
ECE7850 Spring, 2017 Homework# 1
Assigned Jan 12, 2017 Due before class on Jan 24, 2017

1. Speak the Matrix Language: Express the following statements in matrix language.
You can assume that all matrices mentioned have appropriate dimensions. Here is an
example: “Every column of C is a linear combination of the columns of B” can be
expressed as“C = BF for some matrix F”. There can be several answers; one is good
enough. You are expect to justify all of your answers.

(a) For each i, row i of Z is a linear combination of rows i, . . . , n of Y .

(b) W is obtained from V by permuting adjacent odd and even columns (i.e., 1 and
2, 3 and 4,...).

(c) Each column of P makes an acute angle with each column of Q.

(d) Each column of P makes an acute angle with the corresponding column of Q.

(e) The first k columns of A are orthogonal to the remaining columns of A.

2. Let A = [a1, a2, a3, a4] be a 10 × 4 matrix with ai representing the ith column of A.
Suppose you know a1, a3 are linearly independent, while a2 and a4 satisfy: a2 = a1 +a3
and a4 = a2 + 3a1.

(a) Find the rank and the column space of A

(b) Find the null space of A.

3. For a general matrix A ∈ Rn×m, show that rank(A) + dim(Null(A)) = m.

4. Consider a vector space: V = { set of all polynomials of degree ≤ 2}. Two possible
sets of basis vectors are given by T = {1, t, t2} and T̃ = {t − 1, t − 2, t2 + 3}. Find
the change of coordinate matrix Q such that for any polynomial in V , its coordinates
x and x̃ (with respect to T and T̃ , respectively) are related by x = Qx̃.

5. Consider a linear time-invariant system ẋ = Ax + Bu with A ∈ Rn×n and B ∈ Rn×m.
Answer the following questions:

(a) Write down the definition of matrix exponential eA.

(b) What is the solution of the system under initial condition x(0) = x0?

(c) Suppose v1, v2 are two eigenvectors of A and assume the input is zero u(t) ≡ 0.
Show that the space V = span{v1, v2} is an invariant subspace of the system,
namely, x(t) ∈ V , ∀t ≥ 0 whenever x(0) ∈ V .

(d) State the definitions of controllability, observability, stabilizability, and detectabil-
ity.
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(e) What is the controllability matrix and observability matrix of the system?

(f) Suppose the output equation is given by y = Cx. Write down the expression
for the Luenberger observer with a gain matrix L. Derive the observer error
dynamics, namely, an expression for ė(t) where e(t) , x(t) − x̂(t). Provide a
condition (in terms of A,C, L) to ensure stability of the observer.

6. Recall that: for function f : Rn → R, the derivative (or gradient) w.r.t. x is defined as
∂f
∂x

(x) =
[

∂f
∂x1

. . . ∂f
∂xn

]T
. For function f : Rn×m → R, its derivative is defined as:

∂f

∂x
=


∂f
∂x11

∂f
∂x12

· · · ∂f
∂x1m

∂f
∂x21

∂f
∂x22

· · · ∂f
∂x2m

...
...

. . .
...

∂f
∂xn1

∂f
∂xn2

· · · ∂f
∂xnm


Given these definitions, answer the following questions

(a) Let f : Rn → R be differentiable. Find the directional derivative of f(x) along a
direction d ∈ Rn.

(b) Let f(x) = xT c with x, c ∈ Rn. Derive ∂f
∂x

.

(c) Let f(x) = xTAx with x ∈ Rn. Derive ∂f
∂x

.

(d) Let f(X) = trace(AX) with X ∈ Rn×m and A ∈ Rm×n. Derive ∂f
∂X

7. The name “zeno” comes from the philosopher, Zeno of Elea. The best known contri-
bution of zeno was a series of paradoxes designed to show that accepting plurality and
motion leads to logical contradictions. One of the better known ones is the race of
Achilles and the turtle:

• Achilles, a renowned runner, was challenged by the turtle to a race. Being a
fair sportsman, Achilles decided to give the turtle a 100 meter head-start. To
overtake the turtle, Achilles will have to first cover half the distance separating
them, i.e. 50 meters. To cover the remaining 50 meters, he will first have to cover
half that distance, i.e. 25 meters, and so on. There are an infinite number of such
segments and to cover each one of them Achilles needs a non zero amount of time.
Therefore, Achilles will never overtake the turtle.

Please provide a mathematical explanation to the above paradox.
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