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Conformal PML-FDTD Schemes for Electromagnetic
Field Simulations: A Dynamic Stability Study

F. L. Teixeira, K.-P. Hwang, W. C. Chew, and J.-M. Jin

Abstract—We present a study on the dynamic stability of the
perfectly matched layer (PML) absorbing boundary condition for
finite-difference time-domain (FDTD) simulations of electromag-
netic radiation and scattering problems in body-conformal orthog-
onal grids. This work extends a previous dynamic stability anal-
ysis of Cartesian, cylindrical and spherical PMLs to the case of a
conformal PML. It is shown that the conformal PML defined over
surface terminations with positive local radii of curvature (con-
cave surfaces as viewed from inside the computational domain)
is dynamically stable, while the conformal PML defined over sur-
face terminations with a negative local radius (convex surfaces as
viewed from inside the computational domain) is dynamically un-
stable. Numerical results illustrate the analysis.

Index Terms—Absorbing boundary condition, curvilinear grids,
dynamic stability, FDTD methods.

I. INTRODUCTION

T HE application of the perfectly matched layer (PML)
absorbing boundary condition to the truncation of the

computational domain in the finite-difference time-domain
(FDTD) and finite-element methods (FEM) for electromagnetic
field computations has become very popular [1]–[18]. This is
mainly because of its excellent numerical efficiency and ease
of implementation. Applications in optics [19], acoustics [20],
quantum mechanics [21], and elastodynamics [22] have also
been recently reported.

Many studies have focused on the application of the PML
in Cartesian grids. In several instances, however, the FDTD
method is used in conjunction with non-Cartesian grids. For ex-
ample, a number of body-conformal FDTD methods have been
proposed to model more general geometries in curvilinear co-
ordinates.

Using the complex coordinate stretching approach [2], the
PML absorbing boundary condition has been extended to cylin-
drical and spherical coordinates [11]–[14] and to general or-
thogonal curvilinear coordinates (conformalPML) [15]. The
use of a hyperbolic grid generation technique in conjunction
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with the conformal PML to achieve an FDTD scheme for com-
plex geometries in a compact grid is described in [16]. More-
over, a study of the dynamic stability of the Cartesian, cylin-
drical, and spherical PMLs was presented in [17].

In this work, we extend the analysis in [17] to study the dy-
namic stability of the conformal PML for electromagnetic ap-
plications. We show that thelocal geometry of the termination
plays a fundamental role in determining the behavior of the con-
formal PML. More specifically, we show that the conformal
PML defined over surface terminations with positive local radii
of curvature (concave surfaces as viewed from inside the com-
putational domain) is dynamically stable, while the conformal
PML defined over surface terminations with a negative local ra-
dius (convex surfaces) is dynamically unstable. The conclusions
have impact on the design of PMLs for numerical simulations,
as well as their use as a physical basis (blue-prints) for artifi-
cially engineered materials over curved surfaces. The use of ab-
sorbing materials inside the computational domain is of interest
if the current tendency toward global modeling and the require-
ment of interfacing heterogeneous simulations environments is
considered [23]. Numerical simulation results illustrate the main
conclusions.

II. A NALYSIS

Two basic formulations for the PML exist in the frequency
domain. The first one is the complex-space formulation [1]–[4],
[11], [13], in which added degree of freedom modify Maxwell’s
equations through the introduction of complex stretching vari-
ables. This can be shown to be equivalent to an analytic contin-
uation of Maxwell’s equations to a complex coordinate spatial
domain [11], hence the name complex-space. In the second class
of formulations, Maxwell’s equations retain their form and the
PML is obtained through the insertion of artificial anisotropic
tensors for the permittivity and permeability within the PML
layer [5]–[7], [10].

In the spectral analysis of the PML in global coordinate
systems (Cartesian, cylindrical, and spherical) [17], one can
directly use the (global) ordinary closed-form solutions of
Maxwell’s equations to study the behavior of the field solutions
inside the PML. This is because the PML solutions, in the
complex-space PML formulation, are just an analytic continua-
tion of the ordinary Maxwell’s solutions to a spatial domain of
complex variables. Such analytical continuation is carried out
in the normal coordinate to the grid surface termination (in the
case of corner regions, two or more coordinates are analytically
continued simultaneously). The complex-space coordinates are
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obtained through the following simple transformation in the
original (real) coordinates [11], [13]–[15]:

where

(1)

for or (normal coordinates in the Cartesian,
cylindrical, and spherical systems). The variables are
the so-called complex stretching variables [2]. We note that be-
cause depends on the coordinate only, the above transfor-
mation leads to continuous complex-space coordinates, for any
(bounded) in the interval of integration.

In the case of the anisotropic PML formulation in these co-
ordinate systems, closed-form solutions are also available be-
cause the field solutions of the anisotropic PML formulation and
the complex-space PML formulation are related to each other
through simple relations [14]. Alternatively, one may directly
study the behavior of the solutions of the anisotropic PML for-
mulation in these coordinate systems through an examination
of the spectral properties of the corresponding PML constitu-
tive anisotropic tensors, and by noting that the anisotropic PML
formulation preserves the form of Maxwell’s equations [17].

In contrast to the Cartesian, cylindrical, and spherical PMLs,
however, the conformal PML [15], [16] is defined through a
localcoordinate system attached to each point of the termination
surface. As a result, global methods of analysis are, in general,
not applicable. In this case, the anisotropic PML formulation is
the most direct route for the analysis of the field behavior inside
the PML layer. Since the anisotropic PML is uniquely defined
through its constitutive tensors, the analysis may simply focus
on the analytical properties of such tensors.

The anisotropic conformal PML constitutive tensors are
written as and , with [15], [16]

(2)

where is the complex stretching variable along the normal
coordinate to the mesh termination surface, and and

are the stretched and nonstretched local metric
coefficients, respectively. The unit vectors and are tan-
gential to at along the principal lines of curvature, and

is the unit vector that is outwardly normal to
at this point. In terms of the local coordinates , we

write , where is the
position vector. These unit vectors define the Darboux–Dupin
local frame on the surface [24]. In such an orthogonal curvi-
linear coordinate system, the metric coefficients are given by

, and , where and are
the principal radii of curvature at the point in . Moreover,

. The conformal PML is therefore
defined overparallel surfaces to the mesh termination

surface. The equation defines the mesh termination sur-
face. The Cartesian, cylindrical, and spherical PML constitutive
tensors are special cases of (2).

The tensor is frequency-dependent because the vari-
ables , and are frequency-dependent. If the Fourier in-
version contour for is carried out along the realaxis, the
primitive causality condition on , i.e., for ,
implies that must be analytic (holomorphic) in the upper
half-plane of the complex plane (zeros are also forbidden on
the upper half-plane [17]: for a more detailed discussion of the
connection between causality and the analytical properties of
the constitutive tensors, see [25]–[29]).

However, when is not analytic in the upper half-plane,
causality can still be preserved provided that the Fourier inver-
sion contour is takenaboveany singularities [25]. In this case,
the medium will behave as anactivemedium and its response
will not be dynamically stable anymore. The definition of a dy-
namically stable system adopted here is the same as one used
in [17], viz., a system such that all of its eigenmodes approach
zero as (asymptotically stable) or remain bounded as

(marginally stable).
It is important to stress that the our analysis here is focused on

thespectralcharacteristics of the PML equations. The dynamic
stability criterion derived from this spectral analysis discussed
here is distinct from some other stability criteria, such as the
numerical stability criterion resulting from the field-splitting of
the modified Maxwell’s equations in the time domain PML [18].
This is discussed elsewhere [17].

The PML constitutive tensor in (2) contains factors of the
form

(3)

where or . The variable is the local
normal variable to the mesh termination, after the complex
stretching (i.e., analytic continued to the upper-half plane) is
applied to the local normal coordinate[generalization of (1)]:

(4)

where and [2], [15].
For positive (concave termination as viewed from inside

the computational domain), the zeros of the equations
will introduce poles for

restricted to the lower half of the complexplane only, since
its solutions

(5)

have a negative imaginary part. As a result, the PML constitu-
tive tensors on a concave termination have their analyticity pre-
served over the entire upper half-plane.

In the case when one or both radii of curvature are negative,
however, poles will eventually appear in the upper half-plane,
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Fig. 1. Mutual interaction mechanism affected by a hypothetical convex PML.

because or , is now negative. In such a case, the
PML will behave as an active media with constitutive tensors

having poles on the upper half-plane. The resultant field
solutions are expected to exhibit an exponential growth in time.
This will be illustrated by the numerical simulation results in the
next section. Note that this active behavior is local because it de-
pends on the local radii of curvature. This local behavior (which,
nevertheless, eventually contaminates the numerical solution in
the whole domain) will also be illustrated in the next section.

For curvatures with a very large radius (in absolute value), the
instability tends to become weaker, since the unstable poles are
pushed near to the real axis. In the limit , the
complex metric factors become (asymptotically) real,
. Such a limit corresponds to the Cartesian PML.
The analysis indicates that the application of the conformal

PML formulation is restricted to concave surface terminations
(when viewed from the inside of the computational domain). It
is interesting to note that electromagnetic waves incident upon
a concave or planar (half-space) PML region cannot return back
to the interior domain through a direct path, as it would be pos-
sible in a convex surface termination. Note also that if the PML
were applicable to convex terminations, then the interior solu-
tion could be affected by the PML itself. For example, mutual
interactions between different portions of the scatterer could be
eventually attenuated by a hypothetical convex PML region. In
this case, the solution of the PML-FDTD scheme on the interior
domain would be different from the true open space solution.
This is illustrated in Fig. 1. The fact that the convex PML is un-
stable precludes these situations.

In light of the discussion in the previous paragraph, a ques-
tion naturally arises: if the use of a conformal PML is dynam-
ically unstable on convex surfaces, then what happens in the
situations like that of a PML constructed over a rectangular,
inner domain, e.g., an hypothetical PML coating a “box” lo-
cated inside the computational domain, as depicted in Fig. 2?
At first, this would seem to correspond to PMLs defined over
the planar surfaces comprising each face and corner regions of
the box, i.e., to Cartesian PML’s, which are dynamically stable.
On the other hand, its corner regions correspond to the limit

Fig. 2. Transversal discontinuity of the complex stretching variables in an
inner rectangular corner.

case of a convex PML with a negative infinite (again, when
viewed from the inside of the computational domain) curvature
at the edges or corners, and, as discussed before, this would lead
to dynamic instability. The answer to this apparent dilemma is
that the Cartesian PML constructions over such (inner) edge or
corner regions of Fig. 2 are fundamentally different from the
usual PML corner regions constructed over the outer termina-
tion of a Cartesian grid. In the case of the hypothetical PML
depicted in Fig. 2, the inner rectangular surface does not corre-
spond to a separable geometry (i.e., the corresponding boundary
value problem is not separable, as opposed to the outer rect-
angular case). As such, it is not possible to construct a true
PML over its corners using the Cartesian coordinate system be-
cause the complex stretching variables [2], ,
would not be functions of the corresponding normal coordi-
natesonly ( function of only, ). The fact that

is a function of only is a crucial property of the PML in
any coordinate system because it ultimately guarantees the con-
tinuity of the complex-space coordinates. The continuity of
the complex-space coordinates is important because it preserves
the continuity of the fields in the complex-space PML formula-
tion, and hence the boundary conditions (including the perfect
matching condition). If a nonmatched construction is neverthe-
lessimposed(i.e., with , or etc.), we conjec-
ture that instabilities are expected because of fictitious artificial
sources of energy created at the regions oftransversaldisconti-
nuity of the complex stretching variables, as indicated in Fig.
2. As opposed to normal discontinuities, transversal discontinu-
ities on cause discontinuous complex-space coordinates. To
see that, we may use the very definition of the complex-space
coordinates given by (1) with substituted by

(6)

Clearly, the function is a discontinuous function of if
is a discontinuous function of (necessary in the case

of the geometry such of Fig. 2). Note that normal discontinuities
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Fig. 3. Grid generated using a hyperbolic grid generator. A convex region is
present to test the stability of the PML as a function of its geometry. The PML
region comprises the ten most external cells.

in for do not affect the continuity of because
the integration in (6) is carried over the normal variableitself.

III. N UMERICAL RESULTS

We have constructed a two-dimensional (2-D) conformal
FDTD scheme based on the formulation discussed in [30]. A
hyperbolic grid generation technique was employed to ensure
that the grid is orthogonal on the PML region, as required
by the conformal PML formulation [15]. Details on this grid
generation technique can be found in [16]. The anisotropic
version of the conformal PML [15] is used to truncate the
FDTD domain. Fig. 3 shows the computational grid used in
our numerical evaluations. It contains a convex region (as
viewed form inside the computational domain) which extends
to grid termination, so that the conformal PML is defined over
a surface which includes a convex part. The scatterer is 4-m
long and perfectly conducting. The grid has 35 cells in the
radial direction, with the ten most external ones comprising the
conformal PML, and 90 cells in the azimuthal direction. The
source is an Hertzian dipole located at the left portion of the
grid, as illustrated in Fig. 4, and the source pulse is a modulated
Gaussian with central frequency MHz. The envelope
of the modulated Gaussian is specified by , where

, and MHz. The average grid density is
15 points per wavelength.

Fig. 5 shows the amplitude field distribution after 1100 time
steps. The asymmetry of the field behavior in the concave and
convex portions of the PML boundary is evident. While the field
is attenuated in the concave portions of the PML and the re-
flections suppressed, a strong instability builds up in the convex
portion (active region) as soon as the incident wave reaches this
portion of the domain. This instability eventually contaminates
the whole solution.

To avoid such instability when using a general body-con-
formal orthogonal grid, we may distort the grid so that the PML
is introduced over a strictly concave termination surface. This is

Fig. 4. Field distribution after 100 time steps, illustrating the launching of the
pulse inside the computational domain.

Fig. 5. Field distribution after 1100 time steps, after the passage of the pulse.
The instability coming from the convex PML region is clearly visible.

Fig. 6. Second grid generated using a hyperbolic grid generator. Now the grid
is distorted toward its ends so that the PML (ten most external cells) may be
introduced over a strictly concave surface.

illustrated in Fig. 6, where the same scatterer as in Fig. 3 is con-
sidered, but now the computational grid is constructed such that
its ten outermost cells (PML region) comprise a system ofcon-
cavesurfaces (curves). Figs. 7 and 8 depict the amplitude field
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Fig. 7. Field distribution after 100 time steps, illustrating the launching of the
pulse inside the new computational domain.

Fig. 8. Field distribution after 1100 time steps, after the passage of the pulse.
The field is absorbed by the conformal PML and the dynamic instability
depicted in Fig. 5 is not present anymore.

evolution, which show no dynamic instability coming from the
PML. This example also serves to verify that the instability de-
picted in Fig. 5 is actually coming from the PML itself and is not
from any spurious property [31]–[33] of the spatial discretiza-
tion scheme employed.

Through our numerical experiments, we have also observed
another form of instability, which appears in a very late time
regime and which seems not to be associated with the local ge-
ometry of the termination. Because we use an unsplit scheme,
this instability is also of a different nature from the known weak
instability caused by the field splitting in the PML formulation
[18], [34]. Since this other observed instability is much weaker
than the dynamical instability studied in this paper, in principle
it does not hamper the FDTD solution for transient problems.
However, it may be a factor when dealing with FDTD for prob-
lems which require longer integration times (e.g., to achieve a
steady state regime). We are currently investigating the origin of
this instability and the best filtering schemes to supress them.

IV. CONCLUSION

We have analyzed the dynamic stability of the conformal
PML. Through a spectral analysis of the constitutive PML ten-
sors, it has been found that the local geometry of the termination
surface over which the PML is defined plays an important role
in its dynamic behavior. In particular, it has been determined

that a conformal PML defined over a convex termination surface
(when viewed from inside the computational domain) leads to
dynamically unstable solutions. Numerical results illustrate the
analysis.
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