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Abstract— Modeling the dynamical behavior of a large popu-
lation of responsive loads is especially important to evaluate the
effectiveness of various demand response programs. Existing
works on aggregated load modeling mainly focus on Ther-
mostatically Controlled Loads (TCLs) described by first-order
linear ordinary differential equations. In this paper, we propose
a unified hybrid system model with general nonlinear subsystem
dynamics to describe individual load dynamics. Such a model
can be used to represent both TCLs and deferrable loads
such as washers, dryers and plug-in hybrid electric vehicles
(PHEVs). An aggregate model is also developed based on the
proposed hybrid system load model. Realistic simulations show
that the aggregate model can accurately capture the collective
dynamics for TCLs and deferrable loads. The results presented
in this paper can be used as a general aggregate load modeling
framework for the analysis and design of various demand
response strategies.

I. INTRODUCTION

One of the key features of smart grid is the ability to
reduce or shift energy use to better maintain the balance
between supply and demand. To achieve this, many pricing
strategies, such as Real Time Pricing (RTP), Time of Use
(TOU) pricing, and Critical Peak Pricing (CPP) have been
studied [1], [2], [3], [4]. Many validation projects [5] have
been carried out to demonstrate the performance of different
pricing strategies in terms of peak shaving and/or demand
shifting. In addition to price, local frequency signal also
provides valuable information about the grid. Allowing the
load to respond to local frequency measurement can dramat-
ically improve the stability and security of the grid. Many
decentralized load control methods have been developed in
the literature to stabilize frequency deviation, especially for
primary frequency regulation [6], [7].

Direct load control is another important paradigm for
demand response, where participating loads are typically
coordinated in a centralized manner. In particular, the direct
control of a large number of small residential loads has
received considerable attention recently [8], [9]. Such an
approach has the potential to provide more accountable
(or predictable) demand response within a short period of
time. A key step of this approach is the development of an
aggregate model that can accurately capture the collective dy-
namics of the load population. Existing works on aggregate
modeling have been mainly focusing on Thermostatically
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Controlled Loads (TCLs) such as HVACs (Heating, Venti-
lation, and Air conditioning) and water heaters [10], [11],
[12], [13], [14]. Most of these works assume that individual
loads are described by first-order linear ordinary differential
equations (ODEs). In our recently work [15], we developed
an aggregate model for a large number of HVAC systems,
where each HVAC system is represented by a more accurate
second order ODE that considers the dynamics of both air
temperature and mass temperature inside the building.

This paper focuses on aggregate modeling of residential
loads. Different from most existing works in the literature,
we consider both TCLs (such as HVACs, water heaters,
and refrigerators), and deferrable loads (such as washers,
dryers, plug-in hybrid electric vehicles (PHEVs)). Despite
the richness of literature in aggregate modeling of TCLs,
the aggregated dynamic behavior of deferrable loads have
not been adequately investigated. In fact, deferrable loads
are quite different from TCLs. They are similar to computer
jobs, characterized by job size (the time required to process
the job) and job deadline. Our key observation is that most
of the aforementioned residential loads can be accurately
represented by hybrid dynamical systems. We thus focus
on a fairly general class of hybrid systems with nonlinear
subsystem dynamics and general switching surfaces (guard
conditions). We show that the density function of the con-
tinuous state evolve according to a set of coupled partial
differential equations (PDEs). The boundary conditions for
theses PDEs are also derived. An aggregate model is then
developed based on the numerical solutions of these PDEs.
Realistic simulations are also performed to validate the
proposed modeling framework. The results presented in this
paper contain many previous works as special cases, and
provide a unified aggregate modeling framework for both
TCLs and deferrable loads.

The rest of the paper is organized as follows. In Section
II, a unified hybrid system model is proposed for both TCLs
and deferrable loads. Examples illustrating the use of this
model to represent HVAC systems and PHEV charging loads
are also provided. In Section III, an aggregate model is
developed for a large population of responsive loads rep-
resented by the proposed hybrid system model. Simulation
results demonstrating the efficacy of the proposed approach
are given in Section IV.

II. A HYBRID SYSTEM MODEL FOR RESPONSIVE LOADS

Responsive loads are typically able to modify their local
controllers according to external control signal such as RTP
or direct load control signal. One can view these loads
as agents with local dynamics subject to local energy-use



constraints (such as meeting deadline or keeping temperature
within a desired range) being coordinated by a centralized
control signal. In this section, we introduce a hybrid system
model and use HVACs and PHEVs as examples to illustrate
the application of this model for TCLs and deferrable loads.

A. A Hybrid System Model

Smart appliances often have multiple discrete operation
modes. Transitions among these modes are governed by
certain switching logic rules that depend on the evolution
of some continuous state variables (such as time or tem-
perature). Such interactions between discrete and continuous
dynamics can be described by hybrid dynamical systems.

In this paper, we consider the following hybrid system
model {

ẋ(t) = fv(t)(x(t); θ), t ∈ R+

y(t) = h(v(t); θ)
(1)

where R+ denotes the set of nonnegative real numbers,
x(t) ∈ X is the continuous state, v(t) ∈ Q = {1, . . . ,m}
represents the discrete operation modes of the system. The
set X is a connected open subset of Rn with boundary ∂X .
For each discrete mode ν ∈ Q, the function fν(·; θ) : X →
R

n is a Lipschitz continuous vector field that determines the
continuous state evolution in mode ν, and h(ν; θ) denotes
the output of the model that is assumed to be independent of
the continuous state. Here, θ ∈ R

nθ is the model parameter
vector. Let xν(t; x̂) denote the solution to ẋ = fν(x; θ) with
initial condition x̂ ∈ X . We assume that the continuous state
space X is invariant under each vector field fν(x; θ).

Associated with each mode, there is at most one outflow
switching surface Sν , which is represented by the zero level
set of a continuously differentiable function sν(·;α) : Rn →
R parametrized by a (switching surface) parameter vector
α ∈ R

nα . Define{
S+
ν � {x ∈ X : sν(x;α) > 0},

S−
ν � {x ∈ X : sν(x;α) < 0}

Let nν(x;α) be the unit normal vector of surface Sν at point
x ∈ Sν pointing from S−

ν to S+
ν . Define

Ŝν = {x ∈ Sν : fν(x)
Tnν(x) ≥ 0}, and Šν = Sν \ Ŝν

In other words, the set Ŝν is the part of outflow surface where
the vector field points from S−

ν to S+
ν , while Šν is part of the

outflow surface where the vector field points from S+
ν to S−

ν

Whenever the continuous state x(t) hits the switching surface
Sν , the discrete mode v(t) will change from ν to ν+. We
assume there is no continuous-state jump associated with any
discrete mode transition. The discrete state trajectory v(t) is
the determined by the evolution of the continuous state and
the switching surfaces. It is piecewise constant and assumed
to be right continuous.

The outflow switching surface Sν for mode ν is also called
the inflow switching surface for mode ν+. We assume any
mode can have at most one inflow switching surface. If a
discrete mode does not have an outflow switching surface,
then the state trajectory inside the mode will never leave the

Fig. 1. The Equivalent Thermal Parameter (ETP) model of home heat-
ing/cooling system

mode. We call such a mode a final mode. Denote by Qf ⊂ Q
the set of final modes. On the other hand, a mode without
inflow switching surface is called initial mode. Denote by Q0

the set of initial modes of the system. A mode that is neither
a final mode nor an intial mode is called an intermediate
mode. We assume that both Qf and Q0 are either empty
or a singleton set, namely, there is at most one final mode
and one initial mode. Since each mode is allowed to have at
most one inflow swiching surface and one outflow switching
surface, we can easily see that Qf = ∅ ⇔ Q0 = ∅. For each
ν ∈ Q \ Qf , we denote ν+ as its successive mode, and for
any ν ∈ Q \ Q0, we denote ν− as its previous mode. In
addition, for ν ∈ Q \ Qf let X 0

ν be the set of initial states
in S−

ν that will eventually hit the outflow surface, i.e.,

X 0
ν = {x̂ ∈ S−

ν : ∃t ∈ R+, s.t. xν(t; x̂) ∈ Sν}
Therefore, under vector field fν(·; θ), the trajectory origi-
nating from X 0

ν will eventually leave mode ν. We simply
choose X 0

ν = X for ν ∈ Qf . We assume that Sν ⊂ X 0
ν+ for

all ν ∈ Q\Qf . Under these assumptions, the state trajectory
will either be trapped in the final mode eventually or keep
hopping through all the intermediate modes (when Q f = ∅).

In the rest of this paper, when no ambiguity arises, we
will suppress the dependence on θ and α of a hybrid system
model to simplify notation.

B. Hybrid System Model for HVACs

HVACs are the most important type of TCLs for demand
response. In the literature, the HVAC system is typically
modeled as a first-order Ordinary Differential Equation
(ODE) that governs the time-course evolution of the air
temperature inside the house. However, the mass temperature
also contributes significantly to the thermodynamics of a
HVAC system [15], [16], especially under demand response
control such as setpoint change. Therefore, throughout this
paper, we will adopt a second-order Equivalent Thermal
Parameter (ETP) model [16], [17] that describes the coupled
dynamics of the air and mass temperatures as follows:{

ẋa(t)=
1
Ca

[xmHm−(Ua+Hm)xa(t)+Qa+T0Ua]

ẋm(t)= 1
Cm

[Hm(xa(t)−xm(t))+Qa]
(2)

Here, xa, is the indoor air temperature, xm is the inner mass
(due to the building materials and furnishings) temperature,



Ua is the conductance of the building envelope, T0 is the
outdoor air temperature, Hm is the conductance between the
inner air and inner solid mass, Ca is the thermal mass of the
air, Cm is the thermal mass of the building materials and
furnishings, Qa is the heat flux into the interior air mass and
Qm is the heat flux to the interior solid mass. The total heat
flux Qa consists of three main contributing factors Q i, Qs

and Qh, where Qi is the heat gain from the internal load,
Qs is the solar heat gain and Qh is the heat gain from the
heating/cooling system. Depending on the power state of the
unit, the heat flux Qa could take the following two values:

Qon
a = Qi +Qs +Qh and Qoff

a = Qi +Qs

The HVAC changes its power state from “On” to “Off” (resp.
from ”Off” to ”On”) when its air temperature xa(t) hits in
the lower (resp. upper) boundary of the control deadband
[uset−δ, u+δ], where uset is the temperature setpoint and 2δ
is the size of the deadband. The parameters of the ETP model
such as Ua, Cm, Ca, Hm, and Qh, Qi, Qs are determined by
the various physical parameters of the building such as floor
area, glazing layers and material, infiltration volumetric air
exchange rate, area per floor, to name a few. The readers are
referred to [18] for a detailed description of these physical
parameters and their relations to the ETP model parameters.

It is easy to see that the ETP model of a HVAC system
can be equivalently described by the hybrid system model
discussed in Section II-A, where the continuous state vector
is x(t) = [xa(t), xb(t)]

T and the discrete mode v(t) takes
two values with 0 representing the “Off” state and 1 rep-
resenting the “On” state. The coupled ODEs in (2) can be
written in a state-space form

d

dt
x(t) = Ax(t) +Bv(t), (3)

where A, B0 and B1 are matrices with appropriate dimen-
sions. Each mode has an outflow switching surface: S0 =
{(x1, x2) ∈ R

2 : x1 = uset + δ}and S1 = {(x1, x2) ∈ R
2 :

x1 = uset − δ}, triggering the mode transition from “Off” to
“On” and vice versa. Note that in this case, there is no initial
or final mode. The output functions are given by h(0) = 0
and h(1) is the power of the HVAC when it is “on”.

C. Hybrid System Model for PHEV Charging

Deferrable load dynamics are substantially different from
TCLs. For example, a PHEV charging job can be character-
ized by a tuple (t0, τ, tf ), where the three entries represent
the arrival time, the size of the job, and the deadline to
complete the job, respectively. Whenever tf − t0 > τ , one
can defer the job up to tf − t0− τ time unit without missing
the deadline. Let uc be a demand response control signal.
For example, this signal could mean the following: if u c = 2,
then all the PHEVs with tf−τ−t ∈ [0, 2] will start charging
now, where t is the current time.

The timing dynamics of a charging job can be described
as a hybrid system with three discrete modes {0, 1,−1},
representing that the load is waiting to be processed (referred
to as “Waiting”), actively charging (referred to as “Charg-
ing”), and has been completed (referred to as “Complete”),

Remaining Time to Deadline 

Remaining charging time 
0 

Control signal   

  

  

Fig. 2. An example of continuous state trajectory for PHEV charging.

respectively. The continuous state space is two-dimensional
with x1(t) representing the remaining time to finish the load
if it is charging, and x2(t) representing the maximum time
the load can be further deferred. The vector field in each
mode is given by

f0(x) =

[
0
−1

]
, f1(x) = f−1(x) =

[ −1
0

]

Here, we assume that a negative value of x1(t) (remaining
job time) indicates that the job has been completed before.
There are many other ways to specify the continuous dynam-
ics in mode ν = −1. Notice that only modes ν = 0, 1 have
outflow switching surfaces: S0 = {(x1, x2) ∈ R

2 : x2 = uc}
and S1 = {(x1, x2) ∈ R

2 : x1 = 0}, specifying the mode
transitions from “Waiting” to “Charging” and “Charging” to
”Complete”, respectively. The mode ν = −1 is the final
mode and mode ν = 0 is the initial mode with no inflow
switching surface. A typical state trajectory of the system is
shown in Fig. 2.

III. AGGREGATION OF HYBRID SYSTEMS

While individual load dynamics can be modeled as simple
hybrid systems, the aggregation of a large number of these
loads may exhibit quite complex dynamical behavior espe-
cially under time varying coordination control signal. In this
section, we will develop a model to describe the aggregated
behavior of a large population of hybrid systems.

Consider a large number N of hybrid systems described
by the same model structure (1) with different model pa-
rameters {θ(i)} and switching surface parameters {α(i)},
i = 1, . . . , N . The population dynamics are given by⎧⎪⎨
⎪⎩

d
dtx

i(t) = fvi(t)(x
i(t); θi(t)), (individual dynamics)

yi(t) = h(vi(t); θi(t)) (individual output)

yAggr(t) =
∑N

i=1 y
i(t) (Aggregation)

(4)

where x(i)(t), v(i)(t), and y(i)(t) are the continuous state,
discrete state, and output of the ith hybrid system, respec-
tively, and yAggr(t) is the aggregated output of the entire
group.

The main idea for most aggregate load model is to
characterize the evolution of the state distribution of the



population instead of keeping track of all the individual load
state trajectories. Many existing methods and tools from fluid
dynamics can be used to derive the density evolution.

A. Homogeneous Loads Aggregation

We first consider the basic case when all the loads have
exactly the same local dynamics, namely, θ i = θ, αi = α,
for all i ≤ N . The study of this simple case will provide
a basis for developing more realistic aggregate model. Let
φ(t, x) be the density of loads at state x ∈ X and time
t ∈ R+. Under homogeneity assumption, the time-course
evolution of φ is completely determined by the initial density
function φ(0, x) and the bulk motion of the population. This
is similar to various “transport” mechanism in chemistry,
physics and earth sciences, such as the transport of pol-
lutants in river, and the transport of head or humidity in
atmosphere. The only difference lies in the hybrid nature of
the homogeneous motion. To address this issue, we introduce
a sub-density function for each discrete mode of the hybrid
motion. Denote by φν(t, x) the density function of loads at
continuous state x, discrete mode ν ∈ Q, and time t ∈ R+.
Clearly,

∑
ν∈Q φν(t, x) = φ(t, x). We make the following

assumption for the initial value of the density functions:
Assumption 1: φν(0, x) = 0, for all x ∈ X \ X 0

ν , v ∈ Q.
Since particles starting inside X 0

ν in some mode ν will
never enters X \ X 0

ν̂ for any mode ν̂ ∈ Q. Therefore, the
above assumption actually implies that

φν(t, x) = 0, ∀x ∈ X \ X 0
ν , ∀t ∈ R+. (5)

By a standard result from fluid dynamics [19], [20], the
evolution of density φν under vector field fν(·) can be
described by the following advection equation:

∂φν(t, x)

∂t
+∇ · (φν(t, x)fν(x)) = 0, (6)

where ∇ = [ ∂
∂x1

, . . . , ∂
∂xn

]T is the nabla differential opera-
tor. For simplicity, we will write the advection equation (6)
as Lν [φ] = 0, where Lν is the partial differential operator for
mode ν. Note that the vector field fν may not be solenoidal
(i.e. ∇·fν = 0); hence the second term on the left hand side
of the above equation can not be written as fν(x) ·∇φν (t, x)
as the typical case of advection in incompressible flow.

According to the hybrid dynamics, individual ”particles”
(loads) will immediate change discrete mode once hitting
a switching surface. This leads to certain boundary condi-
tions that couple the density functions in different modes.
To derive these boundary conditions, we first consider an
arbitrary intermediate mode ν ∈ Q \ Qf \ Q0. We know
that this mode must have inflow switching surface Sν− as
well as outflow switching surface Sν . It is easy to see that
the density function φν(x; θ) may be discontinuous across
the Sν− and Sν due to the incoming flow from mode ν−

and outgoing flow to ν+, respectively. We divide the density
function φν(·; θ) into the following three parts to reflect

possible discontinuities:

φν(t, x) =

⎧⎪⎨
⎪⎩
φ0
ν(t, x) for x ∈ S+

ν

φ1
ν(t, x) for x ∈ S−

ν ∩ S−
ν−

φ2
ν(t, x) for x ∈ S−

ν ∩ S+
ν−

, (7)

Since the final mode does not have an outflow switching
surface, we only partition it according to the inflow switching
surface. Hence, for ν ∈ Qf , define

φν(t, x) =

{
φ1
ν(t, x) for x ∈ S−

ν−

φ2
ν(t, x) for x ∈ S+

ν−
(8)

Similarly, the initial mode does not have an inflow surface
and we shall partition it according to the outflow surface
only. For ν ∈ Q0, define

φν(x; θ) =

{
φ0
ν(x; θ) for x ∈ S+

ν

φ1
ν(x; θ) for x ∈ S−

ν

(9)

For simplicity, let Ωj
ν be the domain of φj

ν(t, ·) with bound-
ary ∂Ωj

ν and closure Ω̄j
ν whenever it is defined for some

j = 0, 1, 2 and ν ∈ Q. The detailed expression of Ωj
ν can

be determined according to (7), (8), and (9). We make the
following assumption.

Assumption 2: Assume φj
ν is continuously differentiable

on R+ ×Ωj
ν , for any combination of j = 0, 1, 2, and ν ∈ Q

for which φj
ν is defined.

Having introduced these refined partitions and density
functions, we now derive a set of Partial Differential Equa-
tions (PDEs) with appropriate boundary conditions that gov-
ern the joint evolution of these density functions.

We first consider an arbitrary intermediate mode ν ∈ Q \
Qf \ Q0. In this case, the density function breaks into 3
components φj

ν , j = 0, 1, 2. Since S+
ν ∩ X 0

ν = ∅, we have,
by (5)

φ0
ν(t, x) = 0, for t ∈ R+, x ∈ Ω̄0

ν (10)

For components φj
ν , j = 1, 2, the boundary ∂Ωj

ν may contain
switching surfaces Sν and Sν− which leads to nontrivial
boundary conditions. For the outflow surface Sν ∩ ∂Ωj

ν , we
only need to specify boundary conditions at points where the
vector field points to S−

v , namely, the points on Šν ∩ ∂Ωj
ν .

Due to (10), there will be no flow coming from S+
ν . Thus,

we have

φj
ν(t, x) = 0, t ∈ R+, x ∈ Šν ∩ ∂Ωj

ν , j = 1, 2 (11)

Notice that if ∂Ωj
ν does not contain Sν , then the above

equation does not impose any restrictions on φj
ν .

The inflow surface Sν− is always part of the boundary
∂Ωj

ν , for j = 1, 2. On this surface, there is external flow
coming from mode ν−. The amount of incoming flux from
mode ν− is given by:

OUTν−(t, x) = max
{
0, [φν−(t, x) · fν−(x)]

T
nν−(x)

}
,

for x ∈ Sν− . Recall that nν−(x) is the normal vector of Sν−

pointing into S+
ν− and the quantity inside the square bracket

is the flux (density× velocity) vector at point x ∈ Sν− and



time t. Notice that OUTν−(t, x) is a scalar-valued function,
which equals to the projection of the flux vector along the
surface normal direction, and equals to zero whenever this
quantity is negative. Upon hitting the surface Sν− , the flux
immediately changes velocity from fν−(x) to fν(x). There-
fore, when considering mode ν separately, it is equivalent to
think that there is a flux source OUTν−(t, x)fν(x)/‖fν(x)‖
on Sν− . This flux will join φ1

ν or φ2
ν depending on vector

field direction on Sν− . For x ∈ Sν− , define⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

f⊥
ν (x) = fν(x)

Tnν−(x)

f
‖
ν (x) = ‖fν(x)‖ − |f⊥

ν (x)|
γ⊥(t, x) = OUTν−(t, x) · |f⊥

ν (x)|
‖fν(x)‖

γ‖(t, x) = OUTν−(t, x) − γ⊥(t, x)

where ‖ · ‖ denotes the Euclean norm and | · | is the absolute
value. The quantities defined above are all scalars and are all
nonnegative except for f⊥

ν (x). The flux source will merge
with φ2

ν if f⊥
ν (x) is positive and with φ1

ν otherwise. Then,
we have the following boundary conditions for φ 1

ν and φ2
ν⎧⎪⎨

⎪⎩
φ1
ν(t, x)|f⊥

ν (x)| = φ2
ν(t, x)|f⊥

ν (x)| + γ⊥(t, x),
φ1
ν(t, x)f

‖
ν (x) = φ2

ν(t, x)f
‖
ν (x) + γ‖(t, x)

for t ∈ R+, x ∈ {x ∈ Sν− : f⊥
ν (x) < 0}

(12)

⎧⎪⎨
⎪⎩
φ2
ν(t, x)f

⊥
ν (x) = φ1

ν(t, x)f
⊥
ν (x) + γ⊥(t, x),

φ2
ν(t, x)f

‖
ν (x) = φ1

ν(t, x)f
‖
ν (x) + γ‖(t, x)

for t ∈ R+, x ∈ {x ∈ Sν− : f⊥
ν (x) ≥ 0}

(13)

We summarize the case for intermediate mode in the follow-
ing proposition.

Proposition 1: Under Assumptions 1 and 2, for ν ∈ Q \
Qf \Q0, the density function φν : R+×X → R+ is defined
piecewise according to (7), where φ0

ν ≡ 0, on R+ × Ω̄0
ν

and φj
ν ,j = 1, 2, satisfies Lν [φ

j
ν ] = 0 subject to boundary

conditions (11), (12), and (13).
Following a similar argument, we can derive the PDEs for

initial and final modes. The results are given in the following
two propositions without repeating the arguments.

Proposition 2: Under Assumptions 1 and 2, for ν ∈ Qf ,
the density function φν : R+×X → R+ is defined according
to (8), where φ0

ν ≡ 0, on R+×Ω̄0
ν , and φ1

ν satisfies Lν [φ
1
ν ] =

0 subject to the boundary condition (11) with j = 1.
Proposition 3: Under Assumptions 1 and 2, for ν ∈ Q0,

the density function φν : R+×X → R+ is defined according
to (9), where φj

ν , j = 1, 2, satisfies Lν [φ
j
ν ] = 0 subject to

boundary conditions (11), (12), and (13).
Remark 1: The aggregate model derived in [13] for first-

order TCLs can be viewed as a special case of the results in
this section. Some other works [11], [10] adopted a stochastic
individual load model, which leads to a nontrivial diffusion
term in the PDE. None of these works considered the
case with multi-dimensional continuous state, which is very
important for applications (see Sections II-B and II-C) and
much more challenging in terms of deriving the boundary
conditions. One exception was made by Loparo et al in [21],
where aggregation of multi-dimensional stochastic processes

is considered for power system security applications. Our
work differs from [21] in that all the discrete mode has the
same continuous state space X for which the flow coming out
of a mode ν will be joining the existing flow in the next mode
ν+ which further complicates the boundary condition. Such
a scenario is important for demand response applications,
where the switching boundary may change at certain time
instants.

B. Some Extensions for Implementation

The coupled advection equations given in Proposi-
tions 1, 2, and 3 cannot be solved analytically in general.
Assume that a particular finite difference scheme is chosen to
solve the couple PDEs with a set of ng grid points {zi}i≤ng

in X and a discrete time step Δt > 0. Define the aggregate
model state vector as

q(k) = [φ1(kΔt, z1), . . . , φ1(kΔt, zi), . . . , φm(kΔt, zng ]T

Note that φν(t, z
i) can be determined in terms of φj

ν , j =
0, 1, 2, based on (7), (8), and (9), depending on ν and z i.
Applying the chosen finite difference scheme will yield a
discrete-time state space model for the aggregate state q(k){

q(k + 1) = Gθ,αq(k)

η(k) = Cθq(k)
(14)

The matrix Gθ,α depends on the particular finite difference
scheme as well as on the homogeneous load parameter θ and
switching surface parameter α. The quantity η(k) represents
the output of the aggregate model, where

Cθ =
[
h(1; θ)1ng h(2; θ)1ng · · ·h(m; θ)1ng

]
. (15)

Here, 1ng denotes a row vector of length ng with all entries
equal to 1.

When individual model parameters θ i are sufficiently
different from one another, we can perform clustering and
obtain a homogeneous aggregate model for each cluster using
the center of the cluster as the common parameter value. The
output of the overall aggregate model can then be computed
as the weighted sum of the outputs of all the clusters. This
kind of clustering idea has already been studied in [10], [15]
for some particular TCL models. They can be easily extended
for our general hybrid aggregation model, and hence the
details will not be discussed here.

The aggregate model (14) only describes how existing
flow in the system evolve according to the vector fields fν .
Another important scenario is when there is external flows
entering the aggregate model, such as the arrival of charging
request for PHEVs. This case can be handled by slightly
modifying the aggregate model as follows:{

q(k + 1) = Gθ,αq(k) + d(k)

η(k) = Cθq(k)
(16)

where d(k) ∈ R
ng ·m is the vector specifying the amount of

loads entering each discrete bin of the state space at discrete
time k. The above model implicitly assumes that Δt is small
and the external flow arrived during (kΔt, (k + 1)Δt] is
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Fig. 3. Aggregate response for setpoint change from 73◦F to 75◦F and
back to 73◦F.

combined with the existing flow at the end of the discrete
time interval.

IV. SIMULATION RESULTS

A. Thermostat Setback for HVACs

Figure 3 shows the aggregate response of 5000 HVAC
units under a thermostat setback program, which changes
the population setpoint from 73◦F to 75◦F at time t = 3
(hr) to save energy, and restore the setpoint to normal value
73◦F at time t = 6 (hr). The ETP model parameters used in
the simulation were generated using GridLAB-D, which is
an open-source grid simulator created at Pacific Northwest
National Laboratory (PNNL) for the Department of Energy
(DOE) [18]. Here, we assume that all the participating
HVACs have the same setpoint subject to direct load control.
One can also think of the setpoint change as being triggered
by a price change (under the same or similar price threshold
across the load population). It is observed that the thermostat
setback program can reduce the power (represented by the
ratio of “On” units in the population) by about 18% in steady
state. However, once the thermostat setback is released, the
aggregate response exibits strong oscillations which may
damage the distribution system.

By representing individual HVAC unit as a hybrid system
as discussed in Section II-B, an aggregate model (14) can
be obtained for any given ETP model parameter θ =
{A,Bon, Boff}. We use “k-means” approach to cluster the
5000 ETP parameters. The aggregate response shown in 3
is achieved with 5 clusters and 16 bins per degree for both
air and mass temperatures. Although the dimension of the
aggregate state vector q(k) is quite large, as compared with
simulating the 5000 ETP models, the simulation time can be
reduced from 30 minutes to 1.5 minutes.

B. Aggregate Response of PHEVs

In this subsection, PHEVs will be used to illustrate the
aggregate dynamics of deferrable loads, which are quite dif-
ferent from TCLs. Each PHEV charging job is characterized
by a tuple (ti0, τ

i, tif ), where the three parameters represent

Type # Electric Range Voltage Current Charging Time
1 10 miles 110 (v) 15 (A) 2.1 (h)
2 20 miles 110 (v) 15 (A) 4.2 (h)
3 30 miles 110 (v) 20 (A) 4.8 (h)
4 40 miles 220 (v) 20 (A) 3.3 (h)

TABLE I

4 TYPES OF PHEVS USED IN OUR SIMULATION. DATA COURTESY [23]

the arrival time, the size of the job, and the deadline to
complete the job, respectively. To see a realistic aggregate
behavior, we consider 3000 PHEVs with arrival times ti0
generated randomly according to the last trip ending time
distribution over one day (See Fig. 4-(a)) provided in the
2001 National Household Travel Survey [22]. The size of
the charging jobs depends on the State of Charge (SOC)
when the vehicle plugs in, as well as the battery capacity of
the vehicle. We consider 4 representative types of PHEVs
as described in Table I. Each charging job i is randomly
associated with one of the four categories and assigned with a
random initial SOC uniformly distributed between 0.1 to 0.8.
In this way, the job size τ i can be determined. The deadline
time tif is also generated randomly with mean ti0 + 10 and
a 2-hour standard deviation.

The aggregate model output is compared with individual
simulations in Fig. 4 under two scenarios. The first one,
referred to as “immediately charging”, allows all the PHEVs
start charging right after they are plugged in. The second
scenario, referred to as “varying charging strategy” in the
figure, switches from immediately charging to last-minute
charging at time 17 (hr) and switches back to immediately
charging at 28 (hr), where the “last-minute” charging refers
to the case where all the PHEVs start charging only when
it reaches the starting-time deadline (i.e. tif − τ i). We can
see the aggregate model is able to capture the collective
dynamics accurately in both scenarios. The benefit of having
an aggregate model here is more for analysis and aggregate
controller design instead of speeding up simulations.

V. ACKNOWLEDGEMENT

The authors would like to thank Dr. Karanjit Kalsi at
PNNL for providing the financial support that partly covers
the work reported in this paper. We also want to thank Dr.
Shuai Lu and Dr. Jianming Lian at PNNL for several helpful
discussions, and Prof. Loparo at CWRU for pointing out
several important references.

REFERENCES

[1] S. Borenstein, M. Jaske, and A. Ros. Dynamic pricing, advanced
metering, and demand response in electricity markets. Journal of the
American Chemical Society, 128(12):4136–45, Mar. 2002.

[2] W. W. Hogan. Demand response compensation, net benefits and cost
allocation: Comments. The Electricity Journal, 23(9):19–24, 2010.

[3] H. Chao. Price-responsive demand management for a smart grid world.
The Electricity Journal, 23(1):7 – 20, 2010.

[4] H. Allcott. Rethinking real-time electricity pricing. Resource and
Energy Economics, 33(4):820 – 842, 2011.

[5] Sergici S. Sharif A. Faruqui, A. The impact of informational feedback
on energy consumption-a survey of the experimental evidence. Energy,
35(4):1598–1608, 2010.



0 5 10 15 20 25 30 35 40 45
0

0.5

1

1.5

2

2.5

Time (hour)

P
ow

er
 (M

W
)

Individual Simulation (immediately charging)
Aggregate Model (Immediately charging)
Individual Simulation (varying charging strategy)
Aggregate Model (varying charging strategy)

(a) (b)

Fig. 4. (a) Last trip ending time distribution [22]; (b) The aggregate responses under different regulation strategies.

[6] F. Bouffard A. Molina-Garcia and D. S. Kirschen. Decentralized
demand-side contribution to primary frequency control. IEEE Trans-
actions on Power Systems, 21(1), Feb. 2011.

[7] C. Zhao, U. Topcu, and S. Low. Fast load control with stochastic
frequency measurement. In IEEE Power and Energy Society General
Meeting, San Diego, CA, 2012.

[8] D. S. Callaway and I. A. Hiskens. Achieving controllability of electric
loads. Proceedings of the IEEE, 99(1):184 – 199, 2011.

[9] S. Koch, J. Mathieu, and D. Callaway. Modeling and control of ag-
gregated heterogeneous thermostatically controlled loads for ancillary
services. In 17th Power system Computation Conference, Stockholm,
Sweden, August 2011.

[10] C. Y. Chong and A. S. Debs. Statistical synthesis of power system
functional load models. In Proc. of the 18th IEEE Conference on
Decision and Control, pages 264–269, 1979.

[11] D. S. Callaway. Tapping the energy storage potential in electric loads
to deliver load following and regulation with application to wind
energy. Energy Conversion and Management, 50(5):1389 –1400, May
2009.

[12] K. Kalsi, F. Chassin, and D. Chassin. Aggregated modeling of thermo-
static loads in demand response: A systems and control perspective.
In 50th IEEE Conference on Decision and Control, Dec. 2011.

[13] S. Banash and H. Fathy. Modeling and control insights into demand-
side energy management through setpoint control of thermostatic
loads. In American Control Conference, June 2011.

[14] N. Lu, D. P Chassin, and S. E Widergren. Modeling uncertainties
in aggregated thermostatically controlled loads using a state queueing
model. IEEE Transactions on Power Systems, 20(2).

[15] W. Zhang, K. Kalsi, J. Fuller, M. Elizondo, and D. Chassin. Aggre-
gate model for heterogeneous thermostatically controlled loads with
demand response. to appear in IEEE PES General Meeting, San Diego,
CA, Jul., 2012.

[16] N. W. Wilson, B. S. Wagner, and W. G. Colborne. Equivalent thermal
parameters for an occupied gas-heated house. ASHRAE Transactions,
91(CONF-850606-), 1985.

[17] R. Sonderegger. Dynamic Models of House Heating Based on
Equivalent Thermal Parameters. PhD thesis, Princeton University,
Princeton, New Jersey, 1978.

[18] Gridlab-d residential module users guild. available at
http://sourceforge.net/apps/mediawiki/gridlab-d/index.php?title=
Residential module user%27s guide.

[19] J. H. Ferziger and M. Peric. Computational Methods for Fluid
Dynamics. Springer, 2001.

[20] G. K. Batchelor. An Introduction to Fluid Dynamics. Cambridge
University Press, 2000.

[21] K.A. Loparo and F. Abdel-Malek. A probabilistic approach to dynamic
power system security. IEEE Transactions on Circuits and Systems,
37(6), 1990.

[22] D. V. Collia, J. Sharp, and L. Giesbrecht. The 2001 national household
travel survey: A look into the travel patterns of older americans. 34(4),
2003.

[23] A. Elgowainy, J. Han, L. Poch, M. Wang, A. Vyas, M. Mahalik, and
A. Rousseau. Well-to-wheels analysis of energy use and greenhouse
gas emissions of plug-in hybrid electric vehicles. Technical report,
Argonne National Laboratory, June 2010.


