
IEICE TRANS. ELECTRON., VOL.E83–C, NO.12 DECEMBER 2000
1797

INVITED PAPER Special Issue on Problems of Random Scattering and Electromagnetic Wave Sensing

Monte Carlo Simulation of Electromagnetic Wave

Propagation in Dense Random Media with Dielectric

Spheroids

Benjamin E. BARROWES†, Chi O. AO††, Fernando L. TEIXEIRA†a), Jin A. KONG†,
and Leung TSANG†††, Nonmembers

SUMMARY We study the electromagnetic wave propaga-
tion in three-dimensional (3-D) dense random discrete media con-
taining dielectric spheroidal scatterers. We employ a Monte Carlo
method in conjunction with the Method of Moments to solve the
volume integral equation for the electric field. We calculate the
effective permittivity of the random medium through a coherent-
field approach and compare our results with a classical mixing
formula. A parametric study on the dependence of the effec-
tive permittivity on particle elongation and fractional volume is
included.
key words: electromagnetic wave propagation, Monte Carlo

methods, random media, e�ective permittivity

1. Introduction

In applications related to the remote sensing of the en-
vironment, the characterization of the electromagnetic
wave interaction with natural media is of great impor-
tance. Natural media (e.g., snow, ice, and soil) often
consist of a large number of densely packed, electrically
small discrete scatterers that are randomly distributed
in some background host medium.

The “classical” approach to study random discrete
scatterers involves hypotheses such as the considera-
tion of tenuous and/or sparse media. In sparse media,
discrete scatterers occupy only a small volume fraction
(typically less than 5%). In tenuous media, the con-
stitutive parameters of discrete scatterers differ only
slightly from that of the background medium. Such hy-
potheses allow for the solution of the problem through
the independent scattering assumption, which neglects
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coherent interactions between the particles. However,
in dense nontenuous media, the independent scattering
assumption is no longer valid [4], [5], [7]; hence the ef-
fects of multiple scattering and coherent wave mutual
interactions must be taken into account. This is also
true for media in which the scatterers occupy a low
overall fractional volume but can be locally dense due
to clustering properties (e.g., branches and leaves in
vegetation canopies).

For such dense media, analytical wave theory and
approximations such as Foldy’s approximation [6], the
quasicrystalline approximation (QCA) [8]–[10], and the
QCA with coherent potential (QCA-CP) [4], [8] are fre-
quently employed. In QCA and QCA-CP, the pair
distribution function, which constitutes a second-order
spatial correlation among the scatterers, must be speci-
fied. Common approximations for the pair distribution
function are the hole correction and the Percus-Yevick
(PY) pair distribution function [4], [11]. The use of
such analytical techniques is adequate in the study of
problems presenting configurational symmetries, such
as media composed only of spherical particles. In many
practical cases of interest, however, the adherence to
spherical geometries is not able to capture the essential
physics of the problem [1], [2]. The need to incorporate
nonspherical statistics into the analytical models makes
such analytical treatments rather involved.

The alternative to deal with more complex prob-
lems in a systematic manner is to resort to numerical
methods. In [1], the scattering problem involving dense
dielectric scatterers is formulated using a volume inte-
gral equation, which may then be solved by the Method
of Moments (MoM) [3]. This gives the complete solu-
tion for a given configuration of scatterers. For a ran-
dom media problem, the positions and properties of the
scatterers are determined for different realizations ac-
cording to some prescribed statistics using the Monte
Carlo method. The MoM solution is sought for each
realization so that statistical averages of the quantities
of interest (e.g., effective permittivity, absorption rates,
extinction rates, and phase functions of co-polarization
and cross-polarization) can be determined.

In this work, we use the Monte Carlo method
to characterize the effective permittivity of dense dis-
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Fig. 1 N non-overlapping small dielectric spheroids in a
spherical test volume.

crete random media composed of three-dimensional
spheroidal dielectric scatterers as a function of the frac-
tional volume of scatterers, particle elongation, the
electromagnetic size of the particle (ka), and particle
permittivity (media contrast). This extends previous
studies (e.g. [11]–[14], [16]) on the numerical calculation
of effective permittivity which were limited to spherical
particles and/or two-dimensional scattering.

2. Formulation

In this section, we briefly describe the volume integral
formulation and the Monte Carlo methods used in our
work. More detailed exposition can be found in [1].

Consider an incident electric field Einc(r) imping-
ing on N randomly positioned and oriented dielectric
prolate spheroids (see Fig. 1). The total electric field
E(r) can be expressed in terms of a volume integral
equation as

E(r) = Einc(r) + k2
N∑

j=1

∫
Vj

dr′g(r, r′)[χ(r′)E(r′)]

−
N∑

j=1

∇
∫

Vj

dr′∇′g(r, r′) · [χ(r′)E(r′)] (1)

where k = ω
√

µε is the background wavenumber and Vj

is the volume of the spheroid j. The Green’s function
g(r, r′) and electric susceptibility χ(r′) are given by

g(r, r′) =
exp (ik|r− r′|)

4π|r− r′|

χ(r′) =
εp(r′)

ε
− 1.

with εp being the permittivity inside the spheroid.
To solve Eq. (1) using MoM, we assume that the

spheroids are electrically small and choose the electro-
static solution of the Laplace equation to form a set
of Nb basis functions. In this paper, only the dipole
basis functions are considered. The matrix equation
that results for the internal field E(r) is solved itera-
tively using the biconjugate gradient stabilized method
(Bi-CGSTAB). It should be pointed out that permit-
tivities of the background medium and the spheroid
must satisfy the conditions ka�1 and kpa�1, where
kp = ω

√
µεp, in order for the small scatterer assump-

tion to be valid.
To obtain the average fields, a Monte Carlo simu-

lation is performed by creating multiple realizations of
media consisting of thousands of discrete spheroids with
random positions and orientations contained within
some test volume. The Metropolis shuffling process
[17], [18] is used to generate the positions and orien-
tations of a system of densely packed spheroids. Peri-
odic boundary conditions [1] are employed for the test
volume in order to minimize edge effects.

3. Characterization of Random Media

Generally speaking, the characterization of a random
medium containing discrete scatterers can be studied
from two different perspectives: the coherent and inco-
herent fields. The coherent scattered field is obtained
by averaging the electric field solution over Nr realiza-
tions:

<Es >=
1

Nr

Nr∑
σ=1

Eσ
s (2)

The coherent field is closely related to the propaga-
tion characteristics of the random media. On the other
hand, the scattering of the coherent wave away from its
forward propagation direction is related to the incoher-
ent field, which is defined as

Eσ
s = Eσ

s− <Es > (3)

where σ = 1, 2, . . . , Nr is the realization index. The
incoherent intensity is then given by

Is =
1

Nr

Nr∑
σ=1

|Eσ
s |2 (4)

The incoherent intensity can be used to obtain the ex-
tinction coefficient and phase functions that are used in
radiative transfer (RT) theory [1]. In contrast to “con-
ventional” RT theory, the extinction coefficient and
phase functions obtained through the Monte Carlo sim-
ulations take into account of coherent multiple interac-
tions among the scatterers.
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In this paper, we focus on the characterization of
the propagation properties of the random media. Thus
the coherent field will be used to determine the effective
propagation constant of the random medium (or equiv-
alently the effective permittivity for a non-magnetic
medium). In this “coherent-field approach,” the effec-
tive permittivity is obtained as the result of an inverse
scattering problem. The coherent scattered fields from
a collection of particles in a given finite test volume are
compared to fields scattered from a homogeneous vol-
ume of the same size and shape. The permittivity of
the homogeneous medium which yields scattered fields
that best match the averaged scattered fields produced
by the random media is considered to be the effective
permittivity. This approach has the advantages of tak-
ing the size and shape of the test volume into account.
It has been used for spheres contained in a cubic vol-
ume using the Born approximation for scattering from
the cube [16], for 2-D rectangular regions [14], and for
spheres contained in spherical volumes using Mie the-
ory for scattering from the sphere [15], [16]. In the fol-
lowing, we apply this method to obtain the effective
permittivity (εeff) of a dense discrete random medium
containing many spheroids by comparing the coherent
scattered fields from collections of spheroids contained
in a spherical test volume (Fig. 1) to Mie scattering
from the same size homogeneous sphere with permit-
tivity equal to εeff. The bistatic radar cross section
(RCS) will be used for the comparisons.

Let the incident electric field Einc(r) be a plane
wave

Einc(r) = y exp (ikz) (5)

The radar cross section (RCS) for the random spheroid
medium (σran) with the electromagnetic wavelength set
to unity is then

σran = 4πr2 |<Es >|2 . (6)

The Mie scattering in the far field is computed us-
ing Wiscombe’s code [21]. According to the notation
in [21], the RCS of a Mie sphere σmie in the scattering
plane is given by

σmie =
4π
k2

|S1(θ)|2 (7)

where S1 is the complex scattering amplitude, and θ is
the scattering angle. The effective permittivity is cal-
culated using a multistart Nelder-Mead simplex search
method [19]. Only the real part of the effective per-
mittivity is reported here. The error term used in this
search method was chosen to be the absolute value of
the cumulative difference between the spheroid medium
RCS, σran, and the Mie sphere RCS, σmie:

error = δσ =
Na∑
j=1

|(σmie,j)− (σran,j)| . (8)

where σmie,j and σran,j denote the RCS for the Mie
sphere and the random spheroid medium respectively at
the jth angle. Na represents the number of scattering
angles used in the minimization process (Na=39 for the
results presented in this paper).

A cumulative logarithmic error was also consid-
ered. However, the resulting εeff was slightly unstable.
Using a logarithmic fit, even changes in scattering am-
plitude on the order of 10−4 would alter the resulting
fit due to the emphasis placed on all scattering point.
When using the linear error, the strong forward scat-
tered field is fit best, and the behaviour in the tails is
accounted for automatically. In this paper, only the
real part of εeff is considered.

4. Numerical Results

The effective permittivity, εeff of dense random me-
dia containing discrete prolate spheroids was calculated
for many combinations of fv (fractional volume) and e
(elongation, c = ae). For each εeff calculation, Nr=50
realizations were performed, and the results averaged
according to Eq. (2) to yield the coherent scattered elec-
tric field <Es >. The spherical test volume was first
generated as a cubic test volume in order to employ pe-
riodic boundary conditions. After placement, the cen-
ter of each spheroid was used to determine whether or
not that spheroid would remain in the spherical test vol-
ume. N=3000 spheroids were placed in the cubic test
volume, and therefore an average of (Nπ/6) ≈ 1571
spheroids remained in the spherical test volume. The
radius of the equivalent homogeneous sphere (R) used
for Mie scattering was determined by

R =
(

N

fv

(π

6

)
a3e

) 1
3

. (9)

The parameters for the simulations reported here
were fv ⇒ [.05, .10, .15, .20, .25, .30, .35, .40], e ⇒ [1.0,
1.8, 2.6], εp ⇒ 3.2, and ka ⇒ 0.2. Both the random
spheroid media scattering and the Mie sphere scattering
were copolarized scattering with φ = 0◦ and θ = 0◦ to
180◦. Typical scattering results for the case of fv=0.20,
e=1.0 (sphere case) and 2.6, ka=0.2, and εp=3.2+0.0i
are shown in Fig. 2. As with previous results for spheres
[16] and 2-D infinitely long cylinders [14], the coherent
scattering from a homogeneous volume with permittiv-
ity εeff adequately model the coherent scattering from
dense random media consisting of discrete spheroids.

The variation of εeff with fv and e is depicted in
Fig. 3. Also shown is the εeff predicted by the classical
mixing theory for spheres (solid line) and for spheroids
with e=2.6 (dash-dot line). The classical mixing for-
mula for randomly oriented ellipsoids is expressed as
[20]:

εeff = ε +

(
1− fv

3

3∑
i=1

Niβi

)−1
fv

3

3∑
i=1

εβi (10)



1800
IEICE TRANS. ELECTRON., VOL.E83–C, NO.12 DECEMBER 2000

Fig. 2 Scattering from the spheroid test volume (solid line)
compared to scattering from a homogeneous dielectric sphere
with εeff derived from 1. using Eq. (8) as the search method
error, 2. a classical mixing formula. On average, 1571 particles
were used in Nr=50 realizations.

where

βi =
(εp − ε)

ε + Ni(εp − ε)
. (11)

In the prolate spheroid case considered in this paper,
the depolarization factors Ni are given by [22]

Nz =
1− ε2

2ε3

(
ln

1 + ε

1− ε
− 2ε

)
(12)

Nx = Ny =
1
2
(1− Nz) (13)

with the eccentricity ε =
√
1− (1/e2).

For the case of a dense medium consisting of
spheres (e=1), the results for effective permittivity are
in excellent agreement the classical mixing formula ex-
cept at higher fractional volumes where the results are
slightly lower. For the case of a dense medium consist-
ing of randomly oriented prolate spheroids (e=2.6), the
results for effective permittivity are lower than that pre-
dicted by the classical mixing formula at fv larger than
about 0.2. These results are consistent with [16] for
the spherical case. Note that as the fractional volume
increases, the close proximity of the spheroids might
necessitate the use of quadrupole terms to accurately
model multiple scattering.

Fig. 3 εeff as a function of fractional volume and elongation as
compared to the classical mixing formula for e=1 and e=2.6.

When interpreting numerical simulation results,
accuracy and convergence of the computational method
are important. A convergence criteria of residual error
≤ 10−6 was used in the iterative solver (Bi-CGSTAB)
for Eq. (1). To ensure that the medium sample set was
sufficiently random, many realizations were performed.
Figure 4 shows the calculated εeff and the final error
term (Eq. (8)) resulting from the Nelder Mead simplex
search as a function of the number of realizations per-
formed. As the number of realizations increases the
residual error decreases and εeff converges to its final
value.

Table 1 lists the real part of εeff calculated from the
method described in this paper. These results provide
numerical validation for the classical mixing formula
for fractional volumes in the range of 0.05 to 0.4 for
spheroids with elongations up to 2.6.

5. Conclusions

In this work, the effective permittivity (εeff) of dense
random media was studied. The coherent scattered
fields from a collection of particles in a given test vol-
ume were compared to fields scattered from a homoge-
neous volume of the same size and shape. The permit-
tivity of the homogeneous medium which yielded scat-
tered fields that best matched the averaged scattered
fields produced by many configurations of particles was
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Fig. 4 The εeff and the error term δσ (subtracted from the final
error (δ75) and normalized to Na=39) resulting from the Nelder
Mead simplex search according to realization number. This is
for the case of fv=0.2, e=2.6, εp=3.2, ka=0.2, and Nr=1. . . 75
realizations.

Table 1 Summary of εeff results. For all cases presented,
ka=0.2 and εp=3.2.

e=1 1.8 2.6
fv=0.05 1.0628 1.0650 1.0645

0.10 1.1301 1.1304 1.1345
0.15 1.2001 1.2012 1.2021
0.20 1.2717 1.2738 1.2772
0.25 1.3465 1.3502 1.3546
0.30 1.4265 1.4304 1.4347
0.35 1.5097 1.5118 1.5202
0.40 1.5961 1.6014 1.6084

considered to be equal to εeff.
The effective permittivity of dense random media

containing discrete spheroids was characterized through
a Monte Carlo simulation employing the Method of Mo-
ments on the volume integral equation. The basis func-
tions were chosen to be the electrostatic dipole solu-
tions of a spheroid. Simulations with N=3000 particles,
Nr=50 realizations and different fractional volumes
(fv = 0.05–0.40) and particle elongations (e = 1.0–2.6)
were performed in a spherical test volume. The scatter-
ing from this volume was then compared to Mie scat-
tering from a homogeneous sphere of the same size.
Results indicate that εeff for a dense random media
containing randomly oriented discrete prolate spheroids
agrees well with results from the classical mixing for-

mula. This is consistent with previous studies consid-
ering spherical particles only.
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