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Abstract— Demand Response is playing an increasingly im-
portant role in smart grid control strategies. Modeling the
dynamical behavior of a large population of appliances under
demand response is especially important to evaluate the effec-
tiveness of various demand response programs. In this paper an
aggregated model is proposed for a class of second-order Ther-
mostatically Controlled Loads (TCLs). The model efficiently
includes statistical information of the population, systematically
deals with heterogeneity, and accounts for a second-order effect
necessary to accurately capture the transient dynamics in the
collective response. A good performance of the model however
requires a high state dimension which dramatically complicates
its formal analysis and controller design. To address this issue,
a model reduction approach is developed for the proposed
aggregated model, which can significantly reduce its complexity
with small performance loss. The original and the reduced-
order aggregated models are validated against simulations
of thousands of detailed building models using GridLAB-D
(an open-source distribution simulation software). The results
indicate that the reduced-order model can accurately reproduce
the steady-state and transient dynamics generated by GridLAB-
D simulations with a much reduced complexity.

Index Terms– demand response, aggregated model, ancillary
service, thermostatically controlled loads

I. INTRODUCTION

Dynamic modeling of Thermostatically Controlled Loads
(TCLs) was first studied in [1] and [2]. In [1], aggregate
load models are designed to study the effects of cold load
pickup after a service interruption. Functional models of
devices, which account for factors such as weather and
human behavior, are developed in [2]. A model of a large
number of similar devices is then obtained through statistical
aggregation of the individual component models. In [3],
aggregate models are developed based on solving the cou-
pled Fokker-Planck equations and the need for having a
heterogeneous population is motivated. A survey of different
load control programs for providing various power system
services is presented in [4]. The main contribution of [5] is
to develop a finite-dimensional aggregated state space model
for air conditioning loads based on solving a bilinear Partial
Differential Equation (PDE) model. A statistical model is
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developed in [6] based on Markov Chains to represent
heterogeneity in a population. However, the second-order
dynamics caused by solid mass temperature in TCLs are
neglected in both detailed and aggregated representations and
the uncontrolled aggregated model is not accurate when com-
pared with detailed simulations. In addition, an aggregated
state transition based controllable model for a homogeneous
population of Heating Ventilation and Air Conditioning
(HVAC) units and water heaters is developed in [7] using
detailed physical models.

In all the aforementioned approaches, the aggregated mod-
els are developed for steady state conditions i.e. when there
is no demand response or time varying changes in popu-
lation and system configuration (weather conditions, solar
gains, heat conductance etc.). Furthermore, the models ignore
heterogeneity in the TCL population which is extremely
important to capture all the dynamics and thereby making it
difficult to design effective control strategies. The approach
proposed in [7] is extended in [8] to include simple demand
response strategies (thermostat setback) for HVAC units and
the results are validated against GridLAB-D, which is an
open source distribution system simulation tool [9].

In our recent work [10], an aggregate model for a het-
erogeneous population of TCLs were developed that is able
to capture demand response and time-varying effects of
the system. The developed models include second-order
dynamics due to the thermal mass of the house, which is
ignored in many works dealing with residential buildings.
A clustering strategy was also developed to systematically
deal with heterogeneity. The developed model can accurately
estimate all the transients caused due to demand response,
providing a valuable tool for stability analysis of the inte-
grated transmission and distribution system under different
demand response strategies.

Nevertheless, one disadvantage of the aforementioned
aggregate model is the high state-space dimension, which
grows very fast as accuracy requirement increases. This not
only results in a prolonged simulation time, but also imposes
a great challenge in designing controllers and observers. To
overcome this problem without sacrificing model accuracy,
we need to perform model reduction on the original highly
complex aggregate model. Most of the existing model re-
duction techniques require the system under consideration
to be stable. However, the proposed aggregate model is
not asymptotically stable as the state vector represents the
density distribution that does not converge to the origin.

In this paper, we show that the aggregate model devel-
oped in [10] is semistable with a continuum of equilibria



characterized by a 1-dimensional linear subspace. The state
of the aggregate model will eventually converge to a unique
stationary distribution vector in the linear subspace. Based
on these results, a complexity reduction method is proposed
for the aggregate model. The main idea is to project out the
component in the equilibrium subspace and apply classical
model reduction techniques on the orthogonal complement
of the equilibrium subspace. Simulation studies are per-
formed to demonstrate the performance of the reduced-order
model against the original full-order aggregate model and
GridLAB-D. It is shown that the proposed reduced-order ag-
gregate model can still capture all the transients and maintain
a desired accuracy for steady state behavior. This makes it
more amenable to design feedback control strategies for the
population of TCLs. In addition, the proposed reduced-order
aggregate model has a much faster simulation time which
is useful for performing large-scale simulation studies. In
particular, in order to study the stability of smart grid assets
on the bulk power system, instead of invoking multiple runs
of GridLAB-D, the proposed reduced-order model could be
used to significantly reduce the overall simulation time.

The rest of the paper is organized as follows. In Section II,
the aggregate modeling problem is formulated. An aggregate
model is then discussed in Section III. The model reduction
technique is presented in Section IV. Simulation results
demonstrating the efficacy of the proposed approach are
given in Section V. Finally, in Section VI, conclusions and
future work are presented.

II. PROBLEM SETUP

The individual device model is the basis for developing an
aggregated load model. In this paper, we adopt the popular
Equivalent Thermal Parameter (ETP) model to describe the
thermo-dynamics of individual loads [11], [9], [12]:

Fig. 1. The Equivalent Thermal Parameter (ETP) model of home heat-
ing/cooling system{

ẋa(t)=
1
Ca

[xmHm−(Ua+Hm)xa(t)+Qa+T0Ua]

ẋm(t)= 1
Cm

[Hm(xa(t)−xm(t))+Qa]
(1)

Here, xa, is the indoor air temperature, xm is the inner mass
(due to the building materials and furnishings) temperature,
Ua is the conductance of the building envelope, T0 is the
outdoor air temperature, Hm is the conductance between the
inner air and inner solid mass, Ca is the thermal mass of the
air, Cm is the thermal mass of the building materials and
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Fig. 2. Phase plane trajectories of an ETP model generated by GridLAB-D
under different initial condition (indicated by cross-shaped markers “×”).

furnishings, Qa is the heat flux into the interior air mass and
Qm is the heat flux to the interior solid mass. The total heat
flux Qa consists of three main contributing factors Q i, Qs

and Qh, where Qi is the heat gain from the internal load,
Qs is the solar heat gain and Qh is the heat gain from the
heating/cooling system. Depending on the power state of the
unit, the heat flux Qa could take the following two values:

Qon
a = Qi +Qs +Qh and Qoff

a = Qi +Qs

The ETP model parameters such as Ua, Cm, Ca, Hm,
and Qh, Qi, Qs are determined by the various physical
parameters of the building such as floor area, glazing layers
and material, infiltration volumetric air exchange rate, area
per floor, to name a few. The readers are referred to [9] for
a detailed description of these physical parameters and their
relations to the ETP model parameters. Fig. 2 shows several
trajectories under differential initial conditions of an ETP
model corresponding to a realistic set of building physical
parameters generated by GridLAB-D. In this simulation, the
outside temperature is 80◦F while the temperature set-point
control band is in the range of [74◦F, 76◦F]. The figure
indicates the crucial importance of the mass temperature
in describing the building thermodynamics. For example,
the trajectory originating from the upper left corner has a
initial power mode “off”. However, due to the low mass
temperature at the beginning, the air temperature decreases
first before starting to rise. Such an effect cannot be captured
by the first-order TCL models adopted in the literature [6],
[5], [7]. In addition, Fig. 2 clearly demonstrates a stable
periodic orbit of this particular ETP model under the “on/off”
control strategy. This is always the case if the ETP model
is obtained from physically meaningful building parameters.
In the rest of this paper, all the ETP models we consider are
assumed to have a stable periodic orbit.

Consider a large population of N TCLs, all represented
by the ETP model. Let xi(t) = [xi

a(t), x
i
m(t)]T be the state

vector for load i at time t. The ETP model (1) can be
easily transformed into a state-space model form with an
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Fig. 3. Illustration of 2D grid and derivation of flow rate

appropriate parameter set θi � {Ai, Bi
on, B

i
off}:

d

dt
xi(t) = Aix(t) +Bi

on/off, (2)

Note that the power mode of load i only affects the
matrix Bi

on/off. We assume all the units are subject to the
same control deadband [uset − δ/2, uset + δ/2], where uset

is called the population setpoint and δ denotes the width
of the control band. For each unit i, the power mode
switching is triggered when the air temperature x i

a(t) hits
the boundary of the control band. The setpoint point u set

can be adjusted to achieve the desired demand response
strategy. Let [x−

a , x
+
a ] and [x−

m, x+
m] be the maximum ranges

of air and mass temperatures, respectively, considering all the
possible setpoint values uset. For example, if the setpoint uset

can vary between 74◦F and 75◦F with δ = 2◦F, then both
the air and mass temperature ranges can be chosen to be
[73◦F, 76◦F]. To describe the aggregated load behavior, the
two temperature intervals are evenly divided into na and nm

bins, respectively, resulting in a 2D grids as shown in Fig. 3.
Let ai and mj denote the air and mass temperatures at node
(i, j). Let qon(i, j, t) be the fraction of the load population
with “on” power mode, air temperature between [a i, ai+1],
and mass temperature between [mj ,mj+1], at time t. A
similar notation convention is used for qoff(i, j, t). Let q(t)
be the overall distribution vector, whose entries are defined
as follows:

q(t) = [qon(1, 1, t), qon(1, 2, t), · · ·, qon(na, nm, t),

qoff(1, 1, t), qoff(1, 2, t), · · ·, qoff(na, nm, t)]T

This particular ordering corresponds to a mapping from 2D
to 1D index: (i, j, off) ↔ (i − 1) · nm + j and (i, j, off) ↔
na · nm + (i − 1 − 1) · nm + j. The vector q(t) is of
dimension nq � 2nanm with all entries summing up to 1.
We call such a vector a probability vector, and denote by
P � {x ∈ R

nq : xi ≥ 0,
∑nq

i xi = 1} the set of all the
probability vectors in R

nq . The aggregate modeling problem
aims to develop a dynamical system model to describe the
time course evolution of the distribution vector q(t).

III. DESCRIPTION OF AGGREGATE MODEL

In our recent work [10], we have developed a continuous-
time aggregate model that can accurately capture the evo-
lution of the distribution vector q(t). This section provides
a brief review of the aggregate model and introduces some
notations that are useful for developing our complexity re-
duction method. The readers are referred to [10] for technical
details.

A. Aggregate Model for Homogeneous Loads

We first consider the homogeneous case where Ai = A,
Bi

on/off = Bon/off for all i ≤ N . In this case, the evolution
of the density vector q(t) can be described by

d

dt
q(t) = Gq(t), (3)

where G ∈ R
nq×nq is a matrix whose (l2, l1) entry repre-

sents the rate at which the population in bin l1 is transported
into bin l2. To compute these transition rates, we first
consider a generic bin l1 ↔ (i, j, off) with “off” power
mode and at least one bin away from the upper boundary
of the control band, namely ai+1 < uset +

δ
2 . In this case, let

x(t; i, j, off) be the solution of the ODE ẋ = Ax+Boff with
initial condition x(0) = [ai,mj ]

T . Let toff(i, j) be the time
it takes for the air temperature of the loads in bin (i, j, off)
to increase to ai+1. Clearly, toff(i, j) is the solution to the
following equation:

xa(t; i, j, off) = ai+1.

The population at bin (i, j, off) flows upward at the rate
roff(i, j) � 1/toff(i, j). Due to the discretization, the mass
temperature xm(toff(i, j); i, j, off) may not land exactly at
any particular discrete bin value when the air tempera-
ture reaches ai+1. Suppose that xm(toff(i, j); i, j, off) ∈
[mj1 ,mj2 ] for some indices j1 and j2. An approximation can
be made such that d2/(d1 + d2) portion of the population
flows into the (i + 1, j1, off) and the rest flows into the
(i + 1, j2, off), where the distances d1 and d2 are shown
in Fig.1. This gives rise to the assignments of some entires
in G:

Gl1,l1 = −roff(i, j), Gl3,l1 =
d1

d1 + d2
roff(i, j)

Gl2,l1 =
d2

d1 + d2
roff(i, j)

(4)

where l1, l2 and l3 are the 1-D index corresponds to (i, j, off),
(i+1, j1, off) and (i+1, j2, off), respectively. The above rate
assignments only work when the index i satisfies ai+1 <
uset +

δ
2 . Otherwise, we would regard (i, j, off) as an upper

boundary bin, in which case the rate assignments take the
same form as in (4) except that the l2 and l3 represent (i+
1, j1, on) and (i+1, j2, on), respectively. The transition rates
originated from the “on” bins can be derived in a similar
way. Therefore, all the entries in G can be computed for a
given ETP parameter vector θ = (A,Bon, Boff). The total



percentage of “on” units can be determined by:

y(t) = Cq(t), with C = [1, . . . , 1︸ ︷︷ ︸
na·nm

, 0, . . . , 0]

B. Heterogeneous Case

The main idea to deal with heterogeneity is to represent the
randomly distributed ETP parameter vectors by a few repre-
sentative vectors with appropriate weights. To this end, first
generate a large number of parameter samples according to
the known distributions. Denote these ETP parameter vectors
by θ(1), θ(2), . . . , θ(n). These parameters can be classified
into nc clusters using the standard k-mean algorithm. Each
cluster i is associated with a center CENi as well as the
number of parameters that fall into this cluster, which is
denoted by Ni. The probability (or relative weight) that the
parameter vector of a randomly selected load falls into cluster
i is thus given by wi = Ni/n.

After obtaining the clusters, a homogeneous aggregate
model is computed for each cluster i by assuming all the
loads have the same ETP parameter vector θ = CENi. The
resulting rate matrix is denoted by G(i). The entire load
density q(t) is then given by⎧⎪⎨

⎪⎩
q̇(i)(t) = G(i)q(i)(t)

q(t) =
∑nc

i=1 wiq
(i)(t)

y(t) = Cq(t) =
∑nc

i=1 wiCq(i)(t)

(5)

IV. COMPLEXITY REDUCTION FOR AGGREGATE MODEL

The aggregate model described in the last section has sev-
eral distinctions over other models in the literature, including
capturing the second-order dynamics of individual loads,
dealing with population heterogeneity, and accurate steady-
state response regardless of the number of discretization bins.
Despite these appealing features, an accurate characterization
of both the steady-state and transient collective dynamics
typically requires a large state dimension [10]. For example,
if we choose na = nm = 60 and nc = 5, the total state
dimension would be nq = 2nanmnc = 36000, which may
be acceptable for simulation purpose, but is prohibitive for
the analysis and design of control strategies of aggregated
loads. A straightforward way to reduce model complexity is
to reduce the number of bins and clusters. However, such an
approach is not effective as the performance loss is typically
much more significant than the complexity reduction. In
order to use the developed aggregate model to design demand
response control strategies such as thermostat setback pro-
gram [7] or toggling control [6], a more effective complexity
reduction approach is needed.

Model reduction is a classical research area in numerical
analysis and system theory. Many existing model reduction
techniques, such as balanced truncation [13], require the
stability of the underlying system. However, the aggregate
model is not asymptotically stable as the state vector rep-
resents the density distribution that does not converge to
the origin. In fact, the aggregate model is a semi-stable
system [14] with a continuum of equilibria characterized
by a nontrivial linear subspace. The main idea of our

approach is to project out the components in the equilibrium
subspace and apply the classical model reduction idea on the
orthogonal completment of the equilibrium subspace.

A. Single Cluster Case

We first consider the case with one cluster. In this special
case, we drop the cluster index and simply denote the
transition rate matrix as G. Notice that this rate matrix
dependes on the temperature setpoint u set. Our model reduc-
tion method is based on the discrete time aggregated model
obtained through Euler discretization of the continuous-time
model (3):{

q(k + 1) = Gdq(k) � (G ·Δt+ I)Γ · q(k),
y(k) = Cq(k)

(6)

where Δt > 0 is the sampling time (sufficiently small), I
denotes the identity matrix of dimension nq, and Γ ∈ R

nq×nq

is a matrix representing the switching operation for bins
outside the control band. When the setpoint u set is held
fixed for a sufficiently long time, the air temperature of
all the loads should eventually be inside the control band
[uset − δ

2 , uset +
δ
2 ]. However, during the transient phase of

changing the setpoint to uset, there is likely to be some
population mass still outside the control band. The matrix Γ
switches the modes for all the bins outside the control band
while leaves the bins inside the control band unchanged. This
is clearly a linear operation.

Equation (6) can be thought of as a Markov chain model.
Based on the way we construct the G matrix in (4), it can be
easily seen that the population in each bin has a nontrivial
probability of staying in the same bin during each sampling
period Δt. Therefore, the Markov chain is aperiodic. In
addition, for fixed uset, the population mass of the bins inside
the control band can never go out while the populations
outside will eventually move inside. This indicates that the
Markov chain is reducible, where all the states outside the
control band are non-recurrent (transient). Note some of the
states inside the control band may also be transient. To see
this, consider the trajectories of the ETP model illustrated
in Fig. 2. The bin centered at (75◦F, 75◦F) is inside the
control band (assuming a sufficiently small bin size), but it
is not recurrent because it is not covered by the periodic
orbit. Nevertheless, the existence of a unique periodic orbit
indicates that the Markov chain defined by the transition
matrix Gd will have only one communication class that is
positive recurrent and aperiodic1. In this case, all the mass
in the transient bins will eventually go to the recurrent class,
indicating the existence of a unique stationary distribution of
the entire chain [15].

Theorem 1: There is a unique probability vector q e ∈ P
satisfying Gdq

e = qe. In addition, Gk
dq(0) → qe as k → ∞

for all q(0) ∈ P .

1The periodic orbit of the continuous time ETP model does not imply
the periodicity of the recurrent communication class associated with the
transition matrix Gd , because each bin has a nonzero probability of staying
in the same bin during each sampling time period Δt.



According to the above theorem, the matrix Gd has
a simple eigenvalue λ = 1 with a corresponding one-
dimensional eigenspace, denoted by Xe. Let X⊥

e be the
orthogonal complement of Xe in R

n. Clearly, qe ∈ Xe. Let
P be the matrix representing the orthogonal projection onto
X⊥

e . Then E = I−P is the orthogonal projection matrix onto
Xe. Clearly, the projection matrices P and E are idempotent,
i.e., P 2 = P and E2 = E. For each k ∈ Z+, define a new
state vector q̃(k) = Pq(k). Observing that q = Pq+Eq for
any q ∈ R

nq , we can derive the dynamics for q̃(k) as

q̃(k + 1) = PGdPq(k) + PGdEq(k)

= PGdq̃(k) � G̃dq̃(k) (7)

where we have used the fact that Xe is invariant under Gd so
that PGdEq(k) = 0. According to Theorem 1, system (7) is
stable and every eigvenvalue of G̃d has a magnitude strictly
less than 1. To use the classical tools in model reduction,
we also need to express the output of system (5) in terms
of the stable state vector q̃(k) which is non-trivial. Notice
that by Theorem 1, the output response y(t) of the original
system (6) will converge to a nontrivial steady-state value
ye = Cqe. Such an output cannot be directly modeled as a
linear function of the stable state q̃(k). To proceed, we define
ỹ(k) � ye − y(k).

Since X e is the eigenspace of Gd corresponding to λ = 1,
we have GdEq = Eq for any q ∈ R

nq . It is worth
mentioning that the subspace X ⊥

e may not be Gd-invariant
in general. Hence, EGdPq �= 0 in general for q ∈ R

nq .
Considering these facts, we have

y(k) = Cq(k) = CPq(k) + CEq(k)

=Cq̃(k)+CEGdPq(k − 1)+CEGdEq(k − 1)

=Cq̃(k)+CEGdq̃(k − 1)+CEq(k − 1)

Continue with the above recursion, for each k ∈ Z+, one
can obtain

y(k) = Cq̃(k)+

k−1∑
j=0

CEGdq̃(j)+CEq(0), (8)

Due to the stability of system (7), we know that q̃(k) → 0
and y(k) → ye as k → ∞, which indicates that

ye =

∞∑
j=0

CEGdq̃(j)+CEq(0), (9)

Substituting y(k) from ye yields

ỹ(k) = ye − y(k) = −Cq̃(k) +
∞∑
j=k

CEGdq̃(j)

= −Cq̃(k) + CEGd

∞∑
i=0

G̃i
dq̃(k)

Since G̃d is stable, the infinite sum
∑∞

i=0 G̃
i
d =(

I − G̃d

)−1

, which implies

ỹ(k) = C̃q̃(k), (10)

where C̃ = −C + CEGd

(
I − G̃d

)−1

. Since k ∈ Z+ is
arbitrary, the dynamics of system (5) is completely charac-
terized by the following stable linear system:{

q̃(k + 1) = G̃dq(k)

ỹ(k) = C̃q̃(k)
(11)

whose output ỹ(k) exactly determines the output of the
original system through the relation: y(k) = y e − ỹ(k).

Since system (11) is stable, many standard model reduc-
tion techniques can be applied to reduce its complexity. With-
out an explicit control input, the model can be simplified by
keeping only the “most observable” part of the state space. To
this end, let Wo be the observability Gramians of system (11)
with a singular value decomposition Wo = UΣV T . Let Tr be
the first r columns of the matrix U . Define the r-dimensional
reduced order state vector as q̂(k) = T T

r q̃(k). The reduced
order model is then given by{

q̂(k + 1) = Ĝdq̂(k)

ŷ(k) = Ĉq̂(k)
(12)

where

Ĝd = T T
r G̃dTr, and Ĉ = C̃Tr

With the reduced order model, we can approximate the
output of system (6) using y(k) ≈ ye − ŷ(k) with a much
reduced complexity.

B. Multi-Cluster Case

The clustering method discussed in Section III-B can
be used to handle strong population heterogeneities. Note
that the multi-cluster aggregate model (5) essentially needs
to simulate nc individual aggregate models separately. Let
q(i)(k) be the distribution vector for cluster i at discrete
time k and let G

(i)
d be the discrete-time transition matrix

for cluster i. Define α(k) = [
(
q(1)(k)

)T
, . . . ,

(
q(nc)(k)

)T
]T .

The multi-cluster model (5) is equivalent to{
α(k + 1) = Gallα(k)

y(k) = Callα(k)
(13)

where Gall is a block diagonal matrix made up of individual
matrices

{
G(i)

}
i≤nc

, and Call = [w1, w2, . . . , wnc ] ⊗ C,
where ⊗ denotes the tensor product. The model reduction
method developed in the last subsection can be directly
applied to reduce this combined model (13).

Although the above approach is the most effective one, it
may be computationally prohibitive if the number of clusters
is large. A natural heuristic to tackle this computational
challenge is to apply the model reduction to each cluster,
and then compute the overall output as a weighted sum
of the individual outputs as suggested in (5). In this case,



we need to allocate the total state dimension budget r to
individual clusters r1, . . . , rnc with

∑nc

i=1 ri = r. Let σij

be the j th singular value of observability Gramian of cluster
i. Take the highest r weighted singular values in the set
{wiσij}i≤nc,j≤nq , from which we can determine the orders
ri for each cluster. Notice that no matter how we allocate
individual model orders, the decoupled model reduction will
introduce some performance loss as compared with the direct
model reduction for the combined model (13).

V. SIMULATION RESULT

In this section, we validate the proposed aggregate model,
both original and reduced-order, against realistic simula-
tion data produced by an open source tool GridLAB-D.
GridLAB-D is capable of simultaneously simulating thou-
sands of unique buildings using the ETP model to create
a diverse population of building and HVAC system parame-
ters [9]. However the simulations can often take a substantial
amount of time and computing resources, especially as the
population size increases. In our testing, we create 5000
building ETP models that are simulated for a single day.
In the simulation, each of the 1000 houses is assigned to
a set of physical parameters generated randomly around
their nominal values (see [9]) with a certain amount of
variance to provide diversification. The physical parameters
then in turn determine the ETP model parameters used in
both the GridLAB-D and the proposed aggregate model. For
the following simulations, the population setpoint u set varies
between 74◦F and 75◦F. The temperature range limits are
x−
a = x−

m = 73◦F and x+
a = x+

m = 76◦F.
In the first simulation, we simulate the well known re-

bound effect caused by thermostat setback programs, which
is a simple form of demand response that change the internal
temperature setpoints of all the houses at different time
instants. When the temperature setpoint is changed back to
the normal setting, there is an immediate spike in power
consumption. A particular case is investigated here, where
the setback program is released at time t = 5(hr) and the
temperature setpoint is changed from 75◦F back to 74◦F
which is the normal temperature setpoint before executing
the setback program. The aggregated response generated
by individual simulations using GridLAB-D is shown in
Fig. 4. These individual simulations take about 20 minutes to
complete. In addition, both the original full-order aggregate
model and the proposed reduced-order aggregate model are
tested under the same scenario. For the full-order model, we
choose na = nm = 60 and nc = 5, which results in an
aggregate state dimension nq = 2nanm = 7200 for each
cluster (36000 for all 5 clusters). Such an aggregate model
can accurately capture the strong transient response due
to the loss of diversification after the temperature setpoint
change. To simplify its complexity, the model reduction
method discussed in Section VI-B is used with a targeted
model order r = 100. The order budget allocation among
the 5 clusters are computed as r1 = 20, r2 = 26, r3 = 22,
r4 = 18 and r5 = 14. As shown in Fig. 4, the response of the
reduced-order model is very close to the GridLAB-D result
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Fig. 4. Aggregated responses with setpoint change from 75◦F to 74◦F.
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Fig. 5. Aggregated response under sequential temperature setpoint changes
(75◦F to 74◦F and back to 75◦F).

with a much reduced simulation time (a fraction of second
in MATLAB).

In the second simulation, we further investigate the ef-
fect of sequential temperature setpoint changes, where the
temperature setpoint is changed from 75◦F to 74◦F and then
back to 75◦F. It is observed from Fig. 5 that both the original
and the reduced-order aggregate models can reproduce the
collective behavior over the 15-hour simulation horizon.
The result indicates that the original aggregate model can
potentially be replaced with the reduced order aggregate
model for evaluating the effects of different demand response
programs.

VI. CONCLUSIONS

This paper presents a reduced-order aggregate model for
heterogeneous TCLs to accurately capture their collective be-
havior under demand response. A model reduction method is
proposed which can yield a significant complexity reduction
(e.g. from 36000 to 100) with negligible model performance
loss. The simulation results show that the reduced-order
aggregate load model is still able to accurately reproduce
the transient oscillations caused due to a simple thermostat



setback program. Future work will focus on using the pro-
posed reduced-order model to design control strategies for
smart grid assets and analyze the stability impact of vari-
ous demand response strategies on the bulk power system.
Furthermore, with some further enhancements, the reduced-
order model could serve as an effective alternate to scenarios
which require multiple GridLAB-D runs for simulating a
population of end-use loads.
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