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Abstract—Demand response is playing an increasingly impor-
tant role in the efficient and reliable operation of the electric
grid. Modeling the dynamic behavior of a large population of
responsive loads is especially important to evaluate the effec-
tiveness of various demand response strategies. In this paper, a
highly accurate aggregated model is developed for a population
of air conditioning loads. The model effectively includes statistical
information of the load population, systematically deals with load
heterogeneity, and accounts for second-order dynamics necessary
to accurately capture the transient dynamics in the collective
response. Based on the model, a novel aggregated control strategy
is designed for the load population under realistic conditions. The
proposed controller is fully responsive and achieves the control
objective without sacrificing end-use performance. The proposed
aggregated modeling and control strategy is validated through
realistic simulations using GridLAB-D. Extensive simulation re-
sults indicate that the proposed approach can effectively manage
a large number of air conditioning systems to provide various
demand response services, such as frequency regulation andpeak
load reduction.

Index Terms—Demand Response, Aggregated load modeling,
Direct Load Control, Thermostatically Controlled Loads.

I. I NTRODUCTION

One key feature of the smart electric grid is the ability
to shift or directly control the demand to improve system
efficiency and reliability under challenging operation scenar-
ios. To achieve this, many pricing strategies, such as Real
Time Pricing (RTP), Time of Use (TOU) pricing, and Critical
Peak Pricing (CPP) have been studied [1–4]. Many validation
projects [5] have been carried out to demonstrate the perfor-
mance of different pricing strategies in terms of peak shaving
and/or demand shifting.

In addition to price, local frequency signal also provides
valuable real-time information about the grid. Allowing the
load to respond to local frequency measurement can dramat-
ically improve the reliability and stability of the grid. Many
decentralized load control methods have been developed in
the literature to stabilize frequency deviation, especially for
primary frequency regulation [6, 7].
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Direct load control (DLC) is another important paradigm for
demand response. It is often employed to achieve faster and
more predictable response. While transitional DLC strategies
are mainly for peak shaving applications during high demand
period [8–10], recent DLC paradigms often focus on real-
time coordination of a large number of small residential
loads [11–21]. It is typically operated by a centralized aggrega-
tor representing Load Serving Entities or Curtailment Service
Provider; and it mostly employs Thermostatically Controlled
Loads (TCLs), such as HVACs (Heating, Ventilation, and Air
conditioning) and water heaters.

Despite the extensive recent studies in this area, a formal
way to design demand response strategies with systematic
consideration of their impact on the efficiency and reliability
of the bulk power system is conspicuously missing. One
main challenge is on characterizing the aggregated dynamic
behavior associated with demand response programs. The goal
of this paper is to address this challenge by focusing on
one of the most important types of responsive loads, namely,
the HVAC systems. Specifically, we aim to develop highly
accurate aggregated modeling and control strategies for a
large population of HVAC loads for various demand response
applications.

Aggregated load modeling and control have been studied
extensively in the literature, especially for TCLs such as
HVACs and water heaters [17, 18, 22, 23]. The key idea of
aggregated load modeling is to characterize the temperature
density evolution of the population. This can be done through
deterministic fluid dynamics approach [5] or stochastic dif-
ferential equation approach [17, 24], both leading to the same
Fokker-Planck type of Partial Differential Equation (PDE). An
analytical solution to the equation in a much simplified setting
is derived in [17], which can provide insight into the transient
dynamics. Aside from the first-principle-based approach, data-
driven type of approaches based on Markov chains have also
been studied in the literature [15, 20, 23]. Such methods
compute the transition probability between discrete temper-
ature bins based on simplified first-order TCL models or
directly from the simulated training data. Both the PDE-based
approach and the Markov chain based method are essentially
characterizing the temperature density evolution. Several non-
density based methods have also been proposed [14, 25],
whose main objective is to represent the aggregated dynamics
using simple linear state-space or transfer function models.
Once a good model is obtained, many well established control
methods can be directly applied to regulate the aggregated
power response. Examples include open-loop control [26],



2

Model Predictive Control [15], Lyapunov-based control [18],
or simple inverse control [20] that computes the control action
so that the predicted output matches the given reference signal.

The aforementioned approaches have several limitations that
need to be addressed for realistic demand response applica-
tions. First of all, most of them adopt first-order differential
equations for individual load models. Although such models
may be appropriate for small TCLs such as refrigerators,
they are not appropriate for residential HVAC systems. HVAC
systems have a large heat capacity due to building mate-
rials and furnishing requiring the consideration of both air
and mass temperature dynamics. Unfortunately, second-order
TCL dynamics have not been adequately studied for load
aggregation in the literature. Secondly, many aggregate models
assume homogeneous loads. It is well known that diversity
in load parameters is crucial to obtain realistic aggregated
responses [15, 18, 19, 21]. The method proposed in [21]
considered heterogeneous thermal capacitances for first-order
TCLs, while the other parameters are still assumed to be
homogeneous. Although the Markov chain model developed
in [15, 23] can be applied to general heterogeneous loads,
it is essentially a homogeneous approximation and can not
accurately capture the true heterogeneous dynamics as admit-
ted by the authors [15, 23]. Lastly, the aggregated control
strategies developed in the literature often involve frequent
interruptions of the temperature-deadband-based operations of
the participating TCLs. These methods can not be directly
applied to HVAC loads for which compressor time delay relays
are often installed to prevent short cycling of the device.
New modeling and control methods need to be developed to
systematically deal with the compressor time delay constraint.

This paper will develop a general aggregated modeling and
control framework for HVAC loads that can systematically
address the aforementioned challenges. In particular, thepro-
posed aggregated model is based on a general second-order
Equivalent Thermal Parameter (ETP) model [27, 28], which
considers both the air and mass temperature dynamics of
individual HVAC systems. A clustering technique is employed
to deal with load heterogeneity. A novel way to incorporate
compressor time delay constraint in the aggregate model is
also proposed. Numerical simulations indicate that the model
can accurately capture both the transient and steady state
responses over a long prediction horizon under realistic com-
pressor time delay restrictions and various demand response
scenarios. Such a result represents a significant improvement
over most existing works in the literature. In addition, a
simple aggregate control method is also proposed based on the
developed aggregate model. Simulation results indicate that the
controller can make the aggregated power accurately follow
realistic frequency regulation signals, even under compressor
time delay constraints. Application in peak power reduction is
also studied, for which the total power is shown to be reduced
by 30% without violating users’ temperature preference. All
the modeling and control validations are performed using
GridLAB-D, which is an agent-based simulation tool for
distribution systems developed by the Department of Energy
(DOE) of the United States [29].

The paper is organized as follows. A second-order ETP

 

  

 

 

  

  

Fig. 1. The Equivalent Thermal Parameter (ETP) model of homeheat-
ing/cooling system

model of an HVAC system is introduced in Section II. A
general aggregated modeling framework is developed in Sec-
tion III. In Section IV, we propose a simple aggregated control
scheme and incorporate compressor time delay in the aggre-
gated model to accurately capture the closed-loop dynamics.
The proposed modeling and control strategies are validated
using GridLAB-D in Section V. Finally, some concluding
remarks are given in Section VI.

II. DYNAMICS OF HVAC SYSTEMS

The individual device model is the basis for developing an
aggregate load model. In this paper, we adopt the popular
Equivalent Thermal Parameter (ETP) model (see Fig. 1) to
describe the thermal dynamics of each individual load [27–
29]:
{

Ṫa(t)=
1
Ca

[TmHm−(Ua+Hm)Ta(t)+Qa+ToUa]

Ṫm(t)= 1
Cm

[Hm(Ta(t)−Tm(t))+Qm]
(1)

Here,Ta is the indoor air temperature,Tm is the inner mass
temperature (due to the building materials and furnishings),Ua

is the conductance of the building envelope,To is the outdoor
temperature,Hm is the conductance between the inner air and
inner solid mass,Ca is the thermal mass of the air,Cm is the
thermal mass of the building materials and furnishings,Qa is
the heat flux into the interior air mass, andQm is the heat
flux to the interior solid mass. The total heat fluxQa consists
of three main factors:Qi, Qs andQh. Here,Qi is the heat
gain from the internal load,Qs is the solar heat gain, andQh

is the heat gain from the heating/cooling system. Depending
on the power state of the unit, the heat fluxQa could take the
following two values:

Qon
a = Qi +Qs +Qh andQoff

a = Qi +Qs

The power state of an HVAC system is typically regulated by a
simple hysteretic controller based on a temperature deadband
[uset− δ/2, uset+ δ/2], whereuset is the temperature setpoint
andδ is the deadband size. When operating in air conditioning
mode, the system turns on when the air temperatureTa reaches
the upper boundaryuset+

δ
2 , and turns off at the temperature

uset−
δ
2 .

As an example, Fig. 2 shows the evolution of the air and
mass temperatures of a HVAC unit subject to a setpoint change
from 74 oF to 75 oF at time t = 1 hour. It can be seen
that it takes a much longer time forTa to increase from 74
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Fig. 2. Coupled air and mass temperature dynamics

to 76 during the time period[t1, t2] than during the period
[t3, t4]. This is due to the lower mass temperatureTm during
[t1, t2], which significantly slows down the increase of the
air temperature. Without consideringTm, the time derivative
of Ta would only depend onTa itself, which excludes the
possibility of having different duty cycles ofTa as observed
in Fig. 2. In fact, the entire trajectory ofTa as shown in
Fig. 2 can not be accurately described by any first-order
time-invariant differential equation model. This indicates the
critical importance ofTm, especially for accurately capturing
the transient response.

III. A GGREGATEDMODELING FRAMEWORK

This paper considers demand response programs that in-
volve a large population of residential HVAC systems de-
scribed by second-order ETP models. The ETP model (1) can
be transformed into the following state space form,

d

dt
xi(t) = Aixi(t) +Bi

on/off , (2)

wherexi(t) = [T i
a(t), T

i
m(t)]T is the state vector for theith

HVAC at time t, and the matricesAi, Bi
on and Bi

off can be
easily derived from (1). Letuset

i and δi be the temperature
setpoint and deadband size for HVACi, respectively. There-
fore, each HVAC differs from one another only in its model
parameter vector defined byθi , {Ai, Bi

on, B
i
off, uset

i, δi}.

A. Motivating Examples

Although individual HVAC dynamics are relatively sim-
ple, a large number of HVAC systems often exhibits highly
complex nonlinear collective dynamics. Fig. 3-(a) shows the
aggregated response of 1000 HVAC systems, represented by
the second-order ETP models, under the so-calledthermostat
setback program [19]. The parameters of the ETP models are
generated using GridLAB-D, which will be discussed in detail
in Section V. The temperature setpoints are uniformly dis-
tributed within[70oF, 78oF]. During the setback event starting
at t = 1 hour, all the HVACs are instructed to increase by 1
oF, which leads to a reduction of steady state power by about
12%. However, after the setback control is released at time
t = 4 hour, a large rebound is observed which may potentially
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(a) Setpoints are increased by 1oF at t = 1 hour and are changed back to their
original values att = 4 hour.
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(b) Setpoints are reduced by 4oF at t = 1 hour.
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(c) Setpoints are increased by 3oF at t = 1 hour.

Fig. 3. Aggregated responses under thermostat setback programs.

damage the grid. The aggregated responses of two additional
setpoint change events (-4oF and +3oF) are shown in Fig. 3-
(b) and Fig. 3-(c). The responses differ significantly from
one another, indicating the complex nature of the aggregated
dynamics.

To see the effect of the second-order dynamics, we also
simulate the corresponding aggregated responses using first-
order TCL models [15, 18]. Two approaches of generating the
first-order models are considered. The first approach, referred
to as the first-order ETP model, directly setsTa = Tm (i.e.
Hm = 0) as suggested in [14]. The second approach, referred
to as identified model, is data driven, which identifies the
parameters of the first-order model to match the trajectories
generated by the second-order ETP model. Constraints on
the parameters are imposed during the identification process
so that the steady-state duty cycle (with no setpoint change)
remains the same. The aggregated responses of the resulting
first-order models are shown in Fig. 3. It is observed that first-
order-based aggregated responses differ significantly from the
corresponding second-order aggregated responses, especially
during the transient phase. In addition, the change on the
steady-state response can not be captured well by the first-
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order model either. Note that we can also obtain parameters
for the identified first-order models to match the new steady
state value after the setpoint change, however, this will result
in a steady-state error before the setpoint change.

Although the motivating examples discussed here are based
on thermostat setback programs, we want to point out that
similar aggregated dynamics may also occur for other demand
response strategies. In fact, the setpoint change of the setback
program can be thought of as being triggered by a real time
price change for price following loads, or a sudden frequency
drop during contingency event for frequency responsive loads.
Therefore, a quantitative and systematic understanding ofthe
complex aggregated dynamics are of crucial importance to the
analysis and design of various demand response strategies.

B. Homogeneous Aggregated Model

The key idea for most aggregated load modeling is to
characterize the evolution of the temperature density function
of the population instead of keeping track of all the individual
temperature trajectories. We first consider the homogeneous
case where all the HVAC systems have the same parameter,
i.e., (Ai, Bi

on/off, u
i
set, δ

i) = (A,Bon/off , uset, δ). This simple
case is of fundamental importance for developing more general
heterogeneous aggregated models.

Let [T−

a , T+
a ] and [T−

m , T+
m ] be the ranges of air and

mass temperatures of interest, respectively. To describe the
aggregated load behavior, the two temperature intervals are
evenly divided intona andnm bins, respectively, resulting in
a 2D grids as shown in Fig. 4. Letai andmj denote the air and
mass temperatures at node(i, j). Let qon(i, j, t) be the fraction
of the load population with “on” power state, air temperature
between[ai, ai+1], and mass temperature between[mj,mj+1],
at time t. A similar notation is used forqoff(i, j, t). Let q(t)
be the overall distribution vector, whose entries are defined as
follows:

q(t) = [qon(1, 1, t), qon(1, 2, t), · · ·, qon(na, nm, t),

qoff(1, 1, t), qoff(1, 2, t), · · ·, qoff(na, nm, t)]T .

This particular ordering corresponds to a mapping from 2D to
1D index:

{

(i, j, on) ↔ (i− 1) · nm + j

(i, j, off) ↔ na · nm + (i− 1) · nm + j

The vectorq(t) is of dimensionnq , 2nanm with all entries
summing up to1. The rest of this section will develop a linear
dynamical system which describes the time course evolution
of the aggregated state vectorq(t) in the following form:

q̇(t) = Γq(t), (3)

whereΓ is a nq × nq matrix whose(l2, l1) entry represents
the rate at which the population in binl1 is transported into
bin l2.

To compute the transition rate matrixΓ, we first consider a
generic binl1 ↔ (i, j, off) with “off” power mode and at least
one bin below the upper boundary of the control deadband,
namely,ai+1 < uset +

δ
2 . In this case, let̂x(t; i, j) be the

solution of the ODEẋ = Ax + Boff with initial condition
x(0) = [ai,mj ]

T , which, according to standard linear system
theory, can be derived analytically as

x̂(t; i, j),

[
x̂a(t; i, j)
x̂m(t; i, j)

]

=eAt

[
ai
mj

]

+

∫ t

0

eA(t−τ)Boffdτ (4)

Let toff(i, j) be the time it takes for the air temperature of the
loads in bin(i, j, off) to increase toai+1. Clearly, toff(i, j)
should satisfy the following equation:

x̂a(toff(i, j); i, j) = ai+1. (5)

This equation, along with (4), sets up a nonlinear equation that
can be used to numerically solve fortoff(i, j). With toff(i, j),
the rate (speed) at which the population in bin(i, j, off)
flows upward is given byroff(i, j) , 1/toff(i, j). Due to the
discretization, the mass temperaturex̂m(toff(i, j); i, j) may not
coincide exactly with any particular discrete bin value when
the air temperature reachesai+1 (see Fig. 4). Suppose that
x̂m(toff(i, j); i, j) ∈ [mj1 ,mj2 ] for some indicesj1 andj2. An
approximation can be made such thatd2/(d1 + d2) portion of
the population flows into the(i+1, j1, off) and the rest flows
into the (i + 1, j2, off), where the distancesd1 and d2 are
shown in Fig. 4. This gives rise to the assignments of some
entries inΓ:

Γl1,l1 = −roff(i, j), Γl3,l1 =
d1

d1 + d2
roff(i, j)

Γl2,l1 =
d2

d1 + d2
roff(i, j),

(6)

wherel1, l2 andl3 are the 1D index corresponding to(i, j, off),
(i + 1, j1, off), and (i + 1, j2, off), respectively. The above
rate assignments only work when the indexi satisfiesai+1 <
uset+

δ
2 . Otherwise, we would regard(i, j, off) as an upper

boundary bin, in which case the rate assignments take the
same form as in (6), except that the indicesl2 andl3 represent
(i + 1, j1, on) and (i + 1, j2, on), respectively. The transition
rates originated from the “on” bins can be derived in a similar
way. Therefore, all the entries inΓ can be computed for a
given ETP parameter vectorθ = (A,Bon/off , uset, δ). The total
percentage of “on” units can be determined by:

y(t) = Cq(t), with C = [1, . . . , 1
︸ ︷︷ ︸

na·nm

, 0, . . . , 0]

The continuous time model (3) can be discretized to obtain
the following discrete time aggregate model

{

q(k + 1) = Gq(k) , (Γ ·∆t+ I) ·Ψ · q(k),

y(k) = Cq(k)
(7)

where∆t > 0 is the sampling time (sufficiently small),I
denotes the identity matrix of dimensionnq, and Ψ is a
nq × nq matrix representing the switching operation for the
bins outside the control deadband. For example, if a bin
(i, j, off) ↔ l1 is such thatai ≥ uset+δ/2, then the population
inside this bin should be turned “on” immediately, which can
be achieved by settingΨl2,l1 = 1 and setting the rest of the
l1 column of Ψ to be zero, wherel2 is the 1D bin index
corresponding to(i, j, on).
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Fig. 4. Illustration of 2D population flow, where the solid arrows represent
the actual path the population moves, while the dashed arrows represent the
corresponding approximated flow paths

We conclude this subsection with a few remarks on the
proposed aggregate model. It can be easily seen from (6) that
1
T
nq

· Γ = 0, where1nq
is thenq-dimensional vector with all

entries equal to 1. Therefore,0 is an eigenvalue ofΓ, which in
turn implies 1 is an eigenvalue ofG according to (7). Notice
that 1nq

may not be an eigenvector ofΓ or G (it is only a
left eigenvector). It can be verified that the way we construct
the matrixG guarantees the existence of a unique probability
distribution vectorqe ∈ R

nq satisfying1T
nq
qe = 1 andGqe =

qe. In addition, for any initial conditionq(0), the trajectory
of system (7) will converge (exponentially fast) to the unique
steady-state distribution vectorqe. More details about these
facts can be found in [30].

C. Heterogeneous Case

We now consider a more realistic case, where the parameters
θi are different across the HVAC population. We assume the
statistical distribution of the load parameters is available to the
aggregator. To deal with load heterogeneity, we represent the
randomly distributed ETP parameter vectors by a few repre-
sentative vectors with appropriate weights. To this end, wefirst
generate a large number of parameter samples according to
the known distributions. Denote these ETP parameter vectors
by θ1, θ2, . . . , θn. These parameters can be classified intonc

clusters using the standardk-mean algorithm. Each clusteri
is associated with a center CENi as well as the number of
parameters that fall into this cluster, which is denoted byNi.
The probability (or relative weight) that the parameter vector
of a randomly selected load falls into clusteri is thus given
by wi = Ni/n.

After obtaining the clusters, a homogeneous aggregate
model is computed for each clusteri by assuming all the loads
have the same ETP parameter vectorθ = CENi. The resulting
rate matrix is denoted byG(i). The entire load densityq(t) is
then given by







q(i)(k + 1) = G(i)q(i)(k)

q(k) =
∑nc

i=1 wiq
(i)(k)

y(k) = Cq(k) =
∑nc

i=1 wiCq(i)(k)

(8)
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Fig. 5. Illustration of the structure of the aggregate control scheme

This aggregated model will be validated under several demand
response scenarios in Section V.

IV. A GGREGATEDCONTROL UNDER COMPRESSORTIME

DELAY

This section will develop a control strategy to regulate the
aggregated power response based on the model developed
in the previous section. The basic idea of the proposed
control scheme is illustrated in Fig. 5, where a centralized
aggregated control signalα(k) is broadcast to all the par-
ticipating loads. This signal is implemented differently by
local controllers based on local measurement information,
such as temperature and power state. Different from most
existing works, the proposed aggregated control strategy will
systematically address the compressor time delay constraint.
Short cycling of the compressor may cause compressor failure
and reduce efficiency [31]. A compressor time delay relay is
typically installed to ensure the compressor remains off for
a minimum amount of time period, which is often referred
to as the “lockout” period. During this period, a switching-
on control signal is ignored. This lockout effect does not
require special attention for normal deadband-based HVAC
operations. However, it can significantly impact the collective
load dynamics under the aggregated control that frequently
interrupts the normal operations of the participating HVAC
systems. Therefore, the consideration of the lockout effect is
crucial for practical applications.

The rest of this section will describe a simple aggregated
control strategy that respects the HVAC lockout constraint.
The centralized control signal is chosen to be a scalar
α(k) ∈ [−1, 1] that will be implemented by local controller
probabilistically based on the power state of load. For example,
if α(k) > 0, then each “off” unit will haveα(k) probability of
turning “on” right away provided it is not “locked” at this time
instant. On the other hand, ifα(k) < 0, each “on” unit will
turn off with probability|α(k)|. Note that our control strategy
requires that all the “on” bins (and “off” bins) switch with the
same probability. As a result, the local controller only needs
to know the power state of the HVAC unit. Such a strategy is
adopted not only for its simplicity, but also to respect practical
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sensing constraints. The sensor resolution for existing HVAC
systems is typically around0.5 degree, which prevents us
from directly controlling all the individual components ofthe
q vector. Although better sensors are available, responding
to smaller temperature changes will make the system very
sensitive to environment noise.

To account for the lockout effect, we introduce another state
vectorqL = [qL1 , . . . , q

L
nL

]T whose dimension isnL = τ/∆t,
whereτ is the compressor minimum off time and∆t is the
discrete time unit. Theith entry ofqL is the amount of locked
population that will be released afternL − i+1 discrete time
units. The total locked population is given byyL = CLqL

whereCL is a row vector of dimensionnL with all entries
equal to 1. Notice that the locked population is a subset of the
“off” population and can not be switched “on”. At any time
k, the actual population that can be freely switched on and off
is given by:

q̂(k) =

[
I 0

0
(

1− yL(k)
1−y(k)

)

· I

]

q(k) (9)

whereI is nq

2 ×
nq

2 identity matrix, and1−y(k) is essentially
the total amount of “off” population.

To derive the aggregated dynamics under the proposed
control method, it is beneficial to think of the entire evolution
during each discrete time period as two sequential stages,
where during the first stage the population switches according
to the control signalα(k), while during the second stage the
population evolves naturally according to the state-transition
matrix G. Denoteq+(k) as the density vector after the first
stage of time stepk. Then, with consideration of the lockout
effect, the modified aggregate model is given by:

if α(k) ≥ 0






q+(k) = B1(α(k))q̂(k) + (q(k)− q̂(k))

q(k + 1) = Gq+(k)

qL(k + 1) = GLqL(k) +BL · S · q+(k),

(10)

if α(k) < 0






q+(k) = B2(α(k))q(k)

q(k + 1) = Gq+(k)

qL(k+1)=GLqL(k)+BL·(|α|· y(k)+S ·q+(k))

(11)

whereBL = [1, 0, ..., 0]T andS is a 1× nq matrix such that
S · q+ is the total amount of loads that will turn “off” and
become locked if the system evolves autonomously (without
additional control) fromq+ during the second stage of time
stepk. The matrixS can be derived as follow:

S = [0, ..., 0
︸ ︷︷ ︸

nq/2

, 1, ..., 1
︸ ︷︷ ︸

nq/2

] ·G ·

[
I 0
0 0

]

The GL matrix in (10) and (11) is annL × nL matrix that
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Fig. 6. Density evolution with consideration of the lockouteffect.

determines the timing dynamics of the locked population:

GL =












0 0 · · · · · · 0

1 0
. . .

. . .
...

0 1
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The matrix-valued functionsB1(·) and B2(·) represent the
probabilistic switching operation induced by the control signal
α(k), and are given by

B1(α) =

[
In αIn
0 (1− α)In

]

, B2(α) =

[
(1 + α)In 0
−αIn In

]

,

for an arbitrary control valueα ∈ [−1, 1]. The output of the
model is given by

{

yL(k) = CLqL(k)

y(k) = Cq(k)
(12)

Fig. 6 illustrates the state transition of the modified aggre-
gate model. Unlike other aggregate models without consider-
ing lockout effect, the population in the “on” state does not
flow directly into “off” state. Instead, the population firstflows
into qL1 when hitting the lower boundary of the deadband or
being toggled by the control signal. After evolving toqLnL

,
the population has been “locked” for at least the minimum
off-time τ , and is thus released to the unlocked “off” state.

The modified aggregate dynamic model given in (10)
and (11), along with the output equation (12), allows us to ac-
curately predict the closed-loop dynamics under the proposed
aggregated control method and realistic lockout constraint. At
each discrete timek, the controlα(k) can be determined
numerically so that the predicted output at next stepk + 1
equals approximately to the desired output reference signal
yref(k+1). Due to the good model performance, the real output
of the system will closely follow the referenceyref(k + 1) as
well. This is a simple inverse controller similar to the one
described in [20]. It is worth mentioning that more advanced
control schemes, such as model predictive control, can be
used to design the aggregated control signalα(k) based on
our highly-accurate aggregate model. Nevertheless, due toits
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(a) Performance of the proposed aggregate model under setpoint change from
75◦F to 74◦F .
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Fig. 7. GridLAB-D based validations of the proposed aggregate model.

simplicity and satisfactory performance, the inverse control
will be used in this paper.

V. SIMULATION RESULTS

The proposed aggregated modeling and control framework
is validated against simulations in GridLAB-D. In GridLAB-
D, HVAC systems are simulated using the second-order ETP
models. The ETP model parameters such asUa, Cm, Ca,

Floor Area (ft2) Uniform(1500,3000)
Airchange Rate (1/hr) Uniform(0.25,1)
Roof R-Value (oF· ft2· hr/BTU) Uniform(20,40)
Wall R-Value (oF· ft2· hr/BTU) Uniform(10,30)
Floor R-Value (oF· ft2· hr/BTU) Uniform(10,35)
door R-Value (oF· ft2· hr/BTU) Uniform(1,5)
Number of Stories 1 Ceiling Height (ft) 8
Glass Type 1 Glazing Treatment 1
Glazing Layers 1 Window Frame 2

TABLE I
VALUES/DISTRIBUTIONS OF SOME BUILDING PARAMETERS USED IN THE

GRIDLAB-D SIMULATIONS.

Hm, Qh, Qi, andQs are determined by the various building
parameters such as floor area, number of stories, ceiling
height, glass type, window frame, glazing layers and material,
infiltration volumetric air exchange rate, area per floor, toname
a few. Realistic default values of these building parameters are
used in GridLAB-D. Detailed descriptions of these parameters,
their default values, and their relations with the ETP model
parameters can be found in [29].

In our simulations, 5000 sets of building parameters are
first generated. Several important parameters are generated
randomly as described in Table I, while the rest of the building
parameters take their default values specified in GridLAB-D.
With these building parameters, we can use GridLAB-D to
generate 5000 sets of ETP model parameters for our simulation
studies.

In addition, local control logic is also incorporated into
the ETP model to respond to the aggregated control signal
probabilistically, as discussed in the previous section. The
HVAC systems are assumed to consume4 kW (in the “on”
state) on average and have a 5-minute compressor time delay1

unless otherwise specified.

A. Model Performance

This subsection presents simulation results validating the
performance of the proposed aggregated model under various
scenarios. We first consider the second half of a thermostat
setback event, where the setpoint of all the HVAC units is
changed from75 oF to 74 oF at time t = 3 hr. Fig. 7-(a)
shows the corresponding aggregated responses generated by
the aggregate model with 6 clusters. Since there is no aggre-
gated control that constantly interrupts the normal operations
of HVACs, the lockout effect needs not be considered and
the uncontrolled aggregated model developed in Section IIIis
used in this simulation.

It is observed that with only 2 bins per degree, i.e.,na =
nm = 6 for the entire temperature range[73, 76], the aggregate
model is able to match the steady-state response accurately
and capture the trend of the transient response. As the bin
number increases, the model performance improves gradually
and eventually captures most of the transient dynamics.

For comparison, the Markov-chain based aggregate model
developed in [15] is also tested under the same scenario, and

1Compressor time delay for residential houses typically ranges between 3
to 10 minutes. See for example [32, 33].
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its corresponding aggregated response is shown in Fig. 7-
(b). The state transition probability between each pair of
bins (l1, l2) is computed through Monte-Carlo simulations by
counting the number of trajectories that start in binl1 and
lands inside binl2 during the discrete time interval. It can be
seen that when the bin number is small, the Markov chain
model suffers from a significant steady state error. The error
is largely due to the large difference between the temperature
velocities in “on” and “off” states. This difference creates
an asymmetry of the discretization errors in the two power
states, leading to the observed steady-state error. The error
also exists for the first order TCL aggregations with a much
smaller magnitude. This discretization-related error canbe
reduced as the bin number increases. However, a larger bin
number will lead to bigger oscillations as shown in Fig. 7-
(b). This is due to the fact that the Markov-chain model,
represented by a single transition matrix, is essentially a
homogeneous approximation of the heterogeneous dynamics.
Therefore, increasing the bin number will make the model
better represent the homogeneous response and thus deviate
even further away from the true heterogeneous response. In
contrast, our proposed way of constructing the continuous-
time transition rate matrixΓ and the proposed clustering-based
modeling strategy can successfully address these issues.

The aggregate model is also tested for another challenging
scenario where a sequence of setpoints is applied sequentially
before the population density reaches its steady state. The
model performance is shown in Fig. 7-(c). It is observed
that the aggregate model is able to accurately capture all the
dynamics, even under these premature setpoint changes.

In addition, the model is also validated under the aggregated
control strategy proposed in Section IV. For testing purposes,
the control signalα(k) ∈ [−1, 1] is generated randomly and
sent to the participating loads every15 seconds. The real
aggregated response is obtained by simulating the individual
ETP models of the HVAC systems subject to the probabilistic
switching control α(k) and the 5-minute minimum lock-
out time constraint. Fig. 8 shows the performance of the
modified aggregate model given in (10) and (11) in terms of
capturing the aggregated dynamics under control as well as
predicting the amount of the “locked” population. The ability
to accurately capture the aggregated dynamics under realistic
lockout constraint is a significant advance over existing works
in aggregated modeling.

B. Application to Regulation Service

Frequency regulation is an important ancillary service that
aims to reduce instantaneous imbalance between supply and
demand. To participate in the frequency regulation market,
the grid assets need to be able to accurately follow the
regulation signal received from RTOs (Regional Transmission
Organization) every few seconds [34]. Although an individual
HVAC unit can not continuously adjust its power consumption
on such a short timescale, a large number of them can take
turns to contribute a small portion of the required regulation
so that the entire population collectively meets the overall
regulation requirement. The proposed aggregated modeling
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Fig. 8. Aggregate response under randomly generated control signal α(k)

and control method provides a simple way to achieve this
objective. Numerical studies are conducted to illustrate this
idea with a population of 5000 HVAC units operating at the
same setpointuset = 75 oF. The total power of the load
population is around3.5 MW on average, and it can be varied
up and down for roughly2.5 MW through the proposed ag-
gregated control. We thus consider a scenario, where the load
population signs up for frequency regulation over one hour
with baseload3.5 MW and regulation capacity2.5 MW. A
test signal downloaded from the PJM website [35] is employed
and its magnitude is adjusted such that the regulation rangeis
2.5 MW. During the regulation period, the aggregated control
signalα(k) is calculated (by the aggregator) every15 seconds.
Fig. 9 shows two closed-loop tracking responses under5
minutes and10 minutes compressor time delays. It can be seen
that the controlled aggregated loads can follow the reference
signal very accurately for the5 minutes delay case. However,
when the delay is increased to10 minutes, some portion of
the regulation signal can not be tracked. This indicates that
the compressor time delay affects the regulation capacity and
needs to be considered for frequency regulation applications.
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Fig. 9. Tracking performance of following the frequency regulation signal.

C. Application to Nondisruptive Peak Power Reduction

Peak power reduction is often desirable for economic bene-
fits and sometimes necessary for the reliable operation of the
distribution system. The proposed aggregated modeling and
control framework can be used to reduce peak power with
negligable impact on end-use performance. To see this, we
consider a scenario where the aggregator needs to reduce the
total power consumption of 5000 HVAC systems under the
same setpointuset = 75 oF by 30% betweent = 1 hr and
t = 2 hr. This can be achieved through direct load shedding,
which selectively swithes off30% loads. Such an approach
will cause undesirable temperature increase of the selected
houses and introduce rebound effects, characterized by the
large ocillation as shown in Fig. 10. To achieve nondisruptive
power reduction without load rebound, the proposed aggre-
gated modeling and control strategy is applied. Before time
t = 1 hr, the population is assumed to be in steady state
with a total power around3.5 MW on average. Starting at
time t = 1 hr, the aggregated control is applied to track a
reduced power reference2.5 MW until the event completes at
time t = 2 hr. To prevent a large rebound, another reference
signal with power4.2 MW is used during the time interval
[2, 2.5] hr. The aggregator stops sending the control signal at
t = 2.5 hr. All the HVACs then evolve natually according
to their own local temperature deadbands, and the population
density eventually returns to the original steady state with the
same average power around3.5 MW. Clearly, the proposed
aggregated control strategy achieves the peak reduction task
without significant rebound.

Fig. 11 shows the evolution of the air and mass temperatures
of individual HVAC units during the peak-shaving event. It
can be seen that the temperature mostly stays inside the
desired temperature deadband throughout the event. Due to the
lockout time delay, some HVACs that are switched off near
the upper boundary of the deadbanduset+ δ/2 can continue
to increase beyonduset+ δ/2, causing a slight overshoot of
the temperatures. This increase of temperature is rather small
and can be eliminated by imposing a constraint on the local
controller which ignores the switching-off command when
the temperature is near the upper boundary. The closed-loop
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Fig. 10. Aggregated control for peak reduction.

Fig. 11. Air and mass temperature trajectories under the proposed aggregated
control strategy for the peak-shaving example.

aggregated model can also be modified to account for this
constraint with an increased model complexity.

VI. CONCLUSION

An aggregate model was developed for a heterogeneous
population of air conditioning loads. The model can accurately
capture the collective dynamics of the load population under
various demand response scenarios. A novel control strategy
was also designed to track a prescribed aggregated demand
curve while maintaining satisfactory end-use performance. Nu-
merous simulations were performed to validate the modeling
performance and demonstrate the potential applications of
the aggregated modeling and control framework in frequency
regulation and peak power reduction. The framework can be
easily extended to consider other thermostatically controlled
loads, such as water heaters and refrigerators. The extension to
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deferrable loads such as washers, dryers, and electric vehicles
is currently under investigation. The high accuracy of the
aggregate model also makes it a powerful tool in the study
of stability issues related to demand side control.
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