy planning case the average peak power is higher
than the other cases using the CCOF, resulting in the lowest
cost savings among all the cases.

Another observation is that when the confidence level is
set lower than 0.999 the average peak power exceeds 110kW .
This is because we use separate chance constraints which only
guarantee that the constraint is met with a high confidence
level at each particular time step, but the joint probability
of failure over the whole billing period could be nontrivial
when the number of time steps is massive [24]. Nevertheless,
we can observe that the average overall saving, which is the
sum of the two savings, is maximized when the confidence
level is set to be 0.95 with an average peak power being
115.35kW . This demonstrates that the CCP framework can
select a suitable confidence level to obtain an optimal balance
between the objective function and the constraints. The method
for optimally designing the confidence level is, however,
beyond the scope of this paper.

C. Case 2: Regulation Capacity Maintaining

In this case study we validate the CCCF. Suppose that the
microgrid prepares to take part in the frequency regulation
market. In the frequency regulation market, each participant
submits its hourly regulation capacity bid, and the failing to
abide with it in real time results in a penalty. The microgrid
is therefore required to first possess the ability of maintaining
certain energy output capacity.

The set-up of the problem is as follows. The microgrid
needs to maintain a constant 15kW capacity over 24 hours
which means in presence of uncertainties the microgrid should
be able to increase or decrease its energy output within the
range of [0, 15kW ]. Meanwhile the microgrid also manage

its energy output to save energy cost based on the prices in
TABLE V.

We formulate the problem using CCCF as described in
Sec. III. We set the confidence level to be 0.8. The result
is compared with that of the planning in the absence of
the chance constraint on capacity. In Fig. 4 the minimum
and maximum energy outputs of the microgrid are calculated
in real time respectively, and the lower and upper capacity
requirements denote the 15kW capacity requirement. If in
one hour, the minimum output is less than the lower capacity
requirement and the maximum output is larger than the upper
capacity requirement, we say that in this hour the 15kW
capacity requirement is fulfilled. In Fig. 4(a), the capacity
requirement is fulfilled only for 13 out of 24 hours, while
in Fig. 4(b) it is fulfilled for all the 24 hours. This shows that
the CCCF can assist in maintaining the energy output capacity
for the microgrid with a stochastic energy output.
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1 4 8 12 16 20 24

P
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 (

kW
)
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40
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80

100

120
Optimal Profile
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Max. OUtput 
Upper Cap. Req.

(a) The planning without the chance constraint on capacity
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Max. Output 
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(b) The planning with the chance constraint on capacity when the
confidence level is 0.8

Fig. 4: Energy plannings of the energy capacity maintaining
case study
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V. CONCLUSION

Two energy management problems with uncertain con-
straints are studied in this paper in the context of grid-
connected microgrids. The problems require constraints to
bound the magnitude or the capacity of the uncertain mi-
crogrid energy output. Two general CCP frameworks are
developed in the paper to solve the problems. By virtue of
the CCP formulation in the paper, the two CCP frameworks
can be transformed into efficient linear programs to ensure
applicability in practice. Two case studies are presented to
validate the effectiveness of the CCP frameworks based on
a microgrid testbed motivated by the microgrid at the Ohio
State University. For future work, we will consider using CCP
approach for other microgrid energy management problems
both in the grid-connected mode and in the island mode.
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