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PREFACE

This volume of the PIER series presents a collection of original
as well as review papers dealing with geometric methods for
computational electromagnetics.

The term geometric is used here in a broad sense to include
discretization methods for Maxwell’s equations which 1) do not
rely solely on the vector calculus language, or 2) recognize and
explore the fundamental distinction between the metric and topological
discretization problems, or 3) have a strong coordinate independent
flavor. As a result, we encounter here a variety of themes
and perspectives. This is augmented by the fact that the
authors’ background is diverse, including applied mathematicians,
engineers, and physicists, perhaps a consequence of the perception of
computational electromagnetics as a symbiotic combination of these
disciplines. Moreover, some papers are distinctively programmatic
while others are more concrete in their objectives. The careful
reader will nevertheless perceive many similarities and a convergence
of some fundamental concepts and themes. This cannot always be
appreciated from isolated journal articles, but it is our objective that
in a monograph such as this, the relationships between the different
perspectives can be better appreciated. It is also our hope that
the collection of papers presented here will foster interactions among
workers pursuing different approaches and open new research vistas.

The contributions were organized into four sections. This
classification is somewhat arbitrary and the different sections are far
from independent. Some papers included in one section could also fit
well into a different one.

The first section contains five papers dealing with fundamental
aspects of geometric methods, and includes some review papers.

In Chapter 1, Tonti presents a tutorial on his finitary formulation
of electromagnetic theory from first principles. Because this
formulation leads to a finite set of algebraic equations directly (i.e.,
without the need to resort to the usual discretization of the differential
equations), it is relevant to computational electromagnetics. Also
presented in detail are the so-called Tonti diagrams, particularized for
electromagnetic fields.

In Chapter 2, Bossavit discusses, from a geometrical standpoint,
the fundamental links between finite difference, finite element, and
finite volume discretizations, stressing the special role of finite elements
in the convergence and error analysis. The general advantages
stemming from the use of exterior differential forms for discretization
analysis are addressed. The rationale behind the use of Whitney forms
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as the basic interpolants, and the interpretation of the Galerkin method
as a realization of discrete Hodge operators (i.e., discrete material laws
incorporation all metric information) are also considered. The end
result is a powerful unified picture of finite methods.

Clemens and Weiland review in Chapter 3 the main attractive
features of the finite integration technique (FIT), and discuss its close
connections with other discretization schemes for Maxwell’s equations.
They also use basic algebraic properties of the method to prove charge
and energy conservation in the discrete setting.

In Chapter 4, Hyman and Shashkov review the application of
mimetic finite difference methods in nonorthogonal, nonsmooth grids
for Maxwell’s equations. This effective discretization approach is based
on the construction of discrete analogues of vector and tensor operators
(and its adjoints) which automatically satisfy discrete analogs of
the theorems of vector (and tensor) analysis. Both hyperbolic and
parabolic diffusion regimes are considered. A convergence study for
the method in smooth and non-smooth grids is included.

In Chapter 5, Mattiussi unveils basic geometric and topological
concepts behind the time evolution equations usually encountered in
computational electromagnetics. He advocates the use of a truly
space-time approach to associate physical quantities with domains
and in setting up the corresponding discrete equations. Because the
balance laws do not depend on the size or shape of the (space-time)
domain, these resulting space-time equations are topological in nature.
This philosophy is broad enough to encompass many discretization
techniques, such as FDTD, FIT or DSI, and, by recognizing the role
of the constitutive equations, even higher order methods or implicit
methods.

The second section of this volume includes five papers dealing
with (co)homological and/or algebraic techniques for the spatial
discretization problem.

Gross and Kotiuga consider in Chapter 6 the problem of
exploring the topological structure of finite element algorithms via the
identification of tetrahedral meshes with simplicial complexes. This
leads to the construction of efficient data structures for the resulting
numerical algorithms. By using a discrete form of the Poincaré duality
theorem, this also allows the identification of the coboundary operators
as the connection matrix for the dual complex. In addition, they
discuss the role of Whitney forms as a bridge between the vector
field picture and the cohomological picture and illustrate some three-
dimensional applications of the theory.

In Chapter 7, Teixeira combines a geometric scheme, first
developed for Chern-Simons theory, with Whitney forms to discretize
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Maxwell’s equations on a simplicial grid. The scheme employs a
barycentric decomposition of the simplicial primal grid and the non-
simplicial dual grid, leading to a natural construction of Hodge
operators directly from the Whitney forms on the resulting barycentric
subdivision grid.

In Chapter 8, Tarhasaari and Kettunen express Maxwell’s
equations as relations using concepts from naive set theory and develop
an elegant algorithm based on linear algebra to tackle topological
problems underlying a electromagnetic boundary value problem. One
of the objectives here is to illustrate a methodology to develop data-
driven approaches (instead of the usual method-driven approaches) to
computational electromagnetics.

In Chapter 9, Gross and Kotiuga discuss an algorithm to
make cuts for scalar magnetic potentials in three-dimensional multi-
connected finite-element calculations. The algorithm is based on the
algebraic structures of (co)homology theory. They also examine the
computational complexity of the resulting algorithm and emphasize
the fundamental distinction between the two- and three-dimensional
problems.

In Chapter 10, Hiptmair discusses, from an algebraic standpoint,
general properties and constraints for consistent discretizations of
Hodge operators, and includes an abstract error analysis based on
energy norms. The same author describes in Chapter 11 a unified
and systematic approach to construct higher order finite element basis,
based on interpolants of discrete differential forms (Whitney forms).
This constitutes a novel and interesting foundation for p-refinement
methodologies as well as for hierarchical a posteriori error estimators.

The third section contains four papers devoted to further analysis
of geometric techniques discussed in the first section, with emphasis
on applications.

In Chapter 12, Schuhmann and Weiland provide a detailed study
of energy conservation laws under both the semi-discrete (continuous
time) and the fully discrete setting of the finite integration technique
of Chapter 3, as well as a study of the orthogonality of discrete
eigenmodes. They also show how these results are all rooted in a
few key properties of the technique.

Marrone describes and implements in Chapter 13 a geometric
discretization method for Maxwell’s equations, dubbed cell method,
based on Tonti’s formulation of Chapter 1. He includes a comparison
against FDTD numerical results for cavity problems.

The contribution of van Rienen in Chapter 14 deals with
an extension and frequency-domain implementation of the finite
integration technique of Chapter 3 to arbitrary triangular grids.

vii



Several numerical simulation of resonators and waveguide structures
are provided to illustrate the technique.

In Chapter 15, Buksas develops an implementation of the perfectly
matched layer (PML) absorbing boundary condition in conjunction
with the mimetic finite difference schemes described in Chapter 4. The
PML implementation is based on the anisotropic medium formulation.

Finally, the last section consists of the paper by Puska in
Chapter 16, which has his own theme. The author uses Clifford’s
geometric algebra to tackle constitutive relations in a covariant
manner. Although not written for numerical purposes in mind,
this interesting paper serves to illustrate the power and adequacy of
geometric techniques in a strict analytical setting as well.

As a guest editor, I wish to thank Prof. J. A. Kong for his support
and encouragement. I would also like to thank P. R. Kotiuga for his
suggestions, and C. O. Ao and W. Zhen for the editorial support.
Finally, I would like to express my gratitude and appreciation to the
authors and reviewers for their contribution to this project.

F. L. Teixeira
Columbus, Ohio
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1. INTRODUCTION

The laws of electromagnetic phenomena were first formulated by their
discoverers using global quantities, such as charge, current, electric
and magnetic flux, electromotive and magnetomotive force. The
Kirchhoff’s network equations were also expressed using current and
voltage.

After the publication of Maxwell’s treatise, electromagnetic laws
were commonly written using differential formulation. From that
moment, electromagnetic field equations were identified with the
“Maxwell equations”, i.e. with partial differential equations.

When applied to field theories, numerical methods require the
solution of a system of algebraic equations. It is standard practice to
derive these equations starting from the differential equations resorting
one of many discretization methods. This is the case, for instance,
of finite difference methods, finite element methods, edge element
methods, etc. This is summarized in the upper part of Fig. 1.

Even when an integral formulation is used, as in the finite volume
method or in the finite integration theory (an extension of the finite-
difference time-domain method), standard practice is to use integrals
of field functions. Field functions are an indispensable ingredient of
differential formulation. At this point, one can pose the following
question: is it possible to express the laws of electromagnetism directly
by a set of algebraic equations, instead of obtaining them from a
discretization process applied to differential equations?

In this paper, we show that such a finite formulation is possible,
it is simple, and that it is useful for numerical computation.

In such formulation, the classical procedure of writing the laws
of physics in differential form is inverted. Instead, we start from
finite formulation and deduce differential formulation whenever it is
required. In traditional methods, one is forced to select one of many
discretization procedures. This is not the case of the finite formulation
as illustrated in the lower part of Fig. 1.
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always

always

rarely
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directly

exact
solution

exact
solution

differential equations

differential equations

algebraic equationsphysical 
  laws

physical 
  laws

approximate
solution

weighted residuals
or moments

Figure 1. (above) In traditional differential formulation to obtain
an approximate solution one is forced to pass through one of many
methods of discretization. (below) On the contrary, using global
variables and complexes, one obtain a finite formulation directly.

What we propose in this paper is not a refusal of the differential
formulation of electromagnetic laws but an alternative to it. Our
aim is to show that, for numerical purposes, it is more convenient
to describe electromagnetism in a finite form from the beginning and
later to obtain differential formulation as a consequence.

Exact and approximate solutions. To avoid differential formulation as
starting point we need to completely revise our attitude.
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In the paradigm formed by three centuries of differential
formulation of physical laws, we find the differential formulation so
prevalent that we are led to think that it is the natural formulation
for physics. Moreover, we are convinced that differential formulation
leads to an exact solution to physical problems.

However, we know full well that only in a few elementary cases
we can obtain a solution in closed form: hence the “exact solution”
promised by differential formulation, is almost never attained in
practice. Moreover the great scientific and technological advancement
obtained in our days by numerical solution of physical problems that do
not admit a solution in closed form, suggests that this progress arises
mainly because we have found the way to obtain approximate solutions
to our problems. In our culture, modelled on mathematical analysis,
the term “approximate” sounds flawed. Nevertheless the goal of a
numerical simulation is agreement with experimental measurements.

To reduce error of an approximate solution does not mean to make
the error as small as we like, as a limit process requires, but to make
error smaller than a preassigned tolerance.

We are well aware that all measurements are affected by a
tolerance: every measuring instrument belongs to a given class of
precision. In measurements an “infinite” precision, in the sense of a
limit process of mathematics, is not attainable. The same positioning
of the measuring probe in a field implies a tolerance.

The notion of precision in measuring apparatus plays the same
role of the notion of tolerance in manufacturing and of the notion of
error in numerical analysis.

In conclusion one cannot deny the satisfaction of knowing the
exact solution of a physical problem when the latter is available. What
we deny is the need to refer to an idealized exact solution when this is
not available in order to compare a numerical result with experience.

2. FINITE FORMULATION: THE PREMISES

A reformulation of field laws in a direct finite formulation must start
with an analysis of physical quantities in order to make explicit the
maximum of information content that is implicit in definition and in
measurement of physical quantities. To this end it is convenient to
introduce two classifications of physical quantities.

2.1. Configuration, Source and Energy Variables

A first classification criterion of great usefulness in teaching and in
research is that based on the role that every physical variable plays in
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Table 1. A classification of physical variables of electromagnetism.

configuration variables
gauge function χ

electric potential V
electric voltage U

electric field vector E
magnetic flux Φ

magnetic vector potential A
magnetic induction B, etc.

constitutive
equations

source variables
electric charge Q
electric current J
electric flux Ψ

electric induction D
magnetic field strength H

magnetic scalar potential Vm

energy variables
work, heat

electric energy density we

magnetic energy density wm

Poynting vector S, etc.

✲ ✛

magnetic voltage Um

a theory. Analysis of the role of physical variables in a theory leads to
three classes of variables: configuration, source and energy variables.
These three classes for electromagnetism are shown in Table 1. In
every field of physics one can find:

• Configuration variables that describe the configuration of the field
or of the system. These variables are linked one to another by
operations of sum, of difference, of limit, of derivative and integral.
• Source variables that describe the sources of the field or the forces

acting on the system. These variables are linked one to another by
operations of sum, of difference, of limit, of derivative and integral.

• Energy variables that are obtained as the product of a
configuration for a source variable. These variables are linked
one to another by operations of sum and difference, of limit, of
derivative and integration.

This classification has a pivotal role in physical theories. One
consequence is the fact that it permits constitutive equations to be
defined: they are equations that link configuration with source variables
of a physical field and contain material and system parameters. This
classification has been given by Hallen in 1947 [9, p.1]; by Penfield and
Haus in 1967 [21, p.155] and in 1972 by the present author [29, p.49].

2.2. Global Variables and Field Variables

To introduce a finite formulation for electromagnetics we take a radical
viewpoint: we search for a formulation completely independent from
the differential one. To this end we avoid introducing field functions,
and, as a consequence, we avoid the integration process. For this reason
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instead of the term “integral” quantity we shall use the equivalent term
global quantity.

We must emphasize that physical measurements deal mainly with
global variables, not with field variables. Field variables are needed in a
differential formulation because the very notion of derivative refers to a
point function. On the contrary a global quantity refers to a system, to
a space or time element like a line, a surface, a volume, an interval, i.e.
is a domain function. Thus a flow meter measures the electric charge
that crosses a given surface in a given time interval. A flux meter
measures the flux (=flow rate) associated with a surface at given time
instant. The corresponding physical quantities are associated with
space and time elements, not only with points and instants.

One fundamental advantage of global variables is that they are
continuous through the separation surface of two materials while the
field variables suffer discontinuity. This implies that the differential
formulation is restricted to regions of material homogeneity: one must
break the domain in subdomains, one for every material and introduce
jump conditions. If one reflects on the great number of different
materials present in a real device, one can see that the idealization
required by differential formulation is too restrictive.

This shows that differential formulation imposes differentiability
conditions on field functions that are restrictive from the physical point
of view .

Contrary to this, a direct finite formulation based on global
variables accepts material discontinuities, i.e. does not add regularity
conditions to those requested by the physical nature of the variable.

To help the reader, accustomed to thinking in terms of traditional
field variables ρ,J,B,D,E,H, we first examine corresponding integral
variables Qc, Qf ,Φ,Ψ ,U ,Um: these are collected in Table 2. This table
shows that integral variables arise by integration of field functions on
space domains i.e. lines, surfaces, volumes and on time intervals. The
time integral of a physical variable, say F , will be called its impulse and
will be denoted by the corresponding calligraphic letter, say F . The
last three variables of the left side, K, G, Λ deals with the hypothetical
magnetic monopole charge, monopole flow, monopole production. The
role of these variables and of the corresponding ones τ,Vm, η of the
right side is clarified in Table 2.

It is remarkable that the integral configuration variables all have
the dimension of a magnetic flux and that integral source variables all
have the dimension of a charge. The product of a global configuration
variable and a global source variable has the dimension of an action
(energy× time).

Table 3 shows the six integral variables that are measurable and
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Table 2. Integral physical variables of electromagnetism (global
variables) and corresponding field functions.Underlined variables are
the measurable ones.

configuration variables source variables
(SI units: weber=volt× second) (SI units: coulomb=ampere× second)

gauge function χ elec. charge prod. Qp =
∫
T̃

∫
Ṽ

σ dV dt

elec. potential impulse V =
∫
T

V dt elec. charge content Qc =
∫
Ṽ

ρ dV

electrokinetic momentum p =
∫
L
A · dL elec. charge flow Qf =

∫
T̃

∫
S̃
J · dS dt

impulse =
∫
T

∫
L
E · dL dt electric flux Ψ =

∫
S̃
D · dS

magnetic flux Φ =
∫
S
B · dS impulse m =

∫
T̃

∫
L̃
H · dLdt

(magn. charge flow) K =
∫
T

∫
S
k · dS dt (nameless) τ =

∫
L̃
T · dL

(magn. charge content) G =
∫
V

g dV magn. pot. imp. Vm =
∫
T̃

Vm dt

(magn. charge prod.) Λ =
∫
T

∫
V

λ dV dt (nameless) η

Table The global variables of electromagnetism to be used in
finite formulation and corresponding field functions of differential
formulation.

finite formulation differential formulation
global variables field functions

electric charge content Qc → ρ electric charge density
electric charge flow Qf → J electric current density

magnetic flux Φ → B magnetic induction
electric flux Ψ → D electric induction

impulse → E electric field strength
→ H magnetic field strength

3.

voltage U

magnetic voltage U

voltage U
impulse mmagnetic voltage U

electric

electric

the corresponding field functions.

3. PHYSICAL VARIABLES AND GEOMETRY

There is a strict link between physics and geometry. This is well known.
What does not seem to be well known is that global physical variables
are naturally associated with space and time elements, i.e. points,
lines, surfaces, volumes, instants and intervals. In order to examine
such association we need the notion of orientation of a space element.
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In differential formulation a fundamental role is played by points:
field functions are point functions. In order to associate points with
numbers we introduce coordinate systems.

In finite formulation we need to consider not only points (P) but
also lines (L), surfaces (S) and volumes (V). We shall call these
space elements. We use a boldface characters for reasons that will
be explained later. The natural substitute of coordinate systems are
cell complexes. They exhibit vertices, edges, faces and cells. The latter
are representative of the four spatial elements P,L,S,V.

3.1. Inner and Outer Orientation

The notions of inner and outer orientation of a space element play a
pivotal role in electromagnetism as well as in all physical theories. We
shall refer to the left side of Fig. 2.

Inner orientation of a line: it
is the basic notion used to give a 
meaning to the orientations of 
all other geometrical elements.

Inner orientation of a surface: it
is a compatible orientation of its 
edges, i.e. a direction to go 
along its boundary.

Inner orientation of a volume:
it is a compatible orientation of 
its faces. It is equivalent to the 
screw rule.

Outer orientation of a volume:
the choice of outward or inward 
normals. A positive orientation
has outwards normals.

Outer orientation of a surface:
it is the inner orientation 
of the line crossing the surface.

Outer orientation of a line:
it is  the inner orientation
of a surface crossing the line.

Outer orientation of a point: 
it is the inner orientation  
of the volume 
containing the point.

Inner orientation of a point:
a positive point is oriented as
a sink.  

 outer orientation inner orientation

P

L

S

V

P̃

L̃

S̃

Ṽ

Figure 2. The two notions of inner and outer orientations in three-
dimensional space.

Inner orientation. We shall refer to Fig. 2. Points can be oriented as
“sources” or “sinks”. The notion of source and sink, borrowed from
fluid dynamics, can be used to define an inner orientation of points
because it permits us to maintain the notion of incidence number from
lines and points. In particular we note that points are usually oriented
as sinks. This is never explicitly stated but it can be inferred from
the fact that space differences of a point function between two points
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P and Q are given by (+1)f(Q) + (−1)f(P). This means that the
line segment PQ, oriented from P to Q, is positively incident in Q
(incidence number +1) and negatively incident in P (incidence number
−1). In other words: in the expression (Q−P) signs can be interpreted
as incidence numbers between the orientation of the line segment and
those of its terminal points.

A line is endowed of inner orientation when a direction has been
chosen on the line. A surface is endowed with inner orientation when
its boundary has an inner orientation. A volume is endowed with inner
orientation when its boundary is so.

Outer orientation. To write a balance we need a notion of exterior of
a volume, because we speak of charge contained in the volume. This is
usually done by fixing outwards or inwards normals to its boundary, as
shown in Fig. 2 (right). A surface is equipped with outer orientation
when one of its faces has been chosen as positive and the other negative:
this is equivalent to fixing the direction of an arrow crossing the surface
from the negative to the positive face, as shown in Fig. 2 (right). We
need the outer orientation of a surface when we consider a flow crossing
the surface. A line is endowed with outer orientation when a direction
of rotation around the line has been defined: think to the rotation of
the plane of polarization of a light beam. A point is endowed with
outer orientation when all line segment with origin in the point have
an outer orientation. Think, for example, to the sign of the scalar
magnetic potential of a coil at a point: its sign depends on the direction
of the current in the coil.

The four space elements endowed with outer orientation will be
denoted P̃, L̃, S̃, Ṽ.

Contrary to inner orientation, outer orientation depends on the
dimension of the space in which the element is embedded, as shown
in Fig. 3. Hence exterior orientation of a line segment embedded in a
three-dimensional space is a direction of rotation around the segment;
in a two-dimensional space it is an arrow that crosses the line and when
the segment is embedded in a one-dimensional space, it is represented
by two arrows as if the segment were compressed or extended. This is
typical orientation used in mechanics to denote compression or traction
of a bar.

3.2. Time Elements

Let us consider a given interval of the time axis and divide it into small
intervals, as shown in Table 4. The primal instants, we shall denote
t0, t1, ..., tn−1, tn, tn+1, ... are oriented as sinks, such as space points.
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1

2

3D

D

D

Ṽ

S̃

S̃

L̃

L̃

L̃

P̃

P̃

P̃

Figure 3. The outer orientation of a space element depends on the
dimensions of the embedding space.

The primal intervals, we shall denote by τ 1, ..., τn, τn+1, ... will
be endowed with inner orientation, i.e. they are oriented towards
increasing time. The dual instants t̃1, ..., t̃n, t̃n+1, ... are endowed
with outer orientation, i.e. they have the same orientation as primal
intervals. The dual intervals τ̃ 1, ..., τ̃n, τ̃n+1, ... are endowed with outer
orientation that is, by definition, the inner orientation of the primal
instants.

3.3. Global Variables and Space-time Elements

From the analysis of a great number of physical variables of classical
fields one can infer the

First Principle. In a spatial description, global configuration
variables are associated with space and time elements endowed with
inner orientation. On the contrary, global source variables and global
energy variables are associated with space and time elements endowed
with outer orientation.

The reason for associating source and energy variables with outer
orientation is that they are used in balance equations and a balance
require a volume with outer orientation (outwards or inwards normals).
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Table A time cell complex and its dual.

✲ t
primal

✲ ✛ ✲ ✛ ✲ ✛
✲ ✲tn−1 tn tn+1

τn τn+1

dual t̃n t̃n+1

τ̃n

✲ ✲

✲ ✛

Table The global variables of electromagnetism and the asso-
ciated space and time elements.

global physical variable symbol time element space element symbol
(orientation) (orientation)

electric charge content Qc instant (outer) volume(outer) ĨṼ
electric charge flow Qf interval (outer) surface (outer) T̃S̃

impulse interval(inner) line (inner) TL
impulse m interval (outer) line(outer) T̃L̃

magnetic flux Φ instant (inner) surface(inner) IS
electric flux Ψ instant (outer) surface(outer) ĨS̃
electric potential impulse V interval (inner) point(inner) TP
magnetic potential impulse Vm interval (outer) point(outer) T̃P̃

Table The “descriptive” and the “formal” notations we use
for space and time elements.

descriptive formal descriptive formal
inner orientation primal complex outer orientation dual complex

point P ph vertex volume Ṽ ṽh cell

line L lα edge surface S̃ s̃α face

surface S sβ face line L̃ l̃β edge

volume V vk cell point P̃ p̃k vertex

instant I tn instant interval T̃ τ̃ n interval

interval T τm interval instant Ĩ t̃m instant

4.

5.

6.

U
U

electric voltage
magnetic voltage

In short:

configuration variables → inner orientation
source and energy variables → outer orientation.

This principle offers a rational criterion to associate global
variables of every physical theory to space and time elements and,
as such, it is useful in computational electromagnetism. Figure 4
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electric  field

magnetic  field
magnetic flux

refers to the surfaces
of the primal complex

electric flux
refers to the surfaces
of the dual complex

electric potential
refers to the points

of the primal complex

V

refers to the lines
of the primal complex

magnetic charge content
refers to the volumes

of the primal complex

Gc

electric charge content
refers to the volumes
of the dual complex

Qc

magnetic potential
refers to the points
of the dual complex

Vm

refers to the lines
of the dual complex

Φ

Ψ

m

electric voltage U

Umagnetic voltage

Figure 4. Global physical variables of electromagnetism and space
elements of primal and dual cell complex with which they are
associated.

shows this association for physical variables of electromagnetism. It
shows that a single cell complex is not sufficient but it is necessary to
introduce a dual complex .

To analyze this association we consider, first of all, the six
measurable global variables of electromagnetism. It is important
to note that each one of these six variables admits an operational
definition.

3.4. Operational Definition of Six Global Variables

Since we take a new approach to electromagnetism starting from
global variables rather than field functions, we are obliged to give an
operational definition of global variables as we do for field functions in
differential formulation. Fig. 5 shows the operational definitions of the
six global quantities.

Doing this we stress the fact that a finite formulation of
the electromagnetic field uses those global variables that can be
measured. In this way there is a direct link between measurements and
computational electromagnetism without the intermediation of field
functions and of differential equations.
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Electric charge content Qc. Electric charge is an extensive quantity:
from the material viewpoint it is associated with a system, a body, a
particle. From the spatial viewpoint we must distinguish three aspects
of charge: content Qc, outflow Qf and production Qp. It is a basic
physical law that electric charge cannot be produced, i.e. Qp = 0.
Charge content Qc is the amount of charge contained inside a volume
at a given instant. The notion of “inside” and “outside” presupposes
an outer orientation of volumes: for this reason we write Qc[Ṽ]: see
Fig. 5a. We put into square brackets the space and time element to
which global variables are referred because global variables are domain
functions not point functions.

Figure 5. The operational definition of the six measurable variables
of electromagnetism.

Electric charge flow Qf . Let us consider electrical conduction in a
medium. If we put in the medium two flat metal surfaces separated
by a dielectric and connected to an amperometer, as shown in Fig. 5b,
we obtain a device called a rheometer . In this way we can measure
the electric charge flow that enters one disk and leaves the other in
a given time interval. Since the notion of “entering” or “leaving” a
surface presupposes its outer orientation, we shall denote the surface
of the disk endowed with outer orientation by S̃ and we shall write
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Qf [S̃]. The rate of this quantity is the electric current I.

Electric flux Ψ. Let us consider an electrostatic field. If we put
a small metal disk somewhere in the field then charges of opposite
sign will be collected on the two faces as a consequence of electrical
induction. After selection of one face as positive we call electric flux
Ψ the charge collected on this positive face of the disk. The electric
flux is then related to an outer oriented surface. If we change the outer
orientation of the surface, the sign of the flux changes. As we see from
this definition, electric flux requires the notion of the outer orientation
of a surface and hence we shall write Ψ [S̃].

To measure electric flux, instead of one metal disk, it is better
to use two small metal disks. The disks will be held by an insulated
handle and brought into contact, as shown in Fig. 5c. If we separate the
two disks also the electric charges will be separated and each one can
be measured with an electrometer. The charge collected on a prefixed
disk is, by definition, electric flux (this direct measurement of electric
flux is often ignored in books of electromagnetism. It can be found in
Maxwell [18, p.47] and in [8, p.71]; [7, p.61]; [25, p.230]; [26, p.25]; [12,
p.80; p.225]).

Electromotive force E, voltage U . In an electrostatic field we can
measure the voltage along a line from point A to point B with a method
devised by Faraday. This runs as follows: let us put at A and B two
small metal spheres, as shown in Fig. 5d, say of radii rA and rB. If we
connect them by a wire of very small section, the charges move from
one sphere to another to maintain the whole set, spheres and wire, at
the same potential.

If the capacity of the wire can be neglected in comparison with
the capacities of the spheres we can neglect the charge on the wire.
In turn the spheres are small enough to make negligible the influence
of charges collected on the spheres on the sources of the surrounding
electric field. In these hypotheses let us denote qA the charge collected
on the sphere in A and qB the one collected on the sphere in B: it will
be qA = −qB.

If we break the connection between the two spheres the charges
remain trapped. In the center of a sphere the potential of the charges
q collected on its surfaces is q/(4πεr). The fact that the potential of
the two spheres connected by the wire are equal implies that

VA +
qA

4πεrA
= VB +

qB
4πεrB

(1)
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from which we obtain

VAB ≡ VB − VA =
−qA
4πε

(
1
rA

+
1
rB

)
. (2)

Hence we can measure voltage from measuring the charge collected on
one sphere.

In particular if we choose B on the grounds the “sphere” B
becomes the Earth and then VB = 0 and 1/rB = 0: it follows [22,
p.519]

VA =
−qA

4πεrA
. (3)

The voltage refers to a line endowed with inner orientation: V [L] as
shown in Fig. 5d.

Magnetic flux Φ. A magnetic field is completely described by two
global variables: magnetic flux and magnetic voltage. Magnetic flux
refers to surfaces while magnetic voltage refers to lines.

Magnetic flux is linked to a surface endowed with an inner
orientation and is defined as the magnetic voltage impulse induced
in a coil that binds the surface [23, p.67] when the magnetic field is
switched off. If the coil is connected with a ballistic voltmeter we
can measure the magnetic voltage impulse produced. The sign of the
magnetic flux depends on the direction chosen for the boundary of the
surface, as shown in Fig. 5e. Then Φ[S].

Magnetomotive force Fm, magnetic voltage Um. We want to introduce
a global physical variable that gives a measure of the magnetic field
along a line. To this end we consider a long solenoid with a small cross
section that has the line as its axis. Let N be the number of turns
and i the current. The magnetic field inside such a solenoid is almost
uniform and almost null outside it. The magnetic voltage Um along
the axis of the solenoid can be defined as N i: this is a global variable
in space.

The sign of this variable depends on the direction of the current
in the solenoid, i.e. it requires an outer orientation of the line.
Accordingly, magnetic tension is associated with lines endowed with
outer orientation.

To measure the magnetic tension along a line segment in a static
magnetic field we introduce a small solenoid with N loops with a
section much smaller than its length, as shown in Fig. 5f.

We can adjust the direction and the intensity of the current i′ in
the solenoid in such a way that the component of the magnetic field
along the line vanishes. In such a way we have compensated the field
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in the interior region. Let us put I ′ = N i′: the magnetomotive force
along the line is then Fm = −I ′. This procedure is known as the
method of compensating coil [8, p.224]; [23, p.66]; [26, p.41].

This shows that magnetic tension is associated with a line with
the direction of rotation around it: the direction is opposite to the one
of the compensating current. Denoting by L̃ a line segment endowed
with an outer orientation we can write

Um[L̃] def= −I ′. (4)

An equivalent way to do the test is to consider a small tube of
superconducting material: the tube will be crossed by a uniform
current I ′ that automatically makes the interior field vanish [16, p.494].

It is obvious that physical variables that are global in space and
time are also associated with time elements such as instants and
intervals. Thus electric charge content Q, electric flux Ψ and magnetic
flux Φ refer to instants.

On the contrary the electric charge flow Qf refers to time intervals.
Electric voltage U can be integrated in time by giving the electric
voltage impulse E and for this reason it is associated with time
intervals. One argument for the introduction of electric voltage impulse
is that this quantity is used to measure magnetic flux via Faraday’s
law. Another argument is that Ohm law U = RI can be written in an
integrated form as U = R Qf .

Since magnetic voltage Um = Ni can be integrated in time the
corresponding global time variable Um = N Qf , the magnetic voltage
impulse, will refer to time intervals.

These associations do not specify, up to now, the kind of
orientation, inner or outer, of the time elements. This association
becomes clear if we consider a space-time complex and its dual. It is
obvious that if a physical variable refers to spatial elements of a space-
time cell complex it must also refer to time elements of the same cell
complex as shown in Table 5.

Classical “time reversal”, i.e. the operation of reversing the order
of events in time, corresponds to inversion of the orientation of the
primal time intervals and it coincides, by definition, with inversion of
the orientation of dual instants. It follows that if a physical variable
refers to primal time intervals or to dual time instants it changes sign
under time reversal . Inversely, if a physical variable refers to dual
intervals or to primal instants it does not change sign under time
reversal. An example is the impulse of a force: if a body A impacts a
body B the impulse that A gives to B is directed from A to B. When
we see the backward motion, as a movie running backward, we see
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Φ
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Ψ, Qf

Ψ, Qf
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Ψ, Qc
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E,U

Fm

m

, Qf

Fm m, ,Qf

Fm

E,U

E,U

Figure 6. a) A space complex and associated variables; b) a three-
dimensional space-time and associated variables.

that velocities are inverted but the impulse that A gives to B is always
directed from A to B.

The space and time association of global electromagnetic variables
is summarized in Table 5.

The space and time association is made clearer from a geometrical
viewpoint, if we use a three-dimensional projection of four-dimensional
cube, as shown in Fig. 7. The two draws of the central level show that
the four variables Φ,Ψ,U ,Um are referred to surfaces: the first two to
space-like surfaces, the last two to space-time surfaces. The two draws
on the lower level shows that the eight Maxwell equations express a
balance on a volume: two of them (Gauss’ laws) express a balance on a
space volume, the other six express a balance on a space-time volume.

3.5. Physical Laws and Space-time Elements

The first Principle states that global physical variables refer to the
oriented space and time elements. From the analysis of a great number
of physical variables of classical fields one can infer [31]:

Second Principle: In every physical theory there are physical
laws that link global variables referred to an oriented space-time element
with others referred to its oriented boundary.

We shall show later that the fundamental laws of electromagnetism
satisfy this principle. To give an example from outside electromag-
netism, we mention the equilibrium of a body that links the volume
forces acting on a region of the body with the surface forces acting
on the boundary of the region. This principle gives the reason of the
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Figure 7. Space-time elements and global variables associated with
them. The picture in the last row is a four-dimensional cube exploded.

ubiquitous appearance of the exterior differential on differential forms.

3.6. The Field Laws in Finite Form

Experiments lead us to infer the following laws of electromagnetism:

• The magnetic flux referred to the boundary of a volume endowed
with inner orientation at any instant vanishes (magnetic Gauss’
law).

• The electromotive force impulse referred to the boundary of a
surface endowed with inner orientation during a time interval is
opposite to the magnetic flux variation across the surface in the
same interval (Faraday’s electromagnetic induction law).
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v
outer orientationinner orientation

boundary ∂S

surface S

boundary ∂V

olumeV

boundary ∂S̃

surface S̃

boundary∂Ṽ

volume Ṽ

Figure 8. The four manifolds to which the four Maxwell equations
make reference.

• The electric flux across the boundary of a volume endowed
with outer orientation at any instant is equal to the electric
charge contained inside the volume at that instant (Faraday’s
electrostatic induction law = electric Gauss’ law).

• The magnetomotive force impulse referred to the boundary of a
surface endowed with outer orientation in a time interval is equal
to the sum of the electric charge flow across the surface in that
time interval and the electric flux variation across the surface in
that interval (Maxwell-Ampère’s law).
• The electric charge flow across the boundary of a volume endowed

with outer orientation in an interval is opposite to the variation of
the electric charge content inside the volume in the same interval
(conservation of charge).

These 4+1 laws can be written



Φ[∂V, I] = 0

E [∂S,T] = Φ[S, I−]− Φ[S, I+]

Ψ [∂Ṽ, Ĩ] = Qc[Ṽ, Ĩ]

Fm[∂S̃, T̃] = Ψ [S̃, Ĩ+]−Ψ [S̃, Ĩ−] + Qf [S̃, T̃]

Qf [∂Ṽ, Ĩ] = Qc[Ṽ, Ĩ−]−Qc[Ṽ, Ĩ+].

(5)

Equations (5) are the 4+1 laws of electromagnetism in a finite
formulation we are searching for. These are algebraic equations that
enjoy the following properties:

• they link physical variables of the same kind, i.e. configuration
variables with configuration variables and source variables with
source variables;
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• they are valid in whatever medium and then are free from any
material parameter;

• they do not involve metrical notions, i.e. lengths, areas, measures
of volumes and durations are not required [37].

These five equations, that are equivalent to the integral formulation
describe the “structure” of the field and we shall call them equation
of structure. Since they are valid for whatever volume and whatever
surface respectively they are of topological nature and we can name
them also topological equations [20, p.20] [36].

4. CELL COMPLEXES IN SPACE AND TIME

The equations (5) are the finite formulation of the electromagnetic
laws. How to apply them to solve field problems? The principle is a
very simple one: we build up a cell complex in the region in which
the field is considered and then apply the equations in finite form to
all cells of the complex. Some equations must be applied to the cells
others to their faces; some equations must be applied to the cells and
faces of the primal, some other to those of the dual complex. Doing
so we obtain a system of algebraic equations whose solution gives the
space and time distribution of the global variables of the field. In this
way we solve the fundamental problem of electromagnetism: given the
space and time distribution of charges and currents to find the resulting
field .

To pursue this goal we must introduce the notion of cell complex
and of its dual. Let us consider, first of all, a cell complex formed by
cubic cells, as shown in Fig. 9c.

The elements of the same dimension can be numbered according
to any criterion. The number is a label that permits us to specify
the space element and play the same role of coordinates of a point in
a coordinate system. We shall consider cell complexes with a finite
number N0 of vertices. Since vertices are points we shall denote the
typical vertex by ph. At first it seems convenient to assign to every
edge a pair of numbers, the labels of its bounding points. Thus the
edge that connects the vertex ph with the vertex pk can be denoted
lhk. But this notation becomes cumbersome so that we have chosen to
denote the edge with a single Greek index, e.g. lα. If N1 is the number
of edges the Greek index takes the values 1, 2, ...N1. We shall denote
with a Greek index also the face, e.g. sβ while the typical cell will be
denoted with a Latin index, e.g. vk.

As in space we have four elements, so in time we have two elements:
instants I and intervals T. When we consider a cell complex on the time
axis we shall denote by tn the time instants and τm the intervals.
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ĨP̃

T̃S̃

T̃S̃
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Figure 9. (a) A one-dimensional cell complex; (b) a two-dimensional
cell complex; (c) a three-dimensional cell complex; (d) a one-
dimensional cell complex on a time axis; (e) a cell complex in two-
dimensional space-time; (f) a cell complex in three-dimensional space-
time.

We shall use boldface letters to denote the elements of a cell
complex for two reasons: the first is to distinguish between the element
and its measure. Thus lα denotes an edge while lα denotes its length;
sβ denotes a face while sβ denotes its area; vk denotes a cell while vk
denotes its volume. On the time axis τn denotes a time interval while
τn denotes its extension (duration).

The second reason will be explained in connection with
orientation.

Cell complexes are basic tools of algebraic topology . In this
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branch of topology many notions were developed around cell complexes
including the notions of orientation, duality and incidence numbers. In
algebraic topology vertices, edges and faces of cells are considered as
cells of a lower dimension. The vertices are called 0-dimensional cells
or briefly 0-cells, edges 1-cells, faces 2-cells and original cells 3-cells.
It follows that a cell complex in space is not only a set of 3-cells but a
set of p -cells with p = 0, 1, 2, 3. In four-dimensional space-time a cell
complex is formed by cells of dimension p = 0, 1, 2, 3, 4.

Table 6 (left) collects the notations we use for space elements:
when we must mention points, lines, surfaces and volumes without
reference to a cell complex we shall use a “descriptive” notation with
boldface, uppercase letters. On the contrary, when we refer to a
cell complex we must specify the labels of the elements involved and
accordingly we shall use a “formal” notation with boldface, lowercase
letters with indices.

A cell complex can be based on a coordinate system: in such a
case the edges of the cells lie on the coordinate lines and the faces
on the coordinate surfaces. An example is shown in Fig. 12 (left). A
coordinate-based cell complex is useful when one aims to deduce the
differential formulation from a finite one.

Figure 10. Finite formulation permits different materials to be
treated assuring continuity at the separation surface automatically.

Conversely, for numerical applications it is convenient to give up
the coordinate based cell complex and to use simplicial complexes, i.e.
the ones formed by triangles in 2D and tetrahedra in 3D. Simplicial
complex have many advantages over the coordinate-based complexes.
A first advantage is that simplexes can be adapted to the boundary of
the domain, as shown in Fig. 10. A second advantage is that, when
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we have two or more subregions that contain different materials, the
vertices of the simplexes can be put on the separation surface, as shown
in Fig. 10. A third reason is that simplexes can change in size from
one region to another. This allows to adopt smaller simplexes in the
regions of large variations of the field.

Once we have introduced a cell complex we can consider the
dual complex. In a coordinated-based complex one can consider the
barycenter of every coordinate-cell as shown in Fig. 9. Connecting the
barycentres of the adjacent cells one obtains a dual complex. The term
“dual” refers to the fact that not only every barycenter (dual vertex)
corresponds to a cell (primal volume) but also every edge of the dual
complex (dual edge) intersects a face of the primal one (primal face).
Conversely, every primal edge intersects a dual face. Lastly, every
vertex of the primal lies inside a cell of the dual. In a simplicial

lα

lα

s̃α

s̃α

sβ
sβ

l̃β

l̃β

A

B

C

D

h

a part of

a part of

Figure 11. a) The six faces of a Voronoi cell contained in a tetraedron;
b) the dual Voronoi cell ṽh of a cluster of tetrahedra with a common
vertex.

complex the commonest choice are either the barycentres of every
simplex or the circumcentres (in 2D) and the circumspheres (in 3D): in
this paper we consider only circumcentres and circumspheres. Since the
straight line connecting the circumcentres of two adjacent simplexes in
2D is orthogonal to the common edge, the dual polygon thus obtained
has its sides orthogonal to the common edge. This is called Voronoi
polygon in 2D and Voronoi polyhedron in 3D. The circumcentres have
the disadvantage that in triangles with obtuse angles they lie outside
the triangle. This is inconvenient when the circumcentre of one obtuse
triangle goes beyond the one of the adjacent triangle with the common
sides. This is avoided when the triangulation satisfies the Delaunay
condition. This leads us to consider only Delaunay-Voronoi complexes,
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as we shall do in this paper. As in coordinate systems it is preferable
to deal with orthogonal coordinate systems, so in a simplicial complex
it is preferable to deal with a Delaunay complex and its associated
Voronoi complex as dual, as shown in Figure 12 (right).

The same can be done when we introduce a cell complex on a
time axis, as shown in Fig. 9d : the elements of time are instants (I)
and intervals (T). If we take the middle instants of intervals we can
call these dual instants (Ĩ) and the corresponding intervals as dual
intervals (T̃). It is evident that to every instant of the primal complex
there corresponds an interval of the dual and to every interval of the
primal there corresponds an instant of the dual. Thus we have the
correspondence I↔ T̃ and Ĩ↔ T and this is a duality map.

dual (Voronoi)primal dual primal (Delaunay)

Lx

Ly

Sxy

P

P̃

L̃y

L̃x

S̃xy

b)  simplicial complex and its duala)  cartesian cell complex

ph

h

lα lα

s pii ˜

s̃

˜

Figure 12. A two-dimensional cell complex (thin lines) and its dual
(thick lines). In the simplicial complex the vertices of dual complex
are the intersections of three axes of primal 1-cells. This gives the
advantage that 1-cells of dual are orthogonal to primal 1-cells.

A cell complex and its dual enjoy a peculiar property: once
the vertices, edges, faces and cells of the primal complex has been
endowed with inner orientation, this inner orientation induces an outer
orientation on the cells, faces, edges and vertices of its dual. It follows
that a pair formed by a cell complex and its dual are the natural frames
to exhibit all space elements with the two kind of orientations.

Since we have stated that the configuration variables are
associated with the space elements endowed with inner orientation,
it follows that the configuration variables can be associated with the
vertices, edges, faces and cells of the primal complex. Moreover since
the source and energy variables are associated with space elements
endowed with outer orientation, it follows that these variables can be
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associated with cells, faces, edges and vertices of the dual complex.
One can say that the role of the dual complex is to form a background
structure to which source and energy variables can be referred.

4.1. Classification Diagram of Space-time Elements

A cell complex and its dual in a space of dimension n permits a
classification of space elements of IRn, as shown in Fig. 9. Let us start
with Fig. 9a that shows a cell complex in IR1. The primal complex is
formed by points P and lines L; the dual one is formed by dual points
P̃ and dual lines L̃. The two complexes are shifted and to a dual point
there corresponds a primal line: P̃↔ L. Moreover L̃↔ P. These 2×2
elements can be collected in a diagram shown in Table 7a.

Fig. 9b shows a cell complex in IR2 and its dual. The primal
complex exhibits points, lines and surfaces and its dual exhibits the
same elements in reverse order. These 3×2 elements can be collected
in a diagram shown in Table 7b. From Fig. 9c we can infer the
corresponding diagram for IR3 that is shown in Table 7c.

Fig. 9d shows a cell complex on a time axis: the corresponding
diagram is shown in Table 7d .

Fig. 9e shows a two-dimensional space-time complex whose
corresponding classification diagram is reported in Table 7e. In the
case of space-time complexes we shift the columns so as to obtain a
kind of assonometric view that will make the diagrams we shall present
later more readable. The points of these space-time diagrams, which
in relativity are called events, will be denoted IP to mean that they
combine an instant I with a space point P.

A three-dimensional space-time is shown in Fig. 9f : the
corresponding diagram is shown in Table 7f . A complete four-
dimensional space-time diagram is shown in Table 7g .

These classification diagrams play a remarkable role in the
description of physical properties. In fact the natural association
of configuration variables to elements of a complex and of source
and energy variables to its dual respectively, lead to an analogous
classification diagram for physical variables, as we shall show later.

4.2. Incidence Numbers

In network theory one introduces the node-edge and edge-loop
incidence matrices with their dual. Following the notations of Fig.
13 we are now in a position to define the incidence number of a p -cell
ch with a (p-1)-cell bk. This is a relative integer ihk=[ch : bk] whose
values are:
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Table 7. Classification of geometrical elements of spaces and space-
time of various dimensions.

• +1 if bk is a face of ch and the orientations of bk and ch are
compatible;

• -1 if bk is a face of ch and the orientation of bk and ch are not
compatible;

• 0 if bk is not a face of ch.

We point out that in the notation ikh the first index k refers to
the cell of greatest dimension.
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Figure 13. The incidence numbers of a pair of cells are equal to those
of the dual pair.

In three-dimensional space three matrices G,C,D can be
introduced for the primal complex K and three matrices G̃, C̃, D̃
for the dual complex K̃. We choose these three letters because they
are the initial of the names of the three formal differential operators
gradient , curl and divergence to which they reduce in the differential.
In summary:



G

def= ||gαh|| C
def= ||cβα|| D def= ||dkβ ||

D̃
def= ||d̃hα|| C̃ def= ||c̃αβ || G̃ def= ||g̃βk||.

(6)

From Fig. 13 we can see the important fact that, apart from the
case point-line, the incidence number between a p -cell and a (p-1)-cell
of the primal cell complex is equal to the incidence number between
the corresponding dual cells. The exception of the incidence point-line
is due to historical reasons: points are implicitly considered as sinks
(inwards normals) while volumes have outwards normals.

Note that the indices of the matrix elements d̃hα and gαh are
reversed and then the corresponding matrices are transpose to one
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another. We have


−gαh
def= −[lα :ph] = [ṽh : s̃α] = d̃hα → −G = D̃

T

cβα
def= [sβ : lα] = [s̃α : l̃β] = c̃αβ → C = C̃

T

dkβ
def= [vk :sβ] = [̃lβ : p̃k] = g̃βk → D = G̃

T
.
(7)

When the equations (5) are applied to the corresponding cells of
the two complexes, we obtain a local form of the field equations of the
electromagnetic field in a finite setting, i.e.



∑
α

cβα U [τn+1, lα] +
{
Φ[tn+1, sβ]− Φ[tn, sβ]

}
= 0

∑
β

dkβ Φ[tn, sβ] = 0

∑
β

c̃αβ Um[τ̃n, l̃β]−
{
Ψ [t̃n+1, s̃α]−Ψ [t̃n, s̃α]

}
= Qf [τ̃n, s̃α]

∑
α

d̃hα Ψ [t̃n, s̃α] = Qc[t̃n, ṽh]

∑
α

d̃hα Qf [τ̃n, s̃α] +
{
Qc[t̃n+1, ṽh]−Qc[t̃n, ṽh]

}
= 0.

(8)
For computational purposes it is useful to make the following changes of
symbols: tn → n; t̃n → n+1/2; Φ[tn, sβ]→ Φn

β ; etc. In particular the
two evolution equations can be written as (remember that c̃αβ = cβα)




Φn+1
β = Φn

β −
∑
α

cβα Un+1/2
α

Ψn+1/2
α = Ψn−1/2

α +
∑
β

cβα (Um)nβ − (Qf)nα.
(9)

It is convenient to introduce the rates of the five global variables
U ,Um, Qf ,V,Vm that are associated with time intervals.

The ratio of a global variable, associated with a time interval, with
the duration of the interval gives a mean rate. If the interval is small the
global variable can be considered to depend linearly on the duration
and then the mean rate approximate the value of the instantaneous
rate at the middle instant of the interval. Since the middle instant of
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an interval is the instant of the dual time complex one can write

U [τn, lα]
τn

≈ Uα(t̃n)
Um[τ̃n, l̃β]

τ̃n
≈ Umβ(tn)

Qf [τ̃n, s̃α]
τ̃n

≈ Iα(tn) etc.

(10)
The round brackets denote that the rates are functions of the time
instants.

Voltages and fluxes are the most natural variables to be used in
computational electromagnetism. In particular the equations (9) are
simple to use in numerical solutions. They can be written in a simpler

Figure 14. The leapfrog algorithm is a general algorithm to be
used in finite formulation for every field of physics, not only in
electromagnetism.

form as


∑
α

cβα Uα(t̃n) +
Φβ(tn)− Φβ(tn−1)

τn
= 0

∑
β

dkβ Φβ(tn) = 0

∑
β

c̃αβ Umβ(tn)−
Ψα(t̃n+1)−Ψα(t̃n)

τ̃n
= Iα(tn)

∑
α

d̃hα Ψα(t̃n) = Qc
h(t̃n)

∑
α

d̃hα Iα(tn) +
Qc
h(t̃n+1)−Qc

h(t̃n)
τ̃n

= 0.

(11)

This shows that while magnetic voltage, magnetic flux and electric
current must be evaluated on the instants of the primal time cell
complex, electric voltage and electric flux must be evaluated in the
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intermediate instants i.e. the dual instants. This is the “leapfrog”
algorithm shown in Fig. 14.

4.3. Constitutive Laws in Finite Form

The equations that link the source variables with the configuration
ones are the constitutive or material equations. In a region of uniform
field the three material equations of electromagnetism in finite form
are


Ψ [t̃n, s̃α]
s̃α

≈ ε
U [τn, lα]

τn lα
when s̃α ⊥ lα

Φ[tn, sβ]
sβ

≈ µ
Um[τ̃n, l̃β]

τ̃n l̃β
when l̃β ⊥ sβ

Qf [τ̃n, s̃α]
τ̃n s̃α

≈ σ
1
2

(U [τn, lα]
τn lα

+
U [τn+1, lα]

τn+1 lα

)
when s̃α ⊥ lα

(12)
in which τn, τ̃n, lα, l̃β, sβ, s̃α are the extensions of the corresponding
cells. We note that the notion of uniformity of a field does not imply
the introduction of vectors: a field is uniform when the global variables
associated with space elements are invariant under translation of the
element.

To explain the particular form of Ohm’s law let us remark that
while the electric current Iα(tn) is function of the primal instant tn
the voltage is function of the dual instant t̃n, i.e. Uα(t̃n), as shown in
Eq. (10). Since the constitutive equations link variables referred to the
same instant we need to evaluate the voltage at the primal instant tn.
Then we write

Uα(tn) ≈
Uα(t̃n) + Uα(t̃n+1)

2
. (13)

These equations are valid if cells are cubes or if the simplicial complex
is a Delaunay complex and its dual a Voronoi complex, as is shown
in Fig. 11. In these cases 1-cells of the dual are orthogonal to the
primal 2-cells and vice versa. It is possible to avoid the orthogonality
condition and then to avoid the Voronoi complex using the barycenter
[17].

With reference to Fig. 15 the main properties are:

• They are valid in regions in which the field is uniform because
these are the experimental conditions under which they can be
tested;
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• They link a variable referred to a p -cell of a complex with the dual
(n− p)-cell of the dual complex. This geometrical property is not
clear in differential formulation.

• They contain material parameters.
• They require metrical notions such as length, areas, volumes and

orthogonality.

We emphasize that Ohm’s law, written in terms of global variables,
links two variables that refer to the primal and dual time intervals
respectively. This implies that under time reversal (τn → −τn) e.m.f.
impulses change sign while electric charge flow does not. It follows that
Ohm’s law is not invariant under time reversal and this corresponds to
the fact that electric conduction is an irreversible phenomenon.

Velectric tension

Fmagnetic tension

magnetic flux Φ

electric flux Ψ
electric current I

primal cell
inner orientation

dual cell
outer orientation

l

β

s
α

l̃

α
s̃β

Figure 15. Constitutive equations link a variable associated with a
cell of primal complex with a variable associated with the dual cell.

While the field equations in finite form describe the corresponding
physical laws exactly , the constitutive ones in finite form describe
the corresponding physical laws approximately because they are
experienced only in regions of uniform field.

4.4. Computational Procedure

When one combines the equations of structure (9) with the constitutive
equations (12), one obtains the fundamental system, i.e. the system
whose solution is solution of the fundamental problem of the
electromagnetic field (to find the field given its sources).

The computational procedure is collected in Table 8. The notation
“II ord” means that with these approximations the convergence in time
is of second order.
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Table 8. Computational sequence using a Delaunay-Voronoi complex.

4.5. Classification Diagrams of Physical Variables

As we have seen by using a cell complex and its dual we can classify
space elements, time elements and space-time elements, as shown in the
diagrams of Tables 9 and 10. Since configuration and source variables
of a physical theory naturally refer to space and time elements, it
follows that we may use the same classification diagram for physical
variables.

The diagram is valid for finite and differential formulation. It
clearly separates the field equations that link the variables of the same
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vertical column, from the material or constitutive equations that link
the two columns. The horizontal links describe reversible phenomena
while the oblique ones describe irreversible phenomena.

The space-time diagrams can be conceived as an assonometric
view of a building whose “pillars” are the vertical columns and whose
“beams” are the material equations. In the space-time diagrams we
can see a front and a back. The links from back to front, which are
horizontal in the assonometric view, contain time variations. In the
diagrams we can see that boxes at the front describe electrostatics
while those at the back describe magnetostatics.

The variables on the same horizontal link are conjugated with
respect to energy. This classification diagram valid for many physical
theories has been presented in [29, 30, 32, 31, 33]. A similar diagram for
electromagnetism, without a topological basis, appears in the papers
by Deschamps [5, 6].

5. THE RELATION WITH DIFFERENTIAL
FORMULATION

The differential formulation of Maxwell equations does not require two
cell complexes in space or in time. Balance equations are applied
to an infinitesimal cell bounded by coordinate surfaces and circuital
equations are written on an infinitesimal circuit formed by coordinate
lines. This is easily forgotten because infinitesimal dimensions permit
the use of partial derivatives. The notion of derivative of a function
of one variable at a point presupposes the existence of the limit of
the incremental ratio on the left and on the right and their equalities.
This property is violated in the space region in the direction normal
to the surface of separation of two different media. It is for this reason
that Maxwell equations are valid only in regions in which the properties
of material media are differential functions of the position. It follows
that, in the differential approach, the study of electromagnetic fields
in regions that contain different materials requires the separation into
subregions and the use of jump conditions.

Finite formulation requires the introduction of a primal cell-
complex in such a way that on the separation surface between two
media the 2-cells (faces) lie on the surface, as shown in Fig. 10. Doing
so, the very fact that we consider the e.m.f. on the edges that bound
the faces and that lie also on the separation surface, assures continuity
of the e.m.f.: this corresponds to the continuity of the tangential
component Et of differential formulation. At the same time considering
the magnetic flux referred to the faces we assure continuity of the
magnetic flux that amounts to continuity of the normal component Bn
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Table 9. The differential structure of electromagnetism.

of differential formulation.
Thus finite formulation avoids jump conditions and hence permits

a unified treatment of field equations and of material discontinuities.
This is a significant advantage over differential formulation.

We may note that the description of physical laws in finite
form contains information which is normally ignored in differential
form. Differential formulation, by ignoring the association of physical
variables with space elements, consequently ignores the distinction
between two orientations and accordingly does not need a pair of cell
complexes.
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Table 10. The discrete structure of electromagnetism.

The laws of electromagnetic field can thus be expressed in finite
form without losing any physical content and without adding any
differentiability condition to the physical phenomenon described [34].

5.1. Relation with Other Numerical Methods

Finite element method (FEM) was first developed in the sixties in the
field of solid mechanics: the unknown were the nodal displacements.
FEM was introduced in electromagnetism around 1969 by Silvester



36 Tonti

Table 11. Correspondence between finite and differential formulation
of the electromagnetic equations.

[27]. The application of FEM to electromagnetism followed this line of
thought: since in continuum mechanics the displacements, i.e. vectors,
refer to nodes it appeared natural to consider the vectors E and H as
homologous and hence considered as nodal unknowns.

This identification can be criticized for the following reasons. Since
the sources of the electromagnetic field are charges and these are scalar
quantities, it follows that all the integral quantities of electromagnetism
are scalars. These are charge, current, electric and magnetic fluxes,
electric and magnetic voltages. The laws of electromagnetism, when
one uses integral quantities, are all relation between scalar variables
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and then they are expressed by scalar equations. If this is so, why do
we commonly use vector quantities? The reason can be found in the
fact that there are physical variables that refer to lines and surfaces:
this is the case of electric and magnetic voltages, electric and magnetic
fluxes alongside with currents. Since for every space point there is
an infinity of directions one is led to introduce at every space point
a vector to evaluate the integral variable referred to a line and to a
surface by the scalar product of the field vector at the point and the
vectors dL and dS that describe the geometrical elements, i.e,


U [L] =

∫
L
E · dL Φ[S] =

∫
S
B · dS

Um[L̃] =
∫
L̃
H · dL Ψ [S̃] =

∫
S̃
D · dS I[S̃] =

∫
S̃
J · dS.

(14)
On the contrary in continuum mechanics the sources of the field

are forces, i.e. vectors. This implies that all global variables of
continuum mechanics are vectors. Such are displacements, velocities,
relative displacements, relative velocities, surface and volume forces,
momenta, etc. The relative displacements of two points depend on the
vector connecting the points. The force across a surface depends on
the space orientation of the surface. This fact leads us to introduce
second rank tensors to express the dependence of such vector quantities
on the vectors that describe the lines and the surfaces: such are
the strain tensor, the strain-rate tensor and the stress tensor. In
continuum mechanics, where finite elements were born, displacements
u and forces f are vectors associated with points (mesh nodes). In
electromagnetism the vectors E and H, which are associated with
lines are not homologous to the vectors of continuum mechanics. The
vectors in electromagnetism play the same role as tensors in continuum
mechanics. Stated in other words: the vectors of electromagnetism are
not the homologous of the vectors of continuous mechanics.

A numerical treatment of physical phenomena that does not take
into account these differences is an “act of violence” on the physics
of the problem and gives rise to inconvenients. This was the case of
numerical treatment of electromagnetism by the finite element method:
the vectors E and H have been applied to nodes. This gives rise to
spurious solutions in electromagnetic guide waves with two dielectrics
as well as in three-dimensional electromagnetic problems [28, 11].
Much time and ingenuity has been spent on finding the reason for
such spurious solutions.

A further negative feature connected with field vectors is
encountered in the solution of diffraction problems, where it is found
that the electromagnetic field vectors may become infinite at sharp
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edges of a diffracting obstacle while electromagnetic energy in any finite
domain must be finite: this is the so called edge condition [19].

Faced with the appearance of spurious solutions, in 1982 Bossavit
and Vérité [1] suggested abandoning the nodal values of field vectors
E,H. Using tetrahedral meshes, they introduced, in electromagnetic
computations, electromotive and m.m.f. along the edges of the
tetrahedra [4, p.XV]. This was the birth of the edge element method
(EEM) introduced by Bossavit in 1988 [2]. This method is an extension
of FEM and it uses a single mesh. The same authors realized that the
use of such global variables is in harmony with the use of the exterior
differential forms. Taking the latter as a starting point, the finite form
was achieved via special differential forms, the so called Whitney forms
following a suggestion of Kotiuga [13].

A completely different method to give a finite formulation to
Maxwell equations was introduced in 1966 by Yee [43]. He started
considering a Cartesian mesh and associating the three components
Ex, Ey, Ez located in the middle of the edges and the three components
Hx, Hy, Hz located in the center of the faces. Doing so he introduced a
pair of dual grids, G and G̃, later called the electric and magnetic grids.
He considered the two differential equations containing curlE and
curlH and discretized them using finite differences. Yee’s method was
called Finite Differences in Time Domain (FDTD). It is a refinement
of FDM based on a pair of dual Cartesian meshes and on an ad hoc
association of physical variables to the two meshes.

The FDTD method of Yee has been developed by Weiland since
1977 [39]. The author, in a paper of 1984 [40], [41] initiated the use
of Maxwell equations in integral form. The method has been named
Finite Integration Theory (FIT) and is the method used in the program
MAxwell Finite Integration Algoritm (MAFIA). The integral form was
approximated considering the tangential component Et in the middle
of the edges of G and the normal component Bn in the middle of the
faces of G. The dual mesh G̃, called the magnetic grid , appeared as a
natural completion of the mesh G, called the electric grid to make the
normal component Bn, which is normal to the faces of G, tangential
to the edges of G̃ [40, p.250]. In the FIT method spurious solutions do
not appear [41, p.229].

In 1996 Weiland [42] takes an important step forward when
he introduces integrated field as state variables rather than directly
field components. In other words the unknowns are now vectors
like (e1, e2, ...en) where ek are voltages along the edges. Doing so
he obtained an exact implementation of Maxwell’s equations. In
the words of Weiland “The outstanding features of Maxwell’s Grid
Equations (MGE) when compared with other numerical methods for
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solving field problems is that this set of matrix equations is a consistent
finite representation of the original field equations in that sense that
basic properties of analytical fields are maintained when moving from
IR3 to {G, G̃}.” Weiland went on in 1996 to consider electric and
magnetic voltages using a pair of dual meshes while Bossavit [1] did
the same in 1982 but on a single mesh. We can see that, starting from
different points of departure, computational electromagnetism evolved
towards the use of a pair of dual meshes and the use of global variables.

Outside electromagnetism, in fluid dynamics, the Finite Volume
Method (FVM) evolved in the same direction. Here one use a pair of
dual meshes and make use of global variables. We remark that FDM,
FDTD, FIT and FVM use mainly cartesian meshes while EEM uses
simplicial complexes.

The finite formulation of electromagnetism we have presented in
this paper, starting from an analysis of global physical variables, joins
the methods inaugurated by Yee and Bossavit.

5.2. The Cell Method

The main feature of finite formulation we have presented is the use of
global variables that are domain functions instead of local variables,
i.e. field functions. This implies that we do not use differential
equations or differential forms. The solutions to field problems can be
achieved considering a simplicial complex K of Delaunay type and its
orthogonal dual K̃ of Voronoi. This presupposes a Delaunay-Voronoi
mesh generator in two or in three dimensions. This choice permits
a simple implementation of material equations, at least for isotropic
media, because they link a physical variable associated with a p -cell
with another variable associated with the dual (n − p)-cell when the
cells are orthogonal.

Variables. The variables used are: magnetic flux Φ; electric flux Ψ ;
electric voltage impulse U and magnetic voltage impulse Um.

Field equations. Field equations are implemented as follows:

• the Maxwell-Ampère’s and Gauss’ magnetic laws on dual cells;
• the Faraday’s law and Gauss’ electric laws on primal cells.

Field equations have an exact implementation because we use global
variables in space and time.

Constitutive equations. The field inside every simplex is
supposed to be uniform and the material homogeneous so that the
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material equations are exact in every simplex: the only approximation
we carry out is to assume uniformity of the field inside simplexes.

Material discontinuities. The working region can be filled
with different materials. It is always possible to construct a simplicial
complex whose simplexes do not cross the separation surfaces but have
a face that laying on them, as shown in Fig. 10. This automatically
assures that jump conditions will be satisfied because voltages and
fluxes on the edges and faces respectively are the same for two adjacent
cells.

A numerical method based on these rules will be called the cell
method.

6. CONCLUSION

We have shown that it is possible to build a finite formulation to
the electromagnetic equations directly based on experimental laws,
i.e. without passing from the differential formulation. This put into
evidence some features that are not commonly considered in the
differential formulation. First of all we use global variables instead of
(local) field variables. The global variables are associated with space
and time elements endowed with inner and outer orientation. These
two kind of orientations are not explicit in the differential formulation.
As a consequence of this association, global variables are domain
functions while field functions are point functions. Coordinate systems,
that are a natural framework for field functions, are substituted by
cell-complexes. The role of orthogonal coordinate systems is played
by a pair of Delaunay-Voronoi complexes for which the p -cells of one
complex are orthogonal to the (n−p)-cells of the other.

The fact that some global variables are referred to space and time
elements endowed with inner orientation and other to outer orientation
implies that some global variables are naturally referred to the elements
of the primal complex and other to the elements of the dual one. This
gives a fundamental role to a pair of cell complexes, a notion that is
lacking in the differential formulation.

The analysis we have done permits to clearly separate topological
equations from phenomenological equations.

The topological equations link physical variables referred to the
same cell complex, primal or dual, and are expressed by the operators
gradient, curl and divergence in the differential setting. Topological
equations are independent of metrical notions: a fact that is not
usually stressed in the differential formulation. In fact the notion
of gradient, curl and divergence are usually presented in a metrical
context. This metric-independence, on the contrary, it stressed using
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exterior differential forms.
The phenomenological equations, i.e. the so called material or

constitutive equations, link a variable associated with a p -dimensional
cell with another variable associated with the dual (n−p)-dimensional
cell. Contrary to the topological equations they depend on metrical
notions. This is another feature hidden by differential formulation.

In the theory of differential forms the topological equations on
the primal complex (inner orientation) are expressed by exterior
differential forms while those on the dual complex (outer orientation)
are expressed by twisted or odd or impair exterior differential forms.

The natural role of two cell complexes is of primary importance
in computational electromagnetism and gives a justification to the use
of staggered meshes as done in FDTD.
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14. Kron, G., “Equivalent circuits of the field equations of Maxwell,”
Proc. IRE, Vol. 32, 289–299, 1944.

15. Kron, G., “The frustrating search for a geometrical model of
electrodynamic networks,” Tensor, Vol. 13, 111–128, 1963.

16. Langevin, P., “Sur la nature des grandeurs et les choix d’un
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Abstract—The geometrical approach to Maxwell’s equations pro-
motes a way to discretize them that can be dubbed “Generalized Finite
Differences”, which has been realized independently in several comput-
ing codes. The main features of this method are the use of two grids in
duality, the “metric-free” formulation of the main equations (Ampère
and Faraday), and the concentration of metric information in the dis-
crete representation of the Hodge operator. The specific role that finite
elements have to play in such an approach is emphasized, and a ratio-
nale for Whitney forms is proposed, showing why they are the finite
elements of choice.
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1. INTRODUCTION

Finite elements, brought to the attention of electrical engineers in the
early Seventies [15], soon superseded finite differences in low frequency
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applications, thanks to their ability to model complex shapes. Still,
in wave propagation problems, Yee’s classical FDTD method [22,
16] continues to reign. This and other facts like the efficiency of
the MAFIA group of codes [19], Tonti’s “elementless” demonstration
software [18], the interest for “lattice oriented” methods [17], seem to
suggest that finite elements, and the variational method, may not be
that dominant a paradigm after all. Are finite differences back?

We purport to show that, when seeing things from a geometrical
point of view, there is no such sharp contrast. Finite elements don’t
hold the foreground, but they are nonetheless essential.

The geometrical approach to computational electromagnetism
can be traced back to Kottler, Cartan, and van Dantzig [6], who
independently pointed out, Post [14] tells us, the metric-free character
of the two main Maxwell equations, ∂tB + rotE = 0 (Faraday’s law)
and −∂tD+rotH = J (Ampère’s theorem). These make sense without
any metric structure in 3D space, whereas metric is needed to account
for constitutive laws such as B = µH and D = εE. (This is just as
true of Ohm’s law J = σE, but we shall ignore it for simplicity, and
assume all currents given.) The Hodge operator, by which they can
be expressed, depends on the metric structure. More, it brings in, one
may argue [5, 4], the metric structure.

This fact explains the close similarity of independently proposed
schemes (see e.g., [9, 18, 19]) as regards the discretization of Faraday
and Ampère: These “grid equations”, to use Weiland’s expression [20],
are forced on us, so to speak, as soon as a discretization mesh is
there. What makes the variety of methods and distinguishes numerical
schemes is, mainly, their treatment of the Hodge operator. Each of
them is characterized by a specific “discrete Hodge”. Finding under
which conditions the latter will produce a stable and convergent scheme
appears, therefore, as the central problem of the theory, the one on
which error analysis should focus.

Which is where finite elements enter the stage: not as a
prerequisite, as in the Galerkin approach, but as a theoretical tool for
what is, in this perspective, a task for professionals—error analysis.
The whole approach takes on a different flavor, which “generalized
finite differences” (GFD) seems to describe well. Moreover, from
this vantage point, the Galerkin approach, as well as finite volume
methods, do not appear so different from the Darmstadt school’s Finite
Integration Technique: the Galerkin method, as realized by WETD [10]
in wave problems, is a case of GFD, with a particular dual mesh (the
“barycentric” one) and a particular discrete Hodge.

I’d wish to show that, even at this late stage, geometry illuminates
the way. Appropriate finite elements for differential forms (the
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Whitney complex) can be derived, by geometric reasoning. They
answer requirements about interpolation that almost dictate their
specific form. I will point in particular to a unifying property of
Whitney forms, that they constitute, in a precise sense, a partition
of unity.

This makes Section 8 of the present paper. Before that, one recalls
the differential-geometric way to state Maxwell’s equations (Section 2)
and to discretize them (Section 3), and convergence is examined in
statics (Section 4) and transients (Section 6), within a formalism that
can accommodate different discrete Hodge operators. A digression
(Section 5) shows how so-called “mixed” methods fit in this picture.
Section 7 introduces Whitney forms, with a new twist: they come
in answer to the natural question “how to associate a p-chain with a
p-manifold”.

2. DIFFERENTIAL FORMS, AND THE EQUATIONS

Let’s briefly recall why differential forms, not vector fields, are the
right geometrical objects in electromagnetic theory. The main idea is
that a physical entity, as identified via empirical phenomena, should be
represented by the simplest possible mathematical entity. When the
electric field, say, is represented by a vector field E, the electromotive
force (emf, expressed in volts) along an oriented curve c is

∫
c τ · E,

where τ denotes the unit tangent vector. (Orienting c, here done by
having chosen one of the two possible τs, is essential.) The physical
field is entirely characterized (from the point of view of what can be
known about it, what can be measured) by its emf’s, which we denote
by

∫
c e, for all c’s. In the equality

∫
c e =

∫
c τ · E, E must change if

the dot product changes, in order to preserve the emf at the left-hand
side. Therefore what is mathematically cogent is not E (called here
a “proxy” field for this reason), but the map from curves to emf’s,
c →

∫
c e ≡

∫
c τ · E. Such a map (additive with respect to c and

continuous with respect to deformations of c) is called a differential
form of degree 1, or 1-form, and we reserve the notation e for it. One-
forms add, e + e′ being the map c →

∫
c e +

∫
c e
′, and have scalar

multiples, λe being c→ λ
∫
c e.

There are p-forms for all values of p from 0 to 3. In particular,
a mapping from oriented surfaces to real numbers, with similar
properties as above, is a 2-form. The magnetic flux b is one, which
assigns to an oriented surface S the flux

∫
S b. Three-forms map oriented

volumes to real numbers, and 0-forms map points to numbers.
Orientation, in each of these cases, is an attribute of the manifold

on which integration is performed, not of ambient 3D space. We say
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the manifold has inner orientation to stress that. (The orientation of a
point is just a sign, + or −.) To each p-manifold its own orientation. In
the case of a manifold and its boundary, however, orienting one of them
canonically orients the other one, because “from inside to outside”,
relative to the manifold, is an intrinsic notion. For instance, inner
orientation of the rim ∂S of a surface S derives from an orientation of
the latter. We say that independently assigned orientations “match”
when they conform to this canonical choice.

Faraday’s experiment can at this stage be accounted for by

∂t

∫
S
b+

∫
∂S
e = 0 (1)

for all inner-oriented surfaces S, provided the orientation of (each piece
of) ∂S matches that of S.

Note that we refrained to confuse inner orientation of S with a
“crossing direction” through S: the two notions can indeed be linked,
via orientation of ambient space, but the latter is physically irrelevant.
Giving a crossing direction, however, is right if the concept one wants
to capture is that of flow of something, electric charge for instance,
through the surface. A surface Σ thus equipped is said to be outer
oriented. Additive continuous maps from outer-oriented surfaces to
reals are called twisted 2-forms. Current-density j is such a map, and
the number

∫
Σ j it assigns to Σ is the intensity through Σ (expressed

in ampères).
To properly define this kind of orientation, one begins with

vector subspaces: Outer orientation of one is, by definition, inner
orientation of any of its complements. The notion immediately extends
to manifolds. In particular, an outer oriented line γ is one equipped
with a sense of “which way to turn around it”, i.e., an inner orientation
of its transverse planes. Additive continuous maps from such lines to
reals are called twisted 1-forms. They are the right objects to represent
the magnetic field strength, here denoted h. The number

∫
γ h is called

“the magnetomotive force (mmf) over γ”, expressed in ampères. As for
the displacement current d, it’s a twisted 2-form like j, and Ampère’s
theorem is the statement

−∂t
∫
Σ
d+

∫
∂Σ
h =

∫
Σ
j, (2)

for all outer-oriented surfaces Σ, provided the outer orientation of (each
piece of) ∂Σ matches that of Σ.

Our discretization strategy will consist in enforcing (1) and (2),
which in theory must hold for all surfaces, inner- or outer-oriented as
the case may be, for a selected family of such surfaces, those generated
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by the faces of two interlocked meshes. But first, we need to deal with
constitutive laws. It’s now (but only now) that a metric is necessary.

Consider a small plane patch S and a small straight segment γ,
at right angle at their intersection x. Assume an inner orientation of
S (any of the two possible ones) and take it as outer orientation of γ.
Now let a twisted 1-form h be given. Thus knowing the value of

∫
γ h,

we set ∫
S
b = µx

area(S)
length(γ)

∫
γ
h, (3)

where µx is the permeability at point x, if well-defined there.
(Discontinuities of µ are a minor difficulty, to be resolved later, cf. (10)
below.) This extends to any surface S (chop it into small patches, form
Riemann sums, and go to the limit) and thus defines a straight 2-form
b. Hence a (linear) map from twisted 1-forms to straight 2-forms, which
we call the µ-related Hodge operator, and shall simply denote by µ,
since there is no ambiguity about the status of µ as an operator, not a
scalar, in such an expression as b = µh. (We’ll use ν for the inverse of
µ, such that h = νb.) There is also an ε-related Hodge operator, with
similar definition.

Let’s emphasize the importance of metric elements in (3), length,
area, and especially, orthogonality: In terms of the vector proxies B
and H, (3) would translate as n · B = µ τ · H, where n and τ are
a normal and a tangent unit vector respectively, i.e., n · H = τ · H
whatever H, i.e., n = τ , which does require orthogonality between γ
and S.

3. DISCRETIZATION

Now let’s address the problem of waves emitted from an antenna and
reflecting off the perfectly conductive walls of a bounded cavity D.
This means solving (1) and (2), together with the constitutive laws

d = ε e, h = νb, (4)

for a given current density j inside D, null up to t = 0, plus
∫
c
e = 0 for all curves c lying in ∂D, (5)

which expresses the boundary condition. Let’s show how the foregoing
considerations lead towards a natural extension of Yee’s scheme.

Suppose a pair of meshes, both made of adjacent cells, with
smooth, but not necessarily plane, common faces. (We’ll say “p-cells”,
with p = 0 to 3, and refer to them as nodes, edges, faces, and volumes.
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Note that edges can be curved, or crooked, and that 2-cells are not
necessarily triangles or squares.) Arrange them so that p-cells of one
(the “primal” mesh) are in 1–1 correspondence with (n−p)-cells of the
other (called the “dual” mesh). As a rule, this is done by having edges
of one traverse faces of the other. Provide each primal p-cell with its
own (arbitrary) inner orientation, which automatically outer-orients
the corresponding dual (n−p)-cell. (The 2-cell dual to e is ẽ, the 1-cell
dual to f is f̃ .) Call Re

f the incidence number of primal edge e to face
f , defined as 0 if the boundary ∂f does not contain e, and ±1 if it
does, the sign depending on whether orientations match or not. Hence
a rectangular incidence matrix R, entries of which are ±1 or 0.

Next, assign real time-dependent degrees of freedom (DoF) to
edges and faces: bf and ee are meant to approximate the magnetic
flux

∫
f b and the emf

∫
e e, while hf and de, on the dual side, stand for

dual-edge mmf’s and dual-face electric fluxes (approximations of
∫
f̃ h

and
∫
ẽ d). Call e, b, h, d, as above, the arrays of such DoF’s, indexed

over sets of cells of the same kind. Similarly, j gathers the intensities je
through dual faces ẽ (which are not unknown, but data, in the present
restricted context).

Now let’s apply the previously announced strategy: enforce (1) for
all surfaces S made of an assembly of primal faces, which by additivity
of the integrals means

∂t

∫
f
b+

∫
∂f
e = 0 for each primal face f.

By the very definition of R, this results in ∂tbf +
∑
eR

e
fee = 0 for each

f . Hence, putting that in matrix form, and by similar considerations
applied to surfaces Σ made of dual faces,

∂tb + Re = 0, −∂td + Rth = j, (6)

where Rt is the transpose of R.
These “network equations” reflect the topology of the interlocking

networks, but they don’t use any metric information. Neither do they
require any notion of finite element.

By duality, components of b and h, or d and e, sit at the same
place. Therefore, a natural way to discretize the constitutive laws is
to set up square symmetric matrices εε and νν (boldface) and to enforce

d = εε e, h = ννb. (7)

Then the “leapfrog scheme”

−εε (ek+1/2 − ek−
1/2)/δt+ Rtννbk = jk, (bk+1− bk)/δt+ Rek+

1/2 = 0
(8)
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(with b0 = 0 and e−1/2 = 0 at the beginning) solves the approximation
problem. How should εε and νν be constructed? Sparsity, which reflets
the local character of laws (4), is an obvious requirement, but beyond
this, diagonality of εε is desirable, because it makes the scheme explicit.
Positive-definiteness of εε and νν is required for stability. With all that,
convergence of (7), (8) towards (6), (7) when the time-step δt tends to
0 is an easy matter. (The hard part is, of course, convergence of (6),
(7) to (1), (2), (4). We shall face this task in Sections 4 and 6.)

There are essentially two ways1 to construct these matrices. A
well-known one is the Galerkin method, that we shall revisit below
(Section 8), which takes for εε and νν the so-called “mass matrices” of
finite element theory. With this choice, (7) and (8) are the “WETD”
scheme [10]. But since εε here, though relatively sparse, is not diagonal,
the explicit character of Yee’s method is lost.

Hence the interest for the second way [19, 18], in which one designs
the meshes to be mutually orthogonal, a concept2 which goes back to
Maxwell [11], meaning that all cells are straight and that a primal cell
and its dual mate intersect at right angle. Then, in the case when ε
and µ are uniform, one sets εεee

′
= 0 if e �= e′, µµff

′
= 0 if f �= f ′, and

(cf. (3))

εεee = ε
area(ẽ)

length(e)
, µµff = µ

area(f)
length(f̃)

, (9)

which does provide diagonal matrices εε and µµ. In the case of non-
uniform coefficients, formulas such as

µµff =
µ1µ2 area(f)

µ1length(f̃1) + µ2length(f̃2)
, (10)

where f̃1 and f̃2 are the parts of f̃ belonging to the two volumes
adjacent to f , apply instead. Of course, νν is the inverse of µµ.

We note that metric is needed in both procedures, and hence
appears in the “network constitutive laws” (7).

Such rules as (9) or (10), which closely mimic the very definition
of the Hodge operator, are so natural that one might feel like claiming
discretization without shape functions! Indeed, (7), (8) with (9) or
(10) is the closest thing to the Yee scheme for staggered cellular grids,
and we just derived it without using any shape function.

Yet, finite elements are needed. As we just saw, the construction
of the “discrete Hodge operators” εε and νν is not forced on us, the
way (6) were. So if a rule for setting up εε and νν is proposed, by which
1 See [8] for an attempt to go beyond this crude dichotomy.
2 Not to be confused with that of an orthogonal grid à la Yee, with all edges parallel to
one of the Cartesian axes.
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one obtains square symmetric positive-definite—though not necessarily
diagonal—matrices, how do we assess the value of such a proposal?
By proving the convergence of the scheme when both meshes are
indefinitely refined, and this requires finite elements, as an analysis
of the proof will show.

4. CONVERGENCE: STATICS

Let’s first deal with magnetostatics, which consists in finding a pair
{b, h} such that

∫
S
b = 0, b = µh,

∫
∂Σ
h =

∫
Σ
j, (11)

for all closed inner-oriented surfaces S and all outer-oriented surfaces
Σ inside D. Since ∂Σ reduces to 0 for closed such surfaces, the given
j must satisfy

∫
Σ j = 0 for all closed Σ. By the same discretization

strategy as above, this becomes

Db = 0, b = µµh, Rth = j, (12)

where D is the face-to-volumes incidence matrix, defined the same way
R was. (Since DR = 0, a fact with straightforward proof, (12) stems
from (6) in static situations.) Problem (12) has a unique solution
{b,h}, provided Gtj = 0, where G is the nodes-to-edges incidence
matrix. (Again, RG = 0, therefore GtRt = 0, and hence the necessary
condition about j.)

We’ll need some notation: F is the set of “active” primal faces
(excluding those of the boundary, on which bf = 0) and an expression
such as (b,h), with boldface parentheses, denotes the sum

∑
f∈F bfhf .

An expression such as (b, h) refers to what would be, in terms of vector
proxies,

∫
D B · H, a quantity which actually does not depend on the

metric (it’s
∫
D b ∧ h in differential geometric language). We’ll assume

simple topology of D, in which case not only RG = 0 and DR = 0,
but ker(R) and ker(D) coincide with the ranges of G and R (proofs
of these well-known properties can be found in [1], Chap. 5). As a
consequence, the orthogonality relation

Du = 0 and Rtv = 0⇒ (u,v) = 0 (13)

holds. Last, we denote by |||u|||ν and |||v|||µ the square roots of the quantities
(ννu,u) and (µµv,v).

Let us denote by m the pair of interlocked meshes, and call
“grain”, γm, the maximum diameter of all cells. Our purpose is to
study {bm, hm} when γm tends to 0, while respecting the uniformity
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condition that there be a finite number of element shapes in the whole
family of refinements of the initial coarse mesh. We adopt “m → 0”
as a shorthand for that. We shall compare the computed DoF arrays,
b and h, with arrays of the same kind, rmb = {

∫
f b : f ∈ F} and

rmh = {
∫
f̃ h : f ∈ F}, composed of the fluxes and mmf’s of the

(unknown) solution of (11).
Since

∫
S b = 0 for all closed surfaces S, this applies to the boundary

of any primal 3-cell v (v for volume), hence the sum of face fluxes∑
f Df

v

∫
f b must vanish for all v. Similarly,

∫
∂Σ h =

∫
Σ j applies when

Σ is a dual 2-cell, which yields the relation
∑
f Re

f

∫
f̃ h =

∫
ẽ j. In matrix

form, all this results in Drmb = 0, Rtrmh = rmj ≡ j. Comparing with
(12), we obtain

D(b− rmb) = 0, Rt(h− rmh) = 0, (14)

and

(b− rmb)− µµ(h− rmh) = (µµrm − rmµ)h ≡ µµ(rmν − ννrm)b. (15)

Now, let’s premultiply (15) by νν and take the ()-scalar product of
this with (15) itself, side by side. Some algebra, using the orthogonality
(13) that (14) implies, leads to

(νν(b−rmb),b−rmb)+(µµ(h−rmh),h−rmh)=((µµrm−rmµ)h, (rmν−ννrm)b),
(16)

the cornerstone of the convergence proof, which we recast as

|||b− rmb|||2ν + |||h− rmh|||2µ = |||(ννrm− rmν)b|||2µ ≡ |||(µµrm − rmµ)h|||2ν (17)

to better suggest the geometric interpretation of this equality, and also
its physical meaning: If we call “discrete energy” of b [resp. “discrete
coenergy” of h] the quantity 1/2|||b|||2ν [resp. 1/2|||h|||2µ], we see that
the “distance in energy” between the computed array of fluxes
[resp. mmf’s] and the actual one tends to zero, provided the so-called
inconsistency error at the right-hand side of (17) tends to 0 with m.
We rewrite the latter requirement, in less formal but more suggestive
fashion, as

(ννrm−rmν)b→ 0 when m→ 0, (µµrm−rmµ)h→ 0 when m→ 0, (18)

for any 2-form b or twisted 1-form h, two equivalent properties which
express the consistency of the approximation scheme.

This is the core of the matter: a good discrete Hodge operator
must satisfy (18). Do the ones in (9) comply?
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Yes, as easily verified thanks to a local computation, for which we
revert again to vector proxies. First suppose that H is uniform in the
vicinity of face f . The flux [(µµrm − rmµ)h]f then vanishes, because so
was the rationale behind the definition of µµ, back in (9). For a non-
uniform H, now, a Taylor expansion about the point f ∩ f̃ allows us to
bound this quantity by Cγm area(f), where C depends on H but not
on m, hence (same symbol C for all constants, with possibly different
values)

|||(µµrm − rmµ)h|||2ν ≤ C
∑
f

length(f̃)
area(f)

γ2
marea(f)2 ≤ Cγ2

mvolume(D).

This very rough estimate could be improved upon, by more finely
taking into account the local geometry, and by exploiting the
uniformity of the mesh sequence, but it suffices to show that, indeed,
(18) holds.

The same argument works for all reasonable ways to define
µµ, including the Galerkin method, to which we shall return, and
“finite volume” approaches [13]. The important thing is to have the
inconsistency (µµrm − rmµ)h vanish for locally uniform fields3.

Going back to (17), we see that |||b − rmb|||2ν behaves like γ2
m when

m is refined. But this is hardly enough to prove convergence in any
definite way. For this, one should build from the DoF arrays b and h
an approximation {bm, hm} of the field, and prove that both bm − b
and hm − h tend to 0 with m, in an appropriate sense. Setting
bm = pmb and hm = pmh, where each pm is a linear map, not yet
specified, we may for instance require that both (ν(b− pmb), b− pmb)
and (µ(h−pmh), h−pmh) tend to 0 with m (convergence “in energy”).
Sufficient conditions on pm to this effect are the consistency condition:

pmrmb→ b, pmrmh→ h, in energy, when m→ 0, (19)

and the following inequalities:

α(νpmb, pmb) ≤ (ννb,b), α(µpmh, pmh) ≤ (µµh,h), (20)

for all b and h, where the constant α > 0 does not depend on m. This
expresses the stability of the approximation scheme. Convergence,
now, is straightforward (Lax’s theorem): First, pm(b − rmb) → 0, by
(20), then pmb → b, thanks to (19). Same argument about h. Note
that only L2 estimates came into play.

So what about the map pm? We shall return to that in general,
with Whitney forms. But here, by sheer luck, there happens to be an
3 As far as I can judge, credit for this remark should go to Tonti [18].
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easy way to interpolate from b in the case of a tetrahedral primal mesh:
build a piecewise constant field B, the flux of which at face f is bf .
This makes three unknowns per volume, subject to four equations,
but Db = 0 makes one of them dependent, hence there is such a
field. By a general result on Whitney forms to which we shall return,
pmrmb → b does hold, then. As for (20), note that (νpmb, pmb), being
a quadratic form of b, equals (M2(ν)b,b), where M2 is some positive-
definite matrix. (It’s the “mass matrix” for Whitney face elements.)
Suppose first a single tetrahedron in the mesh m, and consider the
quotient (ννb,b)/(M2(ν)b,b). Its lower bound with respect to b,
strictly positive, depends only on the shape of the tetrahedron, not on
its size. Uniformity of the mesh sequence, then, allows us to take for
α in (20) the smallest of these lower bounds, which is strictly positive
and independent of m. We may thereby conclude that pmb converges
towards b in energy, and hence νpmb → h. (There is here, implicit,
a lazy way to build a pm for h: Set pmh = νpmµµh. It’s somewhat
unsavory, because “non-conformal”, and rmpm �= 1.)

5. OTHER EQUIVALENT SCHEMES IN STATICS

The proof thus carried out applies to all numerical schemes
algebraically equivalent to (12). Let’s review them.

First, a “scalar potential” one. As we have assumed, the
kernels ker(R) and ker(D) coincide with the ranges of G and R. By
transposition, ker(Gt) is the range of Rt, and ker(Rt) is the range of
Dt. So if Gtj = 0, there exists an F-indexed array hj such that Rthj

= j. (It’s not unique, and need not be explicitly constructed, though
that would be a trivial task. That there is one is all we need.) Now,
Rt(h−hj) = 0, so there is a DoF array φφ, indexed over volumes, such
that h = hj + Dtφφ, and (12) reduces to

DµµDtφφ = −Dµµhj. (21)

This is a square symmetric linear system, with respect to φφ, the
matrix of which can be singular, with a kernel equal, since µµ is
regular, to ker(Dt). There are solutions, because the right-hand side
is automatically in ran(D), and Dtφφ, which represents the magnetic
field, is unique, though φφ may not be. Equation (21) thus appears as
a way to solve (12): having φφ, we set h = hj + Dtφφ, and b = µµh.
This is a typical finite volume approach to magnetostatics, with one
degree of freedom per volume of the (primal) mesh, which one may of
course interpret as the value of a magnetic potential at the dual node
contained by this volume.
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Symmetrically, we also have a “vector potential” scheme. Since
ker(D) is the range of R, one may look for b, which has to be in it, in
the form b = Ra, where the DoF array a is indexed over the set E of
active edges. Then (12) is equivalent to

Rtµµ−1Ra = j. (22)

No uniqueness, again, but there are solutions, thanks to the condition
Gtj = 0, which guarantees that j lies in the range of Rt, and b = Ra is
the same for all these solutions. So solving (22), thus getting a unique
b, and setting h = µµ−1b, is equivalent to solving (12).

This is not all. If we refrain to eliminate h in the reduction of
(12) to (22), but still use b = Ra, we get an intermediate two-equation
system, (

−µµ R
Rt 0

) (
h
a

)
=

(
0
j

)
, (23)

often called a mixed algebraic system. The same manipulation in the
other direction (eliminating h by h = hj + Dtφφ, but keeping b) gives

(
−µµ−1 Dt

D 0

) (
b
φφ

)
=

(
−hj

0

)
. (24)

Systems (21), (22), (23), and (24) differ in size and in sparsity, but
give the same solution pair {b,h}, so which one effectively to solve is
a matter of algorithmics that need not concern us here. (Assigning b
to dual faces and h to primal edges would generate a similar family
of equivalent systems, but not equivalent to (21)–(24), thus yielding
complementary information. See [1], Chap. 6.) The important point
is, the error analysis we have performed applies to all of them.

In this approach, therefore, there is no need to invoke so-called
“mixed variational principles” and “inf-sup conditions” to prove the
convergence of mixed schemes—a welcome simplification. What we
have is a discretizing machinery, which we apply systematically:
replace fields by DoF arrays, on the primal or dual mesh according
to their nature as differential forms, replace curl by R on the primal
side and Rt on the dual side, etc., and most importantly, ε and µ by εε
and µµ. These “discrete Hodges” are the only non-standardized parts of
the machine, and hence the only ones that call for “certification”, i.e.,
verification of (18), (19), and (20). We just did that for the Hodges of
(9) and (10), and will soon deal with the Galerkin-induced ones.
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6. CONVERGENCE: TRANSIENTS

Meanwhile, let us sketch the convergence proof in transient situations.
First, linear interpolation in time between the values of the DoF

arrays, as output by the Yee scheme (8), provides DoF-array-valued
functions of time which converge, when δt tends to zero, towards the
solution of the “spatially discretized” equations (6). This is standard.

Next, taking advantage of linearity, let’s Laplace-transform, and
examine the behavior of the solution of

−pD + Rt
H = J, pB + RE = 0, (25)

D = εεE, B = µµH, (26)

when m→ 0. Here, p = ξ + iω, with ξ > 0, and small capitals denote
Laplace transforms. If one can prove uniform convergence with respect
to ω (which the requirement ξ > 0 makes possible), convergence of the
solution of (6) will ensue, by inverse Laplace transformation. The main
problem, therefore, is to compare E, B, H, D, as given by (25) and (26),
with rme, rmb, rmh, rmd.

The approach is similar to what we did in statics. First establish
that

pµµ(H− rmh) + R(E− rme) = p(rmµ− µµrm)h, (27)

−pεε(E− rme) + Rt(H− rmh) = −p(rmε− εεrm)e. (28)

Then, right-multiply (27) by (H − rmh)∗ and the conjugate of (28) by
−(E − rme), add, see the middle terms (in R and Rt) cancel out, and
get the energy estimates. The similarity between the right-hand sides
of (15), on the one hand, and (27), (28), on the other hand, shows
that no further consistency requirements emerge. Stability, thanks to
ξ > 0, holds there if it held in statics. What is a good Hodge discrete
operator in statics, therefore, is a good one in transient situations.

7. INTERPOLATION: WHITNEY FORMS

So for each kind of DoF array, we need an operator, generically denoted
by pm, which maps it to a differential form (DF) of the appropriate
kind: pme, starting from an edge-based DoF array e, should be a 1-
form; pmb, obtained from a face-based b, should be a 2-form; and so
forth. It should satisfy rmpm = 1 and pmrm → 1 when m → 0. We’ll
present the solution to this problem that Whitney forms provide [21],
in the case of a simplicial primal mesh, in a way that gives a rationale
for these forms.

We know a solution in the case of (primal-) node-based DoF
arrays. Such arrays correspond to straight DF’s of degree 0, i.e., to
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functions, and interpolating a function from its nodal values is done
via the well known “hat functions” of finite element theory, that we
shall denote by wn, one for each node n of the mesh. We note that
hat functions serve two purposes. One is to represent a point x in
terms of the nodal positions, that is, with mild notational abuse, as
the barycenter

x =
∑
n∈N

wn(x)xn, (29)

where N is the set of nodes. The other is to interpolate from an array
{ψψn : n ∈ N} of nodal values:

(pmψψ)(x) =
∑
n∈N

wn(x)ψψn, (30)

yielding a piecewise affine function whose value at xn is ψψn. Hence a
pm for which rmpm = 1 holds. Compare these expressions: The value
we attribute to pmψψ at point x is the weighted sum of the nodal values
ψψn, the weights being the same as those by which x is expressed as a
sum of nodes. That’s our clue: if we were somehow able to express a
line as a weighted sum of mesh-edges, a surface as a weighted sum of
mesh-faces, etc., we could generate a 1-form from an edge-based DoF
array, a 2-form from a face-based array, and so on. Such weighted
sums, written as

∑
s c

s s, where s spans the set of p-simplices, have
status in Homology, where they are called chains. In short, we need to
be able to assign a p-chain to a p-manifold.

Let’s tackle the case p = 1, a line. To the price of chopping the
line into small segments, and doing sums, we can solve the problem
if we know how to deal with a segment xy, which we may assume
lies entirely in one of the tetrahedra. Since x =

∑
nw

n(x)xn and y
=

∑
nw

n(y)xn, one has, by deliberately confusing oriented segments
such as xy with vectors such as y − x,

y − x = y −
∑
n

wn(x)xn =
∑
n

wn(x) (y − xn)

(since
∑
nw

n(x) = 1), hence

xy =
∑
n

wn(x) (xn −
∑
m

wm(y)xm) =
∑
n

wn(x)
∑
m

wm(y) xmxn,

(31)
and that’s a step forward: (31) represents the segment xy as a weighted
sum of segments which coincide with edges, but either with one or the
other orientation. So each of the relevant edges appears twice, with
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opposite signs, in the above sum. Grouping these pairs of terms, we
find, assuming an edge oriented from n to m,

xy = (wn(x)wm(y)− wm(x)wn(y))xnxm + . . . ,

where the dots stand for five similar expressions for the other edges
of the tetrahedron containing xy—hence our weights, and a 1-chain
which represents xy. Now, owing to the fact that wn(y) − wn(x) =
〈dwn, y − x〉, by which we denote the effect of the 1-form dwn on the
vector y − x, we find that

xy =
∑
e

〈we(x), y − x〉 e, (32)

where
we = wndwm − wmdwn (33)

is the Whitney form of edge e = {n,m}. (More familiar, of course, is
its proxy vector field W e, which reads

W e = wn∇wm − wm∇wn, (33′)

the well known “edge element”.) The chain ptm(xy) to be associated
with xy (this notation will soon be justified) is thus

∑
e〈we(x), y−x〉 e

=
∑
e(

∫
xy w

e) e.
This shows how to assign a chain to an oriented curve c: by

linearity of the integral, this chain must be (compare with (29))

ptmc =
∑
e

(
∫
c
we) e. (34)

Correlatively, we have solved the problem of interpolating from edge
values: what interpolates from the edge-DoF array a is the (straight)
1-form

pma =
∑
e∈E

aewe (35)

(compare with (30)). The symbol ptm is appropriate, for if we denote
the integral

∫
c a of a 1-form by 〈a, c〉 and the duality pairing between

a 1-chain c and a 1-cochain a by (a, c) =
∑
e∈E aece, then 〈pma, c〉 =

(a, ptmc) —a transposition. Note that
∫
e′ we = 0 for e′ �= e, because

both wn and wm vanish on other edges than e = {m,n}. This shows
(integrate both sides of (35) along e′) that rmpm = 1 holds, again in
this case. Last, the convergence property, pmrm → 1 when m→ 0, also
holds, under the condition of mesh uniformity [7, 12].

This is true not only for p = 1, but for all Whitney forms up
the dimensional scale, which can now be found by easy induction. On
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the model of (31), we have the representation of a small triangle xyz
as

∑
l,m,n λ

l(x)λm(y)λn(z)xlxmxn, from which stems the 2-form wf =
2(wldwm∧dwn+wmdwn∧dwl+wndwl∧dwm), associated with the face
f = {l,m, n}, and so on. (The proxy of wf is the “face element” W f =
2(wl∇wm×∇wn+ . . .), with the same circular permutation of terms.)
The generic Whitney form for the p-simplex s = {n0, n1, . . . , np} is
thus seen to be, as in [21],

ws = (−1)i p!
∑

i=0,...,p

wnidwn0 ∧ ...〈i〉... ∧ dwnp , (36)

where 〈i〉 means “omit the term dwni”.
An automatic feature of this way of representing small p-simplices

as p-chains is that ptm∂ = ∂∂ptm, where ∂∂ is the boundary operator
for chains. By simple transposition, this gives us the all important
structural property of Whitney forms, dpm = pmd, where d is the
generic incidence matrix. From this we derive, denoting by W p(D) the
finite dimensional space generated by Whitney p-forms,

dW p−1 ⊂W p, ker(d ;W p) = dW p−1.

8. THE GALERKIN HODGE

To finish, let’s see in which manner the Galerkin method can be
understood as a realization of GFD. (Proofs, easy to carry out, are
only sketched. Details can be found in [3].) We restrict consideration
to a simplicial primal mesh. The key decision is to use the barycentric
dual mesh: So, for instance, the dual edge ẽ is obtained by joining the
barycenters of all faces and volumes adjacent to edge e, as encountered
when turning around e.

First, a new notion: “dyadic products”, or simply “dyadics”,
obtained by taking the tensor product of a vector and a covector. As
a convenient metaphor for such objects, imagine a machine with two
slots, one on the left that can receive a covector, one on the right that
can receive a vector, and a central dial that displays a real number,
with the usual linearity properties with respect to both arguments.
Denoting by M the machine, we shall write the dial’s reading in the
form 〈ω,M, v〉.

A way to build such a machine is to use as its inner components
a fixed vector w and a fixed covector η, and to make the dial indicate
〈ω,w〉〈η, v〉 when ω and v are slipped into the slots. Let’s denote the
machine thus obtained by the symbol w〉〈η, and call that the dyadic
product of w and η. So if we substitute w〉〈η for M in the above
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expression 〈ω,M, v〉, we get this:

〈ω,w〉〈η, v〉 = 〈ω,w〉〈η, v〉 ∀ω, v,

which in spite of looking like a notational joke is a bona-fide definition
of w〉〈η ! The general machine is a sum of dyadics. Among them, one
is special, the unity, denoted by 1, and defined by 〈ω, 1, v〉 = 〈ω, v〉 for
all ω and v.

Now, given a manifold, one may envision such a machine standing
at each point, and hence, introduce fields of them (in which one will
recognize so-called “(1-1)-tensors”). In particular, a dyadic field is a
smooth assignment of a dyadic to each point, which one can build from
a vector field and a 1-form by following the above recipe.

With this, we can rewrite (32) as
∑
e∈E

e〉〈we(x) = 1, (37)

where symbol e, up to this point a mere label for edge e, now doubles
for a vector, the vector along edge e. One may argue that the very
definition of Whitney 1-forms, or edge elements, was engineered in
order to obtain this formula.

Edges here have no privilege. There is a similar identity for
simplices of all dimensions: For faces, one has

∑
f∈F f〉〈wf (x) = 1,

where f is interpreted as a 2-vector. For nodes,
∑
n∈N n〉〈wn(x) = 1.

This one, like all formulas of the family, says two things: that
x =

∑
nw

n(x)xn (formula (29)), and that
∑
nw

n(x) = 1, whatever x,
the “partition of unity” property of hat functions. Formula (37) and
similar ones, therefore, say that Whitney forms of any given degree
make a partition of unity.

Next, let us consider the ε-related mass matrix of edge elements,
defined by by (M1(ε))ee

′
=

∫
D w

e ∧ εwe′ , or alternatively, if one uses
vector proxies, (M1(ε))ee

′
=

∫
D εW

e ·W e′ . From (37), or more easily
from (32), if one uses vector proxies, one gets

∑
e′(M1(ε))ee

′
e′ =∫

D εW
e: substitute W e′ for xy, hence W e′(x) =

∑
e(W

e(x) ·W e′(x)) e.
Then permute e and e′, and integrate over D.

On the other hand, one can prove, by elementary geometry, that
the vector-valued integral

∫
DW

e equals the vectorial area of ẽ. (This
metric concept applies to outer-oriented polyhedral surfaces: For a
plane surface, take its area times its normal vector. For polyhedra,
just add contributions.) Using (33′), and assuming ε uniform, one
gets

∫
D εW

e = ε ẽ, where ẽ now stands for the vectorial area of the
dual face. This rewrites, in differential geometric language (and, this
way, ε need not be uniform, cf. [3]), as

∫
D εw

e = εẽ, if ε is properly
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understood: on the left, the Hodge operator acting on 1-forms, on the
right, a Hodge-like operator, defined by duality, which sends 2-vectors
to vectors.

Putting all this together, we get the vectorial identity
∑
e′

(M1(ε))ee
′
e′ = εẽ. (38)

Now, let a uniform 1-form u act on both sides of this vector equality.
This gives

∑
e′(M1(ε))ee

′
ue′ =

∫
ẽ εu, which it’s more illuminating to

read as M1(ε)rmu = rmεu for a constant u, the very equality from which
we were able to derive (18), the consistency property, in the case of
the diagonal Hodge µµ. So as a consequence of the partition-of-unity
property, we may set εε= M1(ε), and thus have a “good Hodge” (though
not a diagonal one—hence the problematic of mass lumping, evoked
at more length in [2]). Stability is here a built-in property, because
discrete energy and continuous energy coincide, by construction.

Let’s conclude with some heuristic considerations. The point in
what precedes was not to prove anew the convergence of the Galerkin
method, only to present it as one realization, among others, of the GFD
paradigm. But now, one realizes that the argument may be turned the
other way: the geometric equality

∑
e′
εεee
′
e′ = εẽ, (39)

and its analogue for faces,
∑
f ′
ννff

′
f ′ = νf̃ ,

are consistency criteria that a proposed discrete Hodge, εε or νν, should
meet. More precisely, given a primal mesh and a matrix εε, there should
be a way to draw the dual mesh that makes (39) hold for all4 edges
e. As we saw, the diagonal Hodges in (9) and (10) meet the criterion
if an orthogonal dual mesh exists. (Otherwise, “cheat”, as suggested
in Note 4.) The Galerkin Hodge, as built from Whitney elements
on a simplicial mesh, is computationally more expensive, but has the
advantage that a suitable dual mesh always exists: the barycentric one.
4 Almost all, actually—one can cheat on some of them, provided their proportion vanishes
fast enough, with refinement, to still satisfy (18). For instance, when orthogonality of e
and ẽ could not be achieved, area(ẽ) in (9) can be replaced by the area of its orthogonal
projection along the direction of e.
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1. INTRODUCTION

All macroscopic electromagnetic phenomena occurring in practice
can be mathematically described with the complete set of Maxwell’s
equations. The Finite Integration Technique (FIT) [1] developed
by Weiland in 1977 provides a discrete reformulation of Maxwell’s
equations in their integral form suitable for computers and it
allows to simulate real-world electromagnetic field problems with
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complex geometries. This finite volume-type discretization scheme
for Maxwell’s equations relies on the usage of integral balances
and thus allows to prove stability and conservation properties of
the discrete fields even before starting with numerical calculations.
In particular, such algebraic properties of the discrete formulation
enable the development of long-term stable numerical time integration
schemes or accurate eigenvalue solvers avoiding spurious modes.

Recently, the language of differential forms and concepts of
algebraic topology have been used to study Maxwell’s equations
restricted to lattices, e.g. in [2], [3], [4]. In the resulting discrete
formulations the equations are typically separated in those which
are metric-free, arising from topology, and in those which are
metric-depended. They closely resemble (or paraphrase) those
discrete formulations of the Finite Integration Technique, which are
already established for more than 20 years. This new mathematical
background also triggers a corresponding reinterpretation of modern
conformal Edge-Finite-Element schemes [5] used in computational
electromagnetics, which are usually rather derived starting from
mathematical variational formulations [3].

The first discretization step of the FI-method consists in
the restriction of the electromagnetic field problem, which usually
represents an open boundary problem, to a simply connected and
bounded space region Ω ∈ R3, which contains the space region
of interest. The next step consists in the decomposition of the
computational domain Ω into a (locally) finite number of simplicial
cells Vi such as tetra- or hexahedra under the premise that all
cells have to fit exactly to each other, i.e. the intersection of
two different cells is either empty or it must be a two-dimensional
polygon, a one-dimensional edge shared by both cells or a point. This
decomposition yields the finite simplicial cells complex G, which serves
as computational grid.

Starting with this very general cell-based approach to a spatial
discretization it is clear, that the FI-theory is not only restricted
to three-dimensional Cartesian meshes. It allows to consider all
types of coordinate meshes, orthogonal and non-orthogonal meshes
[6], [7]. Also consistent subgridding schemes (corresponding to a local
mesh refinement including grid line termination techniques) have been
developed [8]. The FI-Technique even extends to non-simplicial cells,
as long as the resulting cell complex is homeomorphic to a simplicial
cell complex. For practical application such general cell complexes,
where the cell edges may be curves, only play a role if they occur as
coordinate meshes.

Note that each edge of the cells includes an initial orientation, i.e.,
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a direction, such that the union of all this cell edges can be described as
a directed graph [9]. Analogously also polygonal facets of the complex
will be associated with a direction.

For the sake of simplicity, however, it is assumed that Ω is brick-
shaped in the following description of the FI-technique and that the
decomposition is given with a with a tensor product grid for Cartesian
coordinates such that we get a cell complex

G := {Vi,j,k ∈ R3| Vi,j,k := [xi, xi+1]× [yi, yi+1]× [zi, zi+1],
i = 1, . . . , I − 1, j = 1, . . . , J − 1, k = 1, . . . ,K − 1}, (1)

where the nodes (xi, yj , zk) are enumerated with the coordinates i, j
and k along the x−, y− and z−axis. This results in the total number
of Np := I · J ·K mesh points for (I − 1) · (J − 1) · (K − 1) mesh cells.

After the definition of the grid cell complex G, the further
introduction of the FI-theory can be restricted to a single cell volume
Vn. Starting with Faraday’s law in integral form∮

∂A

�E(�r, t) · d�s = −
∫ ∫

A

∂

∂t
�B(�r, t) · d �A ∀ A ∈ R3, (2)

can be rewritten for a facet Az(i, j, k) of Vn as the ordinary differential
equation

�
e x(i, j, k) + �

e y(i + 1, j, k)− �
e x(i, j + 1, k)− �

e y(i, j, k) =

− d

dt

��
b z(i, j, k), (3)

as shown in Fig. 1, where the scalar value �
e x(i, j, k) =

∫ (xi+1,yj ,zk)

(xi,yj ,zk)
�E ·

d�s is the electric voltage along one edge of the surface Az(i, j, k),
representing the exact value of the integral over of the electric field
along this edge. The scalar value

��
b z(i, j, k) =

∫
Az(i,j,k)

�B·d �A represents
the magnetic flux, i.e., the integral value over the magnetic flux density,
through the cell facet Az(i, j, k). Note that the orientation of the
cell edges will have influence on the signs within (3). It has to be
emphasized that equation (3) is an exact representation of (2) for the
cell surface under consideration.

The integral formulation of Farady’s law (2) is valid for each
single facet A(i, j, k) of G and the discrete approach in (3) naturally
extends to larger facet areas A = ∪A(i, j, k) due to the relation∑∮

A(i, j, k) =
∮
A . The same result will hold for surface integrals. This

motivates the spatial discretization approach by a finite cell complex
chosen within the Finite Integration Technique.
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Figure 1. A cell Vi,j,k−1 of the cell complex G with the allocation of
the electric grid voltages �

e on the edges of A and the magnetic facet
flux

��
b through this surface.

Assuming a lexicographical ordering of the electric voltages
�
e (i, j, k) and of the magnetic facet fluxes

��
b (i, j, k) over the whole

cell complex G and their assembly into column vectors in such a way,
that we compose the degrees of freedom first in x−direction, then in
y− and z−direction, we get two vectors

�e := (�e x,n|�e y,n|�e z,n)Tn=1,...,Np ∈ R3Np (4)
��
b := (

��
b x,n|

��
b y,n|

��
b z,n)Tn=1,...,Np ∈ R3Np . (5)

The equations (3) of all grid cell surfaces of the complex G can be
collected in a matrix form

(
. . . . . . . . .

1 . . . 1 . . . −1 . . . −1
. . . . . . . . .

)

︸ ︷︷ ︸
C :=




�
en1

...
�
en2

...
�
en3

...
�
en4




︸ ︷︷ ︸
�e

= − d

dt




...
��
b n
...




︸ ︷︷ ︸
��
b

. (6)

The matrix C contains only topological information on the incidence
relation of the cell edges within G and on their orientation, thus it
only has matrix coefficients Ci,j ∈ {−1, 0, 1}. It represents a discrete
curl-operator on the grid G.

In terms of algebraic topology the discrete curl operator of FIT
is identical to the coboundary process operator that is applied to the
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cochains of degree one, i.e., the degrees of freedom allocated on one-
dimensional cell chains, resulting in a cochain of degree two, i.e., a
degree of freedom connected to a two-dimensional cell-surface [2].

The second discrete differential operator to be considered is the
divergence operator. Its derivation originates from Maxwell’s equation
describing the non-existence of magnetic charges

∫ ∫∫
∂V

�B(�r, t) · d �A = 0 ∀ V ∈ R3, (7)

which is considered for a cell Vi,j,k as shown in Fig. 2.

b

�

�

y

x

z

z

y

(i+1,j,k)

(i,j,k)

(i,j+1,k)

x
(i,j,k)

(i,j,k+1)

(i,j,k)

b

�

�

b

�

�

b

�

�

b

�

�

b

�

�

Figure 2. This figure depicts the allocation of the six magnetic facet
fluxes which have to be considered in the evaluation of the closed
surface integral for the non-existence of magnetic charges within the
cell volume.

The evaluation of the surface integral in (7) for the depicted brick
cell yields

−��b x(i, j, k)+
��
b x(i + 1, j, k)−��

b y(i, j, k)+
��
b y(i, j + 1, k)

−��b z(i, j, k)+
��
b z(i, j, k + 1)=0,

(8)

which is an exact relation for the considered volume.
Again this relation for a single cell can be expanded to the whole
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cell complex G and this yields the discrete divergence matrix

(
. . . . . .

. −1 1 −1 1 −1 1 .
. . . . . .

)

︸ ︷︷ ︸
S :=




...
��
bm1
��
bm2
��
bm3
��
bm4
��
bm5
��
bm6

...




︸ ︷︷ ︸
��
b

= 0. (9)

The discrete divergence (source) matrix S ∈ RNp×3Np also only
depends on the grid topology just as the discrete curl-matrix C. It
corresponds to the coboundary operator applied to cochains of degree
two (surface degrees of freedom) that yields cochains of degree three,
a degree of freedom connected to a whole cell volume [2].

The discretization of the remaining two Maxwell equations within
the Finite Integration Technique requires the introduction of a second
cell complex G̃ which is dual to the primary cell complex G. For the
Cartesian tensor product grid G the dual grid G̃ is defined by taking
the foci of the cells of G as gridpoints for the mesh cells of G̃.

For more general, eventually unstructured, cell complexes G it
is also possible to take the cell barycenters as boundary vertices for
definition of the dual grid cells of G̃ [6], [3].

With this definition it can be ensured that there is a one-to-one
relation between the cell edges of G cutting through the cell surfaces
of G̃ and vice versa. Along the edges L̃k of the so defined dual grid
cells we integrate the magnetic field intensities resulting in a magneto
motive force

�

hk =
∫
L̃k

�H · d�s with the physical unit Ampére. On the

cells surfaces of G̃ the dielectric fluxes and the electric currents are
allocated in analogy to electric grid voltages and magnetic facet fluxes
on G.

Hence the complete integral of the charge density within a dual
cell Ṽ can be related to a discrete charge onto the single grid point of
the primal grid G placed inside Ṽ .

The discretization of Ampére’s law in integral form∮

∂Ã

�H(�r, t) · d�s =
∫ ∫

Ã

(
∂

∂t
�D(�r, t) + �J(�r, t)

)
· d �A ∀Ã ∈ R3 (10)
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Dual Grid G

Grid G

~

Figure 3. This figure shows the spatial allocation of a cell and a dual
cell of the grid doublet {G, G̃}.

can be performed for an arbitrary facet Ã of a dual grid cell Ṽ in
complete analogy to Faraday’s law by summing up the magnetic grid
voltages in order to obtain the displacement current and the conductive
current through the considered cell facet.

Finally, Gauss’ law in integral form can be discretized for the dual
grid cells. Both these discretizations for the dual grid cell complex
will result in matrix equations featuring the topological grid operators
C̃ for the dual discrete curl and S̃ for the dual discrete divergence.
For the cell complex pair {G, G̃} the complete set of discrete matrix
equations, the so-called Maxwell-Grid-Equations (MGE) is now given
by:

C�e = − d

dt

��
b, C̃

�

h =
d

dt

��
d +

��
j , (11)

S
��
b = 0, S̃

��
d = q. (12)

Irrotational electromagnetic fields in Ω can be represented as
gradient-fields of scalar potentials according to Poincare’s lemma.
Within the context of the FI-Technique one deals with electric grid
voltages allocated on the cell edges. To represent these as difference
of two nodal potential values, discrete potential values Φ(i, j, k) are
allocated onto the intersecting grid mesh points of G, such that the
relation

−Φ(i + 1, j, k) + Φ(i, j, k) = �ex(i, j, k) (13)

holds. Collecting these discrete potential values and their relation (13)
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into vectors Φ over the whole cell complex G, one obtains the relation
�e = −GΦ, (14)

where the discrete gradient matrix G = −S̃T indeed is the negative
transpose of the dual discrete divergence operator. Analogously, the
same procedure can be applied using magnetic potentials on the cell
vertices of the dual cell complex G̃ to derive the discrete gradient
matrix −ST for the irrotational dual magnetic grid voltages with
�

h = −G̃Ψ(= STΨ), where Ψ is a magnetic scalar nodal potential
vector.

A discretization has been performed for Maxwell’s equations only
so far, as the computational domain has been artificially bounded
and the information that these equations hold is only about integral
state variables which are either allocated on points (potentials), edges
(voltages), surfaces (fluxes) or the cell volume (charges). The resulting
equations are an exact representation of Maxwell’s Equations on a grid
doublet.

The approximation of the method itself enters when the integral
voltage- and flux state-variables allocated on the two different cell
complexes are to be related to each other by the constitutive material
equations. In the case of the simple Cartesian tensor product grid the
two cell complexes G and G̃ are dual orthogonal and represent a so-
called Delaunay-Voronoi-grid doublet. Here the directions associated
to the facet and to the dual edge penetrating this facet are identical.
In addition with the one-to-one correspondence of the facets and their
penetrating dual edges this will result in discrete material matrix
relations

��
d = Mε

�e +
��p,

��
j = Mκ

�e ,
�

h = Mν
��
b − �m, (15)

featuring only diagonal matrices for diagonal or isotropic material
tensors [10]. Here Mε is the permittivity matrix, Mκ is the (usually
singular) matrix of conductivities, Mν the matrix of reluctivities and
��p and �m arise from permanent electric and magnetic polarisations.
Within these matrix equations the relations of the degrees of freedom
corresponding to the two grid complexes G and G̃ are described,
coupling edge degrees of freedom, so-called discrete 1-forms, with dual
facet degrees of freedom, so-called discrete 2-forms. In differential
geometry an isomorphism, which maps a 1-form onto a 2-form (in the
manifold R3), is called a Hodge operator. Hence the material matrices
of the FIT can be dubbed as discrete Hodge operators [3] and contain
the metrical information of the MGE, i.e., they contain the averaged
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Figure 4. The coupling of the degrees of freedom on G and G̃ is
performed in the constitutive material equations. Here, an electric
grid voltage �em allocated on an edge Lm ∈ G is coupled to a facet
flux

��
jm allocated on a dual cell facet Ãm ∈ G̃. This process involves

an averaging of the four cell permittivities κ1, . . . , κ4 to a value κ̄m
for the facet area Ãm. The coupling constitutive relation then reads as
jm = κ̄mem, involving a mean current density jm =

��
jm/

∫
Ãm

dA and
an averaged electric field intensity em = �em/

∫
Lm

ds.

information of the material and on the grid dimensions [10] (See Fig.
4). Since the four MGE in (11) and (12) are exact and contain only
topological information, the discretization error is found to be located
in the discrete constitutive material equations [10], [3].

For instance, with the definition of a maximal length of the grid
cell edges h of the Cartesisian grid doublet (G, G̃) the result for the
coupling of the electric currents and the electric grid voltages an entry
of the diagonal material matrix of conductivities is derived from∫ ∫

Ãm

�J · d �A
∫
Lm

�E · d�s
=

∫ ∫
Ãm

κdA

∫
Lm

ds

+O(hl)

≈ κ̄

∫ ∫
Ãm

dA

∫
Lm

ds

= (Mκ)m,m =

��
jm
�em

(16)
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for a corresponding pair of a grid voltage �em along the edge Lm ∈ G

and the facet flux
��
jm through the facet Ãm ∈ G̃. Here the error

exponent l has a value l = 2 in the case of non-uniform grid spacing or
if the cell conductivities κi have a different value, otherwise l = 3 holds
[11]. The material matrix of permittivities is derived analogously.

Coordinate axis parallel orthogonal grids, where each cell is filled
with only one material as shown in Fig. 4, will lead to the problem
of staircase approximations of curved boundary surfaces. To overcome
this problem sophisticated schemes are available with FIT for improved
geometry approximation and material averaging inside the cells such
as the triangular filling technique [12], the tetrahedral filling technique
[13], [14] or the Perfect Boundary Approximation technique [15]. They
allow to use computationally efficient, structured Cartesian grids, while
at the same time reducing the geometry approximation error of the
method (Fig. 5).

Figure 5. Both figures show an example for the averaging process of
the cell material properties for the dual cell facet Ã in the presence
of partial cells fillings, here for the case of different electric conductive
materials within the cells. Figure a) on the left depicts the situation
for triangularly partially filled cells, Figure b) on the right features
tetrahedral cell subvolumes. If |Ãi| is the area of Ã cutting the cell
subvolume filled with κi the averaged value for the conductivity on Ã
is given with κ̄ = 1/|Ã|∑6

i=1,i�=3 κi|Ãi|. Note that in both cases the
cell subvolumes with κ3 are not considered in the averaging process.

It should be noted that for non-orthogonal cell complexes the
one-to-one correspondence of cell facets and dual cell edges will not
necessarily coincide with a one-to-one relation of the corresponding flux
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and voltage degrees of freedom. The resulting material matrices of the
Nonorthogonal Finite Integration Technique (N-FIT), are symmetric,
but no longer diagonal [7], [16], [17]. A treatment of dispersive,
gyrotropic and non-linear material properties within the FI Technique
results in numerical schemes which typically concentrate on suitable
modifications of the material matrices [18], [19], [20], [21].

The basic idea for the derivation of the material matrices in
FIT, as depicted in Fig. 4, is originally motivated by physical
considerations. The derivation of the discrete Hodges operators for
Edge-Finite-Element schemes, however, with their origin in variational
formulations, involves the element-by-element quadrature of the
Whitney edge shape functions we [22], given here e.g. for the mass
matrix of conductivities on a tetrahedral element grid with

(Mκ)FE
i,j =

∫
A
κwei · wej dA. (17)

As in the N-FIT case, the resultant material matrices of the
discrete constitutive equations will be symmetric (and eventually badly
conditioned for obtuse edge angles) and non-diagonal. An artificial re-
diagonalization of these matrices with so-called lumping techniques is
explained in [22] for tetrahedral meshes.

2. ALGEBRAIC PROPERTIES OF THE MATRIX
OPERATORS

One of the essential properties of the discrete representation of
Maxwell’s equations by the boundary path and surface integral
approach (hence Finite Integration) lies in the discrete analog to the
vectoranalytical equation

div curl = 0, (18)

given with the matrix equations

SC = 0, (19)

S̃C̃ = 0, (20)

for the cell complex doublet {G, G̃}. These relations result from the
fact, that for all grid cells the calculation of the discrete divergence
S consists in the summation of the flux components. For these flux
components any grid voltage (left-multiplied with the discrete curl-
matrix C) is each considered twice with different sign in the curl-
summation giving the zero divergence result of the overall summation
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(See Fig. 6). This argument from algebraic topology, where it is also
used to derive the vectoranalytical identity (18) [23] directly transfers
with FIT in the discrete electromagnetism, where it holds for the
primal grid G and for the dual grid complex G̃ and has been early
recognized to be essential for conservation and stability properties.

Figure 6. This sketch of the cell Vi ∈ G demonstrates the complex
property SC = 0 of the grid incidence matrices C and S. The electric
grid voltage �ek allocated on the boundary edge Lk occurs once with
a positive and once with a negative sign in the curl-summation of the
magnetic fluxes

��
bj1 and

��
bj2 .

An important property of the Finite Integration Technique follows
from the duality of the grid cell complexes G and G̃ given with the
relation of the discrete curl-matrices [24]

C = C̃T . (21)

Transposition of the equations (19) and (20) in combination with
the identity (21) results in the discrete equations

C̃ST = 0, (22)

CS̃T = 0, (23)

both corresponding to the vector-analytical identity

curl grad ≡ 0. (24)

With (22) and (23) we see that discrete fields represented as gradients
of nodal potential vectors as in (14) will be exactly irrotational also on
a discrete level.
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The matrix equations (19), (20), (22) and (23) include only the
incidence relations of the grid topology and do not contain any metrical
notions [25]. They represent the typical so-called complex property of
the simplicial grid cell complex [23]. The background mathematical
connection between the discrete matrix identities (19)–(23) to the
vectoranalytical identities (18) and (24) becomes readily available,
when the degrees of freedom in the Finite Integration Technique are
considered as discrete differential forms in which case the discrete grid
topology matrix operators have the same effect as Cartan’s differential
operator, which yields the vector-analytical operators curl, grad,div
(Cf. [2]).

3. ALGEBRAIC PROPERTIES OF THE DISCRETE
FIELDS

With the complex properties (19)–(23) and relation (21) arising from
the duality of the dual grid doublet {G, G̃} important existence and
uniqueness results can be derived for the discrete grid fields by simply
applying theoretical results from linear algebra.

An important feature of the FI-Technique as spatial discretization
scheme for Maxwell’s equations is the build-in continuity equation

S̃(C̃
�

h) = S̃
(

d

dt

��
d +

��
j
)

= 0, (25)

which corresponds to the analytic continuity equation

div
(

∂

∂t
�D + �J

)
= 0⇐⇒ d

dt
q + S̃

��
j = 0. (26)

The discrete continuity equation ensures that no spurious charges
will occur. Such non-physical charges would result in static fields
contaminating discrete transient field solutions.

If electromagnetic field processes are calculated in time domain,
energy conservation of the time and space discrete system becomes
of paramount importance. If this condition is violated, a necessary
prerequisite for a long-term stable time integration of electromagnetic
wave-propagation phenomena without artificial numerical damping is
not available. For the FI-Technique the proof of this condition was
given in [24], [26] for resonator structures with perfectly conducting
walls.

The transformation into frequency domain for the Maxwell-Grid-
Equations in (11) with �e(t) = Re(�eeiωt) for a situation without lossy
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materials (Mκ = 0) and without external current excitation (
��
j
e = 0)

yields

C�e = −iω ��
b, (27)

C̃Mν
��
b = +iω Mε

�e . (28)

Combining these equations a general real-valued algebraic eigenvalue
problem is obtained with the homogeneous curlcurl equation

C̃MνC
�e = ω2 Mε

�e . (29)

Additional normalization with �e , := M1/2
ε

�e of equation (29) results
in a typical real-valued eigenvalue problem

(M1/2
ν CM−1/2

ε )T (M1/2
ν CM−1/2

ε )�e , = ω2 �e ,
. (30)

With the additional assumption of symmetric and positive definite
material matrices Mν and Mε, the symmetry of this algebraic
eigenvalue problem directly yields that all eigenvalues ω2 of the curl-
curl system matrix have to be real-valued and nonnegative. Thus a
discrete field solution in time domain, which can always be decomposed
into a linear combination of such undamped loss-free eigensolutions,
will neither grow nor decay in time.

Another important property of the curlcurl equation without
losses becomes apparent by left-multiplication of the discrete
divergence matrix S̃

S̃C̃MνC
�e = ω2 S̃Mε

�e . (31)

Due to relation (20) of the grid incidence matrices the equation

ω2 S̃Mε
�e = 0, (32)

is obtained. In case of singly connected metallic boundaries of the
computational domain (32) allows the two possible solutions for the
dielectric facet fluxes

��
d = Mε

�e [27], [24]:

��
d :

{
ω2 �= 0 : S̃

��
d = 0

ω2 = 0 : S̃
��
d �= 0

. (33)

For situations in which the boundaries of perfectly electrically con-
ductive regions of the computational domain are not singly connected,
there are also non-trivial solutions

��
d for which both S̃

��
d = 0 and
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ω2 = 0 will hold.

The original problem (29) is real-valued and symmetric and thus
for simple topologies of the computational domain the eigenvectors �e ,

i
can be normalized such that they build an orthogonal set where

�e ,H
i

�e ,
j = δij (34)

will hold. This allows the definition of two orthogonal vector subspaces
of the R3Np which span the vectorspace of solutions of the curlcurl
equation

LCurl-Curl = Lω ⊕ L0. (35)

This result for the eigenvalue problem yields that all rotational dynamic
modes (ω �= 0) in Lω are orthogonal to the irrotational static discrete
solutions for ω2 = 0.

In order to numerically control the static eigenmodes of the
curlcurl matrix, it can be enhanced to a discrete ∇2-equation. In
this case a generalized Helmholtz-equation is considered following the
analytical identity

∇×∇×−∇∇· = −∇2. (36)

A direct consideration of the ∇2-matrix on the grid cell complex
pair {G, G̃} in analogy to the analytical case is not possible, since in
practice usually non-uniform material distributions have to be taken
into account. The generalized Helmholtz-grid-equation reads as

[
C̃MνC + D1S̃TD2S̃D1

]
�e = ω2 Mε

�e . (37)

Depending on the proper choice of the diagonal matrices D1 and D2

in the added grad-div operator D1S̃D2S̃TD1 it is possible to achieve a
discretization of the ∇2-equation for homogeneous materials [24]. Such
a possible choice consists in the definition D1 := Mε and D2 := k·D−1

Ṽ
,

where DṼ is the diagonal matrix of dual cell volumes of G̃ and k is a
scaling factor [24]. An alternative interpretation of the matrix D2 as
diagonal norm matrix is discussed in [28] with the choice of

D1 := Mε +
1
iω

Mκ,

D2 := DδD−1

Ṽ
D−1

<µ>D−1
<ε+ 1

iω
κ>

D−H
<ε+ 1

iω
κ>

, (38)
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where the diagonal matrix (Dδ) with coefficients in {0, 1} specifies
the cell vertices in regions of G, on which the grad-div operator
is to be considered and especially blending out nodes in perfectly
electrically conducting material. The diagonal matrix DṼ contains the
information on the cell volumes of the dual grid G̃ and the diagonal
matrices D<ε+ 1

iω
κ> and D<µ> contain the material information of the

complex permittivities and permeabilities averaged over these dual cell
volumes.

The background to the choice of (38) for the norm matrix lies in
possibly bad condition numbers of the complete ∇2-matrix resulting
from the different ways in which non-isotropic and inhomogeneously
distributed dielectric und permeable materials are considered in both
the curlcurl matrix and the grad-div matrix. In the special case of
magneto-quasistatic situations, ε + 1

iωκ numerically reduces to 1
iωκ

within the diagonal matrices of (38) and the addition of the effective
grad-div matrix MκS̃TD2S̃Mκ to an eddy current formulation allows
to explicitly enforce the magneto-quasistatic continuity equation S̃

��
j =

0 within the whole conductive domain (Cf. [29]).
The eigenvalue problem of the discrete grad-div matrix

D1S̃TD2S̃D1
�e = γ2Mε

�e , (39)

can be analyzed in the sense of equation (29) and then the eigenmodes
for the trivial eigenvalue γ2 = 0 correspond to the rotational
eigenvectors and those of the eigenvalues γ2 �= 0 correspond to the
irrotational eigenvectors for simple problem topologies.

The eigenvectors of the non-trivial eigenvalues γ2 �= 0 of (39) span
a subspace Lγ ∈ R3Np , which coincides with the vectorspace Ω0 in
case of problem topologies with singly connected, perfectly electrically
conducting boundaries. Thus the range of the ∇2-matrix can be
written as a direct sum

L∇2 = Lω ⊕ Lγ . (40)

It should be noted that the eigensolutions of (39) in Ωγ are no solutions
of discrete electromagnetism, but nonetheless they may be considered
as physical solutions of the discrete, stationary Schroedinger equation.
In a free space region of the computational domain and with the
appropriate choice of the matrices D1 and D2 the generalized ∇2-
matrix in (37) becomes identical to the one achieved with a Finite
Difference discretization of the Laplacian [24], as shown in Fig. 7.
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Figure 7. In the sketches 1a) to 1c) the curlcurl operator C̃MνC
is described: 1a) corresponds to

��
b = C�a , in 1b) the facet fluxes

��
b

are coupled to the magneto-motive forces on G̃ by
�

h = Mν
��
b and 1c)

shows, how the dual discrete curl applied to these line integrals yields
the flux trough the dual facet:

��
d = C̃

�

h. The sketches 2a)–2d) explain
the discrete grad-div operator D1S̃TD2S̃D1 : 2a) applies a discrete
Hodge operator

��
d = D1

�e and yields the fluxes trough the facets of G̃
shown in 2b). The following application of a discrete divergence yields
the space a charge in each dual cell of G̃ : q = S̃

��
d. With Φ = D−1

Ṽ
q the

inverse of these cell volumes yields nodal potentials Φ on the nodes of
G. The discrete gradient of the potential values yields grid voltages on
G as depicted in 2c): �e = S̃TΦ. In 2d) these edge degrees of freedom
on G are coupled with dual facet fluxes

��
d applying

��
d = D1

�e as in 2a).
Figure 3) on the right shows the matrix stencil of the generalized ∇2-
matrix C̃MνC+D1S̃TD2S̃D1 for a vertical component of �e , where D1

and D2 are chosen such that the active matrix entries resemble those
of a 7-point Finite Difference matrix stencil for the ∇2-operator.

4. DISCRETE FIELDS IN TIME DOMAIN

So far the Maxwell-Grid-Equations only have been considered in the
time continuous and space-discrete case, in which they represent large
systems of ordinary differential equations and for which the Finite
Integration Technique can be considered as a vertical method of lines
[30]. For numerical calculations in time domain it is also necessary to
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discretize the time axis of the electromagnetic process:

f(t), t ∈ [t0, tn] −→ f(ti), ti ∈ [t0, tn], i = 0, . . . , n (41)

Note that the stability and charge conservation laws which were so
far proven to hold for the time continuous case now also depend
on the properties of the chosen numerical time marching schemes.
However, the FI-theory allows also to prove these properties for a
number of existing numerical schemes. Alternative formulations of
other discretization approaches will not necessarily feature these time
and stability properties and thus may become inaccurate or unstable
within long term time integrations.

Time discrete energy conservation can be shown for the explicit
FDTD leapfrog scheme [31] and for certain implicit second order
Newmark-type time marching schemes [32, 33] applied to a given initial
value problem with the homogeneous, non-lossy electric wave-equation

Mε
d2

dt2
�e(t) + C̃MνC

�e(t) = 0, �e0 := �e(t0),
�e ′0 := �e ′(t0). (42)

Conservation of a discrete energy [31] can be shown to hold in a
time discrete sense with the relation
�en+1,TMε

�en+1 +
�

hn+1,TDµ

�

hn+1 = �en,TMε
�en +

�

hn,TDµ

�

hn (43)

with the implicit two-step Crank-Nicolson scheme [34] and the one-
step Averaged-Acceleration-scheme [11]. Within these FDiTD (Finite
Difference implicit Time Domain) schemes [35] the time discrete
solutions for both the magnetic and the electric grid voltages

�

h and �e
are evaluated at the same time, whereas the explicit Leapfrog method
also considers a dual-staggered grid for the time-axis.

For magneto-quasistatic problems the condition ‖d/dt ��d‖∞ �
‖
��
j ‖∞ results in the omission of the displacement currents d/dt

��
d. A

corresponding transient magneto-quasistatic formulation described in
[35] and [36]

Mκ
d

dt
�a + C̃MνC

�a =
��
j e (44)

is based on the modified magnetic vector potential �a = −
∫ �edt with

��
b = C�a . The charge conservation of the magnetic field is analogously
provided by the choice of the vector potential �a itself and the matrix
relation (19) with

S
��
b = SC�a = 0. (45)
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The discrete magneto-quasistatic continuity equation (25) reduces to
S̃
��
j = 0, corresponding to Kirchhoff’s law of a zero current balance

at nodes of electrical circuits, if one artificially restricts the currents
allocated on the dual cell facets to the corresponding one-dimensional
edges of the primary grid.

Thus external excitation currents
��
j e must be of vanishing

divergence, which is the case for excitation coils with closed loops or
stationary current fields modelled in G. This also prohibits the use of
antennas as excitation sources within these formulations, since discrete
charges would have to be considered at their ends. In addition, in the
conducting regions this magneto-quasistatic continuity equation S̃

��
j =

−S̃Mκ
d
dt

�a = 0 corresponds to a gauging of the vector potential, which
takes into account possible jumps in the components of the vector
potential normal to interfaces of materials with different conductivity.
A time discretization of the non-gauged transient magneto-quasistatic
formulation (44) with a θ-one-step method [33] yields a consistently
singular system of equations[

1
θ∆t

Mκ + C̃MνC
]
�an+1 =

[
1

θ∆t
Mκ +

1− θ

θ
C̃MνC

]
�an +

��
j n+1
e +

1− θ

θ

��
j n
e , (46)

which have to be solved repeatedly. Nonlinear ferromagnetic material
behaviour modelled in Mν(

�an+1) can be tackled with linearization
techniques and the resulting linear systems will have a similar structure
to (46) [37]. Left multiplication of (46) with S̃ shows that the continuity
equation for the eddy currents will be enforced in a time discretized
sense with

S̃Mκ
�an+1 = S̃Mκ

�an = . . . = S̃Mκ
�a0

. (47)

Note, that for the magneto-quasistatic formulation with its continuity
equation S̃

��
j = 0 also the condition d/dtq = 0 is implied from

the discrete continuity condition of the complete set of Maxwell-
Grid-Equations. The result d/dtq = 0 provides, that no spurious
irrotational solution parts will accumulate in �a in the non-conductive
regions arising from the spatial discretization itself. If in addition
a solution method for the consistently singular system (46) with a
weak gauging property, as featured by e.g. the conjugate gradient
method [35], is applied with a zero start vector of the iteration, the
relation S̃D�an+1 = 0 will hold for exact arithmetics. Thus the charge
conservation property of the FI Technique also becomes an integral
part of the non-gauged formulation (44) itself.
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5. CONCLUSION

The Finite Integration Technique is a discretization method which
transforms Maxwell’s equations onto a dual grid cell complex, resulting
in a set of discrete matrix equations. The degrees of freedom
collected in the vectors of this discretization scheme, typically consist in
physically measurable, integral quantities such as voltages, currents or
charges. This discretization approach results in sparse integer matrices
C, C̃,S, S̃ which only contain information on the incidence relations of
the dual cell complex. This mere restriction to topological information
of the simplicial grid is responsible for the typical complex property
SC = 0 and S̃C̃ = 0. In connection with the relation C = C̃T

due to the duality of the grid pair and with symmetric and positive
definite material matrices the topologically related relations of these
incidence matrices allow to prove energy and charge conservation of
the spatially discretized formulations. For the homogenous undamped
curlcurl equation a real-valued spectrum with orthogonal subspaces for
static and dynamic eigenmodes was shown to exist. In addition, the
algebraic properties of the MGE of FIT also allow to prove charge and
energy conservation within time discrete schemes such as the explicit
Leapfrog FDTD scheme or certain second order implicit methods.
Implicit time integration schemes can also be applied to non-gauged
magneto-quasistatic formulations, which yield singular matrix systems
that still can be numerically tackled due to their consistency given
with the FIT approach. These results clearly distinguish these time
integration schemes from many alternative methods which do not
rely on space and time stability and thus may become unstable or
inaccurate within long term calculations.
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Abstract—We have constructed mimetic finite difference methods
for both the TE and TM modes for 2-D Maxwell’s curl equations
and equations of magnetic diffusion with discontinuous coefficients
on nonorthogonal, nonsmooth grids. The discrete operators were
derived using the discrete vector and tensor analysis to satisfy discrete
analogs of the main theorems of vector analysis. Because the finite
difference methods satisfy these theorems, they do not have spurious
solutions and the “divergence-free” conditions for Maxwell’s equations
are automatically satisfied. The tangential components of the electric
field and the normal components of magnetic flux used in the FDM
are continuous even across discontinuities. This choice guarantees
that problems with strongly discontinuous coefficients are treated
properly. Furthermore on rectangular grids the method reduces to
the analytically correct averaging for discontinuous coefficients. We
verify that the convergence rate was between first and second order
on the arbitrary quadrilateral grids and demonstrate robustness of the
method in numerical examples.
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1. INTRODUCTION AND BACKGROUND

Using discrete analogs of vector and tensor calculus [11]–[14], we
construct conservative finite difference methods (FDMs) for two
dimensional Maxwell’s curl equations for multimaterial medium on
nonorthogonal, nonsmooth, logically-rectangular computational grid.
These discrete analogs of first-order differential operators, div, grad
and curl, satisfy discrete analogs of the theorems of vector analysis.
The new methods produce solutions free of spurious modes, incorporate
the appropriate jump conditions at discontinuous material interfaces,
and satisfy the divergence-free conditions exactly. Thus, these
mimetic FDMs mimic the fundamental properties of the original
continuum differential operators and the discrete approximations of
partial differential equations (PDEs) preserves many of the critical
properties, including conservation laws and symmetries in the solution,
of the underlying physical problem.
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In Ref. [16], we reviewed the literature for mimetic discretizations
of Maxwell’s first-order curl equations,

∂ �B

∂t
= −curl �E ,

∂ �E

∂t
= ε−1 curlµ−1 �B , (1.1)

where �B is the magnetic flux density, �E is the electric field intensity.
The symmetric positive-definite tensors ε and µ are the permittivity
and permeability of the material and can be discontinuous at the
interface between different media. The solution of equations (1.1) also
satisfies the “divergence-free” conditions

div ε �E = 0 , div �B = 0 . (1.2)

If the solution of equation (1.1) satisfies these “divergence-free”
conditions initially, then they will be satisfied at later times [25].
Because we use discrete operators that satisfy discrete analogs of
theorems of vector analysis, the discrete analogs of “divergence-free”
conditions are automatically a consequence of the discrete “curl”
equations. We also described the similarities between our method
and the commonly used FDM developed by Yee [36], its extension
to general grids [34] and the MAFIA family of methods [35]. We
discussed the connection of our approach to finite-element methods
[18, 31], methods based an topological viewpoint [3, 33] and the origin
of spurious solutions.

In this paper, we review these results and extend this approach to
equations of magnetic diffusion [32]

∂ �B

∂t
= −curl �E , �E = σ−1curlµ−1 �B , (1.3)

arising in magnetohydrodynamics (MHD) [15], where the conductivity
σ is a symmetric positive-definite discontinuous tensor. Approach
based on discrete vector analysis has previously been used to
approximate the divergence and gradient operators in solving the heat
diffusion equation [17, 29, 30].

Although both equations (1.1) and (1.3) have discontinuous
parameters that must be accurately accounted for by the FDM,
the equations of magnetic diffusion are often solved together with
Lagrangian hydrodynamics that move the grid with the media. Thus,
discontinuous material interfaces stay aligned with the grid, but the
moving grids can become extremely distorted or rough. The numerical
examples for Maxwell’s equations and the equations of magnetic
diffusion, presented in Section 6 and [16] demonstrate that our new
FDM is accurate for these equations on nonsmooth grids.



92 Hyman and Shashkov

We define the tensors determining material properties in the
grid cells, and assume that the interface between different materials
coincides with the faces of the cells. The primary variable �E is
described by its orthogonal projection onto the directions of edges of
the computational cells and the primary variable �B is described by
its orthogonal projection onto the directions normal to the cell faces.
Because the normal components of �B and the tangential components
of �E are continuous on discontinuities in the media [25], we use them
to describe the magnetic flux density and the electric field intensity in
the discrete case. The first order form of equations (1.1) is appropriate
to preserve this property in the FDMs using techniques similar to the
ones described in [11]–[14].

We use different discrete descriptions of the magnetic and electric
fields and therefore need two different discrete analogs of curl. To
discretize curl �E we use a coordinate invariant definition of the curl �E
based on Stokes’ circulation theorem applied to the faces of the cell.
This definition has a natural discrete analog of Faraday’s law of
electromagnetic induction locally for each face.

To guarantee that that the electromagnetic energy is conserved
exactly on the discrete level when ε and µ are discontinuous, and (or)
the computational grid is not smooth, we use the approach based on
the support-operators method (SOM) [26, 28, 29]. In this approach
the whole operator ε−1 curlµ−1 �B is discretized using an analog of the
integral identity for curls

∫
V

( �A, curl �B) dV −
∫
V

( �B, curl �A) dV =
∮
∂V

([ �B × �A], �n) dS , (1.4)

which is also responsible for the law of conservation of electromagnetic
energy. Here �A and �B are arbitrary vector functions, and (·, ·) and
[· × ·] are dot and cross product of two vectors, respectively, and �n is
the unit outward normal to the surface ∂V of volume V .

The coordinate invariant definition of the divergence based on
Gauss’ divergence theorem is used to derive a discrete divergence that
satisfies the discrete analog of identity div curl �E = 0 in each cell
[11]. This discrete divergence is used to the condition div �B = 0 and
therefore, if the discrete analog of div �B = 0 holds initially, then it will
hold for later times.

The condition div ε �E = 0, is discretized by defining a discrete
analog of the operator divε

def
= div ε ·. From here on, we will use

notation
def
= , when we define a new object. Following the approach

used in [12], we construct a discrete divε operator using the integral
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identity∫
V

( �W,grad u) dV = −
∫
V
udiv �W dV +

∮
∂V

u ( �W, �n) dS , (1.5)

where �W and u are arbitrary vector and scalar functions, and the
natural discretization of the grad operator is based on its connection
to the directional derivative [11]. These operators satisfy a discrete
analog of the identity div curl �A = 0. Therefore if the discrete analog
of divε �E = 0 holds initially, then it will hold for later times.

The conservation law in electromagnetics (for a nonconducting
medium) can be formulated as ([25], page 339)

0 =
∂

∂t

∫
V

1
2

{
( �E, �D) + ( �B, �H)

}
dV +

∮
∂V

([ �E × �H], �n) dS , (1.6)

where �n is the unit outward normal to the surface ∂V . Here
we have defined the energy density of the electromagnetic field as
1
2

{
( �E, �D) + ( �B, �H)

}
for a linear and nondispersive medium where

ε and µ are independent of the field variables and time, here the vector
�D = ε �E is the electric flux density and �H = µ−1 �B is the magnetic
field intensity.

This equation can be derived by first taking the scalar product of
first equation in (1.1) with �E and subtracting the resulting equation
from the scalar product of second equation in (1.1) with �H to obtain

( �H, curl �E)− ( �E, curlH) = −( �H,
∂ �B

∂t
)− ( �E,

∂ �D

∂t
) . (1.7)

Then, using the property

∂

∂t
( �E, �E) = 2( �E,

∂ �E

∂t
) (1.8)

and that ε and µ are independent of time, we have

( �E,
∂ �D

∂t
) =

1
2

∂

∂t
( �E, �D) , ( �H,

∂ �B

∂t
) =

1
2

∂

∂t
( �H, �B) . (1.9)

Next, integrating equation (1.7) over the domain V and using (1.9) we
obtain ∫

V

{
( �H, curl �E)− ( �E, curl �H)

}
dV =

− ∂

∂t

∫
V

1
2

{
( �E, �D) + ( �B, �H)

}
dV .
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The conservation law in electromagnetics follows from this
equation and the identity (1.4) for curls. If the boundary integral
in the right-hand side of equation (1.4) vanishes, then this identity
expresses the self-adjointness property of operator curl. Therefore, the
discrete analog of this conservation law will hold if the time integration
method satisfies a discrete analog of equation (1.8) and the discrete
curl satisfies a discrete analog of equation (1.4).

We consider boundary conditions where the tangential component
of �E is given on the boundary,

�n× �E = γ . (1.10)

When γ = 0, this condition is appropriate for a perfectly conducting
surface. The approximation of equation (1.10) is especially easy for
our FDM because we use the tangential components of �E to describe
the electric field.

In this paper we will consider only the “2D-Case”, where there
are no variations in the electromagnetic fields or geometry in the z
direction. That is, all partial derivatives with respect to z are zero,
and the domain extends to infinity in the z-direction with no change in
the shape or position of its transverse cross section. In this situation
the full set of Maxwell’s curl equations can be presented as two groups
of equations (see, for example, [34] pages 54–55). The first group of
equations involve only Hx, Hy and Ez, and is called the transverse
magnetic (TM) mode. The second group of equations involve only
Ex, Ey and Hz, and is called the transverse electric (TE) mode. The
TM and TE modes are decoupled and can exist simultaneously with
no mutual interaction.

After describing notation and discrete grid spaces, the discretiza-
tions of scalar and vector functions, and the inner products in the
discrete function spaces. We then derive of the natural and adjoint
finite difference analogs for the divergence, gradient, and curl. After
reviewing the discrete analogs of the theorems of vector analysis needed
for the derivations in this paper, we describe our FDMs and prove that
the FDMs satisfy the desired properties. Finally, we present numerical
examples to demonstrate the effectiveness of our method in problems
with discontinuous interfaces and rough grids.

2. DISCRETE FUNCTION SPACES AND INNER
PRODUCTS

In two dimensions, although the unknowns depend only on the two
spatial coordinates, x and y, the vectors may have three components.
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Figure 1. In the hexahedron cell of a logically cuboid grid, the nodes
are enumerated by three indices (i, j, k) : 1 ≤ i ≤M ; 1 ≤ j ≤ N ; 1 ≤
k ≤ O. The logically cuboid grid is described by the intersections
of lines that approximate the coordinate curves of some underlying
curvilinear coordinate system (ξ, η, ζ). The ξ, η or ζ coordinate
corresponds to the grid line where the index i, j or k is changing,
respectively. We denote the length of the edge (i, j, k)—(i + 1, j, k) by
lξi+1/2,j,k, the length of the edge (i, j, k)—(i, j+1, k) by lηi,j+1/2,k, and
the length of the edge (i, j, k)—(i, j, k + 1) by lζi,j,k+1/2. The area of
the surface (i, j, k)—(i, j +1, k)—(i, j, k +1)—(i, j +1, k +1), denoted
by Sξi,j+1/2,k+1/2, the area of surface (i, j, k)—(i + 1, j, k)—(i, j, k +
1)—(i + 1, j, k + 1) is denoted by Sηi+1/2,j,k+1/2, the area of surface
(i, j, k)—(i + 1, j, k)—(i + 1, j + 1, k)—(i, j + 1, k) is denoted by
Sζi+1/2,j+1/2,k. The volume of a 3-D cell is Vi+1/2,j+1/2,k+1/2 and the
volume relating to the node (see section 2.2 for an explanation why we
need one) is denoted by Vi,j,k.
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To properly account for the three components of the vectors in two
dimensions, we derive the 2-D discretizations from 3-D discretizations
of logically cuboid grid with hexahedral cells shown in Fig. 1. The 3-D
grid is constructed by expanding a 2-D quadrilateral cell into the third
dimension where the ζ-edges are orthogonal to the (x, y) plane, and
have unit length (see [11], for details).

2.1. Discrete Scalar and Vector Functions

The discrete scalar functions Ui,j,k approximate the values of a
continuous function at the location (xi,j,k, yi,j,k, z,i,j,k ). The space of
discrete scalar functions consists of all discrete scalar functions with the
same domain. For example, we define space of discrete scalar functions
that live at the nodes of the grid as HN (in general, we use italics for
spaces of scalar functions). We define the domain of a scalar function
in HN as the nodes of the grid, or say that this function is defined at
the nodes.

Similarly, a discrete vector function is the discrete analog of a
continuous vector function and has three components which can be
viewed as discrete scalar functions. The space of discrete vector
functions is the direct sum of linear spaces, that correspond to the
discrete scalar functions. For example, we define the discrete vector
function �A = (AX, AY )T ;AX,AY ∈ HN . The space of discrete
vector functions at the nodes is denoted as HN (in general, we will
use calligraphic notation for spaces of discrete vector functions). Note
that formally HN = HN ⊕HN .

We define the space HC (C stands for “cell”) as the space where
the discrete scalar function U is defined by its values in the cells,
Ui+1/2,j+1/2,k+1/2, and values at the centers of the boundary faces
(see [12] for details). We use the cell-centered discretization for scalar
functions ε and µ that determine the material properties.

We define three spaces associated with faces of the cell; the
function in the space HSξ is defined on the ξ faces of the cell; the
spaces HSη and HSζ are defined similarly. There are three spaces
associated with the edges of a cell; the function in the space HLξ is
defined on the ξ edges of the cell; the spaces HLη and HLζ are defined
similarly.

We consider two different spaces of discrete vector functions. The
space HS = HSξ ⊕ HSη ⊕ HSζ is associated with the discrete
representation of a vector function by its orthogonal projections onto
the normal of the cell faces [see Figure 2(a)]. We use this space to
describe the discrete magnetic flux �B. The space HL = HLξ⊕HLη⊕
HLζ is associated with the discrete representation of a vector function
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(a) HS in 3-D (b) HS in 2-D

Figure 2. In the space HS, the component of the magnetic field
is associated with the discrete representation of a vector function by
its orthogonal projections onto the normal of the cell faces; (a) HS
discretization of a vector in 3-D; (b) 2-D interpretation of the HS
discretization of a vector results in the face vectors being defined
perpendicular to the cell sides and the vertical vectors being defined
at cell centers perpendicular to the plane.

by its orthogonal projections onto the direction of the edges [see Figure
3(a)]. We use this space for the discrete representation of the electric
field �E.

From here on, the discrete values will be independent of the k
index and it is dropped from the notation. Also note that for 2-
D case Sξi,j+1/2 = lηi,j+1/2, Sηi+1/2,j = lξi+1/2,j and Vi+1/2,j+1/2 =
Sζi+1/2,j+1/2.

The projection of the 3-D HS vector discretization space into 2-
D results in face vectors perpendicular to the quadrilateral cell sides
and cell-centered vertical vectors perpendicular to the 2-D plane [see
Figure 2(b)]. We use the notation

BSξ = {BSξ(i,j+1/2) : i = 1, . . . ,M ; j = 1, . . . , N − 1} ,
BSη = {BSη(i+1/2,j) : i = 1, . . . ,M − 1 ; j = 1, . . . , N} ,
BSζ = {BSζ(i+1/2,j+1/2) : i = 1, . . . ,M − 1 ; j = 1, . . . , N − 1} ,

and �B = (BSξ, BSη, BSζ)T ∈ HS .
The projection of the 3-D HL vector discretization space into 2-D

results in vectors tangential to the quadrilateral cell sides and vertical
vectors at the nodes [see Figure 3(b)]. We use the notation

ELξ = {ELξ(i+1/2,j) : i = 1, . . . ,M − 1 ; j = 1, . . . , N} ,
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Figure 3. In the space HL, the component of the electric field is
defined as the orthogonal projection of �E onto the direction of the edge.
(a) HL discretization of a vector in 3-D; (b) 2-D interpretation of the
HL discretization of a vector results in the edge vectors tangential to
the cell sides and the vertical vectors being defined at cell nodes.

ELη = {ELη(i,j+1/2) : i = 1, . . . ,M ; j = 1, . . . , N − 1} ,
ELζ = {ELζ(i,j) : i = 1, . . . ,M ; j = 1, . . . , N} ,

and �E = (ELξ, ELη, ELζ)T ∈ HL .

2.2. Discrete Inner Products

Defining consistent FDMs also requires deriving the appropriate
discrete adjoint operators. To define the adjoint operators we must
specify the inner products in the spaces of discrete scalar and vector
functions.

2.2.1. The Dot Product

The dot product in the cell [30, 12] is approximated by

( �A, �B)(i+1/2,j+1/2) =
1∑

k,l=0

V
(i+1/2,j+1/2)
(i+k,j+l)

sin2 ϕ
(i+1/2,j+1/2)
(i+k,j+l)

·
[
ASξ(i+k,j+1/2) BSξ(i+k,j+1/2) + ASη(i+1/2,j+l) BSη(i+1/2,j+l)

+(−1)k+l
(
ASξ(i+k,j+1/2) BSη(i+1/2,j+l)
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+ ASη(i+1/2,j+l) BSξ(i+k,j+1/2)

)
cosϕ(i+1/2,j+1/2)

(i+k,j+l)

]
+ASζi+1/2,j+1/2 BSζi+1/2,j+1/2 , (2.1)

where the weights V
(i+1/2,j+1/2)
(i+k,j+l) satisfy

V
(i+1/2,j+1/2)
(i+k,j+l) ≥ 0 ,

1∑
k,l=0

V
(i+1/2,j+1/2)
(i+k,j+l) = 1 . (2.2)

In this formula, each index (k, l) corresponds to one of the vertices of
the (i+ 1/2, j + 1/2) cell, and the notation for the weights is the same
as for the angles of a cell. Here the angle between any two adjacent
sides of the cell (i+1/2, j+1/2) that meet at the node (i′, j′) is denoted
by ϕ

i+1/2,j+1/2
i′,j′ .
This dot product is the simplest robust approximation where if a

cell angle is close to zero or π (and consequently the coordinate system
related to this angle is close to degenerate), then the corresponding
weight (and contribution from this vertex) vanishes smoothly when the
coordinate system becomes degenerate. Consequently, this dot product
can be used for triangular cells that arise as the limit of degenerate
quadrilaterals because the unknown component of the vector related
to degenerate vertex does not appear in either the equation or the dot
product. This dot product can also be derived by averaging the dot
products corresponding to piece-wise constant vector finite-elements.
More accurate (and more complex) approximations for the dot product
can be derived using the low-order Raviart-Thomas elements [24, 4]
and include terms like ASξi,j+1/2 ·ASξi+1,j+1/2.

2.2.2. Formal Inner Products

Because the space of discrete scalar functions is the usual linear vector
space, we have the usual inner product, [·, ·], (which we will call the
formal inner product), which is just the dot product between vectors
in this space.

HC space of discrete scalar functions: In HC (discrete scalar
functions defined in the cell centers), the formal inner product is

[U, V ]HC
def
=

∑
c∈HC

Uc Vc ,

where c is multiindex corresponding to cells.
HS space of discrete vector functions: In space of discrete vector



100 Hyman and Shashkov

functions HS = HSξ ⊕HSη ⊕HSζ, the formal inner product is the
sum of the formal inner products of its components

[ �A, �B]HS
def
=

∑
fξ∈HSξ

ASξfξ BSξfξ +
∑

fη∈HSη
ASηfη BSηfη +

∑
fζ∈HSζ

ASζfζ BSζfζ ,

where fξ, fη and fζ are multiindices for the corresponding families of
faces of the cells. Similar definitions hold for the spaces HN and HL.

2.2.3. Natural Inner Products

Because our construction is based on the approximation of the integral
identities we introduce additional inner products, (·, ·), (which we will
call the natural inner products), which correspond to the continuous
inner products.

HC space of discrete scalar functions: In the space of discrete
scalar functions, HC, the natural inner product corresponding to the
continuous inner product

∫
V u v dV +

∮
∂V u v dS is

(U, V )HC
def
=

∑
c∈HC

Uc Vc Ṽc ,

where Ṽc is the volume of the c-th cell in the interior of the domain
and on the boundary is equal to the area of boundary face.

0
HN space of discrete scalar functions: We define

0
HN to be the

subspace of HN where discrete scalar functions are equal to zero on
the boundary

0
HN

def
= {U ∈ HN,Ui,j = 0 on the boundary}

(the notation of “zero” above the name of a space indicates the
subspace where the functions are equal to zero on the boundary) with
natural inner product defined as

(U, V ) 0
HN

def
=

∑
n∈

0
HN

Un Vn Vn , (2.3)

where n is multiindex corresponding to the nodes and Vn is the nodal
volume.
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HS space of vector functions: In the space of vector functions
HS, the natural inner product corresponding to the continuous inner
product

∫
V ( �A, �B) dV is

( �A, �B)HS
def
=

∑
c∈HC

( �A, �B)c Vc , (2.4)

where ( �A, �B)c is the dot product of two discrete vectors defined by
(2.1).

HL space of vector functions: The inner product inHL is similar
to the inner product for space HS:

( �A, �B)HL
def
=

∑
c∈HC

( �A, �B)c Vc , (2.5)

where ( �A, �B)c approximates the dot product of two discrete vectors
from HL in the cell (see [12]), and looks similar to one for vectors from
HS.

2.2.4. Inner Product Identities

Natural discrete inner products satisfy the axioms of inner products,
that is, they are true inner products and not just approximations of the
continuous inner products. Also, discrete spaces are Euclidean spaces.

The natural and formal inner products satisfy the relationships

(U, V )HC = [C U, V ]HC , and ( �A, �B)HS = [S �A, �B]HS , (2.6)

where C : HC → HC and S : HS → HS are symmetric positive
operators;

[C U, V ]HC = [U, C V ]HC , and [C U,U ]HC > 0 ,

[S �A, �B]HS = [ �A,S �B]HS , [S �A, �A]HS > 0 .

Therefore, the operator C satisfies the relations

(C U)c = Ṽc Uc , c ∈ HC .

The operator S can be written in block form,

S �A =


 S11 S12 0

S21 S22 0
0 0 S33





 ASξ

ASη
ASζ


 =


 S11 ASξ + S12 ASη

S21 ASξ + S22 ASη
S33 ASζ


 .
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i,j

i,j+1

Stencil for operator S12

i,j
i+1,j

Stencil for operator S 21

Figure 4. The stencils of the components S12 and S21 of the
symmetric positive operator S that connects the natural and formal
inner products ( �A, �B)HS = [S �A, �B]HS .

By comparing the formal and natural inner products, we can derive
the explicit formulas for S (see [12]). For example, for S11 and S12 we
have

(S11 ASξ)(i,j+1/2) =


 ∑
k=± 1

2 ; l=0,1

V
(i+k,j+1/2)
(i,j+l)

sin2 ϕ
(i+k,j+1/2)
(i,j+l)


 ASξ(i,j+1/2) ,

(S12 ASη)(i,j+1/2) =

∑
k=± 1

2 ;l=0,1

(−1)k+ 1
2+l

V
(i+k,j+1/2)
(i,j+l)

sin2 ϕ
(i+k,j+1/2)
(i,j+l)

cosϕ(i+k,j+1/2)
(i,j+l) ASη(i+k,j+l) .

(2.7)

The operators S11, S22,and S33 are diagonal, and the stencils for the
operators S12 and S21 are shown on Figure 4.

The relationship between the natural and formal inner products

in
0

HN is
(U, V ) 0

HN
= [N U, V ] 0

HN
,

where N : HN → HN is a symmetric positive operator in the formal
inner product, and

(N U)n = Vn , Un n ∈
0

HN

The operator L : HL → HL, which connects the formal and
natural inner products in HL (similar to operator S for space HS) is
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symmetric and positive and can be written in block form as

L �A =


 L11 L12 0

L21 L22 0
0 0 L33





 ALξ

ALη
ALζ


 =


 L11 ALξ + L12 ALη

L21 ALξ + L22 ALη
L33 ALζ


 .

The operators L11, L22, and L33 are diagonal, and the stencils
for the operators L21 and L12 are the same as for the operators S12

and S21 (see Figure 4). Explicit expressions for these operators are
presented at [12].

3. DISCRETIZATION OF THE CURL OPERATORS

3.1. Discretization of curl �E

We now describe how to construct a discrete curl that preserves a
discrete analog of Faraday’s law of electromagnetic induction locally
for each face. The discrete analog of curl �E in (1.1) acts on the discrete
electric field in HL as defined in Fig. 3 to create a vector in the same
space as the normal components of �B on the cell faces to describe the
magnetic flux (space HS in Fig. 2):

CURL : HL→ HS,

For this situation it is natural to use the coordinate invariant definition
of the curl �E operator based on Stokes’ circulation theorem,

(�n, curl �E) = lim
S→0

∮
L( �E,�l) dl

S
. (3.8)

Here S is the surface spanning (based on) the closed curve L, �n is the
unit outward normal to S, and �l is the unit tangential vector to L.
In the discrete case the faces of the grid cells will be the surfaces S
in equation (3.8) and the “curve” L will be formed by edges of the
corresponding face.

Using the discrete analog of equation (3.8), we obtain expressions
for components of vector �R = (RSξ,RSη,RSζ)T = CURL �E , where

RSξi,j+1/2 =
ELζi,j+1 − ELζi,j

lηi,j+1/2
,

RSηi+1/2,j = −ELζi+1,j − ELζi,j
lξi+1/2,j

,
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RSζi+1/2,j+1/2 ={(
ELηi+1,j+1/2 lηi+1,j+1/2 − ELηi,j+1/2 lηi,j+1/2

)
−{(

ELξi+1/2,j+1 lξi+1/2,j+1 − ELξi+1/2,j lξi+1/2,j

)}/
Sζi+1/2,j+1/2 ,

(3.9)

(see [11] for details). The expressions for RSξ and RSη contain only
the ELζ component of �E and the expression for RSζ contains only the
ELξ and ELη components. This fact allows us to introduce discrete
analogs of the TM and TE modes.

The operator CURL can be represented in (3× 3) block form as

CURL =


 0 0 R13

0 0 R23

R31 R32 0


 , (3.10)

where

(R13 ELζ)i,j+1/2 =
ELζi,j+1 − ELζi,j

lηi,j+1/2
,

(R23 ELζ)i+1/2,j = −ELζi+1,j − ELζi,j
lξi+1/2,j

,

(R31 ELξ)i+1/2,j+1/2= −
ELξi+1/2,j+1 lξi+1/2,j+1−BLξi+1/2,jlξi+1/2,j

Sζi+1/2,j+1/2
,

(R32ELη)i+1/2,j+1/2 =
ELηi+1,j+1/2lηi+1,j+1/2−ELηi,j+1/2lηi,j+1/2

Sζi+1/2,j+1/2
.

(3.11)

This structure of the CURL will be used to derive the discrete
adjoint operator CURL. The overbar notation is used to indicate
that the discrete operator is derived as the adjoint of another discrete
operator.

3.2. Discretization of ε−1 curlµ−1 �B

If ε and µ are discontinuous and the grid is nonsmooth, then it is not
possible to separate them from the curl in the discrete approximation
of ε−1 curlµ−1. Therefore, we derive a discrete approximation for the
compound operator εcurlµ

def
= ε−1 curlµ−1. Because �E ∈ HL and

�B ∈ HS the discrete analog of εcurlµ must have HS as its domain and
HL as its range. That is, εCURLµ : HS → HL.
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To derive the compound discrete adjoint curl we use a modification
of the identity (1.4) responsible for the conservation of electromagnetic
energy. If we consider the identity (1.4) in the subspace of vectors �A
where the surface integral in (1.4) on the right-hand side vanishes and
modify it to form the operator εcurlµ, we have

∫
V
µ−1 (curl �E, �B) dV =

∫
V
ε( �E, ε−1 curlµ−1 �B) dV . (3.12)

That is, εcurlµ = curl∗ in these weighted inner products. In the
discrete case, the modified inner product in HS, (·, ·)µ−1

HS , uses the
weight µ−1 and the modified inner product in the space HL, (·, ·)εHL,
uses the weight ε. The adjoint condition requires that

(
εCURLµ �B, �E

)ε
HL

=
(
CURL �E, �B

)µ−1

HS
. (3.13)

These modified inner products are defined in [17] when ε and µ are
general SPD tensors.

Thus, the compound discrete adjoint curl is defined as

εCURLµ
def
= CURL∗ = (Lε)−1 · CURL† · Sµ , (3.14)

where Sµ corresponds to the modified inner product in the space HS,
and Lε corresponds to the modified inner product in the space HL.

Although CURL is a local operator, the operator εCURLµ is
nonlocal. We can determine �C = εCURLµ �B by solving the system
of linear equations

Lε �C = CURL† · Sµ �B , (3.15)

with the local operators Lε and CURL† · Sµ.
Using equation (3.11) note

CURL† =




0 0 R†31
0 0 R†32

R†13 R†23 0


 , (3.16)

where

(
R†31 BSζ

)
i+1/2,j

= −lξi+1/2,j

(
BSζi+1/2,j−1/2

Sζi+1/2,j−1/2
−

BSζi+1/2,j+1/2

Sζi+1/2,j+1/2

)
,

(
R†32 BSζ

)
i,j+1/2

= lηi,j+1/2

(
BSζi−1/2,j+1/2

Sζi−1/2,j+1/2
−

BSζi+1/2,j+1/2

Sζi+1/2,j+1/2

)
,
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(
R†13 BSξ

)
i,j

=

(
BSξi,j−1/2

lηi,j−1/2
−

BSξi,j+1/2

lηi,j+1/2

)
,

(
R†23 BSη

)
i,j

= −
(
BSηi−1/2,j

lξi−1/2,j
−

BSηi+1/2,j

lξi+1/2,j

)
.

The details of the discretization can be found in [12].
In this paper we consider problems where the tangential

components of �E are given on the boundary. There are other types of
boundary conditions, such as impedance boundary conditions, where
the tangential components [ �H × �n] must be approximated on the
boundary. For this case the boundary integral in the identity (1.4) does
not vanish and to define the discrete adjoint curl we must introduce an
inner product in the space HL which includes the boundary integral
(see [14]).

4. DISCRETIZATION OF THE DIVERGENCE AND
GRADIENT

4.1. Discretization of div �B

To discretize div �B in the divergence-free condition (1.2) we use the
coordinate invariant definition of the div operator based on Gauss’
divergence theorem:

div �B = lim
V→0

∮
∂V ( �B,�n) dS

V
, (4.17)

where �n is the unit outward normal to the boundary ∂V . In the discrete
case, V is the volume of the grid cell and ∂V is the set of faces of the
cell.

The discrete operator DIV : HS → HC is defined as follows

(DIV �B)(i+1/2,j+1/2) =
1

V(i+1/2,j+1/2){(
BSξ(i+1,j+1/2) Sξ(i+1,j+1/2) −BSξ(i,j+1/2) Sξ(i,j+1/2)

)
+(

BSη(i+1/2,j+1) Sη(i+1/2,j+1) −BSη(i+1/2,j) Sη(i+1/2,j)

)}
.

(4.18)

The details can be found in [11], where it is also shown that
DIV CURL �E ≡ 0 and, hence, the discrete analog of the divergence-free
condition will hold in grid cells.
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4.2. Discretization of div ε �E

We construct a discrete analog of the compound operator divε as
the negative adjoint to the discrete grad. Because the domain of
the discrete divε is HL, the range of the discrete grad also must be
HL. The compound discrete operator DIVε : HL → HN is used to
discretize divergence-free condition (1.2).

We consider the identity (1.5) in the subspace of scalar functions,
0
H, where u(x, y) = 0 , (x, y) ∈ ∂V , where the boundary term is zero,
and modify the resulting identity by changing �W to ε �W :

∫
V
ε( �W,grad u) dV = −

∫
V
udivε �W dV . (4.19)

That is, the operator divε is the negative adjoint to grad in the inner
products

(u, v) 0
H

=
∫
V
u v dV , and ( �A, �C)εH

def
=

∫
V
ε ( �A, �C) dV . (4.20)

This discrete grad is derived using the identity where for any
direction l given by the unit vector �l, the directional derivative can be
defined as

∂u

∂l
= (gradu,�l) , (4.21)

which is the orthogonal projection of gradu onto direction given by
�l. For the discrete case for a function U ∈ HN , this relationship leads
to the coordinate invariant definition of the natural discrete gradient
operator: GRAD : HN → HL.

The vector �G = (GLξ,GLη,GLζ) = GRADU is defined as

GLξi+1/2,j =
Ui+1,j − Ui,j

lξi+1/2,j
, GLηi,j+1/2 =

Ui,j+1 − Ui,j
lηi,j+1/2

, GLζi,j = 0 .

(4.22)
The operator DIVε : HL→ HN is then defined as

DIVε
def
= −GRAD∗ = −N−1 ·GRAD† · Lε , (4.23)

where N−1, GRAD†, and Lε are local operators, (see [12] for details).
The stencil for DIVε is shown in Fig. 5,
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AL ALξ η

Figure 5. Stencil for the operator DIVε = −GRAD∗ : HL→
0

HN .

4.3. Discrete Gauss’ Law

To verify that Gauss’ law holds in the discrete case, we confirm that
DIVε ·εCURLµ = 0 by noting

DIVε ·ε CURLµ = −N−1 ·GRAD† · Lε · (Lε)−1 · CURL† · Sµ
= −N−1 ·GRAD† · CURL† · Sµ ,

and GRAD† · CURL† ≡ 0 (see [12]). Because the range of values of
DIVε is HN , the discrete analog of the divergence-free condition (1.2)
holds at the nodes.

5. FINITE-DIFFERENCE METHOD

5.1. Maxwell’s curl Equations

We first consider the discrete space-continuous time equations

∂ �B

∂t
= −CURL �E , (5.24-a)

∂ �E

∂t
= εCURLµ �B , (5.24-b)

where the discrete operators CURL and εCURLµ are defined in sections
3.1 and 3.2, respectively.
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The conservation of electromagnetic energy for the discrete model
is the result of the consistent and compatible construction of the
discrete curl operators. The electric and magnetic part of the energy
can be expressed in terms of the primary variables �E and �B as∫
V

( �D, �E) dV =
∫
V
ε ( �E, �E) dV ,

∫
V

( �B, �H) dV =
∫
V
µ−1 ( �B, �B) dV .

The discrete analog of the electromagnetic energy is

EhEH =
1
2

[
( �E, �E)εHL + ( �B, �B)µ

−1

HL
]
. (5.25)

Taking the inner product (·, ·)µ−1

HS of �B with both sides of equation
(5.24-a) and similarly for (5.24-b) we obtain

(
∂ �B

∂t
, �B)µ

−1

HS = −(CURL �E, �B)µ
−1

HS ,

(
∂ �E

∂t
, �E)εHL = (εCURLµ �B, �E)εHL .

By adding these two equations,

∂EhEH
∂t

= −(CURL �E, �B)µ
−1

HS + (εCURLµ �B, �E)εHL , (5.26)

and using (3.13), we note that the right side of this equation is zero.
This corresponds to the preservation of energy when the tangential
component of �E is zero on the boundary. For the general case, in
correspondence with (1.4), the right side of the equation will be equal
to a discrete approximation of corresponding the boundary integral.

The time discretization method

�Bn+1 − �Bn

∆t
= −CURL �Eα1 , (5.27-a)

�En+1 − �En

∆t
= εCURLµ �Bα2 , (5.27-b)

where �Eα1 = α1
�En+1 + (1 − α1) �En and �Bα2 = α2

�Bn+1 + (1 −
α2) �Bn, and tn = ∆t n, includes both explicit and implicit methods.
respectively. For this integration method, if the discrete form of the
divergence free conditions (1.2)

DIVε �En = 0 , (5.28-a)

DIV �Bn = 0 , (5.28-b)
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(where DIVε and DIV are defined by equations (4.23) and (4.18)) are
satisfied initially, then they will be satisfied at later times [16].

Traditionally, because system (1.1) is hyperbolic, either the stable
explicit method (α1 = 0 or α2 = 0) or the explicit leapfrog method
[19, 20] is used. For some problems, especially those with strongly
discontinuous coefficients, it is important to preserve energy. The only
scheme of form (5.27-a), (5.27-b) which preserves energy is the second
order implicit midpoint method (α1 = α2 = 0.5) [16]. Also, there
are situations when the increased stability of an implicit method is
necessary to avoid taking extremely small time steps. This situation
occurs when computing the motion of fully electromagnetic particles
in the implosion of a laser fusion capsule [1]. Solution procedure
for system of linear equations corresponding to our discretization is
described in [16] (see also [30, 17, 23]).

The TM-mode equations for the BSξ, BSη components of the
magnetic flux and the ELζ component of electric field are

BSξn+1 −BSξn

∆t
= −R13 ELζα1 ,

BSηn+1 −BSηn

∆t
= −R23 ELζα1 ,

Lε33
ELζn+1 − ELζn

∆t
=

(
R †13 ·Sµ11 + R†23 · Sµ21

)
BSξα2 +(

R †13 ·Sµ12 + R†23 · Sµ22

)
BSηα2 .

The TE-mode equations for the BSζ component of the magnetic
flux and the ELξ, ELη components of the electric field are

BSζn+1 −BSζn

∆t
= − (R31 ELξα1 + R32 ELηα1) ,

Lε11

ELξn+1 − ELξn

∆t
+ Lε12

ELηn+1 − ELηn

∆t
= R†31 Sµ33 BSζα2 ,

Lε21

ELξn+1 − ELξn

∆t
+ Lε22

ELηn+1 − ELηn

∆t
= R†32 Sµ33 BSζα2 .

5.2. Magnetic Diffusion Equations

The finite-difference equations for equations of magnetic field diffusion
are

�Bn+1 − �Bn

∆t
= −CURL �Eα1 , (5.29-a)

�En+1 = σCURLµ �Bn+1 . (5.29-b)
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The TM-mode equations are

BSξn+1 −BSξn

∆t
= −R13 ELζα1 ,

BSηn+1 −BSηn

∆t
= −R23 ELζα1 ,

Lσ33 ELζn+1 =
(
R †13 ·Sµ11 + R†23 · Sµ21

)
BSξn+1 +(

R †13 ·Sµ12 + R†23 · Sµ22

)
BSηn+1 .

The TE-mode equations are

BSζn+1 −BSζn

∆t
= − (R31 ELξα1 + R32 ELηα1) ,

Lσ11 ELξn+1 + Lσ12 ELηn+1 = R†31 Sµ33 BSζn+1 ,

Lσ21 ELξn+1 + Lσ22 ELηn+1 = R†32 Sµ33 BSζn+1 . (5.30)

5.3. Rectangular Grids

On a rectangular (tensor product orthogonal) grid with constant
spacing hx and hy, both operators Lε and Sµ are diagonal.

The TM-mode equations for the magnetic diffusion equations are

BSξn+1
i,j+1/2 −BSξni,j+1/2

∆t
= −

ELζα1
i,j+1 − ELζα1

i,j

hy
,

BSηn+1
i+1/2,j −BSξni+1/2,j

∆t
= +

ELζα1
i+1,j − ELζα1

i,j

hx
,

σ̃i,jELζn+1
i,j =

BSηn+1
i+1/2,j

µ̃i+1/2,j
− BSηn+1

i−1/2,j

µ̃i−1/2,j

hx
−

BSξn+1
i,j+1/2

µ̃i,j+1/2
− BSξn+1

i,j−1/2

µ̃i,j−1/2

hy

where

σ̃i,j =
1
4

∑
k=± 1

2
,l=± 1

2

σi+k,j+l ,

µ̃i,j+1/2 =
1
2

(
1

µi+1/2,j+1/2
+

1
µi−1/2,j+1/2

)−1

,

µ̃i+1/2,j =
1
2

(
1

µi+1/2,j+1/2
+

1
µi+1/2,j−1/2

)−1

.
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The harmonic means for µ ensure the continuity of normal component
of �B and the arithmetic mean for σ guarantees continuity of tangential
component of �E.

The TE-mode equations are

BSζn+1
i,j −BSζni,j

∆t
=

ELξα1

i+1/2,j+1 − ELξα1

i+1/2,j

hy
−

ELηα1

i+1,j+1/2 − ELξα1

i,j+1/2

hx
,

σ̃i+1/2,j ELξn+1
i+1/2,j =

BSζn+1
i+1/2,j+1/2

µi+1/2,j+1/2
− BSζn+1

i+1/2,j−1/2

µi+1/2,j−1/2
,

hy
,

σ̃i,j+1/2 ELηn+1
i,j+1/2 = −

BSζn+1
i+1/2,j+1/2

µi+1/2,j+1/2
− BSζn+1

i−1/2,j+1/2

µi−1/2,j+1/2
,

hx
,

where

σ̃i,j+1/2 =
1
2

(
σi+1/2,j+1/2 + σi−1/2,j+1/2

)
,

σ̃i+1/2,j =
1
2

(
σi+1/2,j+1/2 + σi+1/2,j−1/2

)
.

6. NUMERICAL EXAMPLES

In this section, we demonstrate the effectiveness of our approach for
solving Maxwell’s curl equations for the TE mode and for TM mode
for equations of magnetic diffusion.

We integrate Maxwell’s curl equations with conservative mid-point
method (α1 = α2 = 0.5) and a time step sufficiently small so the time
errors are much smaller than the spatial discretization errors. All the
parameters in this subsection are given in MKS units and the free space
constants are ε0 = 8.85× 10−12, and µ0 = 1.2566× 10−6.

Additional examples can be found in [16], where we also provide
numerical convergence analysis.

6.1. Scattering of a Plane Wave on Perfect Conductor

In this section we consider an infinite domain problem modeling the
scattering of a plane wave on a perfect conductor [19, 20]. We consider
a plane wave

�E(x, t) =
(

0√
µ0/ε0 g((t− (x + 0.1)

√
ε0 µ0) 109)

)
(6.1-a)
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Hz(x, t) = g((t− (x + 0.1)
√
ε0 µ0) 109) (6.1-b)

incident to a perfectly conducting circular cylinder of radius 0.1m
centered at the origin. Our media is “free space” with ε = ε0 and
µ = µ0. Here the impulse g(s) has the form

g(s)=
{

[exp(−10 (s− 1)2)− exp(−10)]/[1− exp(−10)] , 0 ≤ s ≤ 2
0 otherwise .

The numerical domain is an annulus with inner radius 0.1 m
and outer radius 1.1 m. Because the problem is symmetric
about the x-axis, we solve the problem in the half domain Ω ={
(x, y) ∈ (0.1 <

√
x2 + y2 < 1.1)× (y > 0)

}
. We define the tangential

component of �E to be zero on all boundaries except the surface of
the inner cylinder, where we define the tangential component of �E
to equal to tangential component of the incident wave (see [19] for
details). That is, we solve for the scattered (i.e., total minus incident)
field. These boundary conditions are valid until t = 4 ns, when the
boundary condition on the outer cylinder starts to generate spurious
reflections. The initial conditions correspond to the time when the
incident wave (traveling from left to right) just arrives at the inner
cylinder. Therefore, initially there are no scattered waves and the
electric and magnetic fields are zero, and therefore the divergence-free
condition for �D is satisfied.

The problem is solved on the uniform polar grid (see, Fig. 6) with
31 nodes in r and 16 nodes in θ. In Fig. 7 the magnetic field is plotted
as a function of time at the two observation points indicated in Fig.
6. The results are in good agreement with one in [20], Fig. 7 and also
exhibit second order convergence in the spatial error.

In Fig. 8, we show the electric vector field at t = 4 ns for
M = 40, N = 64. The numerical solution is free of spurious solutions
and the divergence-free condition for �D is satisfied exactly at the
internal nodes.

6.2. Scattering by a Dielectric Cylinder

Consider the two-dimensional propagation of plane a electromagnetic
wave across a cylindrical material interface ([19], p. 297). This test also
has been used to compare performance of mixed methods in [20]. In
this problem a finite amplitude wave propagating within free space is
launched at the cylinder (ε = ε0/16, µ = µ0). The wave is transmitted
through the cylinder, emerging at the opposite end after undergoing
internal reflections within the cylindrical material. The computational
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Figure 6. Grid and observation points A = (−0.115, 0.0121) and
B = (0.259, 0233).
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Figure 7. Hz as function of time in nanoseconds at points A =
(−0.115, 0.0121) and B = (0.259, 0233). Time is scaled to ns.

domain of interest, shown on Fig. 9(left), consists of semi-circular
section with radius 0.25 embedded within a larger rectangular region.
As it is noted in [19], “. . . large difference in magnitude of the dielectric
constants should tend to accentuate the discontinuity of the field
components across the interface thus placing a demanding test on the
effectiveness of the interfacial treatments in the numerical algorithm.”

We apply the algorithm from [10] to construct a logically
rectangular grid aligned with the cylindrical material interface
(Fig. 9(right)). Note that the cylindrical interface coincides with
different families of grid lines (some pieces coincide with lines i = const
and some pieces coincide with lines j = const). The left side of the
grid is almost rectangular, as appropriate to capture the plane wave
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Figure 8. Electric vector field at t = 4 ns. The numerical solution is
free of spurious solutions.
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Figure 9. (Left) A plane wave enters from the left boundary
of a rectangular domain with embedded cylinder, (right) Logically
rectangular grid aligned with material interface.

propagating in from left boundary. The electric field vectors at the
times 2, 3, 4, and 6 ns (Fig. 10), can be compared with the finite
element calculations on page 302 of Ref. [19].

6.3. Equations of Magnetic Diffusion

The equations of magnetic diffusion for TE mode is the same as
2-D heat conduction equation, where Hz plays role of temperature.
Therefore the numerical examples in [29, 30, 17] for the heat equation
are also valid for the TE mode of magnetic diffusion equations.
Therefore in this paper we consider only TM mode for these equation.
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(c) t = 4 (d) t = 6

Figure 10. Electric field vectors showing wave propagation through
the circular interface at various times; time in nanoseconds.

For simplicity, we consider µ = 1 (and therefore �B = �H) and
the computational domain is square [−0.5, 0.5] × [−0.5, 0.5]. The
conductivity σ1 = 1 for x < 0 and σ2 = 10 for x > 0 and we define
initial and boundary conditions consistent with analytical solution

Hx(x, y, t) = 0 , (6.2-a)

Hy(x, y, t) = e−4π2 t√σ sin(2π
√
σ x) , (6.2-b)

Ez(x, y, t) = e−4π2 t 2π cos(2π
√
σ x) . (6.2-c)

The normal component Hy of �H = �B on the discontinuity line x = 0 is
zero and therefore, is continuous. The tangential component Ez of �E
is also continuous on x = 0. The profiles of Hy and Ez at time t = 0.02
are shown in Fig. 11.

The smooth and random grids for M = N = 33 are shown in Fig.
12(a), (b) respectively. The nonsmooth grid (random grid) is obtained
by moving nodes in a uniform square grid in random directions and
with a random amplitude equal to 20% of initial grid size.

The convergence rate for smooth grids is close to second-order (see
Table 1). On nonsmooth grids, the convergence rate for �E is also close
to second-order and less for �H.
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Figure 11. Exact solution for the diffusion problem, left – Ez, right
– Hy, at t = 0.02.

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

-0.6 -0.4 -0.2 0 0.2 0.4 0.6
-0.6

-0.4

-0.2

0

0.2

0.4

0.6

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

(a) (b)

Figure 12. (a) The smooth grid used in computing the convergence
rates in Table 1. (b) Nonsmooth random grid obtained by moving
nodes in a uniform square grid in random directions.

7. DISCUSSION

We have constructed reliable finite difference methods for approximat-
ing the solution to Maxwell’s equations using the discrete vector and
tensor analysis developed in [11]–[14]. Because the FDMs satisfy dis-
crete analogs of the main theorems of vector analysis, they do not have
spurious solutions and the “divergence-free” conditions for Maxwell’s
equations are automatically satisfied. Thus the FDMs mimic many
fundamental properties of the underlying physical problem including
conservation laws, symmetries in the solution, and the nondivergence
of particular vector fields. Numerical examples demonstrated the high
quality of the method when the medium is strongly discontinuous and
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Grid Norm Smooth grid Non-smooth grid

M=N �H �E �H �E

33 L2 2.75E-2 2.34E-2 1.93E-2 1.60E-2
Max 0.107 9.46E-2 7.13E-2 4.51E-2

65 L2 7.16E-3 6.34E-3 5.38E-3 4.21E-3
Max 3.57E-2 2.69E-2 1.93E-2 1.50E-2

129 L2 1.87E-3 1.77E-3 1.79E-3 1.25E-3
Max 1.01E-2 6.99E-3 7.71E-3 3.74E-3

Conv. L2 1.93 1.84 1.58 1.75
Rates Max 1.82 1.94 1.32 2.00

Table 1. The solution of the magnetic diffusion equations at t = 0.02
converges between first and second order for the grids shown in Fig.
12. For each grid size in top sub-row we present the L2 error, and in
bottom sub-row we present the max error. The convergence rate is
between first and second order for both norms.

for nonorthogonal, nonsmooth computational grids.
By formulating the FDM in terms of coordinate invariant

quantities such as lengths, areas, volumes and angles, the resulting
method can be used in any coordinate system by expressing these
quantities in terms of the particular coordinate system. The method
can also be adapted to cases where ε, µ, and σ are tensors by changing
the form of the L, and S the same way as it is done for the heat
equation with tensor conductivity in [17].

The FDM can be adapted for impedance boundary conditions
and the resulting system of linear equations can also be proved to
be SPD (prove is similar to the one given in [14]). The extension to
3-D hexahedron grids is technically straightforward by mapping the
hexahedron to reference cube using tri-linear map. The details of the
3-D FDM depends upon the shape chosen for faces of the 3-D grid
cells. The extension to unstructured grids is also straightforward once
the cell, face and edge are well defined. We also hope to extend the
discrete theory for of electromagnetic theory from uniform rectangular
grids [5] to general grids using the discrete vector analysis [11]–
[14]. The approach will involve discrete scalar and vector potentials,
which can be introduced on the base of discrete version of orthogonal
decomposition theorems proved in [13].

We are continuing to build a strong theoretical foundation for
the stability and convergence of the FDMs using the energy method
techniques described in [8, 7, 6, 2, 9] for FDMs, or [21, 22] for finite
element methods.
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Abstract—The space-time geometric structure of Maxwell’s equations
is examined and a subset of them is found to define a pair of
exact discrete time-stepping relations. The desirability of adopting
an approach to the discretization of electromagnetic problems which
exploits this fact is advocated, and the name topological time-stepping
for numerical schemes complying with it is suggested. The analysis of
the equations leading to this kind of time-stepping reveals that these
equations are naturally written in terms of integrated field quantities
associated with space-time domains. It is therefore suggested that
these quantities be adopted as state variables within numerical
methods. A list of supplementary prescriptions for a discretization
of electromagnetic problems suiting this philosophy is given, with
particular emphasis on the necessity to adopt a space-time approach
in each discretization step. It is shown that some existing methods
already comply with these tenets, but that this fact is not explicitly
recognized and exploited. The role of the constitutive equations in
this discretization philosophy is briefly analyzed. The extension of this
approach to more general kinds of space-time meshes, to other sets
of basic time-stepping equations and to other field theories is finally
considered.

1 Introduction

2 The Founding Equations

3 The FDTD Time-Stepping Reconsidered

4 Topological Time-Stepping

5 The Missing Link

6 Generalizations
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1. INTRODUCTION

Time-domain methods for the full-wave analysis of three-dimensional
electromagnetic problems, which include methods such as the Finite-
Difference Time-Domain method (FDTD) and the Finite Integration
Theory (FIT) method, are enjoying great popularity within the
Computational Electromagnetics community. This is witnessed not
only by the amount of literature devoted to these methods but also
by the appearance of several professional simulation packages whose
calculation engines are based on them, in addition to the more
established ones based on methods such as the Finite Element method
and the Method of Moments. A variety of reasons contribute to
the diffusion of time-domain methods, for example the possibility to
obtain broadband data from a single simulation run, the favorable rate
of growth of the required computational resources with the problem
size and complexity (provided a minimal critical mass of resources is
available), and the existence of convincing implementations for many
kinds of material models and boundary conditions. These favorable
properties seem able to balance the fact that the struggle to overcome
the limitations of the geometrical modeling capabilities traditionally
associated with these methods does not appear to have fully succeeded
yet.

The present paper focuses on one aspect of time-domain methods,
namely, time-stepping formulas, and shows that, with respect to
the traditional time-domain approaches, a fundamental improvement
derived for time-domain methods from the adoption of a new time-
stepping philosophy, which appears to be intrinsically built into
the physical laws of electromagnetism. This is made apparent
by examining the geometrical backcloth on which these laws are
founded, an analysis which reveals the fundamental role played in this
improvement by the adoption of a space-time approach (as opposed to
one which discretizes separately the space and time variables).

A note of warning is in order about the approach and the
terminology adopted within the present work. The concepts that are
going to be presented can be given an elegant formulation using the
language of algebraic topology. However, since the adoption of this
language tends to obscure the simplicity and direct physical meaning
of the concepts, that option is not pursued here. The interested reader
can find in [5] a reformulation of most of the concepts treated in this
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paper in the more abstract and precise language of algebraic topology.

2. THE FOUNDING EQUATIONS

Faraday’s law of induction says that for any surface S bounded by the
curve ∂S the following relation holds

∫
∂S

E +
d
dt

∫
S
B = 0 (1)

where E is the electric field intensity and B is the magnetic flux density.
Integrating Equation (1) for a time interval [t1, t2], we obtain

∫ t2

t1

∫
∂S

E +
∫
S
B

∣∣∣∣
t2

−
∫
S
B

∣∣∣∣
t1

= 0 (2)

Rearranging the terms appearing in Equation (2) we can write it as
follows ∫

S
B

∣∣∣∣
t2

=
∫
S
B

∣∣∣∣
t1

−
∫ t2

t1

∫
∂S

E (3)

Equation (3) enjoys a number of interesting properties from the
point of view of a time-domain numerical method. First, it applies to
surfaces and time intervals which are not required to be infinitesimal in
extension. This means that within a numerical method the surface S
can be one of the faces of the cells which form the mesh and the interval
[t1, t2] can be a discrete time-step. Moreover, Equation (3) expresses
the quantity on the left side, which is defined at the time instant t2,
in terms of quantities defined (except for the negligible contribution
of the line ∂S considered at the time instant t2) at time instants
which precede t2. Consequently, Faraday’s induction law written in
the space-time integral form of Equation (3) defines an explicit time-
stepping relation which applies exactly (i.e., without approximations)
to discrete space-time domains.

A relevant feature of Equation (3) that will be discussed in more
detail later is the fact that it is an algebraic relation between integrals
of field quantities evaluated on space-time domains. A bit of reflection
reveals that the physical quantities that correspond to these integrals
enjoy a logical (and historical) primacy over the corresponding field
quantities E and B. The latter are actually physical-mathematical
abstractions derived by means of a limit process performed on the
integral quantities by letting the integration domain shrink to zero,
whereas the integral quantities can be thought of as representing
the results of actual measurements. To simplify the formulas and
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to emphasize their priority over field quantities, let us associate a
symbol to the integral quantities appearing in Equation (3). A simple
check reveals that all these quantities have the physical dimension of
a magnetic flux. Moreover, all are obtained from an integral evaluated
on a two-dimensional space-time domain. This entitles us to consider
both kinds of integral quantities as manifestations of the same physical
quantity: magnetic flux [5]. We shall therefore write

φbS×t
def=

∫
S
B

∣∣∣∣
t

(4)

φeγ×[t1,t2]
def=

∫ t2

t1

∫
γ
E (5)

where the symbol × denotes the cartesian product. Note that for
the sake of generality we have substituted in Equation (5) the generic
regular curve γ to the closed curve ∂S appearing in Faraday’s law. Let
us call φb the magnetic part of the magnetic flux and φe the electric part
of it. Thanks to these definitions we can rewrite Faraday’s induction
law as follows

φbS×t2 = φbS×t1 − φ
e
∂S×[t1,t2] (6)

and give it the following simple geometrical illustration [1, 6]. The
curve ∂S considered during the time interval [t1, t2] forms a two-
dimensional space-time cylinder ∂S× [t1, t2]. The surface S considered
at the time instant t1 (i.e., the cartesian product S × t1) forms the
bottom of that cylinder, whereas the surface S × t2 constitutes its top
(Figure 1).

Faraday’s law then asserts that the algebraic sum of the electric
and magnetic parts of the magnetic flux associated with a surface of
this kind is always zero. Correspondingly, Equation (6) shows that we
can exploit this property to determine the value of the magnetic flux φb
associated with the cylinder’s top, provided we know the values of φe
and φb associated with the cylinder’s surface and bottom, respectively
(Figure 2).

Remark: The terms appearing in Equation (6) are endowed with signs
that are a consequence of the orientation of the surfaces with
which these terms appear to be associated. The orientation of
geometric objects plays a fundamental role in the establishment
of a coherent set of equations for a physical theory. This appears
clearly provided the concept of orientation is unfolded in all its
complexity, taking into account in particular the existence of
two kinds of orientation. There is no room here for a complete
treatment of this fascinating subject. The reader is referred to [5]
for an analysis which includes the issue of orientation.
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Figure 1. Exploded view of the space-time geometrical objects that
enter the formulation of Faraday’s induction law in integral form. The
boundary ∂S of the surface S determines a two-dimensional space-time
cylinder ∂S × [t1, t2], which has the surface S considered at the time
instant t1 (i.e., S × t1) at its bottom, and the same surface considered
at the time instant t2 (i.e., S × t2) at its top.

The same geometric approach can be applied to the interpretation of
Maxwell-Ampère’s law. This law says that for any surface S bounded
by the curve ∂S the following relation holds

∫
∂S

H− d
dt

∫
S
D =

∫
S
J (7)

where H is the magnetic field intensity and D is the electric flux
density. Integrating Equation (7) for a time interval [t1, t2] we obtain

∫ t2

t1

∫
∂S

H−
∫
S
D

∣∣∣∣
t2

+
∫
S
D

∣∣∣∣
t1

=
∫ t2

t1

∫
S
J (8)

All the terms appearing in Equation (8) have the physical dimension
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Figure 2. The physical quantities which appear in the space-time
integral formulation of Faraday’s induction law are the electric part
of the magnetic flux φe and its magnetic part φb. The flux φe is
associated with the two-dimensional space-time cylinder ∂S × [t1, t2],
whereas φb is associated with the top and bottom surfaces S × t2 and
S × t1, respectively. Faraday’s law asserts that the algebraic sum of
these quantities (with signs reflecting the orientation of the surfaces)
is always zero. Consequently the value of φb at the final time instant
t2 can be calculated exactly from quantities defined at previous times.

of electric charge. However, the terms appearing on the left side of
the equation are integrals evaluated on two-dimensional space-time
domains and can therefore be considered as fluxes, whereas the integral
on the right side is evaluated on a three-dimensional space-time domain
and hence the corresponding quantity cannot be a flux. In fact this
quantity is the charge content of the three-dimensional space-time
cylinder due to the current flown through the surface S during the
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time interval [t1, t2]. We shall therefore write

ψdS×t
def=

∫
S
D

∣∣∣∣
t

(9)

ψhγ×[t1,t2]
def=

∫ t2

t1

∫
γ
H (10)

and
QjS×[t1,t2]

def=
∫ t2

t1

∫
S
J

where ψd is the electric part of the electric flux, ψh is the magnetic
part of it and Qj is the charge content described above. Thanks to
these definitions, we can rewrite Maxwell-Ampère’s law as follows

ψdS×t2 = ψdS×t1 + ψh∂S×[t1,t2] −Q
j
S×[t1,t2] (11)

Note that, as we did for Faraday’s law, we have rearranged the terms in
order to express the quantity corresponding to the final time instant t2
as a function of quantities defined (except for negligible contributions)
at former times. The geometric interpretation proceeds along lines
similar to those given to Faraday’s law, except for the presence of a
contribution associated with the three-dimensional space-time cylinder
S × [t1, t2].

Hence, Equation (11) says that we can determine the value of the
electric flux ψd associated with the cylinder’s top surface, provided we
know the values of ψh, ψd and Qj associated with the two-dimensional
cylinder’s space-time surface, with its bottom surface and with the
three-dimensional space-time volume, respectively (Figure 3).

3. THE FDTD TIME-STEPPING RECONSIDERED

Let us examine now what the geometrical analysis of Faraday’s and
Maxwell-Ampère’s law carried out in the previous section reveals about
the inner workings of the time-stepping formulas of an actual numerical
method, namely, FDTD.

The FDTD method applies to the solution of initial-boundary
value electromagnetic problems. The domain of a typical FDTD
problem is therefore constituted by the cartesian product of the
spatial domain of the problem and of the time interval for which the
solution is sought. In its basic form the FDTD method discretizes the
spatial domain by means of two uniform orthogonal cartesian grids
reciprocally staggered in each direction by a half step. These grids
determine therefore two sets of rectangular cells. To simplify the
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Figure 3. The physical quantities which appear in the space-time
integral formulation of Maxwell-Ampère’s law are the electric part
ψd, the magnetic part ψh of the electric flux, and the electric charge
content Qj . The flux ψh is associated with the two-dimensional space-
time cylinder ∂S × [t1, t2], whereas ψd is associated with the top and
bottom surfaces S × t2 and S × t1, respectively. The charge Qj is
associated with the three-dimensional space-time cylinder S × [t1, t2].
Maxwell-Ampère’s law asserts that the algebraic sum of the electric
flux associated with the surface of the cylinder equals the amount of
charge contained within it. This permits the determination of ψd at the
final time instant t2 of the interval from quantities defined at previous
times.

notation it is expedient to align the coordinate axes with the edges
of the cells, to make the origin correspond to a node of one of the two
grids and call ∆x, ∆y, ∆z the corresponding step widths.

The fields are represented on this discretized domain by
associating the field quantities with the edges of the cells. In particular,
with each edge of one of the grids is associated the average value of the
component of E along that edge, and with each edge of the other grid
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is associated the average value of the component of H along that edge.
The grid housing on its edges the E field is usually called the primary
grid whereas that housing H is called the secondary grid. Each field
value is usually assumed to be attached to the midpoint of the edge it
refers so that the following index notation can be adopted

Ex(i+ 1
2
,j,k)

def= Ex((i+ 1
2)∆x, j∆y, k∆z)

Hx(i,j+ 1
2
,k+ 1

2
)

def= Hx(i∆x, (j + 1
2)∆y, (k + 1

2)∆z)
(12)

with the obvious extension to the remaining field components. All
this can be represented graphically by means of the so-called Yee cell
(Figure 4).

We must now consider how the FDTD method deals with the time
variable. The time interval which constitutes the time domain of the
problem is discretized by FDTD using two dual uniform grids, one for
each spatial grid, defined on the time axis and mutually staggered by
half the time step ∆t. Corresponding to the primary and secondary
grids in space we have therefore a primary and a secondary grid in time.
By considering the product of each space grid by the corresponding
time grid one obtains two space-time grids staggered in both space
and time. The FDTD state variables are assumed to be the time
average of the field components during a time step. For example
the components of E are thought of as time averages evaluated for
primary time intervals and are traditionally assumed to be attached
to the midpoint of those time intervals. According to this additional
association and with the adoption of an index for the time variable,
the notation for the field quantities becomes

Ex(i+ 1
2
,j,k,n+ 1

2
)

def= Ex((i+ 1
2)∆x, j∆y, k∆z, (n+ 1

2)∆t)

Hx(i,j+ 1
2
,k+ 1

2
,n)

def= Hx(i∆x, (j + 1
2)∆y, (k + 1

2)∆z, n∆t)
(13)

with the the obvious extension to the remaining field components.
Let us now consider simultaneously the space and time variables

as discretized by the FDTD method. We have seen that the field
quantities which constitute the state variables of this method are
staggered not only in space but also in time. From this point of view
the limitations of the traditional representation of Figure 4 become
apparent. Albeit correct from the point of view of the disposition of
the state variables in space, that representation tends to convey the
misleading idea that field quantities which are actually specified by
the FDTD method as existing at different time instants, be instead
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Figure 4. The primary and secondary Yee cells that are at the basis
of the FDTD method. Primary cells have the average value of the
components of E along their edges attached to the midpoint of the
corresponding edge. The components of H, which are attached to the
edges of secondary cells, appear therefore at the center of the faces
of primary cells. We will see later that thanks to the constitutive
equations, the components of H can be interpreted as components of
the magnetic flux density field B attached to the faces of primary cells.
Correspondingly, the components of E are located at the center of the
faces of secondary cells and can be interpreted as components of the
electric flux density D.

simultaneously defined at a common time instant. To circumvent this
problem let us consider instead of the Yee cell, a Yee hypercell, i.e.
the space-time object which is determined by the evolution of a Yee
cell during a time step. For example, if we consider the evolution of a
primary cell of the spatial grid for the duration of a primary time step,
we obtain a primary hypercell (Figure 5).

The hypercell representation shows that during a primary time
step, each edge of the primary spatial cell spans a space-time surface
(which appears as a oblique surface in Figure 5. We saw that the
FDTD state variables are assumed as associated with the midpoints
of the edges of the cells and of the time-step intervals; hence, in the
space-time perspective they appear to be attached to the center of the
corresponding space-time surfaces. Therefore each of the quantities
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Figure 5. The primary Yee hypercell determined by the evolution of a
primary Yee cell during the primary time step ∆t going from the time
instant n∆t to (n+1)∆t. The components of E appear attached to the
centers of the space-time surfaces formed by the primary edges during
their evolution in time. The components of H appear instead attached
to the centers of spatial surfaces considered at the initial and final time
instants. Hence all components appear associated with surfaces, either
in space or in space-time.

appearing in Figure 5 — which from a purely spatial point of view we
considered as associated with edges - is actually attached to the center
of a surface, either in space or in space-time, and is thought of as the
average value of the field component for that surface.

The hypercell representation of Figure 5 shows also that for each
face of the traditional Yee cell there is a space-time parallelepiped
analogous to the space-time cylinder we used to interpret geometrically
Faraday’s law (these space-time parallelepipeds appear in Figure 5 as
truncated pyramids) . The edges which form the boundary of the face
of the Yee cell are the analogous of the boundary ∂S shown in Figure
1 and span a two-dimensional space-time “cylinder” which has the
spatial face considered at the beginning of the time step as its bottom,
and the same face considered at the end of the time step as its top.
The only difference between the space-time parallelepipeds of Figure
5 and the space-time cylinder of Figure 2 is therefore the presence
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of the components of the fields E and H in place of integrated field
quantities φe and φb. However, since each field quantity is considered as
the average value of the field component for the surface it corresponds
to, the product of each component by the extension of its face gives
the value of the integrated field quantity for that face. In other words,
we can write

∆y∆z µ(i,j+ 1
2
,k+ 1

2
)Hx(i,j+ 1

2
,k+ 1

2
,n) = φbx

(i,j+ 1
2
,k+ 1

2
,n)

(14)

∆y∆t Ey(i,j+ 1
2
,k,n+ 1

2
) = φ

ey
(i,j+ 1

2
,k,n+ 1

2
)

(15)

∆z∆t Ez(i,j,k+ 1
2
,n+ 1

2
) = φez

(i,j,k+ 1
2
,n+ 1

2
)

(16)

where we have exploited the constitutive relation

Bx(i,j+ 1
2
,k+ 1

2
,n) = µ(i,j+ 1

2
,k+ 1

2
)Hx(i,j+ 1

2
,k+ 1

2
,n) (17)

(the meaning of which will be considered in detail later). Equa-
tions (14) to (16) transform the Yee hypercell into a hypercell which
has associated with its faces integrated field quantities instead of field
components (Figure 6).

We will show now that, thanks to this reinterpretation of the
FDTD state variables, the FDTD time-stepping formula for each
component of H appearing in Figure 5 is analogous to Faraday’s
time-stepping formula given in Equation (6). One such time-stepping
formula is, for example [8]

∆y∆z µ(i,j+ 1
2
,k+ 1

2
)Hx(i,j+ 1

2
,k+ 1

2
,n+1) =

∆y∆z µ(i,j+ 1
2
,k+ 1

2
)Hx(i,j+ 1

2
,k+ 1

2
,n)+ (18)

∆y∆t
(
Ey(i,j+ 1

2
,k+1,n+ 1

2
) − Ey(i,j+ 1

2
,k,n+ 1

2
)

)
−

∆z∆t
(
Ez(i,j+1,k+ 1

2
,n+ 1

2
) − Ez(i,j,k+ 1

2
,n+ 1

2
)

)
(19)

and involves the components appearing in the truncated pyramids
(which are actually space-time parallelepipeds) shown in Figure 5,
one of which is isolated for ease of reference in Figure 7. Exploit-
ing Equations (14), (15) and (16) the FDTD time-stepping formula of
Equation (19) can be rewritten in terms of integrated field quantities,
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Figure 6. In a Yee hypercell each cell face considered during a time
step spans a space-time cell. The field components of E and H of
primary hypercell appear attached to the center of these space-time
cells and, being average values, can be interpreted as integrated field
quantities φe and φb associated with them. Note that the transition
from the components of H to the magnetic fluxes φb implies the
constitutive equation which links the field quantities H and B. On
this basis the FDTD time-stepping formulas for the field components
of H can be interpreted as the time advancement of φb dictated by
Faraday’s induction law.

as follows

φbx
(i,j+ 1

2
,k+ 1

2
,n+1)

= φbx
(i,j+ 1

2
,k+ 1

2
,n)

+

φ
ey
(i,j+ 1

2
,k+1,n+ 1

2
)
− φey

(i,j+ 1
2
,k,n+ 1

2
)
−

φez
(i,j+1,k+ 1

2
,n+ 1

2
)
+ φez

(i,j,k+ 1
2
,n+ 1

2
)

(20)

A simple comparison reveals that Equation (20) is a particular case
of the time-stepping relation (Equation (6)) which we deduced from
Faraday’s induction law. The same process can be obviously applied
to the FDTD time-stepping formulas for the other components of the
H field.

Secondary Yee hypercells, i.e., hypercells obtained by considering
the evolution of a secondary Yee cell during a secondary time step, can
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Figure 7. Each FDTD time-stepping formula for the components of H
involves the components of field quantities located on primary space-
time parallelepipeds. On the faces of these parallelepipeds the field
components appearing in the FDTD formula correspond to integrated
field quantities φe and φb, and the formula itself corresponds to the
time advancement of these integrated field quantities dictated by
Faraday’s induction law written in space-time integral form. The same
can be shown to apply for the FDTD time-stepping formulas for the
components of E, which turn out to implement Maxwell-Ampère’s law
on the integrated field quantities ψh and ψd defined on the secondary
space-time grid.

be obviously subjected to an analogous process leading to hypercells
housing fluxes ψh and ψd and chargesQj . Repeating the considerations
above for a secondary Yee hypercell, the FDTD time stepping formula
for the components of the E field can be shown to be actually a case
of the time-stepping relation of the kind represented by Equation (11)
deduced from Maxwell-Ampère’s law (Figure 8). For example, starting
from the FDTD time-stepping formula for Ex [8]

∆y∆z ε(i+ 1
2
,j,k)Ex(i+ 1

2
,j,k,n+ 1

2
) =

∆y∆z ε(i+ 1
2
,j,k)Ex(i+ 1

2
,j,k,n− 1

2
)+

−∆y∆t
(
Hy(i+ 1

2
,j,k+ 1

2
,n) −Hy(i,j+ 1

2
,k− 1

2
,n)

)
+

∆z∆t
(
Hz(i+ 1

2
,j+ 1

2
,k,n) −Hz(i+ 1

2
,j− 1

2
,k,n)

)

∆y∆z∆t σ(i+ 1
2
,j,k)

(
E
x(i+1

2 ,j,k,n+1
2 )

+E
x(i+1

2 ,j,k,n−
1
2 )

2

)
(21)

and considering the field components as representatives of integrated
field quantities, according to

∆y∆z ε(i+ 1
2
,j,k)Ex(i+ 1

2
,j,k,n+ 1

2
) = ψdx

(i+ 1
2
,j,k,n+ 1

2
)

(22)
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∆y∆tHy(i+ 1
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,n)

(23)
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(24)
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(where we have used the constitutive relations linking E to D and to
J) we obtain the time-stepping formula

ψdx
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Qjx
(i+ 1

2
,j,k,n)

(26)

which corresponds to the time-stepping relation (Equation (11))
derived from Maxwell-Ampère’s law.

4. TOPOLOGICAL TIME-STEPPING

Let us summarize the main points revealed by the analysis carried out
in the previous sections.

a. Time-stepping based on intrinsical discrete statements: We have
seen that within the equations of electromagnetism there is a set
of relations which link discrete quantities defined at different time
instants. These relations are intrinsically discrete in the sense that
they apply not only as differential relations within infinitesimal
domains, but hold exactly for macroscopical domains as well.
They are consequently natural candidates for the setup of time-
stepping procedures within numerical methods. The first step
in the discretization of a field problem should therefore be the
individuation within the equations of the problem of this special
set of statements
Remark I: Observing more closely the nature of this set of
equations, one discovers that they are actually conservation or
balance statements. In other words, they relate a physical quantity
associated with a given domain, with another physical quantity
associated with the boundary of that domain. This is apparent in



138 Mattiussi

Figure 8. The secondary Yee hypercell (left) determined by the
evolution of a secondary Yee cell during a secondary time step. The
components of H appear attached to the centers of the space-time
faces, whereas the components of E appear attached to the centers
of spatial surfaces considered at the initial and final time instants.
These field components can be considered as representatives of the
integrated field quantities ψh, ψd and Qj (this last quantity is not
represented in the figure), with the constitutive relations linking E to
D and J being invoked to obtain ψd and Qj . On each space-time
three-dimensional cell of the hypercell, the integrated field quantities
thus assigned, determine an exact time-stepping relation.

Maxwell-Ampère’s law as expressed by Equation (8), which asserts
the equivalence between the electric charge content of a three-
dimensional space-time cylinder and the electric flux associated
with the surface of that cylinder. The same can be said to hold in
the case of Faraday’s law expressed by Equation (2), with the only
difference that the quantity associated with the three-dimensional
space-time cylinder (a magnetic charge) is always zero. When this
happen the balance equation is said to be a conservation statement
(in the case of Faraday’s law, the conservation of magnetic flux)1
Remark II: Given their intrinsic discrete nature, balance and
conservation statements are naturally expressed as algebraic
relations between integrated field quantities from which the
corresponding differential statements can be derived. We see
therefore that to the distinction between algebraic and differential
statements corresponds a distinction between discrete and non-
discrete representations of physical quantities. One can find
in the literature various name pairs used to label this latter
distinction. A nonexhaustive list includes the mathematically
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oriented distinction of discrete and continuous quantities, the
more physically related distinction between integrated fields and
fields, that between global and local quantities, that between
macroscopic and microscopic quantities, and the more engineering
oriented distinction between circuit and field quantities. Another
good suggestion to convey the spirit of this distinction was put
forth in the context of integration theory by Henri Lebesgue [3].
Lebesgue observed that the fundamental difference is that
between physical quantities thought of as associated with points
and quantities thought of as associated with domains of non-
infinitesimal extension. He suggested therefore to call the former
point functions (“fonctions de point”) and the latter domain
functions (“fonctions de domaine”). Adopting the spirit of that
observation we will call from now on domain quantities those
that we have formerly called integrated fields, and point quantities
those that are derived from domain quantities by means of a limit
process.

b. Adoption of domain quantities as state variables: Balance
and conservation statements are naturally written in terms of
domain quantities, which are directly associated with the cells
of the discretization meshes, hence it is desirable to use domain
quantities instead of point quantities (and, in particular, of field
components) as state variables within a numerical method.

c. Adoption of a space-time approach: The balance and conservation
laws which determine the intrinsically discrete time-stepping
equations are space-time statements written in terms of quantities
associated with space-time domains, not merely with spatial
domains. Therefore it is fundamental to adopt a truly space-time
approach both in establishing the association of physical quantities
with domains (which are therefore space-time domain quantities),
in writing the corresponding discrete statements and in setting up
the meshes which discretize the problem’s domain.

d. Availability of suitable cells in the discretization meshes :
For each domain quantity appearing in the equations of the
problem to be numerically solved, there must be available in
the discretization meshes the kind of cell required to house that
domain quantity. For example, to house the quantities (fluxes and
charge contents) appearing in Faraday’s and in Maxwell-Ampère’s
law we need space-time surfaces and space-time volumes, which
must therefore appear in the discretization meshes of a discretized
electromagnetic problem. Conversely, the mere collection of
nodes of the classical Finite Difference methods does not appear
sufficient for this task.
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e. Adoption of multiple meshes: Faraday’s law and Maxwell-
Ampère’s law determine two distinct balance laws, each with its
own set of domain quantities. We need therefore two logically dis-
tinct ensembles of space-time cells to perform the time-stepping
related to these two laws. This calls for the adoption of two dis-
cretization grids or meshes, as exemplified by the pair of dual
primary and secondary grids of the FDTD and FIT method2 .
Note, however, that the two meshes might well be geometrically
coincident and only logically distinct.

Keeping in mind the points enumerated above while setting up
a numerical method, opens the way to the possibility to build into
the method the intrinsically discrete balance laws which institute an
exact link between quantities defined at different time instants. Since
the validity of these balance laws do not depend on the size and the
shape of the domain to which they refer, nor on the material the
domain is filled with, they are endowed with a kind of “topological
significance” [6], which suggests for them the name of topological
equations. Correspondingly, for a time-stepping relation based on
the exploitation of the intrinsic space-time discreteness of topological
equations we suggest the name of topological time-stepping.

Note that, given a field problem, once the space-time domain
quantities involved in it are correctly recognized and the space-time
domain has been suitably discretized, the form of the topological time-
stepping relations is uniquely determined. This is to be contrasted
with the traditional approaches, which discretize first separately the
domain in space and determine thus from the original set of partial
differential equations a set of ordinary differential equations in the
time variable, which are then discretized using one of the many
of techniques developed for the numerical integration of ordinary
differential equations.

The awareness of the existence of the topological time-stepping
approach reveals the pitfalls hidden in this classical approach, namely,
the possibility to obtain — by combining an arbitrary discretization
1 Conservation statements have a deeper meaning with respect to generic balance
statements. The latter can be made usually to descend from the former under mild
hypotheses on the topology of the domain in which they hold. For example, in the case of
electromagnetism, Maxwell-Ampère’s law is a consequence, in a topologically trivial space,
of the law of conservation of electric charge, and can be considered merely the relation
which defines the physical quantity electric flux.
2 The question of the orientation of the domains with which physical quantities are
associated, the analysis of which is not dealt with in the present work, is another strong
argument for the distinction of the grid on which the time stepping of electric flux and that
of the magnetic flux are performed. See [5] for details.
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scheme in space with an equally arbitrary one in time — a non-
topological time-stepping scheme, i.e. one which does not adhere to
the time advancement scheme for physical quantities dictated by the
physics of the problem. Of course it is still possible that such a
combination yields a topological time-stepping scheme, as testified
by the FDTD equations, which - although constructed taking as a
starting point Maxwell’s equations written in differential form [8] -
turn out to be actually interpretable as a topological time-stepping
scheme. However, without the guide constituted by the topological
time-stepping principle the attainment of a topological time-stepping
scheme appears problematic, considering for example that in the case
of FDTD that result might have been missed, had the discretization of
the differential operators been performed differently, for example using
some higher order approximation scheme.

As a final aside, which does not follow directly form the necessarily
cursory analysis of the electromagnetic equations presented above but
can be easily proved adopting a suitable formal approach, there is
a further point which deserves to be included in the list of those
leading to a correct approach to numerical discretization, namely the
importance of a

f. Suitable global structure of the meshes: To complement Faraday’s
and Maxwell-Ampère’s law, which express a conservation and
a balance statement for arbitrary space-time cylinders (i.e.,
particular space-time volumes of the kind S × [t1, t2] enclosed
by space-time closed surfaces), there are Gauss’ magnetic and
Gauss’ electric law that express the same statements for the case
of arbitrary volumes in space bounded by closed surfaces in space.
In terms of domain quantities these laws can be written as follows

φbV×t = 0 (27)

ψd∂V×t = QρV×t (28)

where QρV×t is the electric charge content of the volume V at
the time instant t. In setting up a numerical technique for an
initial-value field problem we must assure that these relations,
if satisfied by the domain quantities as initially assigned to the
cells of the mesh, continue to be so during the time stepping.
It can be proved [5, 7] that when the guidelines enumerated
above are followed (and, therefore, a topological time-stepping
is used), a sufficient condition for this to happen is the adoption
of discretization meshes which have a suitable global structure.
It is required in particular that the cells are properly joined, in
such a way that the amount of change of the domain quantity
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associated with each cell of the mesh following the execution
of a time step be due only to the effects of a source appearing
explicitly in the time-stepping formula or to a redistribution of
that quantity among adjacent cells. The fact that the compliance
with Gauss’ laws follows only from a topological constraint on the
structure of the mesh might seem trivial at first but its relevance
can be appreciated considering that it assures that no additional
constraints need to be imposed on the state variables to comply
with these laws. This topological constraint makes of the mesh a
so-called cell-complex [5]; as might be expected, both the FDTD
and the FIT grids comply with it.

5. THE MISSING LINK

Generalizing Equation (20) we can write the generic form of the
topological time-stepping formula for the domain quantity φb as follows

Φb
n+1 = Φb

n − Ic Φe
n+ 1

2
(29)

where Φb and Φe are vectors which collect all the instances of φb and φe
appearing in the primary space-time mesh, and Ic is a matrix whose
nonzero entries are only 1 and −1 and which represents in discrete
form the action of the curl operator on the primary mesh. For the
topological time-stepping of ψd, generalizing Equation (26), we have
correspondingly

Ψd
n+ 1

2
= Ψd

n− 1
2

+ Ĩc Ψh
n −Qj

n (30)

where Ψd, Ψh and Qj are vectors which collect all the instances of ψd,
ψh and Qj appearing in the secondary mesh, and Ĩc is a matrix whose
nonzero entries are only 1 and −1 and which represents in discrete form
the action of the curl operator on the secondary mesh. We emphasize
once again that Equation (29) and Equation (30) are exact discrete
statements which derive directly form the balance and conservation
laws of electromagnetism written for a space-time mesh. In other
words, only the space-time domain was discretized to obtain these
equations, not some set of partial differential equations.

The topological time-stepping formulas of Equation (29) and
Equation (30), however, do not determine alone a complete time-
advancement strategy and consequently neither a numerical method.
This can be understood by considering the number of state variables
appearing in these two equations. Even supposing that the values
of Φb and of Ψd at the initial time instant be assigned as problem
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data, there remains the problem to determine the values of Φe, Ψd

and Qj to be inserted in the time-stepping equations to advance in
time Φb and of Ψd. Geometrically, with reference to Figure 2 and
Figure 3, this situation corresponds to the impossibility to obtain
from this equations alone the value of the quantities associated with
the two-dimensional and three-dimensional space-time cylinders, the
knowledge of which is however necessary to perform the transition from
the quantity associated with the bottom surface to that associated with
the top surface.

On the other hand, we know that Maxwell’s equations (which
are only balance and conservation laws, i.e. topological equations,
and a subset of which Equation (29) and Equation (30) are the
discretized form of) by themselves do not determine the evolution
of the electromagnetic field. To obtain a set of equation able to do
this, we must add to Maxwell’s equations a set of equations which
represent a mathematical model of the material behavior (plus, of
course, suitable initial and boundary conditions). These mathematical
models of materials are the so-called constitutive or material equations.
A simple example of such a set for the case of electromagnetism is
constituted by the following three equations

D = εE (31)
B = µH (32)
J = σE (33)

Note that these equations are given as relations between point
quantities, and there appears to be no obvious way to transform them
into exact relations between the corresponding domain quantities.
Once the possibility of a topological time-stepping approach is
recognized, the determination of a discrete representation for the
constitutive equations becomes in fact the central point in the setup of
a time-domain numerical method, since the discrete rendering of the
topological equations follows automatically from the discretization of
the space-time domain of the problem.

The general problem of the determination of a discrete form for
constitutive equations will not be treated in detail here. For this
important topic the reader is referred to [5]. We will only note
that this process can be carried out in general only at the cost of
some approximation, and that this is indeed the phase where the
approximation enters the discretization of a physical field problem. We
will present only the final result of this discretization process, namely,
the relations

Φe = Cε−1

(
Ψd

)
(34)
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Ψh = Cµ−1

(
Φb

)
(35)

Qj = Cσ (Φe) (36)

where Cε−1 , Cµ−1 and Cσ are mathematical relations between the
vectors which collect the domain quantities defined on the primary and
secondary mesh, and which discretize the constitutive links between
the corresponding point quantities. Usually these discrete relations
are linear links represented by matrices. For example in the case of
the FDTD method, combining Equations (14) to (26) it can be shown
that they correspond to

φbx
(i,j+ 1

2
,k+ 1

2
,n)

= µ(i,j+ 1
2
,k+ 1

2
)

∆y∆z
∆x∆t

ψhx
(i,j+ 1

2
,k+ 1

2
,n)

(37)
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2
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2
)
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2
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φex
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2
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(38)
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2
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2
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·

φex

(i+ 1
2
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2
)
+ φex

(i+ 1
2
,j,k,n− 1

2
)

2
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where , using Equation (38), Equation (39) can be rewritten as a direct
link between Qj and Ψd, as follows

Qjx
(i+ 1

2
,j,k,n)

= ∆t
σ(i+ 1

2
,j,k)

ε(i+ 1
2
,j,k)


ψdx

(i+ 1
2
,j,k,n+ 1

2
)+
ψdx

(i+ 1
2
,j,k,n− 1

2
)

2


 (40)

Analogous relations can be written for the remaining state variables.
Note that contrary to the other discrete constitutive links, the right
side of Equation (39) involves two instances of the independent domain
quantity φe considered at two different time instants. This anomaly is
due to the fact that the corresponding dependent quantity Qj(·,·,·,n) is
defined on a space-time domain which spans a time step going from
the time instant (n− 1

2)∆t to (n+ 1
2)∆t, which would be only partially

covered by the information carried separately by the domain quantities
φex

(·,·,·,n− 1
2
)

and φex
(·,·,·,n+ 1

2
)
.

The FIT method [7] adopts a set of discrete constitutive operators
similar to those of the FDTD method, whereas some generalization
of the FDTD method, such as the the Discrete Surface Integral
method (DSI) [4], adopt a more complex discrete representation of
constitutive equations, while maintaining the topological time-stepping
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of FDTD. This follows from the fact that, contrary to the case of
topological equations, many possible approaches to the discretization
of constitutive equations are possible. This fact opens the way to the
construction of a multiplicity of methods based on the combination
of the unique topological time-stepping formula (for a given choice of
the mesh) with the many possible approximate discrete constitutive
equations. We can write a formula which represents the generic result
of this combination for the case of electromagnetism. Combining
Equation (34), Equation (35) and Equation (36) we obtain

Φb
n+1 = Φb

n − Ir Cε−1

(
Ψd

)
(41)

Ψd
n+ 1

2
= Ψd

n− 1
2

+ IdCµ−1

(
Φb

)
− Cσ,ε−1

(
Ψd

)
(42)

where we have written the operator Cσ,ε−1 in place of the composition
of Cε−1 and Cσ to allow for a more general approach to the
discretization of the link between D and Q, and where the vectors
Ψd and Φb operated upon by the constitutive operators lack the time
index to allow for the whole space-time vector to enter the relation.
The resulting variety of time-domain methods complying with the
philosophy of topological time-stepping appears therefore quite large.
One can indeed have the impression, when exposed for the first time
to the assertion of the uniqueness of the topological time-stepping
formula, that the variety of methods which comply with the topological
time-stepping approach be very limited. By considering however the
presence of the constitutive equations, one realizes instead that many
methods belong to that ensemble, including high order methods in
both space and time, and methods with implicit time-stepping.

Note, finally, that the present approach reveals the otherwise
mysterious effectiveness of the leapfrog scheme in the discretization
of the time variable of semidiscretized problems. By staggering by
a half step in time the state variables attached to the primary and
secondary grid, the leapfrog method places them exactly where an
elementary discretization strategy of the constitutive equations can
transform those defined on the primary grid in the domain quantities
required by the topological time-stepping relations on the secondary
grid (and vice versa), i.e, at the center of the space-time “cylinders”
which determine the time-stepping itself.

6. GENERALIZATIONS

The case of FDTD as a method complying with the philosophy of
topological time-stepping is only an example. As hinted above, other
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time-domain methods for electromagnetic problems, such as the FIT
and DSI methods, can be reconducted to that philosophy. All these
methods consider only meshes or grids obtained as cartesian products
of separate discretizations of the domain in space and in time. This
is a consequence of the fact that in their classical (i.e. non four-
dimensional) version, Maxwell’s equations have built into them the
distinction between the space and time variables. However, Faraday’s
law and Gauss’ electric law are only particular cases of a more general
law of conservation of the magnetic flux, which says that the magnetic
flux associated with the boundary of any space-time three-dimensional
volume is always zero. This statement can be written as follows

φ∂V = 0 (43)

where we use the symbol V to mean a generic three-dimensional space-
time volume. When V is of the form V × t, Equation (45) corresponds
to Gauss’ electric law, whereas when V is of the form S × [t1, t2] it
corresponds to Faraday’s induction law. Correspondingly, Maxwell-
Ampère’s law and Gauss’ magnetic law are particular cases of a more
general space-time balance statement, namely

ψ∂V = QV (44)

which reduces to them when V is of the form S × [t1, t2] and V × t,
respectively.

The existence of these two more general space-time topological
statements implies that the topological time-stepping approach is
applicable for the development of numerical methods which can use
generic space-time meshes, not necessarily obtained as products of
separate space and time discretizations (Figure 9). This kind of mesh
is required, for example, when one or both the space meshes move
in time with respect to the reference frame of the problem . The
choice of a generic space-time grid might indeed seem at first very
strange and in fact this route does not seem to have been actually
pursued in numerical electromagnetism. However, in the field of
Computational Fluid Dynamics (where it is often desirable to limit the
relative displacement of the mesh with respect to the flow), the Space-
Time Conservation Element and Solution Element method (CE/SE)
developed by Chang and colleagues [2] proceeds exactly along this
lines, advocating a true space-time approach and using cells that are
not cartesian products of space and time components in the selected
reference frame.

Another fact that must be considered when applying the approach
advocated in the present work, is the relation that links the
conservation and balance laws. Maxwell’s equations are based on two
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Figure 9. The topological equations which serve as the basis of the
topological time-stepping statements apply in general to space-time
domains which are not necessarily obtained as cartesian products of a
domain in space and of a domain in time. Correspondingly there is
the possibility to develop numerical methods based on the topological
time-stepping principle and which make use of meshes that are not
obtained as products of separate discretization of the domain in space
and in time.

conservation laws: that of electric charge and that of magnetic flux [6].
The law of electric charge conservation corresponds to the statement

Q∂H = 0 (45)

where H is any space-time hypervolume. From this statements there
follows, in a topologically trivial space, Maxwell-Ampère’s law and
Gauss’ magnetic law. The law of conservation of magnetic flux is
expressed by Equation (45) and encompasses Faraday’s induction law
and Gauss’ electric law. From it there follows, in a topologically
trivial space, a space-time balance statement which defines the
electromagnetic potentials. Hence we see that we have at our disposal
on each mesh a pair of time-dependent topological statements (of
which, one is a balance and one a conservation law) within which we
can select the pair to employ for the topological time-stepping. It is
the range of available constitutive equations that usually determines
the subset of those statements that will be actually used to set up the
actual algorithm.
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Finally, it is worth noting that the example of the CE/SE method
mentioned above reveals that what said here about electromagnetism
applies also to other field theories. In fact it is clear that this approach
applies to all field theories which have within their equations a set
of space-time topological statements, i.e. of space-time balance or
conservation laws. Since this is true for almost all non-static physical
field theories, the scope of the topological time-stepping philosophy
appears indeed very broad.

7. CONCLUSIONS

We have shown that electromagnetism has built into its equations
a set of intrinsically discrete time-dependent statements which can
serve as a natural basis of a numerical time-stepping strategy. When
the space-time domain of a problem has been discretized, these
statements translate directly into a set of time-stepping relations,
provided the proper space-time meshes have been defined and the
corresponding integrated field quantities have been selected as state
variables. Moreover, the role of constitutive equations in the
discretization process stands out very clearly once the intrinsically
discrete statements have been singled out. This approach calls for
the adoption of a space-time point of view in all phases of the
discretization process. An analysis of some successful time-domain
methods reveals however that until now the intrinsic space-time
discreteness the electromagnetic equations has not been explicitly
acknowledged and exploited by numerical methods (although in some
cases, for example the FIT method, the intrinsic discreteness in space
has been recognized). The correction of this state of affairs can bring
advantages both from the point of view of the comprehension and fine
tuning of existing methods and of the development of new ones. This
applies not only to electromagnetism but also to generic physical field
theories, and it appears desirable that in all these cases the approach
presented here be built into numerical methods from the start and the
favorable properties which ensue, at last fully enjoyed.
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Abstract—This paper uses simplicial complexes and simplicial
(co)homology theory to expose a foundation for data structures for
tetrahedral finite element meshes. Identifying tetrahedral meshes
with simplicial complexes leads, by means of Whitney forms, to the
connection between simplicial cochains and fields in the region modeled
by the mesh. Furthermore, lumped field parameters are tied to
matrices associated with simplicial (co)homology groups. The data
structures described here are sparse, and the computational complexity
of constructing them is O(n) where n is the number of vertices in the
finite element mesh. Non-tetrahedral meshes can be handled by an
equivalent theory. These considerations lead to a discrete form of
Poincaré duality which is a powerful tool for developing algorithms
for topological computations on finite element meshes. This duality
emerges naturally in the data structures. We indicate some practical
applications of both data structures and underlying theory.
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1. INTRODUCTION

In many algorithms for finite element applications there are
computations which do not depend on the metric of the space. In these
cases, once the vertex coordinates are used to ascribe an orientation
(±1) to the elements of the mesh, it is only the finite element
connection matrix which is left to play a purely integer combinatorial
role in the computation which handles the topological business of the
algorithm. More precisely, the connection matrix alone contains a
wealth of topological information about the discretized region, realizing
its simplicial or cellular complex [22].

The complex is an old and venerable idea in algebraic topology
and electrical circuit theory [19], but has not attracted much attention
in 3-dimensional finite elements technology. Moreover, it is intimately
connected to homology and cohomology theories which are an algebraic
expression of how the topology of a region is tied to fields in the region
and is the formalism which links fields in the continuum to lumped
circuit parameters [13]. Nevertheless, the profound consequences of
this algebraic structure can be seen in the computation of cuts for
magnetic scalar potentials [11, 5], discretization of the magnetic helicity
functional [6], and Whitney forms for finite elements [21, 9, 3]. More
generally, the same data structures are related to presentations of the
fundamental group of the triangulated region, sparse matrix techniques
for 3-d finite elements, and, when the metric of the space is introduced,
general 3-d finite element computations.
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In this paper we consider finite element data structures which
incarnate the simplicial chain and cochain complexes and point out a
duality theorem which is a useful tool in algorithm development. The
data structures tumbled out of development of finite element-based
algorithms mentioned above (cuts and helicity), and this paper is a
companion to [11]. Since the data structures were born in this context
we make reference to it, but this does not limit their generality. In
fact, the data structures are not new – some likeness of the structures
described here is often found in computer graphics [4] — however
we are attempting to give the motivation for their existence and a
connection to the relevant physics. Furthermore, while the structures
are primarily described in the context of tetrahedral discretizations,
they extend to cellular discretizations (e.g. hexahedral meshes) at
slightly higher time and storage complexity. That we seem to talk
only about “first-order” elements is due to the fact that we are looking
at the underlying connections and hence we pick the simplest and
most elegant data structure. The entire discussion can be repeated
for higher-order elements.

1.1. Outline

To begin, we will define the term simplicial complex. Then, noting
that a finite element mesh is a simplicial complex, we will define
and construct data structures which realize simplicial maps, boundary
operators, and the bases of chain groups in the simplicial complex. In
a sense, these will simply be a set of finite element connection matrices
describing objects (simplices) in each dimension of the mesh. In Section
3 we will define the simplicial cochain complex and give realizations
of the coboundary operators. This will leave us with a connection
matrix from Section 2 and a coboundary operator in each dimension.
In Section 4 we argue that the coboundary operators can be regarded
as connection matrices for a dual complex, and underscore the duality
theorem which makes sense of that notion. The rest of the paper is
focused on applications in 3-d field computation. Section 4 discusses
so-called Whitney forms in the context of finite elements and an
application of Whitney forms to helicity in magnetic field computation.
Section 5 discusses a duality theorem which is exploited in Section 6
when discussing cuts for magnetic scalar potentials. Section 6 discusses
the algebra which rests on the basic structures of Sections 1–3 and
relates these to lumped parameters in electrical engineering.
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2. THE COMPLEX ENCODED IN THE CONNECTION
MATRIX

This section begins with some definitions needed for the algebraic
framework, leading to the simplicial chain complex. Since there are
many good references [7, 22, 23], we do not elaborate on the technical
details. Following the definitions, we show that bases for the chain
groups of the complex can be constructed in a simple hierarchy of data
extracted from the finite element connection matrix.

Figure 1. 3−, 2−, 1−, and 0− simplices

2.1. Background and Definitions

Let {v0, . . . , vp} be an affine independent subset of points in Rn. Affine
independence means that for points {v0, . . . , vp}, the set {v1− v0, v2−
v0, . . . , vp− v0} is a linearly independent subset of Rn. The convex set
spanned by {v0, . . . , vp} is called a p-simplex with vertices v0, . . . , vp
and is denoted by

σp =< v0, . . . , vp > . (1)

This representation is unique up to a sign which can be assigned to
the permutations of the vertex indices. As illustrated in Figure 1, a
tetrahedron is a 3-simplex, and its faces, edges, and nodes are 2-, 1-
and 0-simplices, respectively. Note that affine independence of the
vertices gives rise to barycentric coordinates on simplices so that any
point in a p-simplex can be written uniquely in terms of the vertices
[24, 22]. Barycentric coordinates are essential to simplex-by-simplex
interpolation of functions as in the finite element method [24].

Formally, a simplex < v0, . . . , vq > spanned by a proper subset of
q+1 vertices of σp is called a q-face of σp. A formal linear combination
of p-simplices is called a p-chain. A simplex can be assigned an
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orientation which is induced by the permutation of vertex order in
< v0, . . . , vp >, odd permutation giving negative orientation and even
permutation giving positive orientation. The boundary of a p-simplex
is the p− 1-chain which is the following alternating sum of p− 1-faces:

∂pσp = ∂(< v0, . . . , vp >) =
p∑
i=0

(−1)i < v0, . . . , vi−1, vi+1, . . . , vp > .

(2)

Note that< v0, . . . , vi−1, vi+1, . . . , vp > is the p-face opposite vertex vi.
This definition can be used to find the boundary of a p-chain and, by
(2) and direct calculation, one can verify that in general ∂p−1∂p(·) = 0,
i.e. the boundary of the boundary of any chain is zero. The operator
∂p determines a matrix of incidence of p−1-simplices with p-simplices;
we will have more to say about this when discussing the coboundary
operator in Section 3.2.

A simplicial complex K is a collection of simplices such that every
face of a simplex ofK is inK and the intersection of two simplices inK
is a face of each of the simplices. For each p ≥ 0, the structure formed
by taking p-chains with integer coefficients in a complex K is a finitely
generated free abelian group Cp(K;Z) with basis all the p-simplices in
K. This is called the p-chain group of K.

The connection between Cp(K) and Cp−1(K) is via the boundary
map. Defining the boundary map on a basis of Cp(K), the map extends
by linearity to a map

∂p : Cp(K)→ Cp−1(K) (3)

so that it is a homomorphism between the chain groups. Thus, on a
complex of dimension n the collection of abelian groups Ci(K;Z) and
boundary homomorphisms give the sequence

0−→Cn(K) ∂n−→ · · · ∂p−→ Cp−1(K)
∂p−1−→ · · · −→ C1(K) ∂1−→ C0(K)→ 0.

(4)

Since Im ∂p+1 ⊆ ker ∂p (∂p∂p+1(·) = 0), (4) defines the chain complex
of K, denoted by (C∗(K), ∂) or simply C∗(K).

As described below, the finite element connection matrix contains
this basic algebraic structure. It is of interest because while
Im ∂p+1 ⊆ ker ∂p, in general Im ∂p+1 
= ker ∂p and the part of
ker ∂p not in the inclusion contains useful information formulated
concisely via homology groups and the exact homology sequence as
described elsewhere [22]. However, the chain complex fits between
the data which is readily available from the finite element mesh and
“higher” topological structures such as the homology groups and the
fundamental group of K.
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2.2. From Connection Data to Chain Groups

In this paper, the prime example of the simplicial complex K is
a tetrahedral finite element mesh, a tetrahedral discretization of a
manifoldR in R3 with boundary. Below we show that bases of the chain
groups Ci(K) related to a tetrahedral mesh can be computed from the
connection matrix by “following the boundary homomorphism down
the chain complex”.

Consider an n-dimensional simplicial complex K with mn n-
simplices and m0 vertices or 0-simplices. There is a total ordering of
the vertices on the index set {0, . . . ,m0 − 1} called the global vertex
ordering. There is a partial ordering of vertices such that vertices of a
p-simplex are locally ordered on {0, . . . , n}. The connection matrix is
the following mn ×m0 matrix defined in terms of the global and local
orderings:

Cin,jk =
{

1 if global vertex k is the jth local vertex of the ith n-simplex

0 otherwise
.

(5)

For a 3-d finite element mesh, C3 is simply the connection matrix which
is the output of a mesh generator. In general, (5) also defines lower
dimensional subcomplexes, Cp, 0 ≤ p ≤ n, or p-skeletons of a mesh. In
any case, Ci3,jk is an m3 ×m0 matrix, but typically m3 = km0 where
k is approximately 5 to 6. Since a tetrahedron has four vertices, the
connection matrix C3 has 4m3 nonzero entries so that the matrix is
very sparse.

Because of sparsity, only the nonzero entries of the matrices Cp
are stored in mp×(p+1) arrays such that the ith row gives the (global)
indices of the vertices σ0,k which define the ith p-simplex:

Cip = {σ0,k0 , . . . , σ0,kp} (6)

where 0 ≤ i ≤ mp − 1 and mp is the number of p-simplices in the
mesh. This is an efficient way of storing (5), and in this form Cp also
resembles a basis for the chain group Cp(K) (the notation intentionally
takes them to be the same). It must be emphasized that referring to
the nonzero entries of the matrix in a table of pointers to the global
vertex ordering gives computational efficiency and a direct link to the
maps and definitions of Section 2.1.

Consider the following map which extracts the jth p-face of the
kth (p+ 1)-simplex:

fj(σp+1,k) =< σ0,0, . . . , σ̂0,j , . . . , σ0,p+1 >, (7)
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where 1 ≤ i ≤ mp, 1 ≤ k ≤ mp+1, 0 ≤ j ≤ p + 1, and σ̂0,j denotes
that vertex σ0,j is omitted. Note that j and k do not uniquely specify
the p-simplex since < σ0,0, . . . , σ̂0,j , . . . , σ0,p+1 > may be a p-face in
more than one (p+1)-simplex. The representation of the p-simplex by
vertex ordering is unique up to orientation, but the orientation induced
from the (p + 1)-simplex can always be adopted in order to maintain
consistency. In any case, the map gives the p-faces of the p+1-simplex
when used for 0 ≤ j ≤ p+ 1.

To build Cp, equation (7) can be used p+2 times on each (p+1)-
simplex in Cp+1 (effectively taking the boundary of each p+1-simplex in
Cp+1). In each instance this requires that an algorithm which extracts
the p-simplices determine from the existing data for Cp whether the
result of applying (7) is a new p-simplex or one that has already been
extracted. Thus, starting with Cn, it is possible to go down the complex
(4) and extract all the tables Cp.

Below is an algorithm which builds Cp from Cp+1. The algorithm
visits each p-face of every p + 1-simplex, or (p + 2)mp+1 applications
of (7).

Algorithm 1 (Extraction of Cp from Cp+1)
Set Cp to be empty.
ForEach σp+1 ∈ Cp+1

ForEach p-face of σp+1

If p-face is not in CpThen add p-face to Cp.
EndFor

Endfor

The decision at the inner loop requires a search through Cp but
if implemented in an efficient data structure such as a linked list, the
search is bounded by the number of times any vertex of the p-face is a
vertex in a p-simplex.

2.3. Considerations for Cellular Meshes

While we focus primarily on simplicial complexes, all of the
algebraic structure described is consistent for cellular complexes (e.g.,
hexahedral meshes). In practice, the data structures are somewhat
more complicated because the vertices, while ordered on a cell, are
not generally permutable. This affects the definition of (7) so that
some additional information about the ordering of vertices may have
to be preserved at every step of the algorithm. This also influences
the way in which the algorithms are implemented — in particular,
depending on application, it is most efficient to extract the 1- and
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2-complexes simultaneously, 3-cell by 3-cell, in order to avoid storing
extra information about vertex ordering.

3. THE COCHAIN COMPLEX

In de Rham theory, integration on manifolds in Rn is formulated as
an algebraic structure which pairs p-chains with differential p-forms.
The algebras of differential p-forms are related in a (de Rham) complex,
and the related (co)homology groups are the link between lumped field
parameters and topological invariants of the manifold in question [13].
An elaboration of this is given in Section 6. In the discrete setting (e.g.,
triangulated manifolds), cochains play a role analogous to differential
forms and since simplicial (co)homology satisfies the same axioms as
the de Rham cohomology, the theories are equivalent [10]. In this
section we define cochains and their algebraic structure. The algebra
is dual to the chain complex. Then we see how this structure also
comes out of the connection matrix.

3.1. Simplicial Cochain Groups and the Coboundary
Operator

Formally, the simplicial p-cochain group Cp(X;Z) is the group of
homomorphisms from p-chains to (for the present purpose) the
integers:

Cp(X;Z) = hom(Cp,Z). (8)

Cp(X;Z) is a Z-module and not a vector space, but one can regard
the homomorphisms as functionals on chains and denote the operation
of a cochain cp ∈ Cp(X;Z) on a chain cp ∈ Cp(X;Z), by functional
notation:

cp(cp) =< cp, cp > . (9)

The p-coboundary operator dp is the adjoint of the boundary
operator. It is defined by

< dpcp, cp+1 >=< cp, ∂p+1cp+1 > . (10)

so that

dp = (∂p+1)T : Cp(X;Z) −→ Cp+1(X;Z). (11)

From this point the p-coboundary operator is always written explicitly
as the adjoint operator ∂Tp+1. Equation (10) is simply a discrete
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rendition of Stokes theorem on manifolds:∫
Ω
dω =

∫
∂Ω
ω (12)

where ω is a differential p-form, dω is a p + 1-form, Ω is a p + 1-
chain, and ∂Ω is its boundary. This “generalized Stokes theorem” can
be called the fundamental theorem of multivariable calculus. Since
∂2 = 0, ∂Tp+1∂

T
p (·) = 0, and there is a cochain complex:

0←−Cn(K)
∂Tn←− · · ·

∂Tp←− Cp−1(K)
∂Tp−1←− · · · ←− C1(K)

∂T1←− C0(K)←− 0.
(13)

3.2. Coboundary Data Structures

Since the coboundary operator is the adjoint of the boundary operator,
it can be formulated in terms of pairs of simplices (σp, σp−1) and their
“incidence numbers. Consider a p-simplex σp =< vo, . . . , vp > and a
p−1-face of σp, σp−1 =< v0, . . . , v̂j , . . . , vp >. Let π be a permutation
function on {0, . . . , p}, then

(signπ)σp =< vπ0, . . . , vπp >=< vj , v0, . . . , vj−1, vj+1, . . . , vp >
(14)

where signπ = ±1 depending on the parity of π. When σp−1,j is a
face of σp,i, signπij is a nonzero entry in a p-simplex–p − 1-simplex
incidence matrix.

The coboundary operator ∂Tp can be represented by storing only
the nonzero entries of ∂Tp , nz(∂Tp ), and referencing each p − 1-simplex
to the p-simplices in which the p− 1-simplex is a face in sets of pairs

nz(∂Tp (σp−1,j)) = {(σp,i, signπij)|σp ∈ Cp(K)} (15)

where σp,j need only be referenced by its global number j. Since a
p-simplex has p+1 p− 1-faces, every p-simplex is found in p+1 of the
sets described in (15). This is equivalent to saying that there are p+1
nonzero entries per column in ∂Tp .

In general (15) can be implemented efficiently in a linked list so
that ∂Tp becomes a list of linked lists. In the codimension 1 case (∂Tn ),
an n− 1-simplex is shared by at most two n-simplices and there is no
need to store signπij explicitly since the data can be indexed by the
incidence number as follows:

nz(∂Tn (σn−1,j)) = {(σn,i|signπij = 1), (σn,l|signπlj = −1)} (16)

We will simply denote the data structure which contains (15) for
all p− 1-simplices as ∂Tp and generate it by the following algorithm:
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Algorithm 2. (Construction of ∂Tp )
Set ∂Tp to be empty.
ForEach σp−1 ∈ Cp−1 (mp−1 p− 1-simplices)

ForEach σp such that signπij 
= 0
augment list for σp−1 with (σp, signπ).

EndFor
EndFor

At first sight, the inner loop of algorithm 2 seems to require a
search through all of the Cp data structure for each case where σp−1 is
a p − 1-face. In practice the searching can be avoided by performing
the augmentation procedure each time the p−1-simplex is encountered
in the inner loop of algorithm 1. With an efficient data structure
implementation, reaching the point where the ∂Tp list is augmented is
bounded by the number of times σp is a p-face.

4. APPLICATION: WHITNEY FORMS

Recent years have seen the growing use of so-called Whitney 1-forms or
edge elements for a variety of finite element computations. The general
idea comes from Whitney [27, 26] and was developed in [9, 21] to which
we refer for proofs. It starts with a linear Whitney map which makes
piecewise linear differential q-forms from simplicial q-cochains:

W : Cq(K)→ L2Λq(X) (17)

where X is a compact oriented C∞ Riemannian manifold of dimension
n, L2Λq(X) is the space of square-integrable de Rham C∞ differential
q-forms on X, and K is a simplicial triangulation of X. Let µi be
barycentric coordinates corresponding to vertices vi in K. The basic
form Wσ ∈ L2Λq(X) on a q-simplex σ, is defined as

Wσ = q!
∑q

k=0(−1)kµik dµi0 ∧ . . . ∧ d̂µik ∧ . . . ∧ dµiq q > 0
W (vi) = µi q = 0

(18)

where ∧ denotes the wedge product for differential forms and, as in
Section 2.2, ·̂ denotes that the differential is excluded. Note that
the construction of this q-form corresponds neatly to the process of
extracting q− 1-simplices from q-simplices in Section 2.2. We mention
two properties of the Whitney map:

(i) W∂T c = dWc for c ∈ Cq(K) where ∂T c ∈ Cq+1(K) is the
simplicial coboundary of c. The exterior derivative d : Λq → Λq+1

applied to Wc is well-defined in this case.
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(ii) Let < , > denote the pairing of Cq(K) and Cq(K) as in (9). Then
∫
cq

Wcq =< cq, cq > (19)

for every cochain cq ∈ Cq and chain cq ∈ Cq(K).

The first property is significant because it implies that the simplicial
cohomology groups of K and the de Rham cohomology group of X
(see Section 6) are isomorphic.

In addition to the Whitney map (17), there is a de Rham map

R : L2Λq(X)→ Cq(K) (20)

which is defined on a basis of chains by∫
cq

ω =< cq, cq > (21)

and the second property of the Whitney map ensures that

RW = I (22)

where I is the identity map. The convergence WR → I as a mesh is
refined is a special case of both finite element theory and Whitney’s
program, but this obvious connection does not seem to exist outside
of computational electromagnetics and the work of Dodziuk [8, 9] and
Müller [21].

For c, c′ ∈ Cq(K), an inner product can be defined:

(c, c′) =
∫
X
Wc ∧ ∗Wc′ = (Wc,Wc′). (23)

This is nondegenerate by the property of the de Rham map. Although
there is no obvious metric inherent to the simplicial complex K, this
inner product inherits a metric from X through the Whitney map. As
a mesh is refined, the inherited metric in the inner product converges
to the (Riemannian) metric on X.

4.1. Example: The Helicity Functional

For finite element computations of magnetic fields, a Whitney 1-form
can be used to discretize the magnetic field intensity. Namely,

ω = H · dr. (24)
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Then, on a 1-simplex,

hij =
∫ vj

vi

ω (25)

define the variables of a 1-cochain for ω. In this formulation, it is
interesting to note that the contribution of the so-called helicity density
ω∧dω to the finite element “stiffness” matrix is independent of metric
and constitutive laws [15]. In particular, the contribution of the helicity
on a tetrahedron to the stiffness matrix is

1
2

∫
σ3

ω ∧ dω =
1
6
(h01h23 − h02h13 + h03h12) (26)

The righthand side is a quadratic form which remains invariant by
the action of the Lie group SL(4,R) associated with piecewise linear
volume-preserving diffeomorphisms.

5. THE DUAL COMPLEX AND DISCRETE POINCARÉ
DUALITY FOR (CO)CHAINS

One reason for developing the coboundary data structures is to make
use of a duality relation which relates cochains of the simplicial complex
K to chains on the dual complex of K. A thorough development
of the dual chain complex of K (c.f. [22]) usually starts with the
first barycentric subdivision of K and construction of “blocks” in the
subdivision which are dual to the p-simplices of K where the dual
blocks are unions of certain sets of open simplices in the subdivision.

Although the definition of the dual complex [22] relies on some
geometry, the incidence data for the dual complex can be recovered
from the coboundary data structures of the simplicial complex [25], so
we will formally define the dual chain complex DK with the following
construction. The dual complex of a simplicial complex K, is a cell
complex DK obtained by identifying p-simplices on K with (n − p)-
cells. In general DK is not a simplicial complex, so it is necessary
to use the terminology of cells. However it is possible to formulate a
complex C∗(DK) as previously done for K in (4).

In explicit terms, we identify 3-simplices with 0-cells (vertices of
DK), 2-simplices with 1-cells (edges), 1-simplices with 2-cells (faces)
and 0-simplices with 3-cells. Since the coboundary data structures
already contain the incidence of p-simplices in p + 1-simplices, these
can be reinterpreted on the dual complex as the boundaries of n − p-
cells. For example, the entries of (16) can be regarded as the 0-cells
incident to a 1-cell in DK which passes “through” the barycenter of
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σ2,j . Equation (15) is interpreted as the boundaries of 2- and 3-cells
(∂T1 and ∂T2 respectively) in DK associated with (3− 2)- and (3− 3)-
simplices, respectively, in K.

A useful form of Poincaré duality formalizes the connection
between ∂Tp and boundaries of (n − p)-cells in DK seen in the data
structures. It establishes a duality between cochains in K and chains
inDK. While the complexes Cp(K) and Cp(K) are duals by definition,
there exists a nondegenerate bilinear “intersection pairing”

I : Cp(DK)× Cn−p(K) −→ R. (27)

This leads to the duality

Cp(DK) ∼= Cn−p(K) (28)

since both are duals of Cn−p(K) [22]. Comparison of the chain
complexes C∗(K) and C∗(DK) in light of this duality says that
boundary and coboundary operators can be identified:

∂Tp+1 = ∂̆n−p (29)

where ∂̆ denotes the boundary operator on DK. The same
identification is seen in the data structures. Hence, for the price of
extracting the cochain complex from the connection matrix, we have
learned everything about the dual chain complex.

6. APPLICATIONS: SIMPLICIAL (CO)HOMOLOGY
AND CUTS FOR SCALAR POTENTIALS

So far we have spelled out the simplicial consequences of the finite
element connection matrix. In this section we look at two applications
of simplicial (co)chain complexes and Poincaré duality to see how they
beneficial in 3-d finite element computation.

6.1. Simplicial (Co)Homology

The chain complex is readily available from the connection matrix,
but for many purposes it is merely the starting point. In this section
we consider how homology groups follow from the chain complex
and see how they algebraically expose the lumped parameters of
electrical engineering (e.g., current, voltage, flux) which come about
from integration on p-chains.

For the boundary homomorphism ∂p in equation (3), we call
ker ∂p = Zp(K) the p-cycles in K and Im ∂p+1 = Bp(K) the p-
boundaries in K. Both Zp(K) and Bp(K) are subgroups of Cp(K),
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and furthermore, Bp(K) ⊆ Zp(K) ⊂ Cp(K). This is true since if
β ∈ Bp(K) then β = ∂p+1α, for some α ∈ Cp+1(K), but ∂p∂p+1α = 0
says that β ∈ ker ∂p, i.e., β ∈ Bp(K).

In general it is interesting to ask when is a p-cycle not a p-
boundary. This information is summarized in the pth simplicial
homology group of K, p ≥ 0, defined as the quotient group

Hp(K) =
Zp(K)
Bp(K)

=
ker ∂p

Im ∂p+1
. (30)

This quotient group consists of equivalence classes of cycles c such that
∂c = 0 but c is not a boundary. Two p-cycles a and b are in the same
equivalence class if they satisfy the equivalence relation:

[a] ∼ [b]⇐⇒ a− b = ∂cp+1, (31)

where c is p + 1-chain and [a] denotes the homology class of a. The
rank of Hp(K) is the number of independent equivalence classes in the
group and is known as the pth Betti number of K, denoted by βp(K);
intuitively, β0(K) counts the number of connected components of K,
and β1(K) counts the “number of holes in K” [20, 12, 11].

Calling Zp(X;Z) = ker ∂Tp the group of p-cocycles, and
Bp(X;Z) = Im ∂Tp−1 the group of p-coboundaries, the pth cohomology
group is:

Hp(X;Z) =
Zp(X;Z)
Bp(X;Z)

=
ker ∂Tp+1

Im ∂Tp
. (32)

To make the connection with lumped parameters, we also need to
introduce relative homology groups. Let L be a subcomplex of K, that
is a simplicial complex contained in K. Then the pth relative simplicial
homology group of K “modulo” L is

Hp(K,L;Z) = Hp(C∗(K)/C∗(L);Z), (33)

that is, the homology of the quotient of the two complexes. In
particular, if L = ∂K, two p-cycles from an equivalence class in
Hp(K, ∂K) form a p-boundary in K when taken in combination with a
p-chain in ∂K. Relative cochains (with integer coefficients) are defined
by

Cp(K,L;Z) = hom(Cp(K,L),Z) (34)

so that the pth relative cohomology group is

Hp(K,L;Z) =
ker ∂Tp

Im ∂Tp+1

(35)
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Electrostatics Magnetostatics
Parameter voltage, V flux, φ

Relative cohomology group H1(Ω, ∂Ω) H2(Ω, ∂Ω)
Parameter charge, Q current, I

Absolute cohomology group H2(Ω) H1(Ω)

Entries of an energy
quadratic form normalized
to charges or currents

C−1
ij = V

Q =∫
cj

Ei·dl∮
Si

Di·ds
[Si] ∈ H2(Ω)

[cj ] ∈ H1(Ω, ∂Ω)

Lij = φ
I =∫

Si
Bj ·ds∮

cj
Hj ·dl

[Si] ∈ H2(Ω, ∂Ω)
[cj ] ∈ H1(Ω)

Table 1. (Co)homology groups to “lumped parameters” in electro-
and magnetostatics

where ∂Tp : Cp(K,L;Z)→ Cp+1(K,L;Z).
Table 1 outlines the relation of these (co)homology groups

to “lumped parameters” in electro- and magnetostatics. For
electrostatics, Ω is the charge-free region and for magnetostatics, Ω
is the region free of conduction currents.

Finally, we note that Poincaré-Lefschetz duality on chains
“descends” to the (co)homology groups, that is, Hp(DK) ∼=
Hn−p(K, ∂K).

6.2. Cuts for Magnetic Scalar Potentials

In “magnetoquasistatics”, displacement current is ignored in Ampére’s
law, and the magnetic field is described by

curlH = J. (36)

In nonconducting regions J = 0 and one may ask if H = −gradψ
where ψ is a single-valued scalar potential defined in the nonconducting
region. In general ψ is multivalued since Ampére’s law shows that

I =
∮
ci

gradψ · dl 
= 0 (37)

if I 
= 0 and ci is a closed path linking the current I. For reasons
of computational cost and numerical analysis, it is still worthwhile to
pursue the scalar potential in 3-d if one can introduce cut surfaces and
impose a discontinuity across the cuts in order to make the potential
single-valued. Informally, cuts are orientable surfaces embedded in the
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current-free region such that when integrating H · dl around a closed
path which links current, the path must pass through the cuts. Cuts
coincide with the flux measurement surfaces Si in the right column of
table 1 [11].

The existence of cuts as compact, embedded, orientable manifolds
in R can be formulated via a constructive proof which gives an
algorithm for computing them on finite element meshes which are
triangulations of the nonconducting region [14]. There are many facets
to the algorithm, but here we touch on only one. The first step to
computing a set of cuts for a mesh is to compute a set of topological
constraints which represent a set of generators for classes inH2(K, ∂K)
[11]. By the Poincaré-Lefschetz duality of Section 4 this problem can
be phrased as finding a basis for classes in H1(DK), and reduces to
finding a basis of the nullspace of ∂T2 , or a set of vectors {ζ1, . . . ζβ1}
satisfying

∂T2 ζi = 0 (38)

subject to Im ∂̆T0 = 0 [11]. The problem is motivated strictly
by topological considerations at every step and requires the data
structures C3, C2, ∂T3 , ∂T2 , ∂T1 of Sections 2 and 3 and the duality
of Section 4 for the computation.

7. CONCLUSION

Once a tetrahedral finite element mesh is identified as the triangulation
of a 3-manifold with boundary, simplicial complexes give a systematic
and general way for creating and organizing finite element data
structures. The simplicial chain and cochain complexes are the bridge
between the topology of the manifold, vector fields in the region, and
structures from algebraic topology which are useful for finite element
computation. The data structures are the most natural for using
Whitney elements, in particular Whitney edge elements. Helicity
functionals and cuts for magnetic scalar potentials are good examples
of applications where the metric of the space and the topology can be
separated. In these contexts, the data structures provide a high degree
of computational efficiency.
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Table of notation

[·] Equivalence class of ·.
βp(R) pth Betti number, βp(K) = Rank Hp(R).
∂ Boundary operator.
∂T Coboundary operator.
∂̆ Boundary operator on dual mesh.
µi Barycentric coordinates, 1 ≤ i ≤ 4.
µ Magnetic permeability.
π Permutation map.
σp,i ith p-simplex in simplicial complex K.
ψ Magnetic scalar potential.
B Magnetic flux density vector.
Bp p-coboundary group.
Bp p-boundary group.
Cijk Connection matrix, 1 ≤ i ≤ m3, 1 ≤ j ≤ 4, 1 ≤ k ≤ m0.
Cp pth chain group.
Cp Data structure for basis of Cp.
d Coboundary operator.
D Electric displacement field.
E Electric field.
H Magnetic field intensity.
Hp(R;Z) pth cohomology group of R with coefficients in Z.
Hp(R;Z) pth homology group of R, coefficients in Z.
Hp(R, ∂R;Z) pth cohomology group of R relative to ∂R, coefficients in Z.
Hp(R, ∂R;Z) pth homology group of R relative to ∂R, coefficients in Z.
J Current density vector.
K Simplicial complex.
DK Dual cell complex of simplicial complex K.
L2Λq(X) Space of square-integrable differential q-forms on manifold X.
mp Number of p-simplexes in a triangulation of R.
m̆p Number of p-cells in dual complex.
np Number of p-simplexes in a triangulation of ∂R.
O(·) Order(·).
R de Rham map, R : L2Λq(X)→ Cq(K).
v vertex.
W Whitney map W : Cq(K)→ L2Λq(X).
X Riemannian manifold.
zp p-cocycle.
zp p-cycle.
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Abstract—Aspects of the geometric discretization of electromagnetic
fields on simplicial lattices are considered. First, the convenience of
the use of exterior differential forms to represent the field quantities
through their natural role as duals (cochains) of the geometric
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1. INTRODUCTION

Like most equations of physics, Maxwell’s equations are extremely rich
in symmetries and (hence) conservation laws. In the continuum, many
conservation laws follow directly from invariances of the Lagrangian
(Noether symmetries) such as energy or momentum conservation, while
others have an inherent topological aspect, such as magnetic charge.
However, when Maxwell’s equations are discretized on a lattice, a
number of symmetries of the continuum theory are modified or broken.
Still, many conservation laws may be trivially preserved on a discrete
setting. This is because they often relate a quantity on certain region of
space to an associated quantity on the boundary of the region. Because
the boundary is a topological invariant, such conservation laws should
not depend on the metric of the space (i.e., they are invariant under
homeomorphisms). As a result they are also scale invariant and should
not depend (in a consistent discrete model of the theory) whether
a continuum limit is taken. A natural mathematical language that
explore this aspect is the calculus of exterior differential forms [1–45]
and associated algebraic topological structures [1–12, 15–21, 23–29, 32,
35–38, 40–45].

This is partly because, when cast in such language, Maxwell’s
equations are factorized into a purely topological (i.e., metric-free) part

dE = − ∂

∂t
B (1)

dH =
∂

∂t
D + J (2)

dB = 0 (3)
dD = ρ (4)

and a metric dependent part

D = 
εE (5)
B = 
µH (6)
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In the above, E and H are electric and magnetic field intensity 1-forms,
D and B are electric and magnetic flux density 2-forms, J is the electric
current density 2-form, and ρ is the electric charge density 3-form. The
metric-free operator d is the exterior derivative, which simultaneously
plays the role of the grad, curl, and div operators of vector calculus,
distilled from their metric structure. Constitutive parameters of a
given medium in Eqs. (5) and (6) relate the 1-forms E, H to the 2-
forms D, B and are given in terms of the so-called Hodge operators, 
ε
and 
µ, which also include all metric information [13, 26, 28, 32, 33,
36, 38–40, 48].

This is unlike the vector calculus formalism, where metric
and topological structures are intertwined in the equations. As
alluded, such factorization has important consequences (even in the
topologically trivial manifolds of interest) if the objective is to arrive
at a consistent discretization scheme for Maxwell’s equations in general
lattices. There are many reasons for that. First, the topological
equations (1)–(4) admit an exact discrete spatial rendering [40].
Therefore, many theorems (such as charge conservation alluded before)
are automatically fullfilled after discretization, without the need to
involve metric concepts. Second, because the metric is completely
encoded into Eqs. (5) and (6), the treatment of curved boundaries and
material interfaces [also entirely encoded in Eqs. (5) and (6)] can be
done in a more systematic manner, without affecting, e.g., conservation
laws related to the topological equations. Third, once discretized,
the topological (spatial) part of the equations often comprises integer
arithmetic only and are more efficiently handled by a computer if a
priori recognized as such1.

Besides this natural factorization, the language of forms also
sheds light in a number of issues faced by various discretization
methods. Among them are rationale for the use of edge (Whitney)
elements in finite element methods [19, 23, 35] (related with the correct
interpolation of the electric and magnetic field intensities 1-forms E
and H) and for the dual grid construction in finite difference and finite
volume methods [10, 32, 40] (related with the concept of external and
internal orientations of differential forms).

1.1. Outline

In this paper, we first review the terminology and basic concepts
of the spatial discretization of Maxwell’s equations using discrete
differential forms (cochains), with special emphasis on the factorization
1 Exceptions to this last point are lattices involving some sort of spatial interpolation for
the boundary stencil, such as in many subgridding or locally conformal grid situations.
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of the topological and metric problems. We then discuss more
specific geometric aspects of the discretization using a simplical
primal lattice and a non-simplicial barycentric dual lattice as starting
point, followed by a barycentric subdivision (decomposition) of both
these lattices. Motivated by the results in [45] and through the
representation of the cochains (electromagnetic fields) via Whitney
forms, the first barycentric subdivision is then used as the actual
tool for discretization. The objectives are to arrive at a coordinate-
free, discrete version of Maxwell’s equations for general lattices with
fewer ad-hoc interpolatory rules, and to have the geometric structure of
the continuum theory mirrored, to a maximum extent, by its discrete
counterpart.

2. DISCRETIZATION OF THE TOPOLOGICAL
EQUATIONS

2.1. Simplicial Lattices and Complexes

Simplicial lattices will be considered here not only because of their
flexibility in dealing with complex geometries, but also because they
are more fundamental in the sense that any lattice can be built by
assembling simplicial elements. For our purposes, the term simplicial
lattice will refer to a simplicial complex embedded on a Euclidean, E3

space (i.e., with a metric structure associated to it).
For completeness, we will next briefly sketch the definition of

simplicial complex. More detailed descriptions can be found elsewhere,
e.g., [1, 4, 5, 6, 7, 40, 45].

Given x0, x1, ...xM affine points in an abstract space, a M -simplex,
σM , is the set of points (convex hull) given by x =

∑M
i=0 λixi where λi

are the barycentric coordinates such that
∑M
i=0 λi = 1 and λi ≥ 0. We

write σM = [x0, x1, ...xM ]. In a three-dimensional space, a 0-simplex
is a point, a 1-simplex is an edge (line segment), a 2-simplex is a face
(triangle), and a 3-simplex is a volume (tetrahedron). An oriented
M -simplex changes sign under a change of orientation, i.e., if σM =
[x0, x1, ...xM ] and a permutation of the indices is carried out, then
[xτ(0), xτ(1), ...xτ(M)] = (−1)τσM , where τ denotes the total number
of permutations needed to restore the original index order (odd or
even permutations). The j-face of a simplex is the set defined by
λj = 0. The faces of a 1-simplex [x0, x1] are the points [x0] and [x1]
(0-simplices), the faces of a 2-simplex [x0, x1, x2] are its three edges,
i.e., [x0, x1], [x1, x2], and [x0, x2] (1-simplices), and so forth. We denote
the simplex σMi as being a face of the simplex σM

′
j , with M < M ′, by
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σMi ⊂ σM
′

j .
A simplicial complex χ is a collection of simplices such that (i)

for all σM belonging to χ, its faces also belong to χ, and (ii) for
any two simplices their intersection is either empty or it is a common
face of both. We note that the concept of simplicial complex (and of
barycentric coordinates) is independent of a metric and therefore will
constitute the general structure over which the discretized version of
Eqs. (1)–(4) will be cast. Only Eqs. (5) and (6) will make use of the
metric structure to be introduced a posteriori. When the elements
are not necessarily simplicial (e.g, Yee’s tetrahedral cells), we have a
cell complex, and its elements are called cells. A simplicial complex is
therefore a particular case of a cell complex.

In the continuum, a natural duality exists between exterior
differential forms and regions of integration (points, lines, surfaces,
volumes) [1, 2, 13, 15, 23, 40, 60]. Indeed, integrals can be though
as a pairing (contraction) of differential forms with these geometrical
objects which gives a scalar as a result. On a lattice or cell complex,
the geometrical objects will be formal sums of simplices, called chains.
A M -chain is a linear combination of M -simplices in χ through ΩM =∑
i αiσ

M
i ∈ χ, with coefficients αi over the reals (for our purposes).

From this definition, a 0-chain is a linear combination of points, a 1-
chain is a linear combination of edges (lines), etc. A chain is always
one of these types (there are no mixed chains) and the M -simplices σM
(or M -cells in general) form a basis for the space of M -chains, CM .

2.2. Pairing and Incidence Matrices

Given an arbitrary simplicial complex, Eqs. (1)–(4) are easily
discretized through a pairing with corresponding elements of two
complexes χ and χ̃, and by using the adjoint of the exterior derivative
d. On a lattice, the operator d is referred as the coboundary operator
whose adjoint is called the boundary operator ∂ [32, 40, 45]. The
boundary operator carries its usual intuitive meaning [14]. Eqs. (3)
and (4) are trivially verified on a lattice from the nilpotency of the
boundary operator, ∂2 = 0 (i.e., the topological fact that the boundary
of a boundary is zero). The topological Eqs. (1)–(4) on a complex are
written as

∑
j

βij〈σ1
j , E〉 = − ∂

∂t
〈σ2
i , B〉 (7)

∑
j

β̃ij〈σ̃1
j , H〉 = − ∂

∂t
〈σ̃2
i , D〉+ 〈σ̃2

i , J〉 (8)
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∑
j

γij〈σ2
j , B〉 = 0 (9)

∑
j

γ̃ij〈σ̃2
j , D〉 = 〈σ̃3

i , ρ〉 (10)

The incidence matrices αij , βij , γij (and α̃ij , β̃ij , γ̃ij) in the above
equations are the discrete representation of the operator ∂ in a
given complex χ (and χ̃). The incidence matrices are operationally
defined by the action of the boundary operator on a basis of 1-, 2-
and 3-chains (i.e., simplices), {σ1

i }, {σ2
i } {σ3

i }, respectively, through
∂σ1

i =
∑
j αijσ

0
j , ∂σ

2
i =

∑
j βijσ

1
j , ∂σ

3
i =

∑
j γijσ

2
j , ∂σ̃

1
i =

∑
j α̃ij σ̃

0
j ,

∂σ̃2
i =

∑
j β̃ij σ̃

1
j , and ∂σ̃3

i =
∑
j γ̃ij σ̃

2
j [40]. These matrices are the

discrete counterparts to the grad, curl, and div operators, respectively,
distilled from their metric structure. In the case of simplicial complexes
(or any cell complex where the definition of the boundary stencil does
not involve spatial interpolations), the elements of those matrices are
integers having the values ±1 (depending on the relative orientation)
when σ

(k−1)
j ∈ ∂σki , and zero otherwise (hence it involves only integer

arithmetic).
The incidence matrices should obey a number of (consistency)

properties as discussed, e.g., in [40]. These properties are important
to assure that key theorems of the continuum theory (e.g., charge
conservation, reciprocity) are preserved in the discrete setting.
Violation of those properties often result in clear nonphysical behavior
and harmful numerical artifacts such as unconditional instabilities.
Because any metric structure is still irrelevant at this level of
description, these properties are classified as topological consistency
properties. For simple, regular lattices, they are almost automatically
fulfilled in the most usual discretization schemes. However, in lattices
with more involved topological structures, e.g., those involving some
form of subgridding or conformal gridding, special care should be taken
to avoid violation of these properties under naive discretization schemes
[40].

The discrete fields in Eqs. (7)–(10), counterpart to the differential
forms fields in Eqs. (1)–(4), are called cochains to stress that they
belong to the dual space of the chains of the cell complex, i.e.,
CM . Cochains therefore constitute the discrete representation of the
electromagnetic fields. The map from the space of M-forms ΦM to the
space of M-cochains, CM is called the de Rham map, Rh : ΦM → CM .
In the following, we will often use the terms cochains and forms
interchangeably to reflect that cochains are just discrete differential
forms.
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2.3. Complexes and Orientation

The choice of two distinct complexes, χ for Eqs. (7) and (9) and
χ̃ for Eqs. (8) and (10), is not arbitrary. Instead, it is rooted on
distinct geometrical properties of the differential forms in Eqs. (1) and
(3) versus those in Eqs. (2) and (4), and related to the concept of
orientation [32, 40]. This is because while E and B (associated with
energy) possess internal orientation (ordinary forms or cochains), D
and H (associated with sources J and ρ) possess external orientation
(twisted forms or cochains) [3, 40]. Because of this difference on
geometric properties, they are associated with different complexes
inheriting these two types of orientation (i.e., ordinary forms to a
ordinary complex, and twisted forms to a twisted complex). This is
indeed the geometrical reason behind the dual lattice construction in
many finite volume and finite difference methods [32]. Here, we will
choose the simplicial primal complex as the ordinary complex and the
dual cell complex as the twisted complex. The reciprocal choice could
be made as well.

3. DISCRETIZATION OF THE METRIC EQUATIONS

The discretization of the topological equations provide a counterpart to
the continuum equations, Eqs. (1)–(4). In contrast, the discretization
of the metric equations provides an approximation of the continuum
equations, Eqs. (5), (6). Error analysis may focus on the metric part
of the equations.

3.1. Discrete Hodge Operators

Equations (5) and (6) generalize the constitutive equations and
incorporate all metric information about a particular lattice. In the
continuum, the Hodge operators relate M -forms with (N −M) forms,
where N is the dimension of the space. It establishes an isomorphism
between these two spaces. In the discrete case, the discrete version of
the Hodge operators 
ε and 
µ establish a map between the M -cochains
on the primal, ordinary complex χ with the (N −M)-cochains on the
dual, twisted complex χ̃ and vice-versa, i.e.,

[
ε] : C1(χ)→ C2(χ̃)

〈σ̃2
i , D〉 =

∑
j

[
ε]ij 〈σ1
j , E〉 (11)

[
µ] : C1(χ̃)→ C2(χ)
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〈σ2
i , B〉 =

∑
j

[
µ]ij 〈σ̃1
j , H〉 (12)

Discrete Hodge operators approximate the continuum Hodge operators
[26]. Discretization methods usually yield procedural equivalent
‘Hodge operators’ through quadratures rules and interpolations. From
the material properties of the background medium and from the metric
properties of the lattice (or equivalently, of the manifold where the
lattice is assumed embedded), the discrete Hodge operators should
exhibit some key basic properties in order to lead to a consistent
(in the sense of [40]) discrete theory. For example, in the case of
a reciprocal medium and on the usual Euclidean space, the discrete
Hodge operators should necessarily be symmetric, positive definite
operators [40].

In order to obtain an explicit time-update scheme in the case of
a time domain method, at least one of the matrices in Eqs. (11),
(12) needs to be diagonal. In the Yee’s FDTD scheme, this is
achieved by the dual orthogonal hexahedral grid construction. For
an arbitrary simplicial lattice, however, this is not possible in general
(some particular tetrahedral and dual grid constructions, such as the
Delaunay-Voronoi grid [46], are mutually orthogonal by construction
and therefore produce diagonal Hodge operators at the expense
geometric flexibility). In general, the matrices in Eqs. (11) and (12)
will be only sparse, but not diagonal. In those cases however, it is still
possible to approximate those sparse matrices (at least one of them)
by diagonal matrices through mass lumping and arrive at an explicit
scheme [48].

3.2. Whitney and de Rham Maps

As mentioned before, it is possible to associate a differential M -
form field, ωM , to a cochain by using the de Rham map ΩM , Rh :
ΦM → CM . The ‘inverse’ process of associating ΩM to ωM is called
the Whitney map, Wh : CM → ΦM [26, 43]. Furthermore, from
the natural pairing between a chain in CM and a cochain in CM

(isomorphism between dual spaces), it is possible to further associate a
Whitney form to a given simplex, i.e., to define a map, ϕ : CM → ΦM .
Given a M -simplex, σM , this pivotal map (note that we will also call
it a Whitney map) is given by

ϕ(σM ) = ωM = M !
M∑
i=0

(−1)iλidλ0 ∧ ...dλi−1 ∧ dλi+1...dλM (13)
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where λi, i = 0, ..,M are the barycentric coordinates associated with
σM . Both de Rham and Whitney maps do not depend on a metric.
Note also that the de Rham and Whitney maps do not necessarily
commute, and hence the error in the discretization [26].

Equations (11) and (12) implicitly incorporate the metric of the
background manifold by assuming lengths, areas and volumes for the
lattice elements (they can also be thought as ‘defining’ the metric).
Maxwell’s system of eqs. (1)–(6) is fully discretized once the matrices
in Eqs. (11) and (12) are obtained. This can be done, e.g., by
first introducing an inner product and using a modified Whitney
map which incorporates this background metric through the canonical
isomorphism between forms and vectors (defined by the metric itself).
Then, from this (metric dependent) representation for the cochains, a
modified de Rham map on the dual lattice could be used to obtain the
matrices in Eqs. (11) and (12) explicitly for any lattice. A fundamental
problem with this (otherwise natural) approach, however, is that the
dual lattice of a simplicial primal lattice is not simplicial anymore and
hence the Whitney and de Rham maps are not applicable as defined
before (i.e., on a simplicial lattice). This problem can be overcome by
using a barycentric dual lattice χ̃, and modified Whitney and de Rham
maps on the first barycentric subdivision of χ and χ̃ [43–45, 47, 48].
This is the topic of the next section.

4. DUAL LATTICES AND BARYCENTRIC
SUBDIVISION

4.1. Hodge Duality in Topological Field Theories

A simple geometric construction exists such that the dual lattice
to any (primal) simplicial lattice can be decomposed into simplicial
elements [43–45, 47, 48]. This construction is based on the concept of
a barycentric dual lattice and its barycentric subdivision.

In the context of the Abelian Chern-Simons (CS) theory (an
extensively used model for 2+1 gauge theories), it was recently
demonstrated that by using a barycentric subdivision (and a field-
doubling procedure not relevant here2), the resulting discretization
scheme is capable of completely capturing the topological features of the
theory even before taking the continuum limit [45]. Among the unique
aspects of the barycentric subdivision is that it is affine invariant (the
2 Through this field doubling, the original gauge field and a new gauge field are made to
belong to dual spaces (dual cell complexes). In the electromagnetic case, the field doubling
is unnecessary because the explicit presence of the Hodge operator in Eq. (15) below already
forces the presence of the dual complex from the start.
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barycenter construction is metric-free). We will next consider this
scheme in connection with the simplicial discretization of eqs. (1)–(6).

In the case of the Abelian CS theory considered in [45], the action
of the theory is given by

SCS =
∫
D3

A ∧ dA (14)

where A is the gauge field (potential 1-form) and D3 the domain
of interest (a three-dimensional compact manifold). In contrast, the
action for Eqs. (1)-(6) is written as

SEM =
∫
D4

F ∧ ∗F =
∫
D4

dA ∧ ∗dA (15)

where F is the electromagnetic (strength) 2-form, F = E∧dt+B, and,
A is the electromagnetic four-potential 1-form (gauge field) [2]. In the
electromagnetic case, the domain D4 in the equation above is the flat
four-dimensional (Minkowski) space-time.

Conspicuous in Eq. (15) (apart from the dimensionality) is the
appearance of the four-dimensional spatio-temporal Hodge ∗, which
is responsible for the metric structure of Maxwell’s equations [the ∗
operator is related to the previously considered Hodge operators (on
each spatial slice) of Eqs. (5) and (6) through ∗F = −µ−1 
µ B ∧ dt+
ε−1 
ε E]. In contrast, Eq. (14) is entirely metric-free, constituting a
celebrated example of a topological field theory [49–53]. To capture the
topological features of the CS theory, a discrete duality operator was
introduced in [45]. Such operator [dubbed ‘discrete Hodge star’ but not
quite so in the sense of the (metric dependent) operators of Eqs. (5) and
(6)] is also metric-free. It defines a Hodge duality through a pairing
in Cp which does not reproduce (in general) the metric structure of
a general lattice. This is not a issue for the CS theory because of
the metric-free character of Eq. (14)3. For the electromagnetic field,
we use the same barycentric subdivision, but we must necessarily
incorporate the presence of the metric structure associated with the
Hodge operator. This is detailed in the next section.

4.2. Whitney Maps on the Dual Lattice via Barycentric
Subdivision

Analogously to [45], the construction here relies also on the concept
of a barycentric dual lattice and its barycentric subdivision. The
3 Because of this, the Hodge star in [45] always appears in conjunction with an inner
product so that the end result does not depend on the metric used to construct both.
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barycenter of a simplex σM = [x0, x1, ...xM ] is defined by

b(σM ) =
1

M + 1

M∑
i=0

xi (16)

A barycentric dual lattice χ̃ can be constructed by joining barycenters
of the primal lattice, see [45]. This dual lattice is not simplicial
anymore4.

The vertices of the barycentric subdivision of the simplicial
complex χ are given by b(σM ) for all σM in χ, M = 0, 1, ..N . We
denote the first barycentric subdivision (or barycentric subdivision,
for short) as χ̂. The important point here is that χ̂ is always a
simplicial complex. The oriented (M − p)-simplices of χ̂ are given by
[b(σpi ), b(σ

p+1
j ), ..., b(σp+Mk )] for all combinations where σpi ⊂ σp+1

j ⊂
... ⊂ σp+Mk . In other words, the vertices of the barycentric subdivision
are the barycenters of a sequence of successively higher dimensional
simplices, where each successive simplex is a face of the next one.
Because both the primal χ and barycentric dual χ̃ complexes are
subsets of the barycentric subdivision complex χ̂, a Whitney map on χ̃
can be defined by identifying elements (cells) of χ̃ with a corresponding
chain on χ̂, Bχ̃ : Cp(χ̃)→ Cp(χ̂) (barycentric map), using the natural
pairing Cp(χ̂) → Cp(χ̂), and the Whitney map on the cochains of χ̂
(union of simplices) , Wh : Cp(χ̂)→ Φp(χ̂). A lattice Hodge operator
in the sense of Eqs. (11), (12) can then be constructed on a simplicial
lattice and its dual by using the following composition

[
]χ̃χ : Cp(χ̃)→ Cp(χ)
[
]χ̃χ = (Bχ)−1 ◦ (Rh) ◦ (
) ◦ (Wh) ◦ (Bχ̃) (17)

and analogously for reverse map

[
]χχ̃ : Cp(χ)→ Cp(χ̃)
[
]χχ̃ = (Bχ̃)−1 ◦ (Rh) ◦ (
) ◦ (Wh) ◦ (Bχ) (18)

Note that such discrete Hodge 
 operators are in general not local
anymore: The matrices [
]χ̃χ and [
]χχ̃ are sparse but not necessarily
diagonal. This non-locality turns out to be a general feature in the case
of arbitrary (non-orthogonal) lattices. Diagonal matrices are obtained
only in particular cases by an explicit construction of orthogonal dual
lattices (such as the Yee cell [54–61] or the Voronoi-Delaunay cell
4 Also, this is not equivalent to the standard Poincaré dual complex construction often
found in the literature, which is carried out by joining barycenters of the N -dimensional
simplices only, where N is the dimension of the space.
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mentioned before [46, 61, 62]). A similar non-local character is also
present (this time on the definition of discrete spatial operators or
their adjoints) in discretization schemes which do not resort to a dual
lattice construction [63–65].

For the Bχ and Bχ̃ maps, we write σMi =
∑
k η

M
ik σ̂

M
k , σ̃Mi =∑

k η̃
M
ik σ̂

M
k , respectively, where M = 0, .., 3, and the coefficients ηMik and

η̃Mik are equal to zero or unity (chain projections on χ̂). For M = 0, 1
we have that ηMik η̃

M
jk = 0 for any i, j, k (i.e., χ and χ̃ map into disjoint

subspaces of χ̂), but this is not true anymore for M = 2, 3. Both
ηMik and η̃Mik are sparse matrices. For the Bχ map (decomposition
of simplices on χ into ‘smaller’ simplices on χ̂), there is a total of
(M + 1)! nonzero entries on each row of the matrix ηMik . For the Bχ̃
map (decomposition of non-simplicial cells on χ̃ into simplices on χ̂),
we still have the same total of nonzero entries on each row of η̃Mik for
the 0-cells and 1-cells (M = 0, 1) cases, but for the higher dimensional
cells, the number of non-zero entries of η̃Mik in general will vary (since
the number of vertices on each 2-cell or 3-cell on χ̃ may vary).

Using Eqs. (17)-(18), the discrete Hodge operators are written as

[
ε]ij =
∑
k

η̃2
ik

∫
σ̂2
k

∑
k′
η1
jk′

[

εϕ(σ̂1

k′)
]

(19)

[
µ]ij =
∑
k

η2
ik

∫
σ̂2
k

∑
k′
η̃1
jk′

[

µϕ(σ̂1

k′)
]

(20)

Or, in vector calculus language,

[
ε]ij =
∑
k

η̃2
ik

∫
σ̂2
k

ε n̂dS ·
∑
k′
η1
jk′gE

[
ϕ(σ̂1

k′)
]

=

∑
k

η̃2
ik

∫
σ̂2
k

ε n̂dS · gE
[
ϕ(σ1

j )
]

(21)

[
µ]ij =
∑
k

η2
ik

∫
σ̂2
k

µ n̂dS ·
∑
k′
η̃1
jk′gE

[
ϕ(σ̂1

k′)
]

=

∫
σ2
i

µ n̂dS ·
∑
k′
η̃1
jk′gE

[
ϕ(σ̂1

k′)
]

(22)

where dS is the area element, n̂ its unit normal vector, and the operator
gE represents the (canonical) isomorphism between forms and vectors
given by a metric [40]. For instance, in the Euclidean case and for the



Geometric aspects of simplicial discretization 183

1-forms (M = 1) in Eqs. (21)–(22), gE replaces the exterior derivative
d in Eq. (13) by the nabla operator ∇ (this, together with the inner
product with the area element dS, represents the metric in the vector
calculus picture). The (arbitrary) choice of the ordinary complex (E
and B) as the primal (simplicial) and the twisted complex (D and H)
as the dual (non-simplicial) is evident from the above equations.

The expressions on the right of Eqs. (21)–(22) (containing a single
summation) result from the fact that the primal lattice χ is already
simplicial. However, these shortened expressions involve two spaces (χ
and χ̂) instead of a single one χ̂, and lack the symmetry of the middle
expressions with double summation which fully utilize the barycentric
subdivision and where the simplicial primal lattice does not play any
special role. Furthermore, they allow the elimination of any reference
to χ and χ̃, once the coefficients ηMik and η̃Mik are fixed, as also evident
in Eqs. (19)–(20).

Another property of the barycentric subdivision important to
mention here and demonstrated in [47] is that, in conjunction with
Whitney interpolations on the primal lattice, the chains of the
barycentric dual lattice are the assembling pieces of the surfaces for
which flux conservation (2-forms) can be verified. This suggests a
‘granular’ divergence-free condition at a discrete, interelement level.
Recall that the divergence-free condition is not true in general for
arbitrary surfaces because of the inter-element flux leaks (note also
that this aspect involves both the primal and the dual lattices
simultaneously, and therefore it does not follow from ∂2 = 0 on χ
or χ̃). This also indicates that such flux leaks are irrelevant if a
certain granularity is assumed for the spatial domain according to
the barycentric subdivision. Integrations over domains which do not
comprise chains of the barycentric subdivision are in this sense just
rendered meaningless.

5. CONCLUSIONS

Aspects of the discretization of Maxwell’s equations for general
simplicial lattices using differential forms and algebraic topological
concepts have been discussed.

First, the treatment of the discrete counterpart to the topological
part of Maxwell’s equations was reviewed. This treatment employs the
known pairing between the dual spaces of cochains (discrete differential
forms) and chains (geometrical elements) on a cell complex.

Then, the role of the first barycentric subdivision to establish
an isomorphism between the simplicial primal complex and the non-
simplicial dual complex was stressed. A key property of the barycentric
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dual complex and the barycentric subdivision complex is that they are
both metric-free constructions.

Under this rationale, we have shown that Whitney maps, defined
on the first barycentric subdivision lattice, can be used to build discrete
Hodge operators (i.e., the discretization of the metric part of Maxwell’s
equations encoded in the constitutive equations) for general simplicial
lattices.
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1. INTRODUCTION

Electromagnetic phenomena is fully described by the Maxwell
equations, which are typically described in terms of vector algebra.
Although seldom mentioned, in the background such an approach
relies on an Euclidean space, which is what enables one to talk of
distances and angles, or of magnitudes of vectors. Since the notions
of distances and angles are everyday routines, one may arrive at a
conclusion that physics (i.e., modeling of nature) somehow did require
Euclidean spaces. But to recognize the nature of Euclidean spaces,
let us call them with another name: “Euclidean” is a synonym to pre-
Hilbertian with finitude of dimension usually implied. Here, there is no
need to go to the details of pre-Hilbertian spaces [1], it is just enough
to realize that they are something which are made of several layers of
structures: An Euclidean space is not a simple structure.

As is argued in [2] science is about trying to understand and see
what complicated and diverse events really do have in common and to
explain or to describe the behaviour accurately, simply and elegantly.
When it comes to electromagnetism, vector fields and Euclidean spaces
are a heavier structure than needed [3, 4, 5, 6], and they may block
from seeing the principal information of Maxwell’s equations. The
irony is that Euclidean spaces and vector fields are rather intuitive.
As soon as simpler –and thus, in principle, easier– structures are
employed, unavoidably the level of abstraction has to increase. This
is perhaps why the more powerful, accurate, and elegant models are
easily considered less physical. Some may even questioned whether
they are needed at all.

The nature of software design is very close to that of science.
The fundamental problem in developing software is to find the right,
i.e., simple, accurate, and elegant abstractions [7]. Computational
electromagnetism makes no difference, and thus, there is a practical
call to find better abstractions describing Maxwell’s equations in a
precise and elegant way, and such that they become easily convertible
into pieces of software.

The software systems developed for electromagnetic design are
typically inflexible requiring the user to input certain data (sometimes
even in a certain order) to generate the result the user needs.
Furthermore, such systems may also suffer for the problem that they
are not able to recognize missing, incorrect, or conflicting data until it
gets to the point when the solution process of a system of equations
fails. But even then, there are little tools to recognize what really went
wrong. One reason for this inflexibility is perhaps the method driven
approach commonly employed in generating software. In other words,
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the software is a realization of some methods and algorithms, and the
user is required to insert data which fits into this model. Of course,
the software may try to list out all cases that are not solvable, but this
is an extensive and unreliable approach.

The motivation for this paper comes from the opposite direction.
The idea is to develop a data driven approach which by an abstract
representation of the category of problems generates by top-down
development an orderly (code) structure, which then enables to
recognize what can or cannot be done with the data inserted by the
user. The very idea is that the software system is driven by the inserted
data instead of trying to fit data into a priori selected approach.

It is plain that in a single paper there is not enough room
to thoroughly discuss such a topic. (There are books, such as
[8], published in this kind of questions). In this paper we shall
focus on the topological issues behind Maxwell’s equations. In the
first part of the paper we introduce a topological problem behind
electromagnetic problems. By employing the language of differential
geometry [9, 10, 11, 12, 3, 4, 5, 6] and algebraic topology [13], and
especially of homology [13, 14, 15], we shall express Maxwell’s equations
using some simple concepts of set theory. In the second part we
introduce an algorithm exploiting the basic tools of linear algebra to
tackle the topological problem introduced in the first part. In addition,
an example and some practical hints are presented.

2. MAXWELL EQUATIONS AS RELATIONS

Electromagnetic fields are characterized by Maxwell’s equations. Their
main information is in how the integral of a field over the boundary
of any chain [16] matches with the integral of some other field over
that chain. In more formal terms, the boundary operator ∂p is a map
from the module Cp of all p-chains into the module Cp−1 containing
all (p − 1)-chains. Thus, a chain and its boundary are linked by (the
graph of) a relation R(∂p) ⊂ Cp × Cp−1, and evidently for all pairs
(c, c′) ∈ R(∂p) one has

(c, c′) ∈ R(∂p) ⇔ ∂pc = c′ .

Maxwell’s equations involve integration, which is a bilinear
operator from the cartesian product of Cp and the space F p of p-
cochains to the field of reals R (or to some other field F):

∫ p

: Cp × F p → R .
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In general, if one has bilinear operators f1 : A1 × B1 → F and
f2 : A2 × B2 → F, and R(A) is a linear relation in (i.e., a linear
subspace of) the cartesian product A1 × A2, then relation R(A) and
operators f1, f2 induce a linear relation R(A, f) ⊂ B1 × B2 such
that (b1, b2) ∈ R(A, f) if and only if for all (a1, a2) ∈ R(A) hold
f1(a1, b1) = f2(a2, b2).

Relation R(∂p) is linear –i.e., the boundary operator is linear– and
thus, R(∂p) and the integral operators

∫ p

: Cp × F p → R

∫ p−1

: Cp−1 × F p−1 → R,

induce relation R(∂p,
∫ p) ⊂ F p×F p−1 such that, if (f, g) ∈ R(∂p,

∫ p)
then ∫

c

p

f =
∫
c′

p−1

g

has to hold for all (c, c′) ∈ R(∂p).
Maxwell’s equations may be considered as this kind of induced

relations. For instance, Ampère’s law∫
∂c

h =
∫
c

(j + ∂td) , (1)

expressing the relationship between magnetic field h and current j and
the time derivative of electric flux d can be interpreted as a relation
(j + ∂td, h) ∈ R(∂2,

∫ 2). Correspondingly, Gauss’s law
∫
∂c

b =
∫
c

qm (2)

saying the magnetic flux b over all bounding 2-chains should equal to
the magnetic charge qm that chain bounds can be viewed as a relation
(qm, b) ∈ R(∂3,

∫ 3).
A relation R(A) ⊂ A1 × A2 is said to be one-to-one if there

is a 1-to-1 correspondence between the elements a1 and a2 of pair
(a1, a2) ∈ R(A). The constitutive laws can also be interpreted as
relations. We assume that permeability µ belongs to the set M
of “admissible” permeabilities, and that n is the dimension of the
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ambient space. Then, the constitutive law corresponds with a one-to-
one relation R1−1(µ) ∈ F 2×F 1 defined with aid of the Hodge operator
∗ mapping p-cochains into (n− p)-cochains [10] such that

(b, h) = R1−1(µ) ⇔ b = µ ∗h .

Besides the emphasis shifted towards the principal information of
Maxwell’s equations, the motivation for the use of relations is that such
notions of naive set theory [17] can easily be transformed into pieces
of software.

3. TOPOLOGICAL PROBLEM

The tools we have enable us to formulate electromagnetic problems in
an alternative way. Let us assume that µ ∈ M , i = j + ∂td ∈ F 2,
and qm ∈ F 3 are known in all space. Then the magnetic field is the
solution of problem:
Problem 1: Find (b, h) ∈ F 2 × F 1 such that

(b, h) ∈ R1−1(µ) ,

(j + ∂td, h) ∈ R(∂2,
∫ 2) ,

(qm, b) ∈ R(∂3,
∫ 3)

hold.
Problem 1 is not, however, well posed. The conditions for the

solution are sufficient in the sense that if there is a solution, then the
solution is also unique. But the existence of the solution depends on
whether i is solenoidal1 or not.

In practical software design such problems are typically avoided
by testing whether the inserted data fits into the model. However,
since our goal was to develop a data driven approach to computational
electromagnetism, we shall tackle the problem in another way.

To go on, we need next to introduce the concept of an isomorphic
relation. A relation is isomorphic if it is one-to-one and linear. Let
us now denote by cod(∂p) the codomain (range) of operator ∂p. If the
linear relation R(∂p) ⊂ Cp × Cp−1 is restricted such that the map

∂p : C ′p → cod(∂p)

is an isomorphism from C ′p onto cod(∂p), then the relation R(∂p) ⊂
C ′p × cod(∂p) in the restricted space is obviously also isomorphic.

1 A field f ∈ F 2 is solenoidal if its integral over all bounding 2-chains (of the form c = ∂3c′)
vanish.
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When the relation R(∂p) is isomorphic, symbol Ri(∂p) is employed
to emphasize this property.

The key point is that existence of the solution of problem 1
can be guaranteed if relations R(∂2, ∫2) and R(∂3, ∫3) are induced by
isomorphic relations Ri(∂2) and Ri(∂3). In such cases we shall use
symbols Ri(∂2, ∫2) and Ri(∂3, ∫3) to denote this property.

Now, the topological problem of “conflicting” data is resolved.
With the same assumptions as above the magnetic field can be
characterized as the solution of problem:
Problem 2: Find (b, h) ∈ F 2 × F 1 such that

(b, h) ∈ R1−1(µ) ,

(j + ∂td, h) ∈ Ri(∂2,
∫ 2) ,

(qm, b) ∈ Ri(∂3,
∫ 3)

hold. This is a well posed problem meaning there exists a unique
solution2 for it.

When it comes to numerical computation there still remains an
algebraic problem of finding a linearly independent basis for Ri(∂2)
and Ri(∂3). In practice this means that Ampère’s and Gauss’s laws
need not to be imposed over all pairs (c, ∂c) in Ri(∂2) and Ri(∂3), but
instead only over sets which form linearly independent bases of these
relations.

Obviously, the electric field makes no difference with respect to
the magnetic field, so as an immediate generalization we may state:
In computational electromagnetics there is a problem of algebraic
topology to find isomorphic relations Ri(∂p) and a problem of linear
algebra constructing linearly independent bases for these spaces.

4. EXACT SEQUENCES AND DECOMPOSITIONS

The isomorphic relation Ri(∂p) is related to so called exact sequences,
which are sequences of abelian groups in the following way: A mapping
α from abelian group U to another abelian group V is a homomorphism
preserving the structure if α satisfies α(ai + aj) = α(ai) + α(aj). A
sequence of abelian groups and homomorphisms

· · · −→ Un+1
αn+1−→ Un

αn−→ Un−1 −→ . . .

2 All the solutions of problem 1 are also solutions of problem 2, but not vice versa.
Furthermore, if the first problem has a solution, it is also a solution of the second one.
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is exact if the kernel of αn is the codomain, i.e. the image of αn+1 for
all n. Now, an exact sequence enables one to decompose the underlying
groups in the following way [15]:

Theorem 1: If 0 → U
α→ V

β→ W → 0 is an exact sequence, then
there is a direct decomposition of V such that

V = α(U)⊕ V ′ ,

where V ′ is a subgroup of V such that the restriction of β onto V ′ is
an isomorphism from V ′ onto W . ✷

Now, to see what this theorem has to do with problem 2, notice
first that cod(∂p+1) ⊂ Cp. Thus, there is a natural injection ι from the
group Bp = cod(∂p+1) onto Cp. Second, as the boundary operator ∂p
is a map from Cp onto Bp−1, and since in all space the kernel Zp of ∂p
(consisting of all p-chains whose boundary is null) coincides with Bp,
we have an exact sequence

0 −→ Zp
ι−→ Cp

∂p−→ Bp−1 −→ 0 . (3)

And now, according to theorem 1, module Cp can immediately be
decomposed such that

Cp = Zp ⊕ C ′p = Bp ⊕ C ′p , (4)

where ∂p is an isomorphism from C ′p onto Bp−1. (Notice, that C ′p is
what we needed in introducing Ri(∂p).) So, the topological problem
reduces to developing an algorithm decomposing Cp into Zp and C ′p,
and it is a problem of linear algebra to find a basis for these subgroups
and Bp−1.

Before introducing an algorithm which tackles this problem,
we shall first generalize the approach to boundary value problems
supported in bounded domains with various kinds of boundary
conditions and non-local conditions. (The non-local conditions
correspond with things like imposed currents or voltages.)

5. BOUNDED DOMAINS

The case of a bounded domain with different kinds of boundary
conditions seems to make the problem setup far more complex. This
additional complexity is, however, superficial, as the problem is still
built out of same kind of layers. Compared to a problem supported in
the whole space, in case of a bounded domain there are, so to speak,
more layers but they all are still of the same level. Let us next work
this out step by step to see what it means.
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The topology of all space is trivial, which means that the sequence

· · · −→ Cp+1
∂p+1−→ Cp

∂p−→ Cp−1
∂p−1−→ . . . , (5)

is exact. In other words the codomain of the boundary operator is
the kernel of the next one, and thus, all chains whose boundary vanish
–that is, cycles– are themselves boundaries of some other chains. But
in a bounded domain this property of exactness is lost: A cycle is not
necessary a boundary of another chain. So, in a bounded domain one
can’t rely on the exactness property of sequence (5). To recover from
this problem another exact sequence is needed.

Let Bp = cod(∂p+1) and Zp = ker(∂p) denote the groups of
bounding p-chains and p-cycles, respectively. We shall name Hp the
quotient group Zp/Bp whose elements are cosets of the form z + Bp

where z ∈ Zp. This means that two cycles z1, z2 ∈ Zp belong to the
same coset of Hp if z1 − z2 ∈ Bp. As all bounding chains are also
cycles, again there is a natural injection ι : Bp → Zp. By introducing
operator κp taking a cycle z ∈ Zp into the corresponding coset of Hp,
a new exact sequence [16]

Bp
ι−→ Zp

κp−→ Hp , (6)

is obtained. Now, a combination of the exact sequences (3) and (6)
yields a diagram

Bp

↓ ι

Zp
ι−→ Cp

∂p−→ Bp−1

↓ κp
Hp ,

and instead of (4) theorem 1 implies now that

Cp = Zp ⊕ C ′p = Bp ⊕ Z ′p ⊕ C ′p , (7)

where ∂p is an isomorphism from C ′p onto Bp−1 and κp from Z ′p onto
Hp. In other words, in bounded domains the decomposition of Cp is
threefolded, whereas in all space it is always twofolded.

To complete with bounded domains we still need to take into
account the effect of boundary conditions. Let us name Γ the boundary
of the bounded domain Ω. The boundary itself is split into two parts
Γ = Γt∪Γc, where Γt represents the part of the boundary on which the
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tangential trace3 of a field is known, and Γc is the complement of Γt on
Γ. For example, in case of b, Γt is the part of the boundary on which
the magnetic flux is locally known, and in case of h, Γt is the part
on which the magnetomotive force is locally imposed by the boundary
conditions. (Of course, one may well have Γt = Γ or Γt = ∅.)

We shall denote by Cp(Ω) and Cp(Γt) the modules of p-chains
in domain Ω and in Γt, respectively. As all p-cells on Γt lie also
in Ω, there exists a rather trivial map ηtp from Cp(Γt) onto Cp(Ω).
(A superscript, here t, is employed to point to the submanifold, here
to Γt, with respect to which the operator is relative.) The quotient
group Cp(Ω,Γt) consists of cosets of the form c + Cp(Γt) where c is a
chain of Cp(Ω). Informally, the elements of Cp(Ω,Γt) are chains whose
properties are not dictated by Γt. The quotient group Cp(Ω,Γt) is
often called a relative chain group. [18]

In this case the boundary operator should also be extended to the
relative case. The relative boundary operator ∂tp is defined as a map

∂tp : Cp(Ω,Γt)→ Cp−1(Ω,Γt)

extending the meaning of ∂p such that

∂tp : c + Cp(Γt)→ ∂pc + Cp−1(Γt) .

As an immediate consequence one can also find the relative groups of
cycles and bounding cycles: If one has z ∈ Zp(Ω) and b ∈ Bp(Ω), then

z′ = z + Cp(Γt) and (8)

b′ = b + Cp(Γt) (9)

are evidently elements of Cp(Ω,Γt). The relative groups Zp(Ω,Γt) and
Bp(Ω,Γt) are formed such that [18]

z′ ∈ Zp(Ω,Γt) if ∂tpz
′ = 0 ,

in other words if ∂pz ∈ ηp(Cp(Γt)), and

b′ ∈ Bp(Ω,Γt) if b′ = ∂tpc
′ for some c′ ∈ Cp+1(Ω,Γt) ,

that is, if ∂pc− b ∈ ηp(Cp(Γt)) for some c ∈ Cp+1(Ω).
Intuitively, a chain belongs to Zp(Ω,Γt), and it is called a relative

cycle mod Γt if its boundary lies completely in Γt. Correspondingly, a
p-chain c is in Bp(Ω,Γt), and it is called a bounding cycle mod Γt, if one
3 This corresponds with Dirichlet type of boundary conditions.
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can find a (p+ 1)-chain c′ in Cp+1(Ω) such that ∂c′− c lies completely
on Γt.

Now, let us name λtp the operator taking a chain c ∈ Cp(Ω) into
the corresponding coset Cp(Ω,Γt) of relative chains. Then we have
three short exact sequences:

Zp(Ω,Γt) ι−→ Cp(Ω,Γt)
∂tp−→ Bp−1(Ω,Γt) , (10)

Bp(Ω,Γt) ι−→ Zp(Ω,Γt)
κtp−→ Hp(Ω,Γt) , (11)

Cp(Γt)
ηtp−→ Cp(Ω)

λtp−→ Cp(Ω,Γt) . (12)

and by combining them all together, the following diagram is obtained:

Bp(Ω,Γt) ι−→Zp(Ω,Γt)
κtp−→ Hp(Ω,Γt)

↓ ι

Cp(Γt)
ηtp−→ Cp(Ω)

λtp−→Cp(Ω,Γt)

↓ ∂tp
Bp−1(Ω,Γt) .

The corresponding decomposition is

Cp(Ω) = Bp(Ω,Γt) ⊕ Z ′p ⊕ C ′p ⊕ C ′′p , (13)

where ∂tp is an isomorphism from C ′p onto Bp−1(Ω,Γt), κtp from Z ′p onto
Hp(Ω,Γt), and ηtp from Cp(Γt) onto C ′′p .

Let the boundary be split such that Γ = Γb ∪ Γh. The boundary
conditions of b = B on Γb and of h = H on Γh can now be
characterized using induced relations Ri(ηb2, ∫2) and Ri(ηh1 , ∫1), where
the corresponding operators are defined by

ηb2 : C2(Γb)→C2(Ω) , (14)

ηh1 : C1(Γh)→C1(Ω) . (15)

There may also be non-local conditions, for instance due to external
circuits, which set the flux of b to Φ and the circulation of h to Ψ
over (possibly relative) nonbounding 2-cycles and over nonbounding 1-
cycles, respectively. The non-local conditions correspond with relations
Ri(κb2, ∫2) and Ri(κh1 , ∫1) defined by

κb2 : Z2(Ω,Γb) → H2(Ω,Γb) , (16)

κh1 : Z1(Ω,Γh) → H1(Ω,Γh) . (17)
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Putting everything together, in a bounded domain with given
µ ∈M , i = j+∂td ∈ F 2(Ω), qm ∈ F 3(Ω), given trace of b which equals
to B ∈ F 2(Γb), given trace of h which is H ∈ F 1(Γb), ∫z b = Φ ∈ R for
some z ∈ Z ′2, and ∫z h = Ψ ∈ R for some z ∈ Z ′1, the magnetic field
can be expressed as the solution of the problem:
Problem 3: Find (b, h) ∈ F 2(Ω)× F 1(Ω) such that

(b, h) ∈ R1−1(µ) ,

(i, h) ∈ Ri(∂h2 ,
∫ 2) ,

(qm, b) ∈ Ri(∂b3,
∫ 3) ,

(B, b) ∈ Ri(ηb2,
∫ 2) ,

(H,h) ∈ Ri(ηh1 ,
∫ 1) ,

(Φ, b) ∈ Ri(κb2,
∫ 2) and/or (Ψ, h) ∈ Ri(κh1 ,

∫ 1) ,

hold.4
This problem has precisely the same structure as problem 2. When

it comes to numerical computing there also remains the same problem
of linear algebra to construct a linearly independent bases for the
underlying spaces of the relations. Thence, once again, there is a call
for an algorithm decomposing the groups of an exact sequence into
appropriate subgroups and yielding a basis for them.

6. IMPLEMENTATION

A short exact sequence which is general enough for our purpose can
be given by

U
α−→ V

β−→ W/W0 , (18)

where W/W0 is a quotient group. (The quotient group W/W0 coincides
with group W if one selects W0 = {0}.)

In finite dimensional spaces operators correspond with matrices
and the elements of the linear vector spaces can be represented by
vectors of coefficients. As a linear space is also a module and a group,
theorem 1 of the decomposition of groups applies to linear spaces as
4 For each pair of “magnetic connectors” it is enough to know either Φ or Ψ. This is in
full analogy with voltages and currents in circuit theory: For each pair of entry ports one
needs to know either the voltage or current [19]. If they both are known, then there is
nothing to solve, as the impedance Z = U/I is fixed. (Solving a boundary value problem
corresponds with finding the impedance [8, 19].) In more precise terms, relations Ri(κ

b
2, ∫2)

and Ri(κ
h
1 , ∫1) are isomorphic [18, 20, 21].
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well. This enables us to employ tools of linear algebra to develop an
algorithm yielding the decompositions we need.

We assume now that domain Ω and the boundary Γ are split into
a cellular mesh. In common words, the question is of any mesh of
the finite element type. Hence, all our spaces will also be of finite
dimension. In general, finite dimensional spaces are, as is well known,
isomorphic to spaces of vectors of coefficients. Here, the sets of nodes,
edges, faces, and volumes –i.e., the sets of p-cells, p = 0, . . . , 3–
equipped with some coefficients correspond with the chains of Cp,
p = 0, . . . , 3, respectively. For instance, the ith edge of the finite
element mesh corresponds with a vector [0, . . . , 1, . . . , 0]T , where only
the ith entry is nonzero and equal to one. A 1-chain (a p-chain)
corresponds then with any vector or array of coefficients assigned in
a 1-to-1 sense with the edges (with the p-cells, resp.). To guarantee
exact arithmetics, we shall assume that the coefficients belong to the
field Q of rational numbers.

According to theorem 1, sequence (18) implies decomposition

V = ker(β)⊕ V ′ , (19)

such that Ri(β) ⊂ V ′ × cod(β). So, the algorithm should yield a
linearly independent basis for ker(β) and for the isomorphic relation
Ri(β). Next, such an algorithm is presented.

6.1. Algorithm

Let U be a n-dimensional vector space. Assuming a basis for U , the
corresponding coefficient space isomorphic to U is denoted by Ū .

PURPOSE: Assuming finite dimensional spaces V , W , subspace W0

of W , operator β such that

β : V −→W/W0 ,

and matrix βββ representing operator β in the coefficient spaces, the
algorithm decomposes space V̄ such that

V̄ = ker(βββ)⊕ V̄ ′ ,

and creates the basis of ker(βββ), V̄ ′, and of cod(βββ) such that βββ maps
the ith basis vector of V ′ to the ith basis vector of cod(βββ).

INPUT: First, the nv = dim(V̄ ) and nw = dim(W̄0) vectors forming
the linearly independent bases of V̄ and W̄0 have to be inserted in
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input:

V̄ = span{vi}nvi=1 ,

W̄0 = span{wi}nwi=1 ,

Second, matrix βββ has to be given in input.

STEP 1: Form matrices V and Wβ such that

V := [v1,v2, . . . ,vnv] ,
Wβ := [w1,w2, . . . ,wnw] .

Next initialize two matrices Kβ and Vβ, and counters nk and nv′:

Kβ := [ ] ,
Vβ := [ ] ,
nk := 0 ,

nv′ := 0 .

(Symbol [ ] denotes to a matrix with no columns.)

STEP 2: FOR i = 1 TO nv
a := βββvi

% Test whether a ∈ cod(Wβ)
Solve vector x such that WT

βWβx = WT
β a

Boolean TEST := (Wβx EQUAL a)

IF (TEST) THEN
nk := nk + 1

% Take elements nw + 1, . . . , nv′ of vector x
Vector x′ := x(nw + 1, . . . , nv′)
Vector d := vi −Vβx′

% Add d into the basis of ker(βββ).
Kβ := [Kβ,d ]

ELSE
nv′ := nv′ + 1

% Add vi and a to the basis of
% V̄ ′ and cod(βββ), respectively.

Vβ := [Vβ,vi ]
Wβ := [Wβ,a ]

END IF

END FOR
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OUTPUT: The columns of matrices Kβ, Vβ, and Wβ yield the basis
vectors of ker(βββ) and Ri(βββ) such that

ker(βββ) = span
{
(Kβ)i

}nk
i=1

,

Ri(βββ) = span
{(

(Vβ)j , (Wβ)nw+j

)}nv′
j=1

,

where ( )i denotes the ith column of a matrix.

USAGE: Assume one has an exact sequence

U
α−→ V

β−→ W/W0 , (20)

where U , V , and W are finite dimensional spaces and W0 is a subspace
of W . Now, by running the algorithm one gets the decomposition

V̄ = ker(βββ)⊕ V̄ ′ ,

and immediately from this one also has

V̄ = cod(ααα)⊕ V̄ ′ , (21)

as cod(ααα) and ker(βββ) coincide due to the exactness of sequence (20).
But now, (21) is nothing else than a realization of theorem 1 in
coefficient spaces, and thus –as the construction of the decomposition
was a central question– the algorithm is truly all what is needed to
solve the topological problem. In order to generate decompositions
such as (7) and (13) the algorithm has to be run recursively.

6.2. Example

Let us denote by C0, C1, C2, and C3 (identity) matrices whose
columns are the vectors of coefficients corresponding with the nodes,
edges, faces, and volumes of the cellular mesh of Ω, respectively. These
matrices represent on the discrete level the bases of the spaces of chains
Cp, p = 0, . . . , 3. The number of columns in matrix Cp is denoted by
np.

A so called incidence matrix [8] Dp is a rectangular matrix, with
Cp−1 and Cp as column and row set, which describes how p-cells
connect to (p − 1)-cells. The entries of matrix Dp are either 0, 1,
or −1: The entry {c, c′} of Dp is ±1 only if (p − 1)-cell c′ bounds
p-cell c and otherwise equal to zero. The sign of the entry depend on
whether the orientations of c and c′ match or not. On the discrete level
the boundary operator ∂p corresponds with the transpose DT

p of the
incidence matrix.
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Figure 1. A cellular mesh forming a trefoil knot.

As an example, let’s see how the topological properties of the (be
aware) complement of a so called trefoil knot [22] in a box can be
computed with the algorithm, Fig. 1.

First, the bases for the subspaces of cycles, and bounding cycles
are found as follows:

INPUT OF RUNS p = 1, 2, 3:

V̄ := span{(Cp)i}npi=1 ,

W̄0 := [ ] ,

βββ := DT
p .

OUTPUT: The algorithm yields the bases of spaces Z̄p, B̄p−1, and C̄ ′p
such that

Z̄p = ker(DT
p ) ,

B̄p−1 = cod(DT
p ) ,

C̄p = ker(DT
p )⊕ C̄ ′p ,

and where DT
p is a map from C̄ ′p onto B̄p−1 in a one-to-one sense. ✷

The output of the first stage gives discrete counterparts of the
decompositions (3) when p = 0, 1, 2, 3. In three dimensions the 3-
chains cannot be boundaries of 4-chains, and thus, space B3 is trivial.
In addition, by definition a 0-chain does not have a boundary, and
therefore, Z0 coincides with C0.

Next, the representatives of the quotient spaces Hp are found by
constructing a discrete counterpart of decompositions (6). In this case
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the identity matrix represents operator κp on the discrete level. The
output of the first run is now the input for the second stage:

INPUT OF RUNS p = 0, . . . , 3:

V̄ := Z̄p

W̄0 := B̄p ,

βββ := I .

OUTPUT: The algorithm yields a basis for space Z̄ ′p consisting of the
coefficient vectors representing the cosets of Hp, i.e.

Z̄ ′p = span {(Vβ)i}nv
′

i=1 .

Space ker(κκκp) coincides with B̄p, and thus, it does not yield anything
new in this case. ✷

By calculating the dimension of spaces Z̄ ′p, p = 0, . . . , 3, the Betti
numbers [15]

dim(H0) = dim(Z̄ ′0) = 1 ,

dim(H1) = dim(Z̄ ′1) = 1 ,

dim(H2) = dim(Z̄ ′2) = 1 ,

dim(H3) = dim(Z̄ ′3) = 0 ,

characterizing the topological properties of this problem can be found.

6.3. Practical Issues

In practice a critical part of the algorithm is the test whether βββvi ∈
cod(Wβ) holds. This is the same as asking whether there exists a
vector x such that

Wβx = βββvi (22)

holds.
A technique to answer this question is to employ the Smith normal

form [23]. If the invariant factors obtained by finding the Smith normal
forms of matrices Wβ and [Wβ,βββvi.] are the same, then the existence
of a x, such that (22) holds, is guaranteed. Furthermore, once the
Smith normal form is found getting x thereafter is trivial.

Another possibility is to exploit the least square solver. One can
always solve x from

WT
βWβ x = WT

ββββvi , (23)
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and then verify whether vector x fulfills also (22).
If the coefficients are rational numbers, then arithmetics is exact.

In practice, however, computing with rational numbers (i.e., with pairs
of integers) is inefficient when the matrices become large in size, and
thus, one may have to use real numbers (in single or double precision)
instead, But then, also an ε-test to check the equality between real
numbers is needed.

As the topological properties have nothing to do with the
cardinality of the sets of nodes, edges, faces and volumes, in practice,
computing time can be minimized by employing as coarse cellular
meshes as possible.

It is also useful to notice that the algorithm generalizes the
spanning-tree techniques to construct trees and cotrees of graphs [24].
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Abstract—This paper outlines a generic algorithm to generate cuts
for magnetic scalar potentials in 3-dimensional multiply-connected
finite element meshes. The algorithm is based on the algebraic
structures of (co)homology theory with differential forms and
developed in the context of the finite element method and finite element
data structures. The paper also studies the computational complexity
of the algorithm and examines how the topology of the region can
create an obstruction to finding cuts inO(m2

0) time andO(m0) storage,
where m0 is the number of vertices in the finite element mesh. We argue
that in a problem where there is no a priori data about the topology,
the algorithm complexity is O(m2

0) in time and O(m4/3
0 ) in storage.

We indicate how this complexity can be achieved in implementation
and optimized in the context of adaptive mesh refinement.

1 Introduction and Outline
1.1 Electromagnetic and Numerical Scenario
1.2 Are Cuts Worth the Trouble?
1.3 Outline
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2 Definitions and Development of Topological Tools
2.1 (Co)Homology Groups
2.2 Poincarè-Lefschetz Duality via Explicit Constructions
2.3 The Isomorphism H1(R;Z) � [R,S1]

3 The Variational Formulation of the Cuts Problem

4 The Connection between Finite Elements and Cuts
4.1 The Role of Finite Elements in a Cuts Algorithm

5 Computation of 1-Cocycle Basis
5.1 Definitions
5.2 Formulation of a 1-Cocycle Generator Set
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1. INTRODUCTION AND OUTLINE

In this paper we consider a generic finite element-based algorithm
to make cuts for magnetic scalar potentials and investigate how
the topological complexity of the three-dimensional region, which
constitutes the domain of computation, affects the computational
complexity of the algorithm. The algorithm is based on standard
finite element theory with a novel computation required to deal with
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topological constraints brought on by a scalar potential in a multiply-
connected region. Thus, implementation can be designed to exploit
pre-existing finite element software. Regardless of the topology of the
region, an algorithm can be implemented with O(m3

0) time complexity
and O(m2

0) storage where m0 denotes the number of vertices in the
finite element discretization. However, in practice this is not useful
since for large meshes since the cost of finding cuts would become
the dominant factor in the magnetic field computation. In order to
make cuts worthwhile for problems such as nonlinear or time-varying
magnetostatics, or in cases of complicated topology (e.g., braided,
knotted, or linked conductor configurations, or even simple coils),
an implementation of O(m2

0) time complexity and O(m0) storage is
regarded as “ideal”.

The obstruction to ideal complexity is tied up in the structure
of the fundamental group of the region. One implementation was
designed to have ideal complexity [29], however, the implementation
has heuristic assumptions which make it generally inadequate for
making cuts in regions for which the fundamental group of R has
a nontrivial commutator subgroup [13, 15]. This paper details an
algorithm that can be implemented with O(m2

0) time complexity and
O(m4/3

0 ) storage complexity given no more topological data than that
contained in the finite element connection matrix.

While cuts algorithms have been discussed by several authors
[7, 18, 37, 20, 21] some algorithms are based on the assumption that
cuts can be made in analogy to branch cuts in complex analysis.
Such algorithms are limited to problems reducible to a planar problem
and their success for this limited class of problems hinges on the fact
that the topology of 2-d surfaces is “perfectly understood.” In three
dimensions, intuition from Ampère’s law leads to a formal definition
of cuts in terms of a basis of the (abelian) homology groups of the
region [20, 21, 15], even though such cuts do not necessarily render the
region simply-connected [15]. The abelian nature of homology groups
makes the problem computationally tractable while avoiding the subtle
aspects of 3-dimensional topology which are trivial in two dimensions.

1.1. Electromagnetic and Numerical Scenario

The proper context for the algorithm of this paper is in variational
principles, the finite element method, and their connection to the
topology of the domain of computation. Before seeing how topology
enters the picture when going after a scalar potential, we define
“magnetoquasistatics” as the class of electromagnetics problems where
the magnetic field is described by a limiting case of Maxwell’s
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equations: ∫
∂V

B · dS = 0 (1)

∫
∂S

H · dl =
∫
S
J · n̂ ds (2)

∫
∂S′

E · dl = − d

dt

∫
S′

B · n̂ ds (3)

Here ∂V refers to the boundary of a region V and ∂S is the boundary
of a surface S. The displacement current ∂D/∂t in Ampère’s law is
neglected and the current density vector J is assumed to be solenoidal.
The magnetic flux density vector B is related to the magnetic field
intensity H by B = B(H), or for linear isotropic media, B = µH. The
current density J in conductors is related to the electric field intensity
vector E by Ohm’s law: J = σE. Let R denote a region which is the
intersection of the region where it is desired to compute the magnetic
field and where the current density J is zero. In R,

curlH = 0, (4)

so that in terms of a scalar potential ψ,

H = gradψ (5)

in any contractible subset of R but ψ is globally multivalued as seen
via Ampère’s Law and illustrated in Figure 1.

Some scalar potential formulations sidestep the issue of the
multivalued scalar potential by expressing the magnetic field as H =
Hp + grad ψ̃, where Hp is a particular solution for the field obtained,
say, from the Biot-Savart Law. However, in this case, if B = µH and
µ → ∞, then H → 0 so that Hp = −grad ψ̃, leading to significant
cancellation error for computation in regions where H � 0 while a
“total” scalar potential as in (5) eliminates cancellation error. In
addition, integration of the Biot-Savart integral destroys the sparsity
of any discretization. The particular solution, Hp, can be set to zero in
a multiply-connected region when one introduces the notion of a “cut”
which makes the scalar potential single-valued and if the software to
generate cuts does not require input from the user. This is a major
incentive for developing such algorithms.
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S

I
c1

c2

c

Figure 1. A current-carrying trefoil knot c with current I and cut
S. If H = gradψ, Ampère’s Law implies that a scalar potential ψ is
multivalued as illustrated with loop c1:

∮
c1

H ·dl = I ⇒ ψ multivalued
when there is no cut. On the other hand,

∮
c2

H · dl = I − I = 0, even
though c2 is not contractible to a point so that c2 gives no information
about ψ. With the cut in place (as shown) imposing a discontinuity
I in ψ from one side of the cut to the other makes ψ singlevalued on
the cut complement. Note that Ampère’s law does not require that c2
intersect the cut.

1.2. Are Cuts Worth the Trouble?

In order to evaluate the utility of having cuts, one must also compare
computational overhead with the expected acceleration in solution
time. Given a finite element mesh it is possible to compare the
solution time complexities of the associated finite element matrix
equations for scalar potential and vector methods. Since semidirect
matrix solvers are commonly used for large problems, we argue in
terms of a conjugate gradient (CG) solver iteration for the finite
element matrix equations (c.f. Appendix A). Let F s

0 denote the number
of floating point operations (FLOPs) per conjugate gradient solver
iteration for nodal interpolation of a scalar potential on a tetrahedral
mesh. Similarly, let F0 and F1 respectively denote the number of
FLOPs per CG iteration for node- and edge-based vector interpolation
[25]. Finally, let Xs

0 , X0, and X1 denote the number of nonzero entries
in the stiffness matrix for nodal interpolation of a scalar potential,
and node- and edge-based vector interpolation, respectively. Assuming
similar distributions of eigenvalues in the matrices, the convergence of
CG for each matrix is the same and the ratio of the complexity of
the CG iterations is a reflection of the ratio of computer run times.
Table 1.2 summarizes how vector formulations compare to a scalar
potential formulation. This has been confirmed experimentally by
Saitoh [33]. The “mesh-counting arithmetic” used to derive Table 1 is
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Node (X0 & F0) Edge (X1 & F1)

X/Xs
0 9 7.5

F/F s
0 7.5–7.6 9.7–10.7

Table 1. Relative number of nonzero entries in the stiffness matrix
(X) and number of floating point operations (F ) per CG iteration for
node- and edge-based vector interpolation compared to scalar potential
(Xs

0 and F s
0 ) on large tetrahedral meshes.

summarized in Appendix A.
If a scalar potential can be computed, it provides a substantial

speed-up, but the overhead is that of computing cuts. Hence, cuts may
be most useful in the context of time-varying or nonlinear problems
where cuts are computed only once but iterative solutions are required
for the field.

Algorithm design must begin with the choice of an algebraic
framework for the computation, and for reasons of computability, this
is the most critical choice. The often-made assumption that cuts
must render the region simply-connected forces one to work with a
structure called the first homotopy group for which basic questions
related to this group are not known to be algorithmically “decidable”.
In practical terms, homotopy-based algorithms are limited to problems
reducible to a planar problem. Thus, their success depends on the fact
that 2-d surfaces are completely classified (up to homeomorphism) by
their Euler characteristic and numbers of connected components and
boundary components. The (co)homology arguments presented here
lead to a general definition of cuts and an algorithm for computing
them by linear algebra techniques, but when using sparsity of the
matrices to make the computation efficient, homotopy emerges as an
important and useful tool.

1.3. Outline

With the preceding motivation in mind, we outline the main sections
of this paper. Section 2 introduces the essential pieces of (co)homology
theory and differential forms required for defining the notion of cuts
and for finding an algorithm to compute them. Section 3 presents a
variational formulation which can be used in the context of the finite
element method. Section 4 describes the algorithm in the context
of finite elements, and gives the finite element equations, but one
essential computation, that which depends on the topological structure
of the region, is left for Section 5. Section 5 fills in the piece missing
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from Section 4, describing an algorithm for finding the topological
constraints on the variational problem, and gives an analysis of the
computational complexity of finding cuts. The overall process of
computing cuts is summarized in algorithm 1 and the algorithm of
Section 5 is summarized in algorithm 2. Two example problems are
considered in order to illustrate the obstruction to O(n) complexity.
Section 6 concludes with a summary of the main results, a review of
geometric insights used to reduce the complexity of the algorithm, and
suggestions for future work.

2. DEFINITIONS AND DEVELOPMENT OF
TOPOLOGICAL TOOLS

The subtleties of 3-dimensional electromagnetic boundary value
problems are articulated through some special algebraic structures and
relationships between them. A good technical exposition of these is
available from many sources [19, 10, 12, 35, 32], and there is a historical
context for their use in electromagnetic theory [27, 4], yet they seem to
be virtually absent from finite element algorithm design. We consider
the essential points here, reviewing three ingredients required for an
algorithm:

(i) Homology and Cohomology groups: Homology groups are the
structures which algebraically encode information describing
current-linking (as in Ampère’s law) as well as cuts while
cohomology groups describe curl-free vector fields in the region
of interest.

(ii) Poincare-Lefschetz duality makes a connection between the curl-
free fields and homology classes describing cuts, hence a definition
of cuts.

(iii) Isomorphism H1(R;Z) � [R,S1]: A relationship between the curl-
free fields and maps from the nonconducting region to the circle
which guarantees existence of cuts with some desirable properties
and is the key to a variational formulation of a cuts algorithm.

There are several advantages to formulating cuts in terms of
(co)homology groups. One is that when a constructive proof of the
existence of cuts is phrased in terms of the formalism of a certain
homology theory, the proof gives way to a variational formulation for
a cuts algorithm [21]. Another advantage is that various homology
theories give several ways to view cuts. Regarding a finite element
mesh as a simplicial complex [10], simplicial homology theory provides
a framework for implementing an algorithm to make cuts and
even determines the most natural data structures as described in a
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companion paper [14] whose results are used in Section 5. Except for
portions based on standard finite element theory, an implementation of
the algorithm uses only integer arithmetic, thus avoiding introduction
of rounding errors associated with real arithmetic [29, 13].

2.1. (Co)Homology Groups

We take R to be the nonconducting region with boundary ∂R; the
complement of R relative to R3, denoted by Rc, is the union of the
problem “exterior” and the conducting region.

Noting that Ampère’s law is a statement about closed loops in
R which link nonzero current [15], we define the first homology group
of R with integer coefficients, denoted by H1(R;Z), as the group of
equivalence classes of closed loops in R which link closed paths in Rc

which may be current paths [15]. Two closed loops in R lie in the same
equivalence class if together they comprise the boundary of a surface
in R (Figure 2).

S

R

I

c1 c2

I

R

S ′

c ′

(a) (b)

Figure 2. In (a), closed loop c1 lies in R but is not the boundary of a
surface in R. However, c1 and c2 together comprise the boundary of a
tube S, thus c1 ∼ c2; c1 and c2 are nonbounding 1-cycles. In (b), loop
c′ links zero net current and is the boundary of surface S′ (disk with
handle), thus while ∂c′ = 0, c′ = ∂S′, so c′ is a bounding 1-cycle but
it is not contractible to a point in the complement of the knot.
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More generally, the first homology group is conceived by taking
linear combinations of closed loops in R modulo curves which are
boundaries of surfaces in R. In this context, 1-boundary refers to a
closed loop which is the boundary of a surface in R, c = ∂2S, where
∂2 is the boundary operator on surfaces. The term 1-cycle refers to a
closed loop with zero boundary ∂1c = 0. Boundaries are cycles, but not
all cycles are boundaries, thus H1(R) comes about as a quotient space
of cycles modulo boundaries. In other words, given any S, ∂1(∂2S) = 0,
the boundary of a boundary is zero, however it is not necessarily true
that every closed curve is the boundary of some surface lying in R.
Hence it is the “equivalence classes of nonbounding cycles” which are
nontrivial in the quotient space.

The Z in H1(R;Z) expresses the fact that in this case there is
no loss of information if one builds H1 by taking only integer linear
combinations of closed loops [15]. (As shown in [20], the homology
groups for R are torsion-free so that integer coefficients are sufficient.)
The number of independent closed nonbounding loops (number of
generators or “rank” of H1) is called the first Betti number of R
(Maxwell [27] and Kirchoff’s “cyclomatic number”) and is denoted by
β1(R). β1(R) is a characteristic parameter of R and is significant
because it describes the number of independent closed loops in R
which link nonzero current, and as such will characterize the number
of variational problems to be solved in the cuts algorithm.

Dual to H1(R) is the first cohomology group of R, denoted by
H1(R;Z). This can be regarded as the group of curl-free vector fields
in R modulo vector fields which are the gradient of some function.
As in the case of H1, it is enough to take “forms with integer
periods” meaning that integrating the field about a generator of H1

gives an integer. The rank of H1(R;Z) is also β1(R). In three
dimensions, H1(R) and H1(R) formalize Ampère’s law in the sense
that, respectively, they are algebraic structures describing linking of
current and irrotational fields in R due to currents in Rc.

The second relative homology group of R modulo the boundary
of R, denoted by H2(R, ∂R;Z), is the group of equivalence classes
of surfaces in R with boundary in ∂R. Classes in H2(R, ∂R;Z) are
surfaces with boundary in ∂R but which are not themselves boundaries
of a volume in R. Its rank is the second Betti number, β2(R, ∂R)
(Maxwell’s “periphractic number”). H2(R, ∂R;Z) is the quotient space
of surfaces which are 2-cycles up to boundary in ∂R modulo surfaces
which are boundaries (Figure 3). In 3-d these turn out to be surfaces
used for flux linkage calculations, and in fact turn out to be a family
of cuts. This will be shown precisely but we need to start with the
definition to get to the algorithm. However, the fact that these are cuts
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SR

∂S

I

Figure 3. S is a surface in R with ∂S ∈ ∂R, but S is not the boundary
of a volume in R. Also see Figure 1.

can be understood intuitively by noting that an essential requirement
for a set of cuts is that they must break every loop which links current
in the sense of Ampère’s law. For this to occur, the boundaries of the
cuts must be on the boundary of the region, in this case ∂R. Thus we
expect to have at least β1(R) cuts. This is a geometric and intuitive
way of understanding what cuts are, but it does not establish their
existence or give a way of computing them. The tools described in the
following sections give the required formalism for both.

2.2. Poincarè-Lefschetz Duality via Explicit Constructions

The second ingredient in the formulation of cuts is a “duality theorem”
which relates H1(R;Z) to H2(R, ∂R;Z) in three dimensions and will
lead to a variational formulation of cuts. At first, we define spaces
so that a special case of Poincarè-Lefschetz duality can be written in
terms of vector fields. Later it will be stated generally in terms of
differential forms to show that this construction is general. Let

F =
{
F | curlF = 0 in R,

∮
c
F · dl ∈ Z

}
(6)

for a closed path c where ∂c = 0 (nonbounding 1-cycle), and

G = {G | divG = 0 in R, G · n̂=0 on ∂R}. (7)

Given any surface S used to calculate flux linkage, Poincarè-Lefschetz
duality says that there exists an FS ∈ F dual to S such that∫

R
FS ·G dV =

∫
S
G · n̂ dS (8)
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for all G ∈ G. This illustrates the fact that the space of H1(R;Z) and
H2(R, ∂R;Z) are dual spaces of the space of G vector fields subject to
the following equivalence relation:

G ∼ G′ if G′ = G + curlA (9)

for some A where n̂×A = 0 on ∂R.
In the preceding, H1(R) has been articulated in terms of vector

fields for an intuitive understanding of the structure. However, the
theory is developed rigorously in terms of differential forms, so these
are introduced here in order to exploit the general theory. Loosely
speaking, differential forms are the objects appearing under integral
signs – integrands of p-fold integrals in an n-dimensional manifold
where 0 ≤ p ≤ n. They generalize the notion of a vector field and
are a natural framework for engineering electromagnetics [19, 11]. For
an n-dimensional manifold Mn, the set of all p-dimensional regions c
over which p-fold integrals are evaluated is denoted by Cp(Mn) while
the set of all p-forms ω are denoted by Cp(Mn). Since Cp(Mn) and
Cp(Mn) are spaces with some algebraic structure, integration

∫
c
ω (10)

can be regarded as a bilinear map∫
: Cp(Mn)× Cp(Mn) −→ R (11)

(which, in a definite sense, is a nondegenerate bilinear pairing between
the spaces). In this context, the fundamental theorem of calculus,
Gauss’ and Stokes’ theorems of multivariable calculus, and Green’s
theorem in the plane are generalized by the Stokes theorem on
manifolds: ∫

c
dω =

∫
∂c

ω (12)

where ∂c ∈ Cp−1(Mn) is the boundary of c and the exterior derivative
operator d takes p-forms to p+1-forms so as to satisfy Stokes’ theorem.
Finally, there is a bilinear, associative, graded commutative product
of forms, called the exterior product, which takes a p-form ω and a
q-form η and gives a p + q-form ω ∧ η.

The introduction to homology groups hinted at the fact that
∂p−1∂pc = 0. By a simple calculation, this combines with Stokes’
theorem to show that p-forms satisfy dp+1dpω = 0 and motivates
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the following definition. A form µ is said to be closed if dµ = 0.
In vector calculus, this amounts to saying that curl gradφ = 0 and
div curlA = 0. Moreover, the existence of nonbounding cycles and
Stokes’ theorem also leads to the notion of exact forms: if µ = dω
for some ω, µ is said to be exact. While all exact p-forms are closed,
not all closed forms are exact, so Hp is the quotient group of closed
p-forms modulo exact p-forms. Formally, the coboundary operator is
a map dp : Cp(M)→ Cp+1(M) and

Hp(M ;R) = ker dp/Im dp−1. (13)

In general, Poincaré-Lefschetz duality says that for a compact,
orientable n-dimensional manifold with boundary, Mn,

Hk(Mn;Z) � Hn−k(Mn, ∂Mn;Z) (14)

for 0 ≤ k ≤ n. This theorem is true for any abelian coefficient
group, but it is enough to deal with integer coefficients here. In
the case of n = 3, duality establishes a one-to-one correspondence
between classes in H1(R;Z) and classes in H2(R, ∂R;Z). In the context
of magnetoquasistatics, these are, respectively, equivalence classes of
magnetic fields and equivalence classes of surfaces for flux linkage
calculations.

To develop a formal definition of a “cut” we need the notion of
the Poincaré-Lefschetz dual of a submanifold. Given an n-dimensional
compact, oriented manifold Mn with boundary, a closed oriented n−k-
dimensional submanifold S of Mn, and a closed n − k-form ω whose
restriction to ∂M is zero, the Poincaré-Lefschetz dual of S is a closed
k-form ηS such that [6] ∫

Mn

ω ∧ ηS =
∫
S
ω. (15)

This is a generalized statement of equation (8). When subjected to
the (co)homology equivalence relations, the bilinear pairings on both
sides of equation (15) become nondegenerate bilinear pairings between
Hk(Mn) and Hn−k(Mn, ∂Mn) on the left, and Hn−k(Mn, ∂Mn)
and Hn−k(M,∂M) on the right. Thus equation (14) arises since
Hn−k(Mn, ∂Mn) is the dual space to both spaces. In other words,
for the homology class [S] ∈ Hn−k(Mn, ∂Mn) associated with a
submanifold S ∈ Mn, there is an associated unique cohomology class
[ηS ] ∈ Hk(Mn). As a consequence of Poincaré-Lefschetz duality, cuts
can be defined as representatives of classes in H2(R, ∂R;Z). The
isomorphism discussed below allows us to restrict our attention to cuts
which are embedded manifolds in R, and at the same time gives a way
of computing these cuts through a variational problem.
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2.3. The Isomorphism H1(R;Z) � [R,S1]

The third ingredient required for an algorithm is the relationship
between H1(R;Z) and maps from R to the circle, S1, where we think
of S1 as the unit circle in the complex plane. Let [R,S1] denote the
space of maps f : R → S1 up to the equivalence relation given by
homotopy. Then,

H1(R;Z) � [R,S1] (16)

which says that the group of cohomology classes of R with integer
periods is isomorphic to the group of homotopy classes of maps from
R to S1 [20]. The reason for introducing (16) is twofold: First, we have
no guarantee that homology classes can be represented by manifolds
(surfaces). As discussed below, equation (16) gives this guarantee.
Second, since it associates each class in H1 to a class of maps from
R to S1, a suitable choice of energy functional on [R,S1] will give a
variational problem and an algorithm for computing cuts. Hence, this
isomorphism and Poincaré-Lefschetz duality give way to an algorithm
for cuts.

Concretely, choosing µ = dθ/2π, a closed, nonexact 1-form on S1,
then f∗(µ) is the “pullback” of µ via f so that one can regard f∗(µ)
as monitoring the change in θ as one covers a family of cuts in R.
Poincaré-Lefschetz duality and the preimage theorem [16] say that for
a regular point p of f on S1,

∫
R
ω ∧ f∗(

dθ

2π
) =

∫
f−1(p)

ω (17)

for any closed 2-form ω. Thus, given f : R→ S1 where f winds around
S1, the pullback f∗(µ) is the Poincaré-Lefschetz dual to f−1(p) [20].

In terms of vector calculus, given a map f : R→ S1, equation (17)
can be re-written as

1
2πi

∫
R
G · grad (ln f)dV =

∫
f−1(p)

G · n̂ dS (18)

for any G ∈ G. When G = µH and H = 1/2πi grad (ln f), each side
of equation (18) can be regarded as an expression for the energy of a
system of (unit) currents in R3 −R. In particular, note that the right
hand side is the integral over a cut of the magnetic flux due to a unit
current.
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3. THE VARIATIONAL FORMULATION OF THE CUTS
PROBLEM

On the basis of the tools introduced above, the computation of cuts
can be formulated as a novel use of finite elements subject to two
constraints imposed by the topology of R. The idea is to come up
with a variational problem for finding minimum energy maps f from
classes in [R,S1]. Hence, a principle for finding cuts is to compute a
collection of maps, fq : R → S1, 1 ≤ q ≤ β1(R) which correspond
to a basis of the first cohomology group with integer coefficients
H1(R;Z) and by duality, to a basis for H2(R, ∂R;Z). Any map in
the homotopy class can be used, but picking harmonic maps reduces
the problem to quadratic functionals tractable by the finite element
method. Furthermore, the level surfaces of these maps are nicer than
in the generic case.

As a variational problem, finding cuts can be rephrased as follows
[21]. “Computing maps” means finding the minima to β1(R) “energy”
functionals

F (fq) =
∫
R

grad f∗q · grad fq dR, 1 ≤ q ≤ β1(R) (19)

subject to two constraints:

f∗q fq = 1 in R (20)

and, for the jth cut, 1 ≤ j ≤ β1(R),

1
2πi

∮
zk

grad (ln fj) · dl = Pjk (21)

where {zq}, 1 ≤ q ≤ β1(R), defines a set of generators of H1(R) and
Pjk is the period of the jth 1-form on zk is an entry of a nonsingular
period matrix P . Intuitively, one might require the period matrix to
be the identity matrix, but this is overly restrictive for a practical
implementation of the algorithm. In fact, as discussed in Section 5,
direct computation of a basis for H1(R) is impractical but an equivalent
criterion can be used to satisfy the constraint imposed by H1(R).

The solution to each map in the variational problem is unique since
the “angle” of each fq is a (multivalued) harmonic function which is
uniquely specified by equation (21) [15]. When the functionals are
minimized, a set of cuts is computed by the formula

Sq = f−1
q (pq) (22)
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where pq is any regular value of fq, 1 ≤ q ≤ β1(R). Note that Sq is the
Poincaré-Lefschetz dual to d(ln f/2πi), as seen in equation 17 [20].

On any contractible subset of R, constraint (20) is satisfied by
letting

fq = exp(2πiϕ), 1 ≤ q ≤ β1 (23)

where ϕ is some real, locally singlevalued, but globally multivalued,
differentiable function. Choosing fq this way, the Euler-Lagrange
equation of (19) is Laplace’s equation [15].

Equation (23) is satisfied on open, contractible subsets Ui and
their intersections. When the Ui form a cover of R, the global problem
is assembled by considering the combinatorics of intersections

⋂
Ui

as noted in [6, §13] and also described in [17] in the context of the
Cousin problem in complex analysis. For a computer implementation
using standard data structures, it is sufficient to take a (tetrahedral)
discretization of R and consider what happens across faces of the
tetrahedral elements. Using the normalized angle of fq [21],

θq = (ln fq/2πi) mod 1 (24)

on an element and interpolating θq linearly over each element, we must
consider that (21) prevents θq from being globally well-defined.

Section 5 addresses how constraints (21) are handled without
making explicit reference to a set of curves representing a basis for
H1(R). However, we begin by considering constraint (20) and the
finite element-based part of the algorithm in the next section. Since
each of the β1 problems is treated in the same way, in the next section
we drop the subscript denoting the qth variational problem in order to
simplify notation.

4. THE CONNECTION BETWEEN FINITE ELEMENTS
AND CUTS

Here we consider the variational problems for (any) one of the β1(R)
maps fi representing a class in H2(R, ∂R) (by duality) and how the
variational problem is handled via the finite element method. While
the principles behind computing cuts are not dependent on the type of
discretization used, this section is set in the context of first-order nodal
variables on a tetrahedral finite element mesh as the data structures
are simple.

4.1. The Role of Finite Elements in a Cuts Algorithm

Consider a tetrahedral discretization of R, denoted by K, with m3

elements, m0 nodes. The ith tetrahedron in K is denoted by σ3
i .
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Recalling equations (23) and (24), let θ be discretized on each element
by the set θij , 1 ≤ i ≤ m3, 1 ≤ j ≤ 4 for each one of the β1(R)
variational problems. Here the subscript refers to the jth node of the
ith tetrahedron and the θij on individual elements are defined modulo
integers since we seek a map into the circle. Furthermore, constraints
(21) require that there be discontinuities in θij between pairs of adjacent
elements. This is not a problem since the finite element connection
process is modified accordingly as described below. To make a bridge
to the finite element method, we also let uk, 1 ≤ k ≤ m0 denote a
potential discretized on nodes of the mesh [21].

a

σ3
jσ3

i

b

a

b

c

ζlij

c

Figure 4. Jump ζ
lij
k is imposed across face shared by elements i and

j and J ia − J ja = ζ lij .

The usual finite element connection matrix is defined as

Ci
jk =

{
1 if global node k is the jth local node in σ3

i
0 otherwise (25)

The modified connection process is the marriage, via the finite
element connection matrix, of variables defined locally on the nodes
of individual elements (θij) to variables defined on the global node set
of the mesh (uk). Consequently, variables defined element-by-element
are said to be on the unassembled mesh while those defined on the
global nodes are on the assembled mesh.

Global constraints (21) are handled via nodal discontinuities on
the unassembled mesh, J ij , 1 ≤ i ≤ m3, 1 ≤ j ≤ 4 (Figure 4). The
jumps are specified so that for a given global node, J ij is an integer-
valued jump relative to a J kl which is set to zero. From the perspective
of a global node, there is a set of J ij associated with the global node
(one J ij per element in which the global node is a local node), and
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one J ij per set can be set to zero. Then θij , which is defined on the
unassembled mesh, is written

θij =
m0∑
k=1

Ci
jkuk + J ij (26)

1 ≤ i ≤ m3, 1 ≤ j ≤ 4. Note that for each of the β1(R) variational
problems, there is one set of variables J ij .

To finish specifying θij , the relationship between sets J ij and the
homology class of the corresponding cut is needed. Recall that the sets
of local nodal jumps J ij are defined on the unassembled finite elements
problem. Since the discontinuity in θ must be consistent across the
face of a tetrahedron, we introduce a set of discontinuities across faces,
ζ l, 1 ≤ l ≤ m2 where m2 is the number of faces in the mesh. These are
illustrated in Figure 4. Since there are β1 variational problems there
is a set {ζ l1, . . ., ζ lβ1

}, and for the kth cut, given ζik, the remaining J ij
can be found by the back substitution

J im − J jn = ζ
lij
k (27)

when elements i and j share face lij . The “topological computation”
relating face jumps ζk to the relative homology class of the kth cut is
discussed in Section 5. At this point, if one is interested in using
a scalar potential, but not in making the cuts visible to the user
as a diagnostic tool, the set of face jumps {ζ1, . . ., ζβ1} is a set of
cuts. However, note that these cuts are not embedded manifolds, but
nonetheless represent a basis for H2(R, ∂R;Z). We will see in Section 5
that the face jumps can be identified with a class in the simplicial
homology group related to H2(R, ∂R).

On the basis of the variational problem defined in equations
(19)–(21), “finite element analysis” can be used to solve for each of
β1(R) potentials, uk. On each connected component of R, begin by
setting one (arbitrary) variable in uk to zero. Then define barycentric
coordinates λli, 1 ≤ i ≤ 4, on the lth tetrahedron, σ3

l , and build the
element stiffness matrix K l

mn:

K l
mn =

∫
σ3
l

gradλlm · gradλln dV. (28)

Discretizing the normalized angle θ (24) on σ3
l by

θl =
4∑
i=1

λliθ
l
i, (29)
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and substituting into the functional (19), gives

F (θ) = 4π2
m3∑
l=1

4∑
m=1

4∑
n=1

θlmθ
l
nK

l
mn. (30)

Using equation (26) to “assemble the mesh” gives a quadratic form in
uk. The minimum of the quadratic form is obtained by differentiating
with respect to the uk, resulting in the following matrix equation:

m0∑
i=1

Kijui = −fj (31)

Here {Kij} forms the usual stiffness matrix:

Kij =

(
m3∑
l=1

4∑
m=1

4∑
n=1

C l
njK

l
mnC

l
mi

)
(32)

and, by equation (27), the source term

fj =

(
m3∑
l=1

4∑
m=1

4∑
n=1

J lnK l
mnC

l
mj

)
, (33)

is related to the homology class of a relative cycle in H2(R, ∂R) by
means of {ζij}. Thus, with the exception of computing {ζij} and forming
source term (33), the algorithm is readily implemented in any finite
element analysis program. This gives the maps from R to S1. To find
the cut, recall Poincaré-Lefschetz duality and equation (22). For each
connected component of R,

(θ′)ij = Ci
jk(uk + c) mod 1. (34)

where c is a constant so that θ′ = 0 is a regular value of f . After
solving β1(R) variational problems, we proceed element by element to
find and plot f−1

q (θ′ = 0), 1 ≤ q ≤ β1(R) to obtain a set of cuts. This
is done in an unambiguous way if the mesh is fine enough to ensure
that, over an element, θij does not go more than one third of the way
around the circle.

In order to use the cut for a scalar potential computation (c.f.
Appendix A.2), the cut must be specified in terms of internal faces of
the mesh, much as sets ζi are defined. For this we define β1 sets Si
of faces obtained by perturbing a level set of the harmonic map onto
internal faces of the finite element mesh. On a tetrahedral mesh this
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u = slevel set

Figure 5. Level set of harmonic map is perturbed in gradient direction
onto a face of the tetrahedral element. The face is selected merely by
virtue of the fact that the potentials u(vi ≥ s) where vi is the ith vertex.
In other words, the direction of gradu defines a normal to the cut, but
it is unnecessary to actually compute the gradient. Cases in which the
level set is perturbed onto an edge or vertex of the tetrahedron can be
ignored since the level set will perturb onto the face of a neighboring
tetrahedron.

is done by simply choosing the element face which is on the side of the
level set indicated by the normal (gradient direction) when the level
set passes through the element. This is illustrated in Figure 5.

Besides computing the {ζ1, . . ., ζβ1} and incorporating the Sq as
subcomplexes of the mesh, the computation of cuts makes use of
standard software found in finite element software packages. Although
the sign of a floating point calculation is required at one step, the
“topological” part of the code is otherwise implemented with integer
arithmetic and is therefore immune to rounding errors.

The following “algorithm” shows how cuts software fits into the
typical finite element analysis process. The second and third steps
are not ”standard” FE software, but are implemented with integer
arithmetic and thus avoid introducing rounding error.

Algorithm 1 (Finite elements and cuts)

(1) Tetrahedral mesh generation and refinement
(2) Extraction of simplicial complex: Employ the data structures from

[14] and generate the data needed for computing interelement
constraints ζi.

(3) Topological processing: Compute interelement constraints {ζ1, . . .,
ζβ1} defined in equation (27) and described in Section 5 and
algorithm 2.

(4) Finite element solution: Use (32) and (33) to form (31) for each
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of β1 variational problems, and solve them by the finite element
method.

(5) Obtain cuts: Level sets of the harmonic maps computed in the last
step are cuts. When perturbed onto the 2-skeleton of the mesh to
define β1 surfaces Si, they are the data needed to do a magnetic
scalar potential calculation.

5. COMPUTATION OF 1-COCYCLE BASIS

Now we consider the computation of the interelement constraints which
come about as a result of constraint (21) on the variational problem and
were defined in equation (27). The computation must be in terms of
the finite element discretization K, and as indicated at the beginning of
Section 2, simplicial (co)homology is the algebraic framework. Here we
use the results of companion paper [14] which describes the simplicial
complex, and how it generates the finite element data structures
required for computing cuts when taking the view that K and its
simplicial complex are the same thing.

In [14], we discuss the duality between the boundary homomor-
phism on a simplicial complex K and its dual complex DK and show
that the duality appears naturally in the data structures describing
K. This duality is a discrete version of Poincaré-Lefschetz duality in-
troduced in Section 2, but stated at the level of the simplicial chain
complex (the algebraic structure which is most suited to describing
finite element meshes). The dual complex is also the most appropriate
structure for describing the computation of the topological constraints
for the variational problem. Below we give the basic definitions needed
to formulate the computation of the topological constraints.

5.1. Definitions

For a tetrahedral mesh K, se denote the nodes, edges, faces, and
tetrahedra as 0-, 1-, 2-, and 3-simplexes, respectively, though in
general it is possible to have an n-dimensional simplicial mesh. The
total number of p-simplexes in a mesh is denoted by mp. Each set
of p-simplexes forms a linear space with (for the present purpose)
coefficients in Z, Cp(K;Z), called the p-chain group. There is a
boundary homomorphism ∂p : Cp(K;Z)→ Cp−1(K;Z) which takes p-
simplexes to p−1-simplexes such that the composition of two successive
transformations is zero:

∂i∂i+1 = 0, 1 ≤ i ≤ n. (35)
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In other words, Im (∂i+1) ⊆ ker(∂i), and the sequences in (35) are
summarized in the simplicial chain complex:

0−→Cn(K) ∂n−→ · · · ∂p−→ Cp−1(K)
∂p−1−→ · · · −→ C1(K) ∂1−→ C0(K) −→ 0.

(36)

As in the continuum case, this allows us to define homology (and
cohomology) groups.

The adjoint operator of the boundary homomorphism is the
coboundary operator ∂Tp+1 : Cp(K;Z) → Cp+1(K;Z) where Cp(K;Z)
is the simplicial cochain group of functionals on p-chains; formally,
Cp(K;Z) = hom(Cp(K),Z). The cochain cp ∈ Cp satisfies the relation

< cp, ∂p+1cp+1 >=< ∂Tp+1c
p, cp+1 > (37)

for any cp+1 ∈ Cp+1. This is a discrete version of Stokes’ theorem (c.f.
equations (12) and (13)) and serves as a definition of ∂Tp+1. ∂Ti ∂

T
i+1 = 0

so that there is a cochain complex:

0←−Cn(K)
∂Tn←− · · ·

∂Tp←− Cp−1(K)
∂Tp−1←− · · · ←− C1(K)

∂T1←− C0(K)←− 0.
(38)

Simplicial homology groups are quotient groups Hp(K) =
ker(∂p)/Im (∂p+1) and the pth Betti number βp = Rank (Hp)
(c.f. Section 2.1); the simplicial cohomology groups are defined by
Hp(K) = ker(∂Tp+1)/Im (∂Tp ). An element of Hp(K) is the coset

ζ + Bp (39)

where Bp(K) = Im (∂Tp ) is the p-coboundary subgroup of Cp(K),
and ζ ∈ ker(∂Tp+1) is a p-cocycle. The ranks of the homology and
cohomology groups are related: Rank (Hp) = Rank (Hp).

By identifying non-boundary p-simplexes in K with n − p-cells
(i.e. when n = 3, 3-simplexes become nodes, 2-simplexes become
edges, etc.), a formal dual of K, called the dual complex DK can
be formed directly from the connection matrix describing K. (The
boundary is excluded since there are no 3-simplexes in ∂K.) The dual
DK is not simplicial but cellular, and the number of p-cells of DK
is denoted by m̆p. DK is a cellular complex in the sense of (36).
Poincaré duality amounts to saying that the coboundary operators of
the simplicial complex are dual to the boundary homomorphisms of
the cellular complex, denoted by ∂̆p in the sense that

∂Tp+1 = ∂̆n−p (40)



228 Gross and Kotiuga

[14]. Thus, for a 3-dimensional complex,

0−→C3(DK)
∂̆3=∂T1−→ C2(DK)

∂̆2=∂T2−→ C1(DK)
∂̆1=∂T3−→ C0(DK) −→ 0

(41)

and

0←−C3(DK)
∂̆T3←− C2(DK)

∂̆T2←− C1(DK)
∂̆T1←− C0(DK)←− 0. (42)

The (co)homology of DK is isomorphic to the (co)homology of K in
complementary dimensions. In other words, Poincaré duality on the
(co)chain level gives us the Poincaré duality of Section 2.

5.2. Formulation of a 1-Cocycle Generator Set

The duality between boundary and coboundary operators as set forth
above is useful for formulating the outstanding problem of computing
{ζ1, . . . , ζβ1} introduced in equation (27). These variables were
introduced in order to handle interelement topological contraints (21)
of the variational problem, but equation (21) cannot be applied directly
since a set of generators for H1(R) is generally not known beforehand
and is hard to compute. On the other hand, (21) simply gives the
periods of 1-cocycles integrated on a homology basis, so that it is
enough to know a basis for the nontrivial (i.e. non-coboundary) 1-
cocyles. Here, the ζi are described by β1(R) 1-cocycles which are
generators for classes in H1(DK;Z), and by duality represent sets
of faces having nonzero jumps in backsubstitution equation (27). The
advantage of formulating the problem in terms of H1(DK;Z) is that it
immediately yields a matrix equation, and the 1-cocycles form β1(R)
source terms for the righthand side of equation (31).

In general, equivalence classes in H1(DK;Z), the first cohomology
group of the dual complex with integer coefficients, can be represented
by integer-valued 1-forms which are functionals on 1-cells of the dual
mesh. However, it is only possible (and necessary) to compute, for
each equivalence class, a generating 1-cocycle defined by two properties
described below:

First, to obtain a basis for non-cobounding 1-cocycles a basis for
the 1-coboundary subgroup B1(DK;Z) must be fixed by constructing
the image of a 0-coboundary map ∂̆T1 : C0 → C1. This not only
fixes how B1(DK;Z) is represented, but allows the computation of
1-cocycles which represent closed, nonexact 1-forms.

Second, by definition, the 1-cocycle must also satisfy the condition
that on the boundary of each 2-cell in DK, ∂̆2(2-cell) = ε1e1 + ε2e2 +
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2-cell 2-cell

root root

(a) (b)

Figure 6. 1-cells on maximal spanning tree (solid) and 2-cells in DK.
In (a), the 2-cell cocycle condition has three free variables (those not
on the tree) while in (b), the condition can be satisfied (trivially) in
terms of variables on the tree.

. . . + εnen,

< ζj , ∂̆2(2-cell) >=
n∑
i=1

εiζ
i
j(ei) = 0 (43)

where εi = ±1 denotes the orientation of the ith 1-cell on the boundary
of the 2-cell (Figure 6). The condition must be satisfied on any
simply-connected subset of the mesh, but the data readily available
from the finite element connection matrix relates to 2-cells. Since
Poincaré duality for complexes K and DK (40) says that ∂̆2 and ∂T2
are identified, the coboundary operator ∂T2 is the incidence matrix of 2-
and 1-cells in DK and contains the data for the 1-cocycle conditions
over all of DK. Equations (37) and (43) together say that for any
1-cocycle ζ

∂T2 ζ = 0 (44)

(on DK). Once a basis for the 1-coboundary subgroup has been
fixed, a set of nontrivial 1-cocycles is found by computing a basis of
the nullspace of the operator ∂T2 . Equation (44) is an exceedingly
underdetermined system, but as shown below, fixing a basis for B1

induces a block partition of the matrix, and reduces the computation
to a block whose nullspace rank is precisely β1(R).

In summary there are two conditions which must be satisfied in
order to find a set of 1-cocycles which are not coboundaries:
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(i) A basis for B1 must be fixed by considering the image of a map
∂̆T1 : C0 −→ C1.

(ii) The 1-cocycles must independently satisfy the 1-cocycle condition
on each 2-cell of the mesh.

5.3. Structure of Matrix Equation for Computing the
1-Cocycle Generators

The strategy outlined above amounts to constructing bases for Im (∂̆T1 )
and ker(∂̆T2 ) (subject to Im (∂̆T1 ) = 0) in the semi-exact sequence (42).
When Im (∂̆T1 ) is annihilated, the surviving piece of ker(∂̆T2 ) gives a
basis for 1-cohomology generators. In this section we give a method
for constructing the required bases while retaining the sparsity of ∂T2
and show how the construction yields a natural block partition of the
matrix.

The arguments of this section have the same motivation as
techniques of electrical circuit analysis. The rank argument of
Section 5.3.2 is a formalization of a familiar equation which relates the
number of free variables nfree to the numbers of Kirchhoff current law
(node) and Kirchhoff voltage law (loop) equations (nKCL and nKV L):

nKCL + nKV L − β0 = nfree (45)

where β0 = Rank (H0) is the number of connected components of the
mesh or circuit (c.f. Appendix A.1 for a different guise of the equation
above).

5.3.1. Fixing Im (∂T1 )

To fix B1(DK), we construct a map ∂̆T1 which satisfies the Stokes’
equation (37) which for this case says < c0, ∂e >=< ∂̆T c0, e > where
e ∈ C1(DK), c0 ∈ C0(DK). Defining c0 on vertices of DK and
building a maximal tree on the 1-skeleton of DK fixes a basis for
B1 = Im (∂̆T1 ω) up to a constant on a single vertex on each connected
component of DK by associating each vertex (functional) with an edge
(functional) on the 1-skeleton. Note that there are m0−β0 1-cells on the
maximal tree, the same as the rank of Im (∂̆T1 ). Since the coboundary
subgroup is annihilated in the equivalence relation for cohomology, the
variables of ζi corresponding to edges on the maximal tree can be set
to zero. Below we see that this reduces the number of free variables
enough to permit computation of an appropriate set of independent
nullvectors of ∂T2 .



Finite element-based algorithms to make cuts 231

The reduction of free variables for each 1-cocycle solution ζi
obtained by the maximal tree induces the following partition on ∂T2 :

∂T2 ζi = ( T︸︷︷︸
m̆0−β0

| U︸︷︷︸
m̆1−m̆0+β0

)
(

0T
ζU

)
= 0 (46)

where columns of block U correspond to 1-cells not on the tree while
columns of block T correspond to 1-cells on the tree. Variables in
ζi which correspond to 1-cells on the tree are zero, so that there are
m̆1−m̆0+β0(DK) free variables remaining for any nontrivial 1-cocycle
(or nullspace) solution to the matrix equation. The following shows
that the dimension of the nullspace of block U is β1(R).

5.3.2. dim(N (U)) = β1(R)

The rank of ∂T2 can be found by a standard argument which considers
the ranks of the kernel and image of the boundary homomorphism in
the cellular complex (41) and ranks of the corresponding homology
groups. Since ∂̆2 is a linear map,

dim(Im ∂̆2) = dim(C2)− dim(ker ∂̆2)

= m̆2 − dim(ker ∂̆2). (47)

In terms of the rank of the second homology group,

dim(ker ∂̆2) = β2 + dim(Im ∂̆3)
= β2 + m̆3 − β3 (48)

where dim(∂̆3) = m̆3 − β3 follows from (41). In this case, since K is
the triangulation of a connected 3-manifold with boundary, β3 = 0. In
any case, (48) and (47) give the rank of ∂T2 :

dim(Im ∂̆2) = m̆2 − m̆3 − β2 + β3. (49)

In terms of cocycle conditions, this result can be interpreted as
counting the number of linearly independent cocycle conditions in rows
of ∂̆2. Considering the set of cocycle conditions on a 3-cell, there is
one linearly dependent cocycle condition, giving m̆3−β3 extra cocycle
conditions in ∂T2 . There is one linearly dependent equation among
each set of cocycle conditions describing “cavities” of the region, giving
another β2 linearly dependent equations.
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Consequently, the dimension of the nullspace of block U , N (U),
in the partition of equation (46) is

dim(N (U)) = (m̆1 − m̆0 + β0)− (m̆2 − m̆3 − β2 + β3)
= −χ(DK) + β2 + β0 − β3

= β1

since the Euler characteristic

χ(DK) =
n∑
i=0

(−1)iβi =
n∑
i=0

(−1)im̆i.

Accounting for m̆3+β2−β3 linearly dependent cocycle conditions,
the following partition of U into blocks of linearly independent (Ui) and
linearly dependent (Ud) equations is a useful picture to keep in mind
for the rank argument:

U =




Ui

Ud




}
m̆2 − m̆3 − β2 + β3

}
m̆3 + β2 − β3

. (50)

In practice, the linear dependence of rows in U can be exploited when
finding a diagonalization of U so that the nullspace basis {ζ1, . . . , ζβ1}
is relatively sparse.

5.3.3. Sparsity of ∂T2 and U

Recall that non-boundary 2-simplexes in K are mapped to 1-cells in
DK and non-boundary 1-simplexes in K are mapped to 2-cells in DK.
In K, the boundary of every 2-simplex has three 1-simplexes so that in
DK each 1-cell is in at most three 2-cells. The inequality comes about
because ∂K does not enter into the construction of DK; in particular,
a 2-simplex with some of its boundary in ∂K corresponds to a 1-cell
which is an edge in fewer than three 2-cells. Consequently, columns of
∂T2 have at most 3 nonzero entries, or 3m̆1 is an upper bound on the
number of nonzero entries in ∂T2 .

A lower (upper) bound on the difference between 3m̆1 and the
number of nonzero entries is given by (b−2)n1 where n1 is the number
of 1-simplexes in ∂K and b is an upper (lower) bound on the number
of 2-simplexes which meet at a boundary 1-simplex. In the estimate
we take two less than b since the two faces meeting at a boundary edge
do not have entries in U .
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5.3.4. Block Partition and Sparsity of the Matrix Equation

At this point we are free to choose any method for finding a basis for the
nullspace of U . Typical methods for matrices with integer coefficients
are the Smith and Hermite normal form algorithms [8]. Since ∂T2 is
an incidence matrix with nonzero entries ±1, problems such as pivot
selection can be avoided, but they also destroy the sparsity of ∂T2 and
their time complexity is O(m̆3

0). This indicates that the combinatorial
structure of the matrix is more important than its numerical structure.
The literature on computing sparse nullspace bases of real matrices is
applicable here [9, 30].

U can be block partitioned into a form which preserves most of
its sparsity. The partition is based on the observation that a 2-cell
equation (43) which has only one free variable after fixing Im (∂̆T1 ) is
satisfied trivially – variables for such 1-cells do not contribute to the
1-cocycles and can be set to zero in ζi. In terms of the maximal tree,
this case corresponds to figure 6(b). In matrix ∂T2 , this elimination
amounts to forward substitution of variables on the tree, forming a
lower triangular block in U and eliminating variables which are not
essential to the description of the null basis while avoiding zero fill-
in. When the process of forward substitution halts (as it must if the
null space basis we seek is nontrivial), the remaining free variables
and cocycle conditions contain a full description of the complex on a
substantially smaller set of generators and relations. This results in
the following block partition of the matrix equation where U11 is the
lower triangular block resulting from the forward substitution:

∂T2 =

(
U11 0

T
U21 U22

)
. (51)

Block T corresponds to a maximal tree on the 1-cells of DK and,
variables associated with T are zero in the nullspace basis. Forward
substitution of nullspace basis variables on T gives the lower triangular
block U11 so that the nullspace basis vectors have the form

ζi =

( 0T
0U11

ζU22,i

)
(52)

As with ∂T2 , block U22 has at most three nonzero entries per column
since no operations involve zero fill-in. Figure 7 shows examples of U22

for two interesting cases.
At this point it is best to admit that there are two ideas from

topology which have strong ties to the present construction. One
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Problem a. Borromean Rings b. Trefoil Knot

β0(R) 1 1
β1(R) 3 1
m0 9665 3933

m3(= m̆0) 48463 19929
m̆1(= m2 − n2) 93877 38667
m̆2(= m1 − n1) 52029 21479
m̆3(= m0 − n0) 6614 2740

U22 4008× 2888 1393× 1007
nz(U22) 8156 2839

Figure 7. U22 in two cases of interesting topology: (a) complement
of Borromoean rings (three unlinked but unseparable rings) and (b)
complement of a trefoil knot. The current carrying regions are
illustrated above the corresponding U22 and the tetrahedral FE mesh
data in the table are for the complements of the respective ring and
knot configurations.
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of them is Poincaré’s algorithm for computing the generators and
relations of the fundamental group of a complex [35]. This construction
is similar with the added constraint of preserving sparsity of the
equations and reduction of the Poincaré data into block U22 of ∂T2 .
Another relevant notion is that of the spine of a manifold [36].

In any case, an algorithm for finding {ζ1, . . . , ζβ1} can be
summarized as follows:

Algorithm 2 (Algorithm for 1-cocycle generator set)

(1) Initialize: Set {ζ1, . . . , ζβ1} to be zero.
(2) Maximal Tree: Construct a maximal spanning tree T on the 1-

skeleton of DK

(3) Partition: Set ζi|T = 0 and partition ∂T2 as in (46).
(4) Forward Substitution: Forward substitute variables ζi|T (for all

ζi these are the same variables) through U iteratively until the
process halts.

(5) U22 Nullbasis: Compute nullspace basis of U22 by a sparse null
basis technique or by computing the Smith normal form.

5.4. The Size of U22

The process of partitioning ∂T2 effectively retracts all the information
about the topology of the mesh onto a 2-subcomplex of the mesh.
The tree gives a retraction onto the 2-skeleton of K − ∂K, and the
reduction by forward substitution is a retraction onto a 2-subcomplex
K̃ represented by U22. In the dual mesh, the retraction, DK̃, has
the same “homotopy type” as DK and hence the same (co)homology
groups. For a sufficiently good maximal spanning tree (one that is,
in some sense, short and fat), the number of 1-cells in U22 is the
number of faces (of K) on S′ a set of cuts plus additional surfaces
which make any noncontractible loop on a cut contractible. Let N
be some measure of the number of degrees of freedom per unit length
in DK so that m0 is O(N3). Note that m̆1 is linearly related to m0

(Appendix A and [25]). Let k be the number of 1-cells in U22, namely
the number of free variables remaining in the reduced matrix. As the
mesh is refined, k is on the order of the area of S′, that is O(N2) or
O(m2/3

0 ). The complexity of an algorithm to compute the nullspace
basis is O(m2

0) +O(k3) in time and O(m0) +O(k2) in storage, where
k is O(m2/3

0 ) so that the time complexity becomes O(m2
0) and space

complexity is O(m4/3
0 ). The overall time requirement for computing

cuts is that of finding {ζ1, . . . , ζβ1} for each cut and β1 solutions of
Laplace’s equation to find the nodal potential described in Section 3.
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6. SUMMARY AND CONCLUSIONS

While Ampère’s law gives intuition about the role and nature of cuts,
it sheds no light on their construction and computation. On the other
hand, the algebraic structures of (co)homology theory are adequate for
formulation of an algorithm for finding cuts on finite element meshes
which are orientable, embedded submanifolds of the nonconducting
region. The algorithm fits naturally into finite element theory.

Starting with the connection matrix, cuts can always be found in
O(m3

0) time and O(m2
0) storage. However, complexity can be improved

to O(m2
0) time and O(m4/3

0 ) storage by the algorithm outlined above.
Moreover, the algorithm discussed in Section 5 preserves sparsity in the
finite element matrices and thus does not adversely affect complexity in
subsequent computation of a scalar potential with cuts. The speed of
the algorithm can be further improved if one starts with a coarse mesh
or information about the fundamental group π1 and its commutators
[35]. It is clear that in the context of adaptive mesh refinement,
cuts should be computed on a coarse mesh and then refined with the
mesh since even the most coarse mesh contains all the information
required for the topological computation. On the other hand, since the
topological computation involves only integer arithmetic, computation
on a fine mesh does not introduce rounding error.

The algorithm has been implemented for tetrahedral and
hexahedral finite element meshes.

ACKNOWLEGMENT

P. Gross gratefully acknowledges support received from the National
Science Foundation, International Division, and Ikuo Saitoh of Hitachi
Central Research Laboratory, Kokubunji, Japan, for constructive
comments on this paper and in implementing the cuts algorithm.

APPENDIX A. MESH-COUNTING ARITHMETIC

A.1. The Euler Characteristic χ(R)

The arguments of Table 1.2 and Section 5 rely on the Euler
characteristic of a simplicial complex. This notion is best known in
the context of the topology of polyhedra [2] and in electrical circuit
theory, but in a more general form is useful for many arguments for
finite element matrices [25]. Here we state the basic definition and
theorem used in this paper. Proofs can be found in [28].
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Let mi denote the number of i-simplexes in a tetrahedral finite
element mesh K. The Euler characteristic χ(K) is defined as

χ(K) =
3∑
i=0

(−1)imi. (A1)

The Euler characteristic is related to the ranks βi(K) of the homology
groups of the simplicial complex of K as follows.

Theorem.

χ(K) =
3∑
i=0

(−1)iβi(K) (A2)

The definition and theorem are the same for a cellular complex
where mi denotes the number of i-cells in the complex, and while the
statements above are given for a 3-complex, the definition and theorem
are the same for an n-complex.

A.2. The Details behind Table 1.2

Since a CG iteration involves one matrix-vector multiplication, two
inner products and three vector updates, for a given interpolation
scheme on a finite element mesh, the number of FLOPS per CG
iteration is [25]

F = 5D + X (A3)

where D is the number of degrees of freedom and X is the number of
nonzero entries in the stiffness matrix. For the scalar Laplace equation,
we can use the notation of Table 1.2 and write:

F s
0 = 5Ds

0 + Xs
0 (A4)

where

Ds
0 = m0

Xs
0 = m0 + 2m1

. (A5)

and mi, 0 ≤ i ≤ 3 are the number of i-simplexes in the mesh. Similarly,
let ni be the number of i-simplexes in the boundary of the mesh. Since
we have the linear relations [23]

m1 = m0 + m3 + n0 − 3χ(R)
m2 = 2m3 + n0 − 2χ(R) (A6)
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equation (A4) can be rewritten as

F s
0 = 8m0 + 2m3 + 2n0 − 6χ(R). (A7)

For nodal interpolation of three-component vectors,

F0 = 5D0 + X0 (A8)

where

D0 = 3Ds
0

X0 = 3(3Xs
0) . (A9)

Using equations (A6) and (A5), equation (A9) can be substituted into
(A8) to yield

F0 = 42m0 + 18m3 + 18n0 − 54χ(R) (A10)

Similarly [25], for edge interpolation of vectors, we can write

F1 = 5D1 + X1 (A11)

where, by [25] D1 = m1 and

X1 = m1 + 2(3m2) + 6m3. (A12)

Then, via equation (A6) we have

F1 = 6m0 + 24m3 + 12n0 − 30χ(R). (A13)

Assuming that hexahedral meshes have, on average, as many nodes
as elements, a useful heuristic is m3 = km0 where k = 5 or 6
(depending on whether hexahedra are divided into 5 or 6 tetrahedra).
So, comparing (A10) and (A13) to (A7), one finds that in the limit, as
the mesh is refined (m0 →∞)

F0

F s
0

=
{

7.5 k = 6
7.6 k = 5 (A14)

and

F1

F s
0

=
{

10.7 k = 6
9.7 k = 5 (A15)

This is the bottom line of Table 1.2. The top line of the table is derived
similarly by using equations (A5), (A9), and (A12), then using (A6),
forming ratios, and letting m0 → ∞ in the ratios. See also [33] for
numerical evidence.
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APPENDIX B. WHY FINITE ELEMENT ANALYSIS OF
MAGNETIC FIELDS IS EASY ONCE CUTS ARE IN
HAND

Given cuts, we can view the computation of magnetic scalar potentials
in multiply-connected regions as follows. For a real-valued potential ψ
we have

F (ψ) =
1
2

∫
R
µ gradψ · gradψ dV. (B1)

Given that cuts are orientable surfaces [20] and thus have a well-

ψ−

n̂

ψ+

Figure B1. ψ+ and ψ− on each side of the cut surface and the normal
to the cut.

defined surface normal, let ψ+(ψ−) be the value of the potential on
the “positive” (“minus”) side of a cut (denoted by S+

i (S−i )),
with respect to a normal defined on the cut surface as shown in

Figure B1. Let ψB denote the potential on the boundary of the region.
Then (B1) is subject to

ψ+ − ψ− = Ji on Si
ψ = ψB given on ∂R. (B2)

Here {Si}, 1 ≤ i ≤ β1(R) generate H2(R, ∂R), Si is built out of faces of
the finite element mesh and the jumps Ji are determined by Ampère’s
Law (Figure 1). Using barycentric coordinates, {λi}, 1 ≤ i ≤ 4, and
interpolating ψ linearly on the vertices of the kth tetrahedron,

ψk =
4∑

n=1

λnψ
k
n (B3)

where ψkn represents the discretisation of ψ. Then the “assembled
problem” is

F (ψ) =
1
2

m3∑
l=1

4∑
m=1

4∑
n=1

ψlmK
l
mnψ

l
n. (B4)
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where the element stiffness matrix is now weighted by the element
permeability µ. Define β1(R) indicator functions {Ip}, 1 ≤ p ≤ β1(R),
as follows:

Ip(m, l) =
{

1 if mth node of lth tetrahedron ∈ S+
p

0 otherwise . (B5)

Connecting the solution across tetrahedra and allowing for jumps in
the scalar potential across cuts,

ψln =
m0∑
i=1

C l
niui +

β1(R)∑
p=1

JpIp(n, l) (B6)

This is equivalent to equation (26), but in (B6) (interelement) jumps
in the potential are across cuts. Then, putting (B6) into (B4), we can
write

F (ui, Jk) =
1
2

m3∑
l=1

4∑
m=1

4∑
n=1


m0∑
i=1

C l
miui +

β1∑
p=1

JpIp(m, l)


K l

mn ·


m0∑
j=1

C l
njuj +

β1∑
q=1

JqIq(n, l)


 . (B7)

Separating constant, linear, and quadratic terms in ui, and using (32),
we have

F (ui, Jk) =
1
2

m0∑
i=1

m0∑
j=1

uiujKij +
m0∑
i=1

ui


 β1∑
p=1

Jpfpi


 + constants (B8)

where, in analogy to equation (33),

fpi =
m3∑
l=1

4∑
m=1

4∑
n=1

C l
miK

l
mnIp(n, l). (B9)

Then the discretized Euler-Lagrange equation for the functional (B1)
subject to (B2) is

Ku = −
β1∑
p=1

Jpfp (B10)

where the elements of Kij , given by (32), are now weighted by µ, and fp
is the vector with entries {fpi}. This equation is analogous to equation
(31).
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Table of Notation

βp(R) pth Betti number = Rank Hp(R).
δij Kronecker delta; 1 if i = j, 0 otherwise.
∂ Boundary operator.
∂T Coboundary operator.
∂̆ Boundary operator on dual mesh.
θ Normalized angle of f : R −→ S1.
θij θ discretized on nodes of unassembled mesh.
{λi} Barycentric coordinates, 1 ≤ i ≤ 4.
µ Magnetic permeability.
π Circumference to radius ratio of a circle.
σpi ith p-simplex in a triangulation of R.
ψ Magnetic scalar potential.
ψ+ (ψ−) Value of ψ on plus (minus) side of a cut.
χ Euler characteristic (see appendix 1).
ζij jth 1-cocycle on dual mesh, indexed on 1-cells of

DK: 1 ≤ i ≤ m̆1.
B Magnetic flux density vector.
Bp p-coboundary.
Bp p-boundary.
cp p-cochain.
Ci
jk Connection matrix, 1 ≤ i ≤ m3, 1 ≤ j ≤ 4, 1 ≤ k ≤

m0.
Cp pth chain group.
d Coboundary operator.
DK Dual cell complex of simplicial complex K.
F , G Spaces of vector fields with elements F and G,

resp..
F s

0 # FLOPs per CG iteration for node-based inter-
polation of scalar Laplace equation.

F0 # FLOPs per CG iteration for node-based vector
interpolation.

F1 # FLOPs per CG iteration for edge-based vector
interpolation.

fp “forcing function” associated with the pth cut (a
vector with entries fpi).

f∗ Pullback of f .
Ip(m, l) Indicator function, 1 ≤ p ≤ β1(R), 1 ≤ m ≤ 4,

1 ≤ l ≤ m3.
J ij ∈ Z Nodal jumps on each element, 1 ≤ i ≤ m3,

1 ≤ j ≤ 4.
Jj ∈ R Jump across ith cut.
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H Magnetic field intensity.
Hp(R;Z) pth cohomology group of R with coefficients in Z.
Hp(R;Z) pth homology group of R, coefficients in Z.
Hp(R, ∂R;Z) pth cohomology group of R relative to ∂R, coeffi-

cients in Z.
Hp(R, ∂R;Z) pth homology group of R relative to ∂R, coeffi-

cients in Z.
K Simplicial complex.
Kk
mn Stiffness matrix, 1 ≤ m,n ≤ 4, 1 ≤ k ≤ m3.

mp Number of p-simplexes in a triangulation of R.
m̆p Number of p-cells in dual complex.
np Number of p-simplexes in a triangulation of ∂R.
O(nα) Order nα.
P Period matrix, equation (21).
R Region in R3, free of conduction currents, where

the field is sought.
S Surface.
Sq qth cut.
S1 Unit circle, S1 = {p ∈ C | |p| = 1}.
uk Nodal potential, 1 ≤ k ≤ m0.
Xs

0 # nonzero entries in stiffness matrix for node-based
scalar interpolation.

X0 # nonzero entries in stiffness matrix for node-based
vector interpolation.

X1 # nonzero entries in stiffness matrix for edge-based
vector interpolation.

z Complex conjugate of z.
zp p-cocycle.
zp p-cycle.
[A,B] Homotopy classes of maps f : A→ B.
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Abstract—Discrete differential forms should be used to deal with the
discretization of boundary value problems that can be stated in the
calculus of differential forms. This approach preserves the topological
features of the equations. Yet, the discrete counterparts of the metric-
dependent constitutive laws remain elusive.

I introduce a few purely algebraic constraints that matrices
associated with discrete material laws have to satisfy. It turns out
that most finite element and finite volume schemes comply with these
requirements. Thus convergence analysis can be conducted in a unified
setting. This discloses basic sufficient conditions that discrete material
laws have to meet in order to ensure convergence in the relevant energy
norms.
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2 Discrete Differential Forms

3 Discrete Hodge Operators

4 Examples

5 Abstract Error Analysis

6 Estimation of Consistency Errors
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1. INTRODUCTION

The focus of this paper is on linear stationary boundary value problems
that can be expressed in the calculus of differential forms (For
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introduction/survey see [19, 33, 9, 10]). Let Ω ⊂ Rn, n ∈ N, be some
domain, whose (piecewise smooth) boundary ∂Ω is partitioned into
ΓD, ΓN , and ΓM . The generic boundary value problem stated in the
language of differential forms is given by

d u = (−1)lσ , d j = −ψ + φ
tDu = 0 on ΓD , tN j = 0 on ΓN

j = �α σ , ψ = �γ u in Ω

tM j = (−1)l−1 �Γβ tMu on ΓM .

Here, d is the exterior derivative of exterior calculus, and u, σ, j, ψ,
and φ are differential forms of different orders. More precisely, if u is
an l − 1-form, l ∈ N, then σ is an l-form, j an m-form, m := n − l,
whereas both ψ and φ are of order m+ 1. In (1), φ can be regarded as
source term, while we have to solve for the other forms u, σ, j, and ψ.
Of course, knowledge of u is sufficient.

The linear operators tD, tN , and tM stand for the trace of
differential forms onto ΓD, ΓN , and ΓM , respectively [33, Sect. 1.10].
They preserve the order of the form and commute with exterior
differentiation.

We pay special attention to the Hodge-operators �γ and �β. They
supply linear mappings of (continuous) l-forms into n − l-forms. In
contrast to most other concepts in the theory of differential forms,
Hodge-operators are not meaningful on their own, but they have to
be spawned by Riemannian metrices. For the details I refer to [33,
Sect. 1.4] or [7, Sect. 4.5]. Therefore, in (1) α, γ and β designate
uniformly positive metrices on Ω and ΓM , respectively.

Translated into vector calculus (1) covers a wide array of boundary
value problems. For instance, in three dimensions we recover standard
second order elliptic boundary value problems in the case l = 1.
Boundary value problems involving the double -curl-operator that
arise in quasistatic electromagnetism are included as the case l = 2.

The formulation (1) is often dismissed as nice but moot, because
people doubt whether the perspective of differential forms brings any
tangible gains. The main message I want to send in this paper is that
there is a substantial benefit both for the design, understanding, and
error analysis of discretization procedures. I am by no means the first to
make this point. I would like to mention Matiussi [35], Tonti [49], Dezin
[24], Shashkov [30, 32], Chew [20, 48], and, most prominently, Bossavit
[5, 8, 9, 7, 4, 3, 47]. Whereas the foundation is borrowed from these
works, I am setting out to build upon it a general unifying framework
for the quantitative analysis of a wide class of finite element and
finite volume schemes. In a sense, the present paper supplements the
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previous conceptual works by what is cherished as “rigorous analysis”
and “abstract treatment”. The reader can view it as an extension of
A. Bossavit’s paper [13], in which the concepts are exposed for the
concrete case of Maxwell’s equations. The benefit of abstraction is that
fundamental relationships between different discretization schemes will
be disclosed, widening the scope of techniques originally developed for
only one type of method.

One insight can already be gleaned from (1). It is obvious that
the top line in (1) and the boundary conditions on ΓD and ΓN do
not involve any metric. They represent the topological relationships
underlying the boundary value problems. I will refer to them as
equilibrium equations (topological field equations in [48]). On top of
that the two equilibrium equations are not directly coupled. One
may view them as equations for different kinds of differential forms:
“ordinary” forms and twisted forms [18, 7, 48, 13]. The link between
the equilibrium equations is established by the constitutive relations
(material laws, metric field equations [48]) that essentially depend on
metrics.

Admittedly, there is a price tag on generality. The results I am
getting may be weaker than those obtained through more specialized
techniques. In addition, quite a few cumbersome details may still be
left to work out for specific schemes. However, the sheer scope of the
method compensates for these drawbacks. It can also serve as a reliable
guide to the construction of appropriate schemes.

The paper is organized as follows: The next section reviews
discrete differential forms, i.e., finite elements for differential forms.
The third section introduces the key concept of discrete Hodge-
operators and gives a purely algebraic characterization. Similar, though
more restricted, approaches to the construction of discrete Hodge
operators are pursued in [47] and [48, Sect. VII]. The fourth section
studies examples of discrete Hodge operators. In particular, the focus is
on finite volume methods. Using only a few basic algebraic properties
of discrete Hodge operators, abstract bounds for the energies of the
discretization errors are established in the fifth section. This is further
elaborated in the case of concrete schemes in the sixth section.

2. DISCRETE DIFFERENTIAL FORMS

When solving (1) numerically, we hope to get a good approximation
of all or some of the unknown differential forms that can be described
by a finite number of real numbers. It is reasonable to insist that this
approximation is a valid differential form itself. In short, as result of
the computation we expect to get a discrete differential form.
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Definition 2.1 A sequence of spaces W l, 0 ≤ l ≤ n, provides
discrete differential forms on Ω, if

• the integral of any ω ∈ W l over any piecewise smooth l-
dimensional oriented manifold is well defined.

• dW l ⊂ W l+1 for 0 ≤ l < n.
• all the spaces W l have finite dimension.
• there is a linear mapping I lh from l-forms onto W l satisfying the

commuting diagram property dI lhω = I l+1
h (dω) for all l-forms ω,

0 ≤ l < n (see e.g. [47, Sect. IV]).

In the sequel I take for granted that the corresponding discrete
differential forms comply with the boundary traces tN j = 0 and
tDu = 0 stated in (1).

In practice, the W l are constructed as finite element spaces. In
particular, the discrete differential forms are usually built upon some
mesh (tessellation, cell complex) of Ω (cf. [48, Sect. IV])

Definition 2.2 For any 0 ≤ k ≤ n denote by Fk a collection
of piecewise smooth oriented contractible k-dimensional submanifolds
(k-facets) of Ω̄ such that

• for distinct facets their interiors are disjoint regardless of
dimension.

• the intersection of the closures of any two facets of any dimensions
coincides with the closure of one and only one other facet.

• the boundary of each k-facet, 1 ≤ k ≤ n, is the union of a finite
number of k + 1-facets.

• the union of the closures of all n-facets is equal to Ω̄.

Then {Fk}nk=0 forms a mesh Th of Ω, and Fn is the set of its cells.
The boundary parts ΓN , ΓD, and ΓM are to be composed of

entire faces of elements. Thus, by plain restriction of a mesh of Ω
we get meshes of ΓN , ΓD, and ΓM . By dropping all facets contained
in the closure of ΓD (ΓN ) we end up with the so-called ΓD(ΓN )-
active mesh. Examples of valid meshes are the customary finite element
triangulations in the sense of [21].

For discrete differential forms on triangulations the first condition
stated in definition (2.1) is equivalent to demanding that the traces of
the discrete l-form on any k-dimensional facet, l ≤ k ≤ n have to be
well defined [27].

In the sequel we only consider (generalized) Whitney-forms, i.e.
discrete differential l-forms, whose degrees of freedom are supplied by
integrals over l-facets of the mesh. Mainly for the sake of simplicity,
because the basic considerations carry over to higher order elements, as
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well. However, we admit rather general meshes according to definition
(2.2). The only restriction should be that any cell can be split into a
few (curved) simplices. Hence, for complicated shapes of elements we
can come up with composite Whitney-elements.

For each space W l we pick the basis dual to the set of degrees
of freedom and assume a numbering of the basis functions. Thus, a
differential form uh ∈ W l is uniquely characterized by its coefficient
vector �u ∈ Cl, where we have abbreviated Cl := R

Nl , Nl := dimW l

(number of active l-facets). I tag coefficient vectors by � and discrete
differential forms by a subscript h. The latter can also be seen as a
mapping assigning a differential form in W l to some coefficient vector
∈ Cl. This induces a matrix representation for all linear operators on
the spaces W l, l = 0, . . . , n. For instance, we write Dl ∈ RNl+1×Nl
for the matrix representing the exterior derivative d : W l �→ W l+1.
These matrices turn out to be the incidence matrices of the active
mesh [5, 39, 41, 11], e.g., Dl is the incidence matrix of oriented active
l-facets and active l+1-facets. Both from this background and d◦d = 0
we can conclude DlDl−1 = 0, l = 1, . . . , n [5, Ch. 5].

It goes without saying that the trace operators tD, tN , and tM
possess matrix representations, too. Those are particularly simple,
because taking the trace of a discrete differential form on a part of
the boundary just amounts to isolating the d.o.f. located there [27].
We chose the symbol T for these matrices.

Now, we are already able to come up with the discrete equilibrium
equations

Dl−1�u = (−1)l�σ , Dm�j = −�ψ + �φ . (1)

Here, �φ is the coefficient vector of some suitable interpolant ∈ Wm+1

of the source term φ. The reader should be aware that whatever
features of the equations arise from the equilibrium equations alone
are preserved in the discrete setting. For instance, for any oriented
control volume Ω′ ⊂ Ω∫

Ω′

(σh ∧ jh + uh ∧ ψh) =
∫
Ω′

uh ∧ φh + (−1)l
∫
∂Ω′

σh ∧ jh .

In short, thanks to discrete differential forms we automatically achieve
discrete models that inherit most of the global features of the original
problem (cf. [34, 20] for a discussion of Maxwell’s equations and [32]
for discrete decomposition theorems).

Remark. The discrete equilibrium equations (1) could also have
been derived as network or lattice equations [11, 20, 52, 15] by applying
Stokes’ theorem directly to facets of the mesh in the spirit of a finite
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volume approach. Yet, my point is that discrete differential forms
are indispensable when trying to assess the approximation properties
of discretization schemes. This will be elucidated in the remaining
sections.

3. DISCRETE HODGE OPERATORS

The Hodge operators defy a straightforward discretization in the
spaces of discrete differential forms: Consider the example of a
discrete 1-form ω in three dimensions (“edge elements”): Its vector
representative u sports only tangential continuity [38] and so its
normal components on interelement faces are not necessarily well
defined. The Hodge operator belonging to the Euclidean metric leaves
vector representatives unchanged, i.e. the (twisted) 2-form �ω is also
described by u. If F is a face, at which the normal component of u has a
jump, it is not possible to evaluate the integral

∫
F �ω =

∫
F 〈u,nF 〉 dS:

This reveals that �ω fails to supply a proper discrete 2-form on the
same mesh.

Thus, when embracing discrete differential forms, one inevitably
stumbles onto the issue of a discrete Hodge operator [47, 34, 23, 12].
Its construction is outside the scope of the canonical discrete exterior
calculus, because the standard definition of the Hodge operator is
a “strong concept”, which relies on point values being well defined.
However, conventional discrete differential forms, with the exception
of discrete 0-forms, are inherently discontinuous at interelement faces.
This situation is typical of finite element methods: Recall piecewise
linear finite element whose derivative is also meaningless in a pointwise
sense. We are forced to resort to “weak concepts” that involve
variational principles. This is not a nuisance, but leaves us with ample
choices (cf. the introduction of [11]).

One aspect of this freedom arises from the observation that the
two equilibrium equations are only linked through the constitutive
relations. In fact, they involve differential forms of different nature
(ordinary and twisted). So there is no reason, why both equilibrium
equations should be discretized via the same family of discrete
differential forms:

In general, the two equilibrium equations can be discretized on
different unrelated meshes of Ω, called primary mesh Th and secondary
mesh T̃h.

I stress that absolutely no relationship between these two meshes
is stipulated. The terms “primary” and “secondary” must not even
insinuate some precedence. I adopt the convention that all symbols
related to the secondary mesh will be labeled by a tilde. This applies



Discrete Hodge-operators 253

to matrices acting on coefficient vectors of discrete differential forms
on the secondary mesh, too.

Basically, discrete versions of the Hodge operators occurring in
(1) have to establish linear mappings between spaces of discrete l-
forms and n − l-forms based on possibly different meshes. In other
words, a discrete Hodge-operators can be described by a Nm × Nl-
matrix. Moreover, for continuous l-forms �α ◦ �1/α = (−1)ln−l · Id [33,
Sect. 1.8], i.e. the Hodge operators are invertible. This must hold for
discrete Hodge-operators, too.

To get down to specifics, remember that Hodge operators define
inner products on space of continuous differential forms via (ω, η)α :=∫
Ω ω ∧ �α η. Here ∧ denotes the exterior product of differential forms,

which generates an l + k-form when given an l-form and a k-form as
arguments. The exterior product is a bilinear mapping. Admittedly, the
inner product (ω, η)α is of little value, because it would yield a circular
“definition” of a discrete Hodge operator. Yet, the relationship reveals
the general pattern:

�µw = ω

�
(−1)ln−l �1/µ ω = w


↔




(w, η)µ =
∫
Ω

ω ∧ η
� ∀ l-forms η

(−1)ln−l (ω, v)1/µ =
∫
Ω

w ∧ v
∀ m-forms v .

(2)

This suggests the following generic discrete form for a material law
linking an ordinary l-form w and a twisted m-form ω:

�µw = ω
�

(−1)ln−l �1/µ ω = w




discretize−→




Ml
µ �w = K̃lm�ω

or
(−1)ln−l M̃m

1/µ�ω = Kml �w ,

(3)

with yet obscure matrices Ml
µ, M̃m

1/µ, and Kml , K̃lm. In an obvious
fashion, the various indices are related to the order of differential forms
on whose coefficient vectors the matrices act. Note that the discrete
versions of the equivalent continuous material laws need not remain
equivalent as explained in [48, Sect. VII]: In general we must reckon
with

Ml
µ · (−1)ln−l M̃m

1/µ �= ENm ,



254 Hiptmair

where ENm is the Nm × Nm identity matrix. An equality would be
desirable, but seems to be rather elusive, as we will see in a moment.
In sum, we can distinguish between two versions of the same material
law. I dub the upper discrete material law “primary”, the lower
“secondary”.

The matrices from (3) have to satisfy only a few algebraic
requirements:

The first states that both Ml
µ ∈ RNl,Nl and M̃m

1/µ ∈ RÑm,Ñm are to be
square, symmetric, and positive definite matrices, where Nl := dimW l,
Ñm := dim W̃m. This is natural if they are to give rise to inner products
as explained above.

The second wants the “pairing matrices” Kml ∈ RÑm,Nl and K̃lm ∈
R
Nl,Ñm to fulfill

Kml = (−1)lm(K̃lm)T ⇐⇒ K̃lm = (−1)lm(Kml )T (4)

for all 0 ≤ l,m ≤ n such that l +m = n. Keep in mind that Kml and
K̃lm somehow approximate

∫
Ω ω ∧ η and

∫
Ωw ∧ v. Then the equation

ω ∧ η = (−1)lkη ∧ ω , ω l-form, η k-form (5)

immediately leads to (4).

The third requirement is the discrete counterpart of the integration
by parts formula [33, Sect. 3.2]∫

Ω

dω ∧ η + (−1)l
∫
Ω

ω ∧ dη =
∫
∂Ω

ω ∧ η (6)

for l-forms ω, k-forms η, 0 ≤ l, k < n − 1, l + k = n − 1. Here, the
boundary ∂Ω is endowed with the induced orientation. In the discrete
setting this means

(Dl−1�u)T K̃lm�v = (−1)l �uT K̃l−1
m+1D̃

m�v + (Tl−1
Γ �u)T K̃l−1

m,ΓT̃mΓ �v . (7)

for all �u ∈ Cl−1, �v ∈ C̃m, and translates into

(Dl−1)T K̃lm = (−1)l K̃l−1
m+1D̃

m + (Tl−1
Γ )T K̃l−1

m,ΓT̃mΓ (8)

for all 0 < m, l < n with l+m = n. Here, we denote by K̃lm,Γ a pairing
matrix acting on degrees of freedom on the boundary part ΓM . Using
(4), (8) can be converted into

(D̃m)TKm+1
l−1 = (−1)m+1Kml Dl−1 + (T̃mΓ )TKml−1,ΓTl−1

Γ . (9)
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Let us assume that we have found a discrete Hodge operator according
to the above specifications. Nevertheless, we cannot be sure that the
resulting linear system of equation has a solution at all. Usually the
number of unknowns and equations will not agree. To end up with a
square linear system of equations we eliminate some of the unknowns
by means of (8), (9) and the material laws. I first consider (1) and
discuss some variants of choosing the discrete Hodge operators. I start
with listing the formal discrete constitutive laws that might be used in
the discretization of (1):

Primary:




Ml
α�σ = K̃lm

�j (a)
Ml−1
γ �u = K̃l−1

m+1
�ψ (b)

Ml−1
β,ΓTl−1

Γ �u = (−1)l−1 K̃l−1
m,ΓT̃mΓ

�j (c)

(10)

Secondary:




M̃m
1/α
�j = (−1)mn−m Kml �σ (a)

M̃m+1
1/γ

�ψ = (−1)(l−1)(n−1) Km+1
l−1 �u (b)

M̃m
1/β,ΓT̃mΓ

�j = (−1)(l−1)(n−1) Kml−1,ΓTl−1
Γ �u (c)

(11)

1. Primary elimination: Using only primary discrete Hodge operators
(10a), (10c) and (1), (8) we get

(Dl−1)TMl
αDl−1�u = (Dl−1)T (−1)lMl

α�σ = (−1)l(Dl−1)T K̃lm
�j =

= K̃l−1
m+1D̃

m�j + (−1)l(Tl−1
Γ )T K̃l−1

m,ΓT̃mΓ
�j =

= K̃l−1
m+1(−�ψ + �φ)− (Tl−1

Γ )TMl−1
β,ΓTl−1

Γ �u =

= −Ml−1
γ �u− (Tl−1

Γ )TMl−1
β,ΓTl−1

Γ �u+ K̃l−1
m+1

�φ .

We arrive at a linear system of equations

(Dl−1)TMl
αDl−1�u+ Ml−1

γ �u+ (Tl−1
Γ )TMl−1

β,ΓTl−1
Γ �u = K̃l−1

m+1
�φ (12)

for the unknown coefficients �u with a symmetric positive definite
coefficient matrix. If γ �= 0, it has a unique solution. Even if γ = 0,
at least Dl−1�u can be uniquely determined. Two more important
facts have to mentioned: To begin with, the secondary spaces do only
affect the right hand side K̃l−1

m+1
�φ of the final system. In other words,

the choice of the secondary mesh is totally irrelevant as regards the
ultimate system matrix. Secondly, in the process of elimination we
irretrievable lost information about the secondary unknowns σh and
ψh, unless the pairing matrices are invertible.
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2. Secondary elimination: We exclusively rely on secondary discrete
Hodge operators (11b), (11c) along with (1), (9):

M̃m
1/α
�j = (−1)n(m+1)Kml Dl−1�u

= (−1)(n−1)(l−1)((D̃m)TKm+1
l−1 �u− (T̃mΓ )TKml−1,ΓTl−1

Γ �u)

= (D̃m)T M̃m+1
1/γ

�ψ − (T̃mΓ )T M̃m
1/β,ΓT̃mΓ

�j

Introducing the auxiliary unknown �ζ := M̃m+1
1/γ

�ψ we get the saddle
point problem(

M̃m
1/α + (T̃mΓ )T M̃m

1/β,ΓT̃mΓ −(D̃m)T

−D̃m −(M̃m+1
1/γ )−1

)(
�j
�ζ

)
=

(
0
−�φ

)
. (13)

As the diagonal blocks are positive and negative definite, respectively,
this linear system has a unique solution (cf. [17]). In the case of
vanishing γ we just define the auxiliary unknown as �ζ := Km+1

l−1 �u and
still get uniqueness for �j. Parallel to the purely primal case we observe
that no trace of the primary discrete spaces is left. As above, in general
we cannot solve for the primary unknowns �u and �σ.
3. Hybrid elimination: Both primary and secondary discrete Hodge
operators are used for the sake of eliminating unknowns. For example,
if we use primary representations (10a), (10c) for the material laws
j = �α σ and tM j = (−1)l−1 �Γβ tMu, but the secondary version (11b)
for ψ = �γ u we get

(Dl−1)TMl
αDl−1�u+ (Tl−1

Γ )TMl−1
β,ΓTl−1

Γ �u+

K̃l−1
m+1(M̃

m+1
1/γ )−1Km+1

l−1 �u = K̃l−1
m+1

�φ .

Again, we have obtained a positive semidefinite system of linear
equations for the unknown vector �u, in which both meshes are still
visible. Yet, even if γ �= 0 the system matrix need not be regular. At
least a unique solution for �σ := (−1)lDl−1�u is guaranteed. On the other
hand, the elimination might have squandered any information about�j.
If we resort to the secondary version of tM j = (−1)l−1 �Γβ tMu instead,
it results in

(K̃lm)T (Ml
α)−1K̃lm

�j =(−1)lmKml (Ml
α)−1K̃lm

�j = (−1)lmKml �σ

=(−1)l(m+1)Kml Dl−1�u

=(−1)(l+1)(m+1)((D̃m)TKm+1
l−1 u− (T̃mΓ )TKml−1,ΓTl−1

Γ )
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=(D̃m)T M̃m+1
1/γ

�ψ − (T̃mΓ )T M̃m
1/β,ΓT̃mΓ

�j

=− (D̃m)T M̃m+1
1/γ (D̃mj− �φ)− (T̃mΓ )T M̃m

1/β,ΓT̃mΓ
�j .

4. EXAMPLES

The most natural way to define the matrices in (3) is to define the inner
products in (2) as weighted L2-inner products for vector representatives
of the forms w.r.t. the Euclidean metric. Where the discrete forms are
continuous this is suggested by the definition of the Hodge-operator.
As discontinuities are confined to sets of measure zero, they simply do
not affect the integral.

Then plug in the bases of the spaces of discrete differential forms
in the variational equations from (2). This may be dubbed the finite
element approach: The matrices M∗∗, M̃

∗
∗ become exact (weighted) mass

matrices. I should point out that primary elimination yields (almost)
the same system of linear equations (12) as the primal finite element
Galerkin method. The only exception might be a modified right hand
side. By secondary elimination we get the linear saddle point problem
(13) of the dual mixed finite element Galerkin method (cf. [17]).
Hitherto unknown problems arise from hybrid eliminations.

In the case of the finite element approach all the requirements
stated for the matrices in the previous section are automatically
satisfied. Since we are free to pick any primary and secondary mesh,
the pairing matrices are not square in general. In particular, there is
no reason, why they should be invertible and information about some
eliminated unknowns cannot be recovered.

A bijective relationship between primary and secondary unknowns
is the rationale behind the second class of methods. It can be achieved
by using a dual secondary mesh [11, 15].

Definition 4.1 Two meshes T̃h and Th covering an n-dimensional
manifold are called (topologically) dual to each other if LTl =
(−1)lLn−l+1, 0 ≤ l < n, where Ll and Ll are the incidence matrices of
oriented l- and l + 1-facets of Th and T̃h, respectively.

In [48, Sect. V] the relationships between an externally oriented
dual mesh and twisted differential forms is thoroughly discussed, but
I will not dwell on this subject. Just note that for dual meshes the
numbers of l-facets of one mesh and those of n − l-facets of the other
mesh must be equal. More precisely, the secondary mesh T̃h is chosen
such that

(i) the restriction of T̃h to the interior of Ω is dual to the entire mesh
Th.



258 Hiptmair

(ii) the restriction of T̃h and Th to the boundary ∂Ω are dual to each
other.

Thanks to duality, we can assume a one-to-one correspondence between
l-facets of Th and interior n− l-facets of T̃h. Similarly, we may associate
boundary l-facets, 0 ≤ l < n, of Th and n− 1− l-facets of T̃h on ∂Ω. If
Th is ΓD-active, an l-facet of T̃h is active, i.e., it bears a d.o.f., if one
of the following alternatives applies:

(i) Either it is contained in ∂Ω \ Γ̄N and associated with an active
primary n− 1− l-facet of Th,

(ii) or it is located inside Ω and belongs to an active primary n − l-
facet.

ΓD and ΓN may switch roles depending on which unknowns are
discretized on the primary mesh. Figure 1 sketches an example of two
dual grids in two dimensions.

Figure 1. Primal and dual grid in two dimensions. The bullets
represent active vertices of the primary grid, the edges ←→ active
boundary faces of the secondary grid.

Figure 1 reveals that the dual mesh may fail to comply with
the partitioning of the boundary. This can be cured by confining a
degree of freedom to only a part of a boundary facet. If ΓM = ∅,
there is no active n − 1-facet of T̃h on the boundary. The numbering
of interior l-facets of T̃h is induced by the numbering of primary
n − l-facets via duality. Boundary facets of T̃h are numbered last.
Then the intimate relationship between discrete exterior derivatives
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and incidence matrices shows that for 0 < m, l < n, l +m = m

(Dl−1)T (ENl ,O) = (−1)lENl−1
D̃m + (Tl−1

Γ )T T̃mΓ . (14)

Here EN stands for a N × N identity matrix, and O denotes a zero
block of dimension Nl × ÑΓ

m, with ÑΓ
m the number of active boundary

m-facets of T̃h. A glance at (7) and (8) shows that we can choose

K̃lm := (ENl ,O) , K̃l−1
m+1 := ENl−1

, K̃l−1
m,Γ := EÑΓ

m
, (15)

and abide by requirement (8) at the same time. If ΓM = ∅, the zero
block disappears and the pairing matrices reduce to (signed) identity
matrices. In any case, the dual unknowns �j and �ψ can be calculated
from �σ, �u, no matter which discrete Hodge-operator is used.

Examples for dual meshes are supplied by the usual covolumes
(boxes) used in finite volume schemes [26]. Well known are the
circumcentric dual Voronoi meshes of a Delauney tesselation and the
barycentric dual meshes of the box method. This is why I chose to call
the methods of this second class generalized finite volume methods. As
a special subclass they include covolume methods distinguished by the
use of diagonal approximate mass matrices and orthogonal dual meshes
[40, 41].

Let us for simplicity assume ΓM = ∅. Then the discrete material
laws for generalized finite volume methods read

Ml
α�σ =�j or (M̃m

1/α)−1�σ =�j , (16)

Ml−1
γ �u = �ψ or (M̃m+1

1/γ )−1�u = �ψ . (17)

In short, all discrete material laws can be viewed as both a primary
and secondary version. This makes it possible to proceed with both
primary and secondary elimination. We end up with linear systems
of equations for primary or secondary unknowns only and draw an
important conclusion:

Corollary 4.2 Generalized finite volume methods combined with
either primary or secondary elimination lead to linear systems of
equations that also arise from a primal or mixed-dual finite element
discretization employing some approximation of the mass matrices and
source term.

Thus, the study of generalized finite volume method can help
itself to the powerful tools of finite element theory. This generalizes
the results of [26, 1], where the case n = 2, l = 1 and its links with the
primal Galerkin finite element method were thoroughly investigated.
In [2, 42] the connection with a dual mixed Galerkin scheme with



260 Hiptmair

lumped mass matrix was explored. Covolume schemes for Maxwell’s
equations [51, 52, 53, 50] can also be analyzed from this perspective
[14]. Eventually, knowledge about the underlying discrete differential
forms offers a recipe for the natural reconstruction of fields from the
degrees of freedom. Thanks to the canonical transformations of discrete
differential forms [27] this is useful even for distorted elements as in
[46]. Ultimately, awareness of basic requirements for discrete Hodge
operators reveals causes for instability of finite volume schemes and
leads to remedies [43].

Another conclusion is that a finite volume method can be
completely specified by prescribing some procedure to compute the
(approximate) mass matrices and the right hand side. Conversely,
Galerkin finite element schemes can be viewed as finite volume methods
(cf [47]). Thus we learn how to recover approximations to quantities
that have been dumped in the process of primary or secondary
elimination (cf. [6]).

Remark. The discussion illustrates the basic limitation of finite
volume schemes to lowest order. If we had decided to use higher order
discrete differential forms, the matrices of the exterior derivative could
not have been identified as incidence matrices. Then it is very hard to
come up with a suitable secondary mesh rendering the pairing matrices
square and invertible.

Also the method of support operators (mimetic finite differences)
[28, 44] can be seen as a special finite volume approach to
the construction of discrete Hodge operators. Using only discrete
differential forms on a primary grid [30], it focuses on Hodge
codifferentials d∗ := (−1)nl−1 � d � taking l-forms to l − 1-forms.
[33, Sect. 3.2]. The construction of their discrete counterparts Dl

∗ :
Cl �→ Cl−1 is based on the variational characterization

(
�u,Dl−1�v

)
0

=(
Dl
∗�u,�v

)
0

for all �u ∈ Cl, �v ∈ Cl−1. Special approximations of the
inner products are employed to this end [29]. This policy has been
successfully pursued for a wide range of problems, e.g. in [31, 45].

5. ABSTRACT ERROR ANALYSIS

We have learned that often the error analysis can be carried out in a
Galerkin setting involving variational crimes (cf. [16, Ch. 6]). Yet, this
is not possible for all combinations of discrete material laws. Therefore,
the error analysis presented in this section forgoes the Galerkin option.

I start from the premises that it is most natural to use the energy
norm when gauging the discretization error. An ambiguity arises,
because, given discrete solutions uh,σh, jh, ψh we can either examine
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continuous energy norms of the error, e.g.

‖(u− uh,σ − σh)‖2E := ‖σ − σh‖2α + ‖u− uh‖2γ + ‖u− uh‖2β ,
‖(j− jh, ψ − ψh)‖2Ẽ := ‖j− jh‖21/α + ‖ψ − ψh‖21/γ + ‖j− jh‖21/β ,

or discrete energy norms of the following nodal errors

δ�u := �u∗ − �u , �u∗ := I l−1
h u , δ�σ := �σ∗ − �σ , �σ∗ := I lhσ ,

δ�j :=�j∗ −�j , �j∗ := Ĩmh j , δ �ψ := �ψ∗ − �ψ , �ψ∗ := Ĩm+1
h ψ .

What are meaningful discrete energy norms heavily hinges on the
choice of the discrete material laws.

First, we tackle 1 when only primary discrete Hodge operators
from (10) are used. This fixes the relevant discrete energy norm

|(�u, �σ)|2E := |�σ|2α + |�u|2γ + |�u|2β ,

|·|2α :=
〈
Ml
α·, ·

〉
, |·|2γ :=

〈
Ml−1
γ ·, ·

〉
, |·|2β :=

〈
Ml−1
β,ΓTl−1

Γ ·,Tl−1
Γ ·

〉
.

Next, in the spirit of [41, 15], we observe that thanks to the commuting
diagram property of the nodal projection the discrete equilibrium laws
are free of consistency errors:

Dl−1δ�u = (−1)l δ�σ , D̃mδ�j = −δ �ψ + δ�φ . (18)

In what follows I assume that δ�φ = 0, i.e. �φ = Ĩm+1
h φ. If this is not the

case, one additional term enters the error bounds established below. In
contrast to (18), consistency errors lurk in the discrete material laws
(cf. [48, Sect. VII] and [51])

Ml
αδ�σ = K̃lmδ

�j + �Rl , (19)

Ml−1
γ δ�u = K̃l−1

m+1δ
�ψ + �Rl−1 , (20)

Ml−1
β,ΓTl−1

Γ δ�u = (−1)l+1K̃l−1
m,ΓT̃mΓ δ

�j + �RΓ , (21)

with some residuals �Rl ∈ C1, �Rl−1 ∈ C0, and �RΓ ∈ C0
Γ. Based on (18)

and (7), we can estimate the discrete energy of the nodal errors
〈
Ml
αδ�σ, δ�σ

〉
+

〈
Ml−1
γ δ�u, δ�u

〉
+

〈
Ml−1
β,ΓTl−1

Γ δ�u,Tl−1
Γ δ�u

〉
=

=
〈
K̃lmδ

�j + �Rl, (−1)l Dl−1δ�u
〉

+
〈
K̃l−1
m+1δ

�ψ + �Rl−1, δ�u
〉

+

+
〈
(−1)l−1K̃l−1

m,ΓT̃mΓ δ
�j + �RΓ, δ�u

〉

=
〈
�Rl, δ�σ

〉
+

〈
�Rl−1, δ�u

〉
+

〈
�RΓ, δ�u

〉
.
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Please note that the second terms on both sides do not occur in the case
γ = 0 and an error estimate for u remains elusive. Hardly surprising,
because there might not be a unique solution for �u, unless special
properties of Dl−1 (injectivity) are known. By the Cauchy-Schwarz
inequality

|(δ�u, δ�σ)|E ≤
∣∣∣(Ml

α)−1 �Rl

∣∣∣
α

+
∣∣∣(Ml−1

γ )−1 �Rl−1

∣∣∣
γ

+
∣∣∣(Ml−1

β,Γ)−1 �RΓ

∣∣∣
β
.

Similar considerations apply, when solely secondary discrete
Hodge operators from (11) are employed. Then the suitable discrete
energy norm is given by∣∣∣(�j, �ψ)

∣∣∣2
Ẽ

:=
∣∣∣�j

∣∣∣2
1/α

+
∣∣∣�ψ

∣∣∣2
1/γ

+
∣∣∣�j

∣∣∣2
1/β
,

|·|21/α :=
〈
M̃m

1/α·, ·
〉
, |·|21/γ :=

〈
M̃m+1

1/γ ·, ·
〉
, |·|21/β :=

〈
M̃m

1/β,Γ·, ·
〉
.

Partly retaining the notations for the consistency errors, we can write

M̃m
1/αδ
�j =(−1)mn−m Kml δ�σ + �Rm (22)

M̃m+1
1/γ δ �ψ =(−1)(l−1)(n−1) Km+1

l−1 δ�u+ �Rm+1 (23)

M̃m
1/β,ΓT̃mΓ δ

�j =(−1)(l−1)(n−1) Kml−1,ΓTl−1
Γ δ�u+ �RΓ , (24)

with �Rm ∈ C̃m, �Rm+1 ∈ C̃m+1, and �RΓ ∈ C̃mΓ . Since (18) remains valid,
the following identity is established as above:〈

M̃l
1/αδ
�j, δ�j

〉
+

〈
M̃l−1

1/γ δ
�ψ, δ �ψ

〉
+

〈
M̃l−1

1/β,ΓT̃mΓ δ
�j, T̃mΓ δ�j

〉
=

=
〈
�Rm, δ�j

〉
+

〈
�Rm+1, δ �ψ

〉
+

〈
�RΓ, δ�j

〉
.

Other combinations of discrete material laws are treated alike. For
the sake of brevity I am not elaborating on this. In sum, estimating
the consistency errors of the material laws is the key to controlling
discrete energy norms of nodal errors. The analysis of finite volume
methods [40, 41, 37] is often content with this goal, but I am not
(cf. the discussion in [15, Sect. III]). Discrete energies might lack any
physical meaning, so that the focus should be on the exact energy
norm. In the case of primary discrete Hodge operators

‖(u− uh,σ − σh)‖E ≤ ‖(u− u∗h,σ − σ∗h)‖E + ‖(δuh, δσh)‖E
tells us that it is essential to have stability

‖(uh,σh)‖E ≤ C |(�u, �σ)|E ∀�u ∈ Cl−1, �σ ∈ Cl , (25)
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in order to get information about the energy of the total discretization
error. Here, the constant C > 0 should be independent of as much
geometric parameters of the mesh as possible. In the case of secondary
discrete constitutive laws, we proceed as above, replacing ‖·‖E by ‖·‖Ẽ
and |·|E by |·|Ẽ .

In addition, the energy of the projection error ‖(u− u∗h,σ − σ∗h)‖E
has to be bounded. This is the objective of asymptotic finite element
interpolation estimates. Those rely on a Sobolev space setting and
are large based on the Bramble-Hilbert lemma and affine equivalence
techniques depending on families of quasiuniform and shape regular
meshes [16, Ch. 4], [21, Ch. 3]. In particular, for results on discrete
2-forms in two and three dimensions the reader should consult [17].
Estimates for discrete 1-forms (n = 3) can be found in [38, 25, 22, 36].
It is important to be aware that all estimates hinge on assumptions on
the smoothness of the continuous solutions.

In the case of finite difference or finite volume methods, one might
object that the spaces of discrete differential forms are “artificial” and
so is the notion of a total discretization error. Yet, an approximation
of the total energy must always be available and the error in the
approximation of the total energy is well defined at any rate. For this
error we get in the case of primary discrete Hodge operators

‖(u,σ)‖2E − |(�u, �σ)|2E =

= ‖(u,σ)‖2E − ‖(u∗h,σ∗h)‖
2
E + ‖(u∗h,σ∗h)‖2E −

− |(�u∗, �σ∗)|2E + |(�u∗, �σ∗)|2E − |(�u, �σ)|2E
≤‖(u− u∗h,σ − σ∗h)‖E ‖(u+ u∗h,σ + σ∗h)‖E +

+ |(�u∗ − �u, �σ∗ − �σ)|E |(�u∗ − �u, �σ∗ − �σ)|E +

+ ‖(u∗h,σ∗h)‖2E − |(�u∗, �σ∗)|
2
E .

Even if the discretization error, the nodal error, and the projection
error tend to zero, the error in the energy need not, owing to the
quantity ‖(u∗h,σ∗h)‖

2
E − |(�u∗, �σ

∗)|2E . It can be regarded as a consistency
error in the approximation of the mass matrices. Hence, the quality of
the approximation of the discrete energy can serve as an acid test for
the efficacy of a discretization scheme.

Remark. Primary Hodge operators do not permit us to get error
estimates for dual quantities. However, the generalized finite volume
methods are an exception. For instance, in the case ΓM = ∅ the bound
for |(δ�u, δ�σ)|E also applies to

〈
(M̃l

α)−1δ�j, δ�j
〉

+
〈
(M̃l−1

γ )−1δ �ψ, δ �ψ
〉

+
〈
(M̃l−1

β,Γ)−1T̃mΓ δ
�j, T̃mΓ δ�j

〉
.
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This paves the way for coming to terms with ‖(j− jh, ψ − ψh)‖2Ẽ .

6. ESTIMATION OF CONSISTENCY ERRORS

Let us study the consistency error term �Rl from (19) and find bounds
for the relevant primary norm

∣∣∣(Ml
α)−1 �Rl

∣∣∣
α
. As a consequence of (18),

it is immediate that∣∣∣(Ml
α)−1 �Rl

∣∣∣2
α

=
〈
Ml
α(�σ∗ − �ζ), �σ∗ − �ζ

〉
, (26)

where I set �ζ := (Ml
α)−1K̃lm

�j∗. Note that by the definition of the weak
solution (cf. (2)) (σ,η)α =

∫
Ω j∧ η for all η ∈ Hl(d,Ω). A few formal

manipulations yield

∣∣∣(Ml
α)−1 �Rl

∣∣∣
α

= sup
�η∈Cl

〈
Ml
α(�σ∗ − �ζ), �η

〉
|�η|α

=

= sup
�η∈Cl

1
|�η|α

(〈
Ml
α�σ
∗, �η

〉
−

〈
K̃lm
�j∗, �η

〉)

= sup
�η∈Cl

1
|�η|α

(〈
Ml
α�σ
∗, �η

〉
− (�σ∗,ηh)α + (�σ∗ − σ,ηh)α +

+
∫
Ω

j ∧ ηh −
∫
Ω

j∗h ∧ ηh +
∫
Ω

j∗h ∧ ηh −
〈
K̃lm
�j∗, �η

〉 )

≤ sup
�η∈Cl

〈
Ml
α�σ
∗, �η

〉
− (�σ∗,ηh)α
|�η|α

+ sup
�η∈Cl

∫
Ω

j∗h ∧ ηh −
〈
K̃lm
�j∗, �η

〉

|�η|α
+

+ sup
�η∈Cl

‖ηh‖α
|�η|α

·
(
‖σ − σ∗h‖α + ‖j− j∗h‖1/α

)

The first two terms are typical consistency errors, as they occur in
estimates for inexact finite element schemes [16, Ch. 8]. The factor in
front of the third term reflects the stability of the approximate mass
matrix Ml

α , whereas the third term itself incorporates approximation
errors of the nodal projection. In the case of an exact Galerkin
approach, the consistency terms and the stability factor can be
dropped. Then, in combination with the results of the previous section,
a standard finite element error estimate pops up.
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There is a more direct approach to bounding the norm from
(26), which is particularly useful in the case of diagonal finite volume
methods (cf. [40, 41]). So let us assume that K̃lm is an identity matrix
and Ml

α is diagonal. For an l-facet F let F̃ stand for its associated dual
n − l-facet. Remember that the components of vectors in Cl can be
indexed by the l-facets in Fl. By definition of �Rl

∣∣∣(Ml
α)−1 �Rl

∣∣∣2
α

=
∑
F∈Fl

mF
�R2
l,F ,

�Rl,F := m−1
F �σ

∗
F −�j∗F̃ , (27)

with mF the diagonal element of Ml
α belonging to F , and a subscript

F acting as a selector for vector components. Plugging in the canonical
degrees of freedom for Whitney forms, we arrive at

�Rl,F = m−1
F

∫
F

σ −
∫

F̃

j = m−1
F

∫
F

σ −
∫

F̃

�α σ . (28)

In the spirit of finite difference methods, the final term may be tackled
based on a Taylor’s expansion of σ. If possible, it should be around
a suitable point in space, provided by the intersection of F and
F̃ . Sufficient smoothness of σ is tacitly assumed. An alternative to
Taylor’s expansion are Bramble-Hilbert techniques, which impose less
stringent requirements on smoothness. However, shape-regularity of
the meshes is indispensable then [40].

It is worth noting that (28) offers a prescription for a viable choice
of Ml

α. For instance, one could try to fix all mF such that �Rl,F , F ∈ Fl,
vanishes for any constant σ. However, the space of constant l-forms
has dimension

(
n
l

)
. As 0 < l < n, this objective cannot be achieved in

general. Consider the case of a constant metric α and flat facets. If σ
is constant, too, (28) means

�Rl,F = m−1
F volα(F )σ(t1, . . . , tl)− volα(F̃ )σ(n1, . . . ,nl) , (29)

where {t1, . . . , tl} and {n1, . . . ,nl} are α-orthonormal (oriented) bases
of the tangent space of F and of the orthogonal complement of the
tangent space of F̃ . Only if Span {t1, . . . , tl} = Span {n1, . . . ,nl},
i.e. if F and F̃ are α-orthogonal, we can make �Rl,F vanish for all
alternating l-linear forms σ. This highlights the necessity of orthogonal
dual meshes, if diagonal approximate mass matrices are desired. (cf.
[15, Sect. III]).
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Abstract—The calculus of differential forms can be used to devise
a unified description of discrete differential forms of any order and
polynomial degree on simplicial meshes in any spatial dimension.
A general formula for suitable degrees of freedom is also available.
Fundamental properties of nodal interpolation can be established
easily. It turns out that higher order spaces, including variants with
locally varying polynomial order, emerge from the usual Whitney-
forms by local augmentation. This paves the way for an adaptive p-
version approach to discrete differential forms.
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1. INTRODUCTION

It is generally acknowledged that the calculus of differential forms is
the right device for mathematical modeling in many fields of physics,
in particular in electromagnetism [8, 3, 14]. For instance, it turns out
that the electric field should be regarded as a 1-form, and that the
differential operators div and curl are just different manifestations of
the exterior derivative d of differential forms.

As differential forms capture the nature of continuous fields, it is
natural to resort to discrete differential forms when approximations
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of these fields are desired. Here, “discrete” means that the form is
completely determined by only a finite number of degrees of freedom.
By definition, the basic relationships of the calculus of differential forms
must hold for the discrete differential forms. Thus, essential properties
of the continuous physical models like conservation principles are
preserved in the discrete setting.

Special discrete differential forms that are associated with
triangulations of a computational domain give rise to finite elements
that offer appropriate spaces for the corresponding physical quantities.
For instance, they supply the hugely popular edge elements of
computational electromagnetism. In conjunction with variational
principles, discrete differential forms thus become a powerful tool for
the approximate numerical solution of boundary value problems.

With hindsight, it is startling that after the discovery of discrete
differential forms by Whitney [27] it took a long time before their
significance as computational tool was realized [6, 7]. Without referring
to differential geometry, several authors [22, 23, 25] had devised vector
valued finite elements that can be regarded as special cases of discrete
differential forms. Their constructions are formidably intricate and
require much technical effort.

A substantial simplification can be achieved as was demonstrated
in [18]: One should exploit the facilities provided by differential
geometry for a completely coordinate-free treatment of discrete
differential forms. Once we have shed the cumbersome vector calculus,
everything can be constructed and studied with unmatched generality
and elegance. In particular, all orders of forms and all degrees of
polynomial approximation can be dealt with in the same framework.
This can be done for simplicial meshes in arbitrary dimension.

The purpose of this paper is twofold. First the results in [18] should
be made accessible to a wider audience beyond theoretical numerical
analysts. Secondly, special attention is paid to discrete differential
forms of higher polynomial degree. The rationale is the arrival of so-
called p-adaptive finite element schemes. Their principle is to adjust the
polynomial degree of the approximating finite elements to local features
of the solution in order to gain accuracy with minimum costs. When
this idea is to be applied to discrete differential forms it becomes vital
to know suitable local basis functions for various polynomial degrees.
Higher order discrete differential forms also form the foundation of
hierarchical a-posteriori error estimators [4].

This paper complements and caps several earlier investigations
into the subject of higher order edge elements [1, 13, 17, 24, 16, 20,
28, 26]. However, it does not discuss special schemes, but emphasizes
governing principles. Once these are understood, they offer guidance
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on how to tailor higher order discrete differential forms to particular
needs.

I should stress that the entire presentation is set in a purely affine
context and, consequently, never resorts to vectorfields or functions
representing differential forms. This is in stark contrast with the usual
treatment of higher order discrete differential forms in literature. Thus
my exposure might strike many a reader as peculiar. Yet, metric
structures are alien to discrete differential forms. Of course, ultimately
orthogonal coordinates come handily for actual computations, but
introducing them already for the construction of discrete differential
forms distracts from generic properties.

2. EXTERIOR CALCULUS

This section summarizes a few fundamental concepts of exterior
calculus. It does not attempt to give an introduction to the subject.
For a comprehensive discussion of the theory of differential forms see
the monograph [11] or consult your favorite textbook on advanced
differential calculus.

In the most general sense, Ω may be a (piecewise) smooth oriented
and bounded n-dimensional Riemannian manifold, n ∈ N, with a
piecewise smooth boundary. A differential form ω of order l, 0 ≤ l ≤ n,
is a mapping from Ω into the

(
n
l

)
-dimensional space �l(TΩ(x)) of

alternating l–multilinear forms on the n-dimensional tangent space
TΩ(x) at Ω in x ∈ Ω [11, Sect. 2.1]. In the sequel, Dl

k(Ω) stands for the
space of l-forms on Ω of class Ck.

A fundamental concept in the theory of differential forms is the
integral of a p-form over a piecewise smooth p-dimensional oriented
manifold. Through integration a differential form assigns a value to
each suitable manifold, modeling the physical procedure of measuring
a field. We write Dl(Ω) for the vector space of l-forms on Ω,
whose Riemann-integrals exist for any compact piecewise smooth l-
dimensional submanifold of Ω.

From alternating l-multilinear forms differential l-forms inherit the
exterior product ∧ : Dl

0(Ω) × Dk
0(Ω) �→ Dl+k

0 (Ω), 0 ≤ l, k, l + k ≤ n,
defined in a pointwise sense. Moreover, remember that the trace tΣω
of an l-form ω ∈ Dl(Ω), 0 ≤ l < n, onto some piecewise smooth n− 1-
dimensional submanifold Σ ⊂ Ω̄ yields an l-form on Σ [19, Sect. 1.10].
It can be introduced by restricting ω(x) ∈ �l(TΩ(x)), x ∈ Σ, to the
tangent space of Σ in x. The trace commutes with the exterior product
and exterior differentiation, i.e. d tΣω = tΣdω for ω ∈ Dl

1(Ω).
Another crucial device is the exterior derivative d , a linear

mapping from differentiable l-forms into l + 1-forms. Moreover,
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Stokes’ theorem makes it possible to define the exterior derivative
dω ∈ Dl+1(Ω) of ω ∈ Dl(Ω). A fundamental fact about exterior
differentiation is that d(d ω) = 0 for any sufficiently smooth differential
form ω. Under some restrictions on the topology of Ω the converse is
also true:

Theorem 2.1(Poincaré’s lemma) For a contractible domain Ω ⊂
R
n every ω ∈ Dl

1(Ω), l ≥ 1, with dω = 0 is the exterior derivative of
an l − 1–form over Ω.

This result is sometimes referred to as the exact sequence property.
A second main result about the exterior derivative is the integration
by parts formula [19, Sect. 3.2]

∫
Ω

dω ∧ η + (−1)l
∫
Ω

ω ∧ dη =
∫
∂Ω

ω ∧ η (1)

for ω ∈ Dl(Ω), η ∈ Dk(Ω), 0 ≤ l, k < n − 1, l + k = n − 1. Here, the
boundary ∂Ω is endowed with the induced orientation.

Finally, we recall the pullback ω �→ Φ∗ω under a change
of variables described by a diffeomorphism Φ. This transformation
commutes with both the exterior product and the exterior derivative,
and it leaves the integral invariant.

3. LOCAL SPACES

Following the classical approach in the theory of finite elements [12],
we first try to establish suitable spaces X l

k(T ) of discrete l-forms,
0 ≤ l ≤ n, on individual simplices Ti of a triangulation Th := {Ti}
of Ω ⊂ Rn. Here, k ∈ N0 stands for the “polynomial degree” of the
forms, a notion that will be explained in a moment.

The transformation of differential forms immediately suggests that
we should opt for a construction based on affine equivalence. This
means that the local spaces X l

k(T̂ ) of discrete differential forms are
first specified on some reference simplex T̂ . An arbitrary simplex T

of the mesh Th can be mapped onto T̂ by an affine transformation
ΦT : T �→ T̂ . Then the corresponding pullback converts the discrete
forms on T̂ into those on T according to

X l
k(T ) := Φ∗TX

l
k(T̂ ) . (2)

A tenet of affine equivalence is that the choice of T̂ must not matter in
the end. The reader can always imagine T̂ to be the simplex spanned by
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the canonical basis vectors of Rn. At least, without loss of generality,
assume 0 ∈ T̂ .

In the choice of the spaces X l
k(T̂ ) we are guided by a few basic

requirements stipulated by prerequisites for sensible finite elements,
natural properties of differential forms, and the goal of a unified
treatment. Firstly, we legitimately expect the exterior derivative of
a discrete l-form to be a discrete l + 1-form of the same degree,
0 ≤ l ≤ n− 1, i.e.

dX l
k(T̂ ) ⊂ X l+1

k (T̂ ) . (3)

If the bid to save the exact sequence property for discrete forms is to
succeed, we must demand even more, namely

{ω ∈ X l
k(T̂ ), dω = 0} = dX l−1

k (T̂ ) , 1 ≤ l ≤ n . (4)

Secondly, if S is some sub-simplex of T̂ , i.e. the closed convex hull of
some of its vertices, then tSω ∈ Dl

k(S), if ω ∈ Dl
k(T̂ ). This property

should be inherited by the discrete forms, i.e.

tSX l
k(T̂ ) = X l

k(S) . (5)

It goes without saying that X l
k(S) is generated according to (2) as well.

In particular, (5) means that the restriction of a discrete differential
form to some face of T̂ yields a valid discrete differential form in
dimension n− 1.

Finally, the discrete differential forms have to possess satisfactory
approximation properties. They are guaranteed through Bramble-
Hilbert arguments as soon as piecewise polynomial forms of a
prescribed degree are contained in the spaces (cf. [9, Ch. 4]). But,
what is a polynomial differential form? Remember that given a basis
dx1, . . . , dxn of the dual space of TΩ(x) the set

{dxi1 ∧ . . . ∧ dxil ; ij ∈ {1, . . . , n}, 1 ≤ j ≤ l, i1 < i2 < . . . < il} (6)

furnishes a basis for the space of alternating l-multilinear forms on
TΩ(x). Thus any ω ∈ Dl(Ω) has a representation

ω =
∑

(i1,... ,il)

ϕi1,... ,il dxi1 ∧ . . . ∧ dxil , (7)

where the indices run through all combinations admissible according
to (6) and the ϕi1,... ,il : Ω �→ R are coefficient functions.

Therefore, we call a differential form polynomial of degree k,
k ∈ N0, if all its coefficient functions in (7) are polynomials of
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that degree. For convenience, we adopt special notations for spaces
of “polynomial type” over an m–dimensional simplex S (A tilde
will invariably tag spaces of homogeneous polynomials): Pk(S) :=
Space of m–variate polynomials of degree ≤ k on S, k ∈ Z;
DP lk(S) :=

{
ω ∈ Dl

∞(S); ϕi1,..,il ∈ Pk(S) in rep. (7)
}
, l ∈ Z; P̃k(S) :=

Space of m–variate homogeneous polynomials of degree k ∈ Z on
S; D̃P

l

k(S) :=
{
ω ∈ Dl

∞(S); ϕi1,... ,il ∈ P̃k(S) in rep. (7)
}

, l ∈ Z. We
follow the convention that for l < 0, l > m and k < 0 these spaces are
to be trivial. With polynomial spaces at our disposal we can state the
third requirement as

DP lk(T̂ ) ⊂ X l
k(T̂ ) ⊂ DP lk+1(T̂ ) . (8)

I point out that the above requirements are affine invariant, i.e. they
remain true for any X l

k(T ) given by (2). The properties of the pullback
guarantee this for (4) and (5). On top of that, be aware that the

definition of the spaces DP lk(S) and D̃P
l

k(S) is utterly independent
of the choice of the basis (6). Hence, affine pullbacks leave the spaces
invariant and (8) is seen to be affine invariant, too. In other words, if
X l
k(T̂ ) meets the requirements, they carry over to any X l

k(T ), T ∈ Th.
Surprisingly, the three requirements already fix the dimension of

the local spaces X l
k(T̂ ): We start with the formal direct sum

X l
k(T̂ ) = DP lk(T̂ )⊕ Y l

k(T̂ ) , Y l
k(T̂ ) ⊂ D̃P

l

k+1(T̂ ) ,

which means

dimX l
k(T̂ ) = dimDP lk(T̂ ) + dimY l

k(T̂ ) . (9)

Once we know X l
k(T̂ ), the space Y l

k(T̂ ) is uniquely defined, because
homogeneous polynomials of different degree are linearly independent.
We claim that

D̃P
l

k+1(T̂ ) = Y l
k(T̂ )⊕ H̃N l

k+1(T̂ ) (10)

is a direct sum. To see this, we make use of the elementary fact

ω ∈ D̃P lk+1(T̂ ) ⇒ dω ∈ D̃P l+1

k (T̂ ) , 0 ≤ l ≤ n− 1, k ≥ 1 .
(11)

Then, pick ω ∈ Y l
k(T̂ ) ∩ H̃N

l

k+1(T̂ ), that is dω = 0. From (4)
we conclude ω ∈ dX l−1

k (T̂ ) and, by (11), ω ∈ DP lk(T̂ ). Hence
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ω ∈ D̃P
l

k+1(T̂ ) ∩ DP lk(T̂ ) = {0}. On the other hand, for each

η ∈ D̃P
l

k+1(T̂ ) we have by (11) that dη ∈ D̃P
l+1

k (T̂ ) ⊂ X l+1
k (T̂ ).

By (4) there is a φ ∈ X l
k(T̂ ) such that dφ = dη. Imagine that

φ is split into homogeneous polynomials of different degree. This
decomposition is unique and non-vanishing exterior derivatives of its
components are linearly independent. This illustrates, why we can
assume φ ∈ D̃P lk+1(T̂ ) ∩X l

k(T̂ ) = Y l
k(T̂ ). Finally

η = φ+ (η − φ) , φ ∈ Y l
k(T̂ ) , η − φ ∈ H̃N l

k+1(T̂ ) .

In terms of dimensions, (10) means

dim D̃P
l

k+1(T̂ ) = dimY l
k(T̂ ) + dim H̃N

l

k+1(T̂ ) . (12)

We point out that by (11), (16), and since applying the exterior
derivative twice results in zero

H̃N
l

k+1(T̂ ) = d(D̃P
l−1

k+2(T̂ )) .

Thanks to the well–known relationship between the rank and the
dimension of the null space of the linear mapping d : D̃P

l−1

k+2(T̂ ) �→
H̃N

l

k+1(T̂ ), we can establish

dim H̃N
l

k+1(T̂ ) = dim D̃P
l−1

k+2(T̂ )− dim H̃N
l−1

k+2(T̂ ) . (13)

That DP lk+1(T̂ ) = D̃P
l

k+1(T̂ )⊕DP lk(T̂ ) needs no explanation. Then,
plugging (12) into (9), we get

dimX l
k(T̂ ) = dimDP lk+1(T̂ )− dim H̃N

l

k+1(T̂ ) . (14)

We rewrite (14) by means of (13) and then rely on (14) itself with l−1
instead of l. These involved manipulations yield the recursion

dimX l
k(T̂ ) = dimDP lk+1(T̂ )− dim D̃P

l−1

k+2(T̂ ) +

dimDP l−1
k+2(T̂ )− dimX l−1

k+1(T̂ ) .

Combinatorics teaches us

dimDP kl (T̂ ) = dim�l(Rn) · dimPk(T̂ ) =
(
n

l

)(
n+ k

k

)
,

dim D̃P
k

l (T̂ ) = dim�l(Rn) · dim P̃k(T̂ ) =
(
n

l

)(
n+ k − 1

k

)
.
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Using quite a few identities for binomial coefficients, the final result is

dimX l
k(T̂ ) =

(
n+ 1
l

)(
n+ k + 1

n

)
− dimX l−1

k+1(T̂ )

=
0∑
i=l

(−1)l−i
(
n+ 1
i

)(
n+ l − i+ k + 1

n

)

=
n∑
i=l

(
n+ 1
i+ 1

)(
i

i− l

)(
k + l

i

)
.

This formula is universally valid, if we stick to the convention that for
any

(
n
k

)
= 0, if k < 0 or k > n, n, k ∈ Z. Concrete dimensions of local

spaces in three dimensions are given in table 1.

k 0 1 2 3 4 5 General formula
l = 1 6 20 45 84 140 216 1

2(k + 1)(k + 3)(k + 4)
l = 2 4 15 36 70 120 189 1

2(k + 4)(k + 2)(k + 1)

Table 1. Dimensions of higher order spaces of edge (l = 1) and face
(l = 2) elements, c.f. [22, 16].

Remark. The space X l
k(T̂ ) is by no means completely determined

by (4), (5), and (8). Remark. We have seen that

DP lk+1(T̂ ) = X l
k(T̂ ) + dX l−1

k+1(T̂ ) ,

i.e. full polynomial local spaces can be achieved by incorporating
derivatives of functions belonging to local spaces of the next higher
order. The construction of “second families” of discrete differential
forms [23] is based on this fact.

It is nice to know dimX l
k(T̂ ), but we still cannot be certain that

the requirements can be satisfied at all. All doubts will be crushed,
as soon as we have constructed specimens of X l

k(T̂ ). The reader will
agree that (4) is the most challenging demand. Therefore, any serious
attack on the construction of X l

k(T̂ ) will focus on (4), which amounts
to Poincaré’s lemma for the local spaces of discrete differential forms.
It is worth while studying the proof of theorem 2.1. We find that it
is constructive and uses the so-called Poincaré-mapping ka : Dl

0(Ω) �→
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Dl−1
1 (Ω), 0 < l ≤ n, for x ∈ Ω and vi ∈ Rn defined by

ka(ω)(x)(v1, ..,vl−1) :=

1∫
0

tl−1ω(a + t(x− a))(x− a,v1, ..,vl−1) dt ,

(15)

to get a potential for the closed form ω. For ω ∈ Dl
1(Ω), ka(ω) is a

valid l − 1–form and satisfies (cf. [11], Formula 2.13.2)

d(ka(ω)) + ka(dω) = ω . (16)

Sloppily speaking, the Poincaré mapping is a sort of partial right
inverse of the exterior derivative, as d ◦ ka ◦ d = d.

It is immediately clear that the Poincaré-mapping takes
polynomial forms to other polynomial forms. Straightforward, but
tedious computations reveal the details (cf. lemma 5 in [18]):

Lemma 3.1 For ω ∈ D̃P
l

k(T̂ ), k > 0, we know that ka(ω) ∈
DP l−1

k+1(T̂ ). In the special case a = 0, the even stronger assertion

k0(ω) ∈ D̃P l−1

k+1(T̂ ) holds true.
This motivates a tentative definition of Xk

l (T̂ ) by

Xk
l (T̂ ) := DP lk(T̂ ) + ka(DP l+1

k (T̂ )) , a ∈ T̂ .

Strictly speaking, this is not a valid definition before we have not
shown that the choice of a ∈ T̂ does not matter. First recall that
for p ∈ Pk(T̂ ) the difference p(·)− p(· − c) belongs to Pk−1(T̂ ) for any
c ∈ Rn. Therefore we can decompose ω ∈ DP lk(T̂ ) into

ω(a + t(x− a)) = ω(tx) + π(tx) ,

where π ∈ DP lk−1(T̂ ). Using the definition of the potential mapping
and the token • for l − 1 vectors from R

n, we get

ka(ω)(x)(•) = −
1∫

0

tl−1 ω(a + t(x− a))(a, •)︸ ︷︷ ︸
∈DP l−1

k (T̂ )

dt

+

1∫
0

tl−1 (ω(tx) + π(tx)) (x, •) dt

= k0(ω)(x)(•) + η(x)(•) ,
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with an η ∈ DP l−1
k (T̂ ) according to Lemma (3.1). In short, ka(ω) −

k0(ω) ∈ DP l−1
k (T̂ ) and the above definition makes sense. Alas, it fails

to meet the requirements: Let us introduce the space of homogeneous
polynomial differential forms belonging to the nullspace of the exterior
derivative

H̃N
l

k(S) := {ω ∈ D̃P lk(S); dω = 0} .

For 0 < l ≤ n − 2, k ≥ 1, pick η ∈ H̃N
l+2

k−1(T̂ ), set µ := k0(η)
and conclude from (16) that µ = k0(dµ). In addition, lemma (3.1)

tells us that µ ∈ D̃P
l+1

k (T̂ ). Next, set ω := k0(µ), which means

dω = dk0(µ) = µ − k0(dµ) = 0 and ω ∈ D̃P lk+1(T̂ ). Moreover, η �= 0
involves ω �= 0, as the Poincaré-mapping is injective. On the other
hand, we want to have ω ∈ d(DP l−1

k+1(T̂ )) ⊂ DP lk(T̂ ), which fails for

η �= 0 as DP lk(T̂ )∩ D̃P lk+1(T̂ ) = {0}. At least one of the requirements

is violated, if H̃N
l+2

k−1(T̂ ) �= {0}, which can be verified by elementary

calculations, since H̃N
l+2

k−1(T̂ ) = dD̃P
l+1

k (T̂ ).
The tentative definition supplies a space that is simply too large.

Carefully inspecting its flaws, one finds that only closed forms should
be admitted as arguments to the Poincaré-mapping. This leads us to
the improved definition

X l
k(T̂ ) := DP lk(T̂ ) + ka

(
H̃N

l+1

k (T̂ )
)

(17)

The point a ∈ T̂ is arbitrary, but it does not make a difference, anyway.
By lemma (3.1) it is obvious that (8) holds. Then, (3) is an immediate
consequence. To verify (4) keep in mind that we could have given the
equivalent definition

X l
k(T̂ ) := DP lk(T̂ ) + ka

(
{ω ∈ DP l+1

k (T̂ ), dω = 0}
)
.

We also observe that thanks to lemma (3.1) the splitting

X l
k(T̂ ) := DP lk(T̂ )⊕ k0

(
H̃N

l+1

k (T̂ )
)

(18)

is direct, as homogeneous polynomials of different degree are linearly
independent. Let ω ∈ X l

k(T̂ ) with dω = 0 be split according to (18)

into ω = ω0 + ω̃. Since ω̃ ∈ D̃P
l

k+1(T̂ ) and ω0 ∈ DP lk(T̂ ), the
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linear independence of homogeneous polynomials of different degree
combined with lemma (3.1) shows that dω̃ = 0. But ω̃ = k0(η) for

η ∈ H̃N l+1

k (T̂ ) and so (16) can be employed to get

η = dk0(η) + k0(dη) = dω̃ + k0(0) = 0 ⇒ ω̃ = 0 .

Eventually we have found ω = ω0 ∈ DP lk(T̂ ) and arrive at

ω = dk0(ω) ∈ d
(
X l−1
k (T̂ )

)
.

To confirm the trace property (5) we consider one n − 1-dimensional
subsimplex F , a face of T̂ . Induction with respect to n will settle
everything else. Pick a in (17) as a vertex of F and note that x − a
belongs to the tangent hyperplane of F . Thus, by the very definition
of the trace of a differential form

tF (ka(ω)) = ka(tFω) ∀ω ∈ Dl
0(T̂ ) .

Since obviously tF (DP lk(T̂ )) = DP lk(F ), the identity X l
k(F ) =

tFX l
k(T̂ ) follows.
We now scrutinize a few special cases of local ansatz spaces

generated by formula (17): For l = n we get X l
k(T̂ ) = DP lk(T̂ ),

since H̃N
l+1

k (T̂ ) = {0}. Also in the case l = 0 we end up with
complete polynomial spaces: For any ω ∈ D0

1(T̂ ) with ω(0) = 0 we
have ω = k0(dω) by (16). Obviously this involves

k0(H̃N
1

k(T̂ )) = D̃P
0

k+1(T̂ ) ,

as dω ∈ H̃N1

k(T̂ ) for all ω ∈ D̃P 0

k+1(T̂ ). An easy consequence is that
in the case l = 0

X0
k(T̂ ) = DP 0

k(T̂ ) + D̃P
0

k+1(T̂ ) = DP 0
k+1(T̂ ) ,

i.e. the full space of polynomials of degree ≤ k + 1.
Example. An explicit construction of the local space X1

1 (T̂ ) in
two dimensions can be carried out as follows: Using affine coordinates
{x1, x2} we can write

D̃P
2

1(T̂ ) = {ω(x) = (α1x1 + α2x2)dx1 ∧ dx2, α1, α2 ∈ R} .

Note that in this case H̃N
2

1(T̂ ) = D̃P
2

1(T̂ ). If this did not hold,
the condition dω = 0 would introduce some linear constraints for
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the coefficients α1 and α2. For ω = (α1x1 + α2x2)dx1 ∧ dx2 simple
computations yield

k0(ω)(x) =

1∫
0

t(α1tx1 + α2tx2)(dx1 ∧ dx2)(x, ·) dt

=
1
3
(α1x1 + α2x2)(x1dx2 − x2dx1) .

(19)

This means according to (17)

X1
1 (T̂ ) =




ω =(γ1 + β11x1 + β12x2 − α1x1x2 − α2x
2
2)dx1 +

+ (γ2 + β21x1 + β22x2 + α1x
2
1 − α2x1x2)dx2,

γi, αi, βij ∈ R


 .

Remark. Simple counterexamples show that in general

X l
k(T̂ ) �= X0

0 (T̂ ) ∧ . . . ∧X0
0 (T̂ )︸ ︷︷ ︸

k−1 times

∧X l
0(T̂ ) .

As a technical tool we are going to need the local spaces of discrete
differential forms with vanishing trace on ∂T̂

H l
k(T̂ ) := {ω ∈ X l

k(T̂ ), t
∂T̂
ω = 0} .

It can be confirmed (cf. [18, Lemma 17]) that the local exact sequence
property applies to these spaces, as well

{ω ∈ H l
k(T̂ ), dω = 0} = d H l−1

k (T̂ ) , 0 ≤ l < n , (20)

{ω ∈ Xn
k (T̂ ),

∫

T̂

ω = 0} = d Hn−1
k (T̂ ) . (21)

4. DEGREES OF FREEDOM

The previous section provided us with with local spaces X l
k(T ) of l-

forms on the simplices T of a triangulation Th of Ω. The corresponding
global space of finite dimension is

X l
k(Th,Ω) := {ω ∈ Dl(Ω), ω|T ∈ X l

k(T )∀T ∈ Th} .

This innocent looking definition conceals a so-called patch condition,
that is, a recipe how two polynomial l-forms have to be glued together
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at interelement faces T ∩ T ′, T, T ′ ∈ Th, to produce a valid form in
Dl(Ω). Let me elucidate this by means of some intuitive arguments:
Recall that valid l-forms are distinguished by providing meaningful
integrals over orientable l-manifolds. Now, consider a smooth l-
manifold S, 0 ≤ l < n, that intersects an interelement face F . Problems
crop up when the intersection is not a set of measure zero in S, which
happens when S somewhere “runs parallel” to F . There the tangent
spaces for S are contained in the tangent hyperplane of F . To render
the integral of ω ∈ X l

k(Th,Ω) over S well defined, it is sufficient that
ω|F∩S provides unique values when applied to tangent vectors of F . As
S is arbitrary, the condition is also necessary.

Definition 4.1A piecewise smooth differential form on Th
satisfies the patch condition, if its traces onto interelement faces from
both sides agree.

We have d arrived at the equivalent definition

X l
k(Th,Ω) := {ω ∈

⊗
T∈Th

X l
k(T ), ω satisfies the patch condition} .

Two issues are looming large: Firstly, forcing the traces to agree implies
linear constraints, which might actually curtail the local spaces. In
other words, we have to make sure that for any T ∈ Th and µ ∈ X l

k(T )
there is an ω ∈ X l

k(Th,Ω) such that ω|T = µ. Secondly, the resulting
space X l

k(Th,Ω) might not be computationally efficient in the sense
that a basis of X l

k(Th,Ω) invariably consists of functions with global
supports. This would thwart the use of X l

k(Th,Ω) for a finite element
scheme.

It is the crucial role of suitable degrees of freedom (d.o.f.) to bring
about a satisfactory settlement of these issues. In general, degrees
of freedom are a basis of the dual space X l

k(Th,Ω)′. In the spirit
of the previous section, we confine ourselves to an affine equivalent
construction and first specify the degrees of freedom on the reference
simplex T̂ only: We look for a set Ξlk(T̂ ) := {κ̂1, . . . , κ̂Nk,l}, Nk,l =
dimX l

k(T̂ ), l ∈ {0, . . . , n}, k ∈ N0, of linear forms

κ̂i : X l
k(T̂ ) �→ R , i ∈ {1, . . . , Nk,l}

that satisfies three fundamental requirements:

(i) The set Ξlk(T̂ ) has to be a basis of the dual space X l
k(T̂ )′, a

property that is called unisolvence.
(ii) The functionals κ̂i have to fit our policy to exploit affine

equivalence in that they remain invariant with respect to the
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pullback of differential forms. This makes sure that the arbitrary
choice of the reference element has no impact.

(iii) We demand a certain locality : Let Mi(T̂ ) stand for the set of all
sub-simplices of T̂ of dimension i, 0 ≤ i ≤ n, spanned by i + 1
vertices of T̂ . Then for each S ∈ Mi(T̂ ), l ≤ i ≤ n, we must be
able to find sets Ξlk(S) ⊂ Ξlk(T̂ ) such that for ω ∈ X l

k(T̂ )

tSω = 0 ⇐⇒ κ(ω) = 0 ∀κ ∈ Ξlk(S) . (22)

To see, why the third condition enables us to localize the degrees of
freedom, I point out that

Ξlk(S1) ∩ Ξlk(S2) = Ξlk(S1 ∩ S2) , S1, S2 ∈M(T̂ ) , (23)

where M(T̂ ) is the set of all sub-simplices of T̂ . This equation arises
from combining the locality condition of the d.o.f. with the splitting

{ω ∈ X l
k(T̂ ), tS1∩S2 ω = 0}

= {ω ∈ X l
k(T̂ ), tS1ω = 0}+ {ω ∈ X l

k(T̂ ), tS2ω = 0} .

This is proved by using a basis for the space of l-forms on T̂ that is
based on barycentric coordinate functionals. From (23) we conclude
that Ξlk(S1) ⊂ Ξlk(S2), if S1 ⊂ S2.

A closer scrutiny reveals that the third requirement means that
each degree of freedom on the reference element is associated with an
unique sub-simplex, on which it is said to be supported. We collect the
d.o.f. supported on S ∈M(T̂ ) in the set

Υl
k(S) := Ξlk(S) \


 ⋃
S′⊂S,S′ 	=S

Ξlk(S
′)


 .

Vice versa, the trace of a discrete form onto S is uniquely determined
by the degrees of freedom in Ξlk(S).

Locality makes it possible to turn local degrees of freedom into
global ones by the following procedure: For each i-dimensional sub-
simplex S ∈ Mi(Th) of the global triangulation pick some adjacent
element TS ∈ Th and define the set Ξlk(S, Th) of global degrees of
freedom associated with S by

Υl
k(S, Th) := {ω ∈ X l

k(Th,Ω) �→ κ̂(Φ∗TSω), κ̂ ∈ Υl
k(Ŝ)} , (24)
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where ΦTS : TS �→ T̂ is affine and Ŝ = ΦTS (S) ∈ Mi(T̂ ). Note that
thanks to the patch condition and affine invariance the selection of TS
is irrelevant. Thus, we obtain the set of global degrees of freedom

Ξlk(Th,Ω) :=
⋃

S∈Mi(Th),l≤i≤n
Υl
k(S, Th) .

It is clear that they are also locally supported on sub-simplices of Th.
In sum, any set of degrees of freedom on T̂ that fulfills 1.–3. generates
a proper set of global degrees of freedom.

It turns out that the patch condition is also necessary for Υl
k(S, Th)

to be well defined. Consider the face S := T1 ∩ T2, T1, T2 ∈ Th with
related affine mappings Φ1 : T1 �→ T̂ , Φ2 : T2 �→ T̂ , then, if (24) is to
be meaningful

κ̂(Φ∗1ω1 −Φ∗2ω2) = 0 ∀κ̂ ∈ Ξlk(Φ1(S)) ,

where ω1 := ω|T1
, ω2 := ω|T2

. As a consequence

tΦ1(S)(Φ
∗
1ω1 −Φ∗2ω2) = 0 ,

and the traces have to be same, since Φ1|S = Φ2|S . The gist is that
meaningful global degrees of freedom already guarantee the patch
condition.

All these considerations would be futile, unless suitable local
degrees of freedom can be found. I am going to give a positive answer
to this question by providing some specimens of Ξlk(T̂ ). Let me first
motivate the construction: The general form of the functionals is
immediate clear, as natural linear forms on spaces of differential forms
are given by integrals. Using appropriate integrals we also get the
invariance under pullback for free. Locality suggests that the d.o.f.
should be based on integrals over sub-simplices of T̂ . However, how
can we integrate an l-form over S, S ∈ Mi, if i > l? Weighting with
suitable i − l-forms provides the answer. Via these considerations I
arrived at the following description of degrees of freedom:

Definition 4.2 (Degrees of freedom) For S ∈Mi(T̂ ), 0 ≤ i ≤ n,
let {η1,S , . . . , ηd,S}, d = d(k, l, S) := dimDP i−lk−i+l(S), denote a basis of
DP i−lk−i+l(S). Then we can choose the linear forms κ̂m,S : X l

k(T̂ ) �→ R

given by

κ̂m,S(ω) :=
∫
S

ω ∧ ηm,S , S ∈Mi(T̂ ) , l ≤ i ≤ n , 1 ≤ m ≤ d(k, l, S)
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as degrees of freedom belonging to X l
k(T̂ ).

If we take unisolvence for granted, the essential locality of these
degrees of freedom is quickly established: For a sub-simplex S simply
choose

Υl
k(S) := {κ̂m,S , m = 1, . . . , d(k, l, S)} , Ξlk(S) :=

⋃
S′⊂S

Υl
k(S
′) .

Note that for S′ ⊂ S the values κ̂m,S′(ω) are determined by tSω. Yet
the union of all κ̂ ∈ Ξlk(S) exactly matches a set of d.o.f. that definition
(4.2) proposes for X l

k(S) (taking into account affine equivalence).
Now the fairly obscure requirement (5) comes into play. It ensures
tSX l

k(T̂ ) = X l
k(S). Therefore, unisolvence, which is now assumed to

hold for Ξlk(S), enforces tSω = 0.
Let me remark that definition (4.2) permits us to compute the

number of d.o.f. supported on S ∈Mi(T̂ ), l ≤ i ≤ n, easily:

%Υl
k(S) = dimDP i−lk−i+l(S) =

(
i

i− l

)(
k + l

i

)
(25)

It remains to settle the very issue of unisolvence. We start with a
technical lemma, whose proof can be looked up in [18]:

Lemma 4.3 Any ω ∈ H l
k(T̂ ) with vanishing differential dω, which

satisfies
∫
T̂
ω ∧ η = 0 for all η ∈ DPn−lk−(n−l)(T̂ ) has to be identically 0.

Theorem 4.4 (Unisolvence of degrees of freedom) The degrees of
freedom supplied by Definition (4.2) form a dual basis of X l

k(T̂ ).
Proof. A simple counting argument (cf. (25)) reveals that the

number of degrees of freedom from definition (4.2) agrees with the
dimension of X l

k(T̂ ) computed in the previous section. It remains to
be shown that they are linearly independent, i.e., that

ω ∈ X l
k(T̂ ) , κ(ω) = 0 ∀κ ∈ Ξlk(T̂ ) ⇒ ω = 0 .

We employ a “double induction” argument with respect to the
dimension n (increasing) and the order l, 0 ≤ l ≤ n, of the differential
form (decreasing).

(I) For n = 1 the assertion of the lemma is trivial. For arbitrary
n and l = n we have Xn

k (T̂ ) = DPnk(T̂ ) and only one kind of degree of
freedom remaining, namely those of the form∫

T̂

ω ∧ η for η ∈ DP 0
k(T̂ ) . (26)
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For ω = ϕdx1 ∧ . . . ∧ dxn, ϕ ∈ Pk(T̂ ), pick η = ϕ. Then (26) is equal
to

∫
T̂
ϕ2 dx. Thus the assumption of the lemma immediately implies

ϕ = 0 and ω = 0.
(II) Now, we admit general n ∈ N and l ∈ {0, . . . , n− 1}. Assume

that the lemma holds true for differential forms of order l + 1 and in
any dimension smaller than n.

For any lower dimensional simplex Ŝ ∈ Mi(T̂ ), l + 1 ≤ i ≤ n,
integration by parts (1) establishes the equality

∫

Ŝ

dω ∧ η =
∫

Ŝ

d(ω ∧ η)− (−1)l
∫

Ŝ

ω ∧ dη ,

with η ∈ DP i−l−1
k−i+l+1(Ŝ). The second term must vanish, since, by

Lemma (3.1), dη ∈ DP i−lk−i+l(Ŝ), which makes it belong to the space
spanned by the “test polynomials” (weights) in Definition (4.2). To the
first term we apply Stokes’ theorem and we get∫

Ŝ

d(ω ∧ η) =
∫

∂Ŝ

ω ∧ η .

Again, we have recovered a right hand side that can be written as a
weighted sum of values of degrees of freedom. Hence, the first term
must be zero, too.

By construction dω ∈ X l+1
k (T̂ ). Above, we have shown

∫

Ŝ

dω ∧ η = 0 ∀η ∈ DP i−l−1
k−i+l+1(Ŝ) , ∀Ŝ ∈Mi(T̂ ), l + 1 ≤ i ≤ n .

By the induction assumption with respect to l, this enforces dω = 0.
This means for our particular choice of local ansatz spaces that
ω ∈ DP lk(T̂ ).

Requirement (5) tells us that for F ∈Mn−1(T̂ ) tFω ∈ X l
k(F ). As

I pointed out before, the degrees of freedom for X l
k(T̂ ) that belong to

a face F are suitable degrees of freedom for X l
k(F ). Relying on the

induction assumption for n− 1, we see that t
∂T̂
ω = 0.

In sum, ω complies with all assumptions of Lemma (4.3). We infer
that ω = 0. This completes one step of the induction. ✷

Remark. Often degrees of freedom of “interpolatory type” are
introduced that rely on point values of vector representatives of discrete
differential forms [16, 15]. They can be read as using special quadraturs
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schemes for the evaluation of weighted integrals like those occurring in
definition (4.2). However, these degrees of freedom are no longer affine
equivalent.

The previous theorem establishes the existence of at least one
viable set of degrees of freedom on T̂ . There is still some leeway left
as to the choice of Ξlk(T̂ ) and this goes beyond merely fixing the test
forms ηm,S in definition (4.2). Set Υl

k(S) = {κS1 , . . . , κSd }, d = d(k, l, S)
from (25), and define

κ̌Si :=
d∑
j=1

aSijκ
S
j + η , η ∈ Span




⋃
S′⊂S,S′ 	=S

Ξlk(S
′)


 ,

where AS := (aSij) ∈ Rd,d is to be regular. Please note that this matrix
takes into account switching from one basis of DP i−lk−i+l(S) to another
in definition 4. Then the new set of degrees of freedom

Ξ̌lk(T̂ ) := {κ̌Sj , 1 ≤ j ≤ d(k, l, S), S ∈Mi(T̂ ), l ≤ i ≤ n}
meets all requirements, in particular locality as

Span
{

Ξlk(S)
}

= Span
{

Ξ̌lk(S)
}
∀S ∈Mi(T̂ ), l ≤ i ≤ n . (27)

The entire transformation can be represented by a regular square
matrix A with diagonal blocks AS . If the d.o.f. are arranged according
to the dimension of the sub-simplices that support them, this matrix
becomes block-triangular. Observe that %Υl

k(S) = %Υ̌l
k(S) and so (25)

represents an invariant for possible sets of d.o.f. on T̂ . The numbers
for n = 3 are listed in table 2. A message is that by no means degrees
of freedom can be supported on S ∈Mi(T̂ ), if i > l + k.

Example. Consider second order edge elements, i.e. n = 3, l = 1,
k = 2. On each edge three degrees of freedom are located, whereas
each face holds six of them and three belong to the tetrahedron. An
admissible transformation of degrees of freedom can be done in the
following fashion: Incorporate into the degrees of freedom on faces
those on the edges and enhance the volume-d.o.f.s by any contribution
of other d.o.f.

Given global degrees of freedom, canonical interpolation operators
(also called nodal projectors)

Πl
k : Dl

0(Ω) �→ X l
k(Ω;Th)

are declared by assigning to a continuous differential form that unique
discrete form with the same nodal values

κ(ω −Πl
kω) = 0 ∀κ ∈ Ξlk(Th,Ω) .
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k 0 1 2 3 4 5 6
l = 0 vertices 1 1 1 1 1 1 1

edges 0 1 2 3 4 5 6
faces 0 0 1 3 6 10 15
cell 0 0 0 1 4 10 20

l = 1 edges 1 2 3 4 5 6 7
faces 0 2 6 12 20 30 42
cell 0 0 3 12 30 60 105

l = 2 faces 1 3 6 10 15 21 28
cell 0 3 12 30 60 105 168

Table 2. Numbers of d.o.f. associated with subsimplices for tetrahedral
discrete differential forms.

Owing to (27), any suitable set Ξlk(Th,Ω) yields the same projector as
they all span the same space of functionals. So Πl

k is well defined even
if we are sloppy about the concrete set Ξlk(Th,Ω). Locality of degrees
of freedom makes the nodal interpolation operator commute with the
trace onto a collection of sub-simplices. For the reference simplex and
the associated local projector Π̂l

k this can be stated as

tS ◦ Π̂l
k = Π̂l

k(S) ◦ tS , ∀S ∈M(T̂ ) , (28)

where Π̂l
k(S) is the nodal projector Π̂l

k(S) : Dl
0(S) �→ X l

k(S).
Another important consequence of the choice of the global degrees

of freedom is the “commuting diagram property”:
Theorem 4.5 (Commuting diagram property) Given the above

definitions of the spaces and the degrees of freedom the following
diagram commutes:

Dl
1(Ω) d−−−→ Dl+1

0 (Ω)

Πlk

#
#Πl+1

k

X l
k(Ω;Th)

d−−−→ X l+1
k (Ω;Th)

Proof. To begin with, we remark that the statement of the theorem
is purely local and affine invariant. Hence, proving it for the reference
element T̂ and the associated nodal projection Π̂l

k will do. We use the
set Ξlk(T̂ ) provided by definition (4.2).
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For ω ∈ Dl
∞(T̂ ), 0 ≤ l < n, we set π := ω − Π̂l

kω. By the
definition of the nodal interpolation operator we see that for o ∈Mi(T̂ ),
l ≤ i ≤ n, ∫

o

π ∧ η = 0 for all η ∈ DP i−lk−i+l(o) . (29)

The remainder of the proof relies on the same ideas as the proof
of Theorem 4.4: Integrating by parts we get for η ∈ DP i−l−1

k−i+l+1(o),
l + 1 ≤ i ≤ n, o ∈Mi(T̂ )

∫
o

dπ ∧ η =
∫
o

d (π ∧ η) − (−1)l
∫
o

π ∧ dη .

The second integral evaluates to zero as dη ∈ DP i−lk−i+l(o). The first
term is eligible for an application of Stokes’ theorem:∫

o

d (π ∧ η) =
∫
∂o

π ∧ η

Obviously ∂o ∈ Mi−1(T̂ ) for o ∈ Mi(T̂ ), so that (29) also forces the
first term to vanish. Thus follows

Π̂l+1
k d

(
ω − Π̂l

k ω
)

= 0 ,

and, since d
(
Π̂l
k ω

)
∈ X l+1

k , we obtain through the unisolvence of the
degrees of freedom

Π̂l+1
k (dω) = d

(
Π̂l
k ω

)
. (30)

Taking into account that nodal values are left unchanged by canonical
affine transformations, we get (30) for every element and, finally, for
the entire finite element spaces. ✷

An immediate consequence of this theorem should be mentioned:
Corollary 4.6 The nodal interpolation operators preserve the

kernels of the external derivative, i.e.

dω = 0 for ω ∈ X l
k(Ω, Th) =⇒ d

(
Πl
k ω

)
= 0
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A second corollary to theorem (4.5) has to do with the p-
hierarchical splitting of higher order finite element spaces. It is naturally
induced by the family of nodal interpolation operators parameterized
by the polynomial order k. Denote the p-hierarchical components by

X̃ l
k(Ω;Th) :=

(
Πl
k −Πl

k−1

)
X l
k(Ω;Th) (k ≥ 1) . (31)

Corollary 4.7 With the notations introduced above we have

d X̃ l
k(Ω;Th) ⊂ X̃ l+1

k (Ω;Th) ,

i.e. the exterior derivative respects the p-hierarchical splitting.

5. HIERARCHICAL BASES

Remember that fixing the set Ξlk(T̂ ) amounts to fixing a basis Bl
k :=

{βκ, κ ∈ Ξlk(T̂ )} of X l
k(T̂ ) by duality, i.e. κ′(βκ) = δκ,κ′ , where δ is

Kronecker’s symbol. In the sequel I am taking for granted that Ξlk(T̂ )
is at our disposal.

Above we have investigated admissible transformations of
Ξlk(T̂ ) → Ξ̌lk(T̂ ), which directly translate into changes of bases Bl

k →
B̌l
k. To explain the mechanism, let me pick some sub-simplex S of T̂ .

We have seen that any transformation leaves Span
{
Ξlk(S)

}
invariant.

A basis form βκ belonging to a degree of freedom κ ∈ Ξlk(T̂ ) will
therefore be mapped into another form β̌ that satisfies

∀S ∈M(T̂ ), κ �∈ Ξlk(S) : ∀κ′ ∈ Ξlk(S) : κ′(β̌) = 0 .

Equivalently, due to (23),

S ∈M(T̂ ) , κ ∈ Υl
k(S) ⇒ tS′βκ = 0 ∀S′ ∈M(T̂ ), S �⊂ S′ .

After all, we have found invariant subspaces

Y l
k(S) := {ω ∈ X l

k(T̂ ), tS′ω = 0 ∀S′ ∈M(T̂ ), S �⊂ S′}

with respect to legal changes of bases. A similar insight can be
gained from the matrix description of the transformation Ξlk(T̂ ) →
Ξ̌lk(T̂ ) through the matrix A (see Sect. 4). If the bases inherit the
ordering of the degrees of freedom, the corresponding change of bases
is described by the transposed matrix AT . Recall that A could be
rearranged to become block-triangular. Eventually, this means that
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a basis form βκ, κ ∈ Υl
k(S) can undergo only modifications through

adding contributions from Y l
k(S).

Corollary 5.1. Under admissible transformations the set
{βκ, κ ∈ Υl

k(S)}, S ∈M(T̂ ), is converted into a set of representatives
of a basis of the quotient space

Ȳ l
k(S) := Y l

k(S)/{ω ∈ Y l
k(S), tSω = 0} .

Example. Let us take a look at higher order edge elements, i.e.
n = 3, l = 1, k ≥ 2. A local basis according to definition (4.2) covers
functions associated with edges, faces, and the entire reference element.
During a legal change of bases, the functions at a single edge can
be combined with each other and augmented by any contributions
from functions belonging to adjacent faces and T̂ . Basis functions at
a face, apart from mixing them, can only receive contributions from
the interior. Finally, the interior basis functions can only be reshuffled
among themselves.

In addition, the union of all sets of representatives of bases of
Ȳ l
k(S), S ∈ M(T̂ ), will yield a valid basis of X l

k(T̂ ). As Ȳ l
k(S) is

isomorphic to H l
k(S) := tSY l

k(S) we only have to come up with bases
of H l

k(S), S ∈ M(T̂ ) and some extension procedure in order to find a
basis of X l

k(T̂ ).
Example. Barycentric coordinates are a convenient tool for stating

discrete differential forms [16]. They do not violate the coordinate-
free setting, because they are a completely affine concept. Writing
λ0, . . . , λn for the the barycentric coordinate functions with respect
to T̂ , we find for k, l ∈ N0, k + l ≥ n,

{ω ∈ DP lk+1(T̂ ), t
∂T̂
ω = 0} = Span




pI(λ0, . . . , λn)λI′dλI ,
I ′ ∪ I = {0, . . . , n},
%I = l, pI ∈ P̃ k+l−n(Rn+1)


 ,

(32)

where λI′ =
∏
j∈I′ λj , dλI = λi1 ∧ . . . ∧ λil . Hence, we can write

γ ∈ H l
k(S), S ∈Mi(T̂ ), in the form

γ =
∑

I⊂{j0,... ,ji}
pI(λj0 , . . . , λji)λI′dλI

where λj0 , . . . , λji are those barycentric coordinates of T̂ that do not
vanish on S. This representation instantly provides an extension to a
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γ ∈ Y l
k by simply reinterpreting the barycentric coordinate functions

of S as those of T̂ .
I aim at finding a p–hierarchical basis for X l

k(T̂ ). This means
that the basis can be split into subsets spanning X̃ l

k(T̂ ). The latter
space is defined according to (31). In light of (28) and the preceding
considerations, I first focus on hierarchical bases forH l

k(S), S ∈Mi(T̂ ),
l ≤ i ≤ n. Fix S ∈ Mi(T̂ ) and consider the direct p–hierarchical
decomposition

H l
k(S) =

k∑
p=0

H̃ l
p(S) , H̃ l

p(S) := (Π̂l
p(S)− Π̂l

p−1(S))H l
k(S) for p > 0 .

Then, for p > 0 pick a closed form ω ∈ H̃ l
p(S). If i = l, the fact that

ω belongs to a genuine hierarchical surplus (p > 0) implies
∫
S ω = 0.

Thus, we can apply (20) which bears out the existence of η′ ∈ H l−1
p (S)

such that dη′ = ω. Then, set

η := (Π̂l−1
p (S)− Π̂l−1

p−1(S))η′ .

By definition η ∈ H̃ l−1
p (S) and from corollary (4.7) we learn that

dη = (Π̂l−1
p (S)− Π̂l

p−1(S))ω = ω .

The bottom line is that the exact sequence property even carries over
to the higher order components of the p–hierarchical splitting ofH l

k(S).
We introduce a further direct splitting

H̃ l
p(S) = d(H̃ l−1

p (S))⊕ C̃ lp(S) = d C̃ l−1
p (S)⊕ C̃ lp(S)

without worrying about the details of the complement spaces C̃ lk, whose
mere existence will be needed. The dimensions of these spaces satisfy
the simple recurrence

dim C̃ lp(S) + dim C̃ l−1
p (S) =

dim H̃ l
p(S) = %Υl

p(S)− %Υl
p−1(S) =

(
i

l

)(
p+ l − 1
i− 1

)
,

and in addition dim C̃ lp(S) = 0, if l > i or p + l < i, where i is the
dimension of S. For n = 3 the dimensions are listed in table 3

In particular, we conclude
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p [0] 1 2 3 4 5 6
l = 0 vertices [1] 0 0 0 0 0 0

edges [0] 1 1 1 1 1 1
faces [0] 0 1 2 3 4 5
cell [0] 0 0 1 3 6 10

l = 1 edges [1] 0 0 0 0 0 0
faces [0] 2 3 4 5 6 7
cell [0] 0 3 8 15 24 35

l = 2 faces [1] 0 0 0 0 0 0
cell [0] 3 6 10 15 21 28

Table 3. Dimensions of C lp(S) for a tetraahedron.

• dim C̃ip(S) = 0, i.e. for p > 0 the space H̃ i
p(S) contains only closed

forms.
• dim C̃i−p−1

p (S) = 0, i.e. H̃ i−p
p (S) does not contain any non-trivial

closed forms.
Example. Let us revisit the example in section 1, i.e. n = 2, k = 1,

and l = 1. We want to find a basis for C̃1
1 (T̂ ) in this case. The desired

basis forms must have non-vanishing contributions from D̃P
1

2(T̂ ) and

those contributions have to be in the range of k0(H̃N
2

1(T̂ )). Thus, the
second order parts of the basis forms have to comply with (19). In
addition, traces on ∂T̂ have to be zero. Taking into account (32), this
restricts the search to the set

{ω = Aλ1λ2dλ0 +Bλ0λ2dλ1 + Cλ0λ1dλ2} .

Pick T̂ as reference triangle with respect to the chosen coordinates, i.e.
T̂ := {x ∈ R2, 0 ≤ x1, x2 ≤ 1, x1 + x2 ≤ 1}. Then λ0 = 1 − x1 − x2,
λ1 = x1, and λ2 = x2. In the canonical basis for 1-forms we can express
ω by

ω = (B − (A+B)x1 −Bx2)x2dx1 + (C − Cx1 − (C +A)x2)x1dx2

A,B,C ∈ R .

Equating the coefficients for corresponding monomials of order 2, we
get (with α1, α2 from (19))

1
3
α1 = A+B ,

1
3
α2 = B ,

1
3
α1 = −C ,

1
3
α2 = −(C +A) .
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A solution exists for any α1, α2 ∈ R, e.g. α1 = 3, α2 = 0 leads
to A = 1, B = 0, C = −1, whereas α1 = 0, α2 = 3 means
A = 1, B = −1, C = 0. Then we arrive at the following two basis
forms for C̃1

1 (T̂ )

β1 = −x1x2dx1 + (x1 − 1)x1dx2 , β2 = (1− x2)x2dx1 − x2x1dx2 .

Here no hierarchical surplus has to be computed, as there are no non-
trivial discrete 1-forms of order 0 that are supported in the interior of
a triangle.

To continue with the construction of hierarchical bases, we select
bases {ζ l,Sp,1 , . . . , ζ

l,S
p,K}, K = K(l, p, S) := dim C̃ lp(S), of C̃ lp(S). The

freedom at this stage will mean that many different instances of p-
hierarchical bases are possible. Since H l

k(S) := tSY l
k(S) these basis

forms can be extended to forms {γl,Sp,1, . . . , γ
l,S
p,K} in Y l

k(S). Finally set

βl,Sp,j := (Π̂l
p − Π̂l

p−1)γ
l,S
p,j , 1 ≤ j ≤ K .

As Y l
k(S) is invariant under the nodal projectors Π̂l

p, 0 ≤ p ≤ k, the βl,Sp,j
still belong to Y l

k(S). Thanks to (28) we know tSβ
l,S
p,j = ζ l,Sp,j . In sum,

βl,Sp,1, . . . , β
l,S
p,K are representatives of linearly independent elements of

Ȳ l
k(S) and they respect the hierarchical decomposition.

Now we are in a position to describe the hierarchical bases for
X l
k(T̂ ) explicitly through

Bl
0 ∪

{
βl,Sp,j , dβ

l,S
p,m, 1 ≤ j ≤ K(l, p, S), 1 ≤ m ≤ K(l − 1, p, S),

S ∈Mi(T̂ ), 0 ≤ i ≤ n, 1 ≤ p ≤ k

}
.

(33)

Linear independence of the forms is clear from the way they
have been constructed. As well, their construction guarantees the
locality property. However, can any ω ∈ X l

k(T̂ ) be expressed as a
linear combination of forms from (33)? Start with the p–hierarchical
decomposition of ω

ω = ω0 + . . .+ ωk , ω0 := Π̂l
0ω , ωp := (Π̂l

p − Π̂l
p−1)ω, 0 ≤ p ≤ k .

Then pick S ∈ Ml(T̂ ) and express tSωp ∈ X̃ l
p(S) through

{ζ l,Sp,1 , . . . , ζ
l,S
K,p, dζ

l−1,S
p,1 , . . . , dζ l−1,S

M,p }. Subtracting the same linear

combination of {βl,Sp,1, . . . , β
l,S
p,K , dβ

l−1,S
p,1 , . . . , dβl−1,S

p,M } from ωp yields
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ω′p ∈ X̃ l
p(T̂ ) with vanishing trace on S. Carrying out the same

procedure for the other sub-simplices in Ml(T̂ ) results in a form
ω̄ ∈ X̃ l

p(T̂ ) whose trace on all l-dimensional subsimplices is zero.
Choosing S ∈ Ml+1(T̂ ) this means tSω̄ ∈ H l

p(S) and we can repeat
the construction for l+ 1-dimensional sub-simplices. This can be done
until we reach S = T̂ . I point out that a closed ωp, p ≥ 1, will
finally be represented solely through closed basis forms. This should
be remembered as an interesting feature of (33).

As the hierarchical basis (33) complies with all requirements,
it induces valid local degrees of freedom and, thus, a corresponding
basis of the global space X l

k(Th,Ω). The global basis retains all affine-
invariant, say all essential, features of the local hierarchical basis of
X l
k(T̂ ):

Theorem 5.2 Given a closed discrete differential form in the
hierarchical surplus space X̃ l

p(Th,Ω), p ≥ 1, it can be written as linear
combination of closed forms with local support.

Proof Everything has already been settled by the above
considerations. The local contributions are spawned by exterior
derivatives of hierarchical basis functions for discrete l − 1-forms.✷

Remark. Recursion lends itself for the practical construction of
the hierarchical basis: Build hierarchical bases H l

k(T̂ ) for in dimensions
l, . . . , n−1 first. Then extend them to elements of the hierarchical basis
of X l

k(T̂ ). Extension is straightforward, if barycentric coordinates are
used to represent the differential forms.

The hierarchical basis is also the key to building spaces of discrete
differential forms on Th, whose polynomial degree may vary from
element to element. For each T ∈ Th we fix pT ∈ N0, which stands
for the desired polynomial degree on that particular element. Then
define

pS := min{pT , S ⊂ T} , S ∈M(Th) . (34)

as the polynomial degree associated with each sub-simplex S of the
mesh. As is the case with any admissible basis, the forms in the global
hierarchical basis of X l

k(Th,Ω) belong to exactly one sub-simplex of
Th. The global p–adaptive basis is then given by

Bl
{pT } :=

⋃
S∈M(Th)

{ Basis l-forms of degree ≤ pS associated with S } .

Of course, the global p–adaptive space of discrete l-forms is defined as

X l
{pT }(Ω, Th) := Span

{
Bl
{pT }

}
.
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Theorem 5.3 If Ω is contractible, the spaces X l
{pT }(Ω, Th), 0 ≤

l ≤ n, possess the exact sequence property.
Proof. If ω ∈ X l

{pT }(Ω, Th) is closed we can split it into two closed
forms according to

ω = ω0 + ω̃, ω0 = Πl
0 .

As seen before, the hierarchical surplus ω̃ can only comprise closed basis
forms of Bl

{pT } that are derivatives of hierarchical basis l − 1-forms of
the same polynomial degree and belonging to the same sub-simplex:

∃η ∈ X l−1
{pT }(Ω, Th) : ω̃ = dη .

The existence of a discrete potential for lowest order discrete
differential forms (Whitney-forms) is a result from topology.✷

Remark. It turns out that the existence of discrete potentials is
crucial for the discrete compactness property of edge elements (discrete
1-forms) [21, 10, 5]. Discrete compactness is a necessary condition
for the convergence of Galerkin finite element solutions of eigenvalue
problems.

Of course, Bl
{pT }(Ω, Th) is not the only possible basis for X l

{pT }
and there is ample room for better choices following the prescriptions
from the beginning of the paragraph. For finite element applications
changing to another basis is even recommended in order to improve
the condition number of the resulting system of linear equations [2].
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in time and frequency domain simulations is derived, but also some
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as the framework for a consistent discrete electromagnetic field theory.
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1. INTRODUCTION

One of the key points of the Finite Integration Technique [1, 2] is
the use of a system of two computational grids, the primary grid G

and the dual grid G̃. In the simplest case these are Cartesian-type
coordinate grids (sometimes referred to as Yee-type grids [3]), but a
large variety of more general grids are allowed, such as cylindrical or
spherical coordinate grids, triangular [4] or non-orthogonal grids [5].
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As state variables of the FIT we introduce electric and magnetic
grid voltages and fluxes, which are defined as the integrals of the
electric and magnetic field vectors over elementary objects of the
computational grid: Grid voltages

�
e i =

∫
Li

�E(�r, t) · d�s,
�

Hj =
∫

L̃j

�H(�r, t) · d�s, (1)

and grid fluxes

��
di =

∫

Ãi

�D(�r, t) · d �A,
��
b j =

∫
Aj

�B(�r, t) · d �A,
��
j i =

∫

Ãi

�J(�r, t) · d �A,

(2)

where Li, Aj are the edges and facets of the primary grid G, and L̃j , Ãi

denote the edges and facets of the dual grid G̃. The indices are chosen
such, that the primary facet Aj has the same index as the intersecting
edge L̃j of the dual grid (same to Ãi and Li).

Using these definitions, Maxwell’s equations can be transformed
into a set of matrix-vector-equations for the algebraic vectors �e ,

��
d,

�

h,
��
b, and

��
j

C�e = − d

dt

��
b, C̃

�

h =
d

dt

��
d +

��
j , (3)

S
��
b = 0, S̃

��
d = q, (4)

which are referred to as Maxwell’s Grid Equations.
The matrix C is the discrete curl-operator of the grid G: Its entries

Cji are ±1, only if edge Li is contained in the boundary of facet Aj ,
and zero otherwise (incidence relation). Analogously, the matrix S is
the discrete div-operator1 of the primary grid: Its entries Skj are ±1,
only if facet Aj is contained in the boundary of cell k. The same applies
to the matrices S̃ and C̃ and the dual grid G̃.

From grid topology we find the relations

SC = 0 and S̃C̃ = 0, (5)

which in the light of the FIT have some important consequences: As
direct analogs to the vector-analytical identity ‘div rot=0’ they ensure,
1 For historical reasons the div-operators are denoted with S and S̃ (’source’), and symbols
beginning with D are used for diagonal matrices.
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that also in the discrete regime we can identify curl-free (solenoidal)
and divergence-free fields, and a curl-field is always free of sources. This
property holds exactly (up to numerical round-off) for all discrete field
vectors of the FI-approach (and not only for vanishing grid step sizes
∆→ 0).

Another topological result is the duality of the curl-operators

C̃ = CT , (6)

which plays an important role in the following analysis of the discrete
eigenvalue problem of the FIT. Furthermore, the transposed matrix of
the div-operator ST can be identified to be the negative dual gradient:

G̃ = −ST and G = −S̃T . (7)

In the case of a Cartesian grid system with NP primary nodes
we can choose the indexing of the edges and facets such, that in the
discrete vectors the x−, y− and z−components are separated,

�e =




�ex
�ey
�ez


 ,

�

h =




�

hx�
hy�
hz


 . (8)

As a consequence, we obtain NP × NP -blocks Px, Py and Pz in the
operator matrices

C =

( 0 −Pz Py

Pz 0 −Px

−Py Px 0

)
, C̃ =


 0 PT

z −PT
y

−PT
z 0 PT

x

PT
y −PT

x 0


 ,

(9)

and

S = ( Px Py Pz ) , S̃ =
(
−PT

x −PT
y −PT

z

)
, (10)

which can be identified as discrete partial differentiation operators
[1, 2].

To complete the discretization approach we introduce so-called
material matrices as an analog of the constitutive relations of
continuous fields (without polarization vectors):

��
d = Mε

�e
��
j = Mκ

�e
�

h = Mµ−1

��
b (11)

If we assume a dual-orthogonal grid system, where primary edges and
dual facets (or dual edges and primary facets) intersect with an angle
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of 90 degrees, the material matrices (11) can be defined as diagonal
matrices with the entries

Mε,ii =
εÃi

Li
, Mκ,ii =

κÃi

Li
, Mµ−1,jj =

L̃j
µAj

, (12)

where ε, κ and µ are properly averaged material coefficients. The
consistency of these expressions with the continuous relations can be
proven by simple Taylor expansions [2, 6].

Obviously, for positive permittivities and permeabilities the
matrices Mε and Mµ−1 are symmetric positive definite. This property
together with the duality (6) of the curl-operators can be exploited to
derive a number of important theorems for the discretization approach
of the FIT. This includes the conservation of energy in simulations
with time-varying fields, and various orthogonality relations for the
eigensolutions of the method. In the following chapters we first
introduce the underlying concept of electric and magnetic energy in
the discrete system, and then present some important consequences of
this definitions and their algebraic proofs.

2. ORTHOGONALITY PROPERTIES AND DISCRETE
ENERGY

For the rest of this paper we restrict our analysis to Cartesian
grids, as they allow a simple but important definition of a discrete
energy quantity. To motivate the following derivation, we regard
the eigenvalue equation for the electric field in a lossless system (no
currents)

ε−1curl µ−1curl �E = ω2 �E (continuous), (13)

M−1
ε CTMµ−1C �e = ω2 �e (discrete), (14)

where the dual curl operator in the discrete formulation was replaced
by C̃ = CT according to (6). As the material matrices are diagonal
and positive definite, we can define their real-valued ’roots’

Mε = M1/2
ε M1/2

ε Mµ−1 = M1/2
µ−1 M1/2

µ−1 (15)

by taking the square root of each entry. The system matrix A =
M−1

ε CTMµ−1C of the algebraic eigenvalue problem can then be
symmetrized by the transformation

�e ′ = M1/2
ε

�e , (16)
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leading to

M−1/2
ε CTMµ−1CM−1/2

ε
�e ′ = ω2 �e ′, (17)

with the symmetric positive semidefinite system matrix

A′ = M−1/2
ε CTMµ−1CM−1/2

ε = (M1/2
µ−1CM−1/2

ε )T (M1/2
µ−1CM−1/2

ε ).
(18)

Thus all eigenvalues λ = ω2 of equations (14) and (17) are real-
valued and non-negative numbers, and all eigensolutions represent
either static solutions (with ω = 0) or undamped oscillations with
real eigenfrequencies ω > 0. This is discussed in more detail in [2, 6].

Another important property of eigenvalue problems with a
positive definite system matrix is the orthogonality of the modes: For
each pair of eigenvectors with different eigenvalues we have

(�e ′ξ)
H �e ′η = 0 (λξ �= λη). (19)

Re-substituting the original vectors applying (16), we can
normalize the eigenmodes to get

�eHξ Mε
�eη = �eHξ

��
dη =

{
0 (ξ �= η)

1 Watt (ξ = η). (20)

From the physical dimension of the scalar product [�eHξ
��
dξ] = 1 Watt

it can be identified as an energy-related form, and this motivates the
definitions of the (time-averaged) total stored electric and magnetic
discrete energy:

W e =
1
4
�eH

��
d, Wm =

1
4
�

hH
��
b. (21)

For an interpretation of these formulas we consider two (real-
valued) components �

e i and
��
Di, which refer to a primary grid edge Li

in x-direction, and to the corresponding dual facet Ãi. According to
Fig. 1 this facet consists of four parts ∆Ãk (k = 1 . . . 4) with eventually
different permittivities εk.

Based on the (continuous) Ex-component of the electric field at
the intersection point, the first order approximations

�
e i ≈ Ex · Li,

��
di ≈ Ex ·

4∑
k=1

εk ∆Ãk, (22)



306 Schuhmann and Weiland

Li

Ai
~

Ai
~

Ex
Ex

x

y

yx

zz

dual grid G
~� 2

� 3 � 4

� 1

primary grid G

� A1
~� A2

~

� A3
~ � A4

~

Vx,i
*

Figure 1. Calculation of the discrete electric energy referring to one
pair of components �

e i and
��
Di. The integration volume V ∗x,i consists

of one half of two neighboring dual cells and may contain up to four
different materials.

(which are also the basis of the discrete material relations) yield

1
4
�
e i ·

��
di ≈

1
4

4∑
k=1

εkE
2
x · Li ∆Ãk

≈ 1
4

∫
V ∗x,i

εE2
x dV = W

∗
x,i. (23)

This expression can be considered as an approximation of the stored
energy of the x-component of the discrete electric field in the ’mixed’
cell

V ∗x,i = Li Ãi, (24)

which is a combination of two half dual cells (cf. Fig. 1). The
consistency of this discrete energy quantity can be easily proven by
a Taylor expansion of Ex(x, y, z) — the same argumentation as for the
consistency of the material relations.

For all x-components in �e and
��
d we have⋃

i

V ∗x,i = Ω (problem domain), (25)

and obviously this is also true for the y- and z-components (yielding
three different segmentations of Ω). Thus, the scalar product in (21)
as the summation of all cell energies

1
4
�eH

��
d =

∑
i

W
∗
x,i +

∑
i

W
∗
y,i +

∑
i

W
∗
z,i (26)
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is the total stored discrete electric energy in the grid. The derivation
of the magnetic energy is completely analogous.

For static or transient fields, where no time-averaging has to be
performed, the corresponding definitions are

We =
1
2
�eT

��
d, Wm =

1
2
�

hT
��
b. (27)

3. ENERGY CONSERVATION IN THE DISCRETE
SYSTEM

Based on this definition of the discrete energy we will now consider its
transient characteristics for time-varying fields [2, 7].

In a first step the time derivatives in (3) are left untouched,
and thus the conservation of discrete energy is only analyzed for the
spatial discretization scheme itself. This is sufficient, for example, for
time-harmonic fields, if the time-dependence is implicitly (and without
approximations) introduced by a complex exponential expression. For
the general case of transient fields, however, the time axis has to be
discretized too, and thus also the time integration scheme applied to
Maxwell’s Grid Equations has to be taken into account.

Discrete space – continuous time

The total discrete energy in the computational grid according to (27)
is given by

W (t) = We(t) + Wm(t) =
1
2
(�eT (t)

��
d(t) +

�

hT (t)
��
b(t)). (28)

Exploiting the symmetry of the material matrices, we obtain for the
time derivative of this equation:

d

dt
W (t) =

1
2

(
d

dt
�eT

��
d + �eT

d

dt

��
d +

d

dt

�

hT
��
b +

�

hT
d

dt

��
b

)

=
1
2

(
(Mε

�e)T
d

dt
�e + �eT

d

dt

��
d + (Mµ

�

h)T
d

dt

�

h +
�

hT
d

dt

��
b

)

= �eT
d

dt

��
d +

�

hT
d

dt

��
b. (29)

Putting in Maxwell’s Grid Equations (3) and the duality relation (6),
a discrete form of Poynting’s law for the total energy in the grid can
be derived:

d

dt
W = �eT (C̃

�

h −
��
j )−

�

hTC�e = −�eT
��
j . (30)
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As the basic formulation in (3) implies closed boundary conditions,
there is no radiation term in this formula. If only the energy in a sub-
domain of the grid is to be considered, such a radiation term can be
formulated by a proper definition of a discrete energy flow vector [8],
where components of the discrete electric and magnetic voltages have
to be locally interpolated.

For time harmonic processes an additional result concerning the
discrete energy conservation can be found. Assuming a time harmonic
problem with no external current excitation or losses, all eigenmodes
�e and the related fluxes

��
d can be chosen to be real-valued, yielding

purely imaginary magnetic vectors
�

h and
��
b. Using the time-harmonic

form of (3),

C�e = −iω ��
b, C̃

�

h = iω
��
d, (31)

we obtain the relation
1
4
�eH

��
d =

1
4

1
iω

�eHC̃
�

h =
1
4

1
iω

(C�e)H
�

h

= −1
4

1
iω

(iω
��
b)H

�

h =
1
4

��
b
H �

h =
1
4

�

hH
��
b. (32)

Thus for the time-averaged magnetic and electric energy the time
harmonic equilibrium relation

Wm = We (33)

holds also in the discrete sense within the FI-theory.

Discrete space – discrete time

The most common time integration algorithm in connection with the
FIT is the leapfrog-scheme [2, 3], which follows from (3), if the time
derivatives are substituted by central differences. Having in mind the
energy definitions above, we introduce the scaled composed vector

y(t) =

(
M1/2

µ

�

h(t)
M1/2

ε
�e(t)

)
with

∥∥y(t)
∥∥2

2
=

�

hTMµ

�

h + �eTMε
�e = 2 ·Wtot(t). (34)

Maxwell’s Grid Equations (without currents) then can be written as
one system of ordinary differential equations

d

dt
y = At y, (35)
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with

At =

(
0 −M−1/2

µ CM−1/2
ε

M−1/2
ε CTM−1/2

µ 0

)
=

(
0 A1

−AT
1 0

)
.

(36)

The system matrix At of this time domain formulation is skew-
symmetric and thus has only purely imaginary eigenvalues λt,i = iωi.
The corresponding eigenvectors

yt =
( �

h′i
�e ′i

)
=

(
M1/2

µ

�

hi
M1/2

ε
�e i

)
(37)

fulfill the relations

A1
�e ′i = λt,i

�

h′i and −A1

�

h′i = λt,i
�e ′i. (38)

Using this notation, the update-equations of the leapfrog-
algorithm for full and half time steps tm = t0 + m ·∆t appear as

y(m+1) = B y(m) (39)

with

y(m) =

(
M1/2

µ

�

h(m)

M1/2
ε

�e (m+1/2)

)
and

B =
(

I ∆tA1

−∆tAT
1 I + ∆t2 AT

1 A1

)
. (40)

Note, that despite of the staggered allocation of the electric and
magnetic field vectors on the time axis, the squared Euclidean norm of
y(m) can still be considered as a discrete energy definition — not only
in an algebraic sense, but also physically due to the convergence to the
time-continuous formulation for ∆t→ 0.

To analyze the time dependence of the discrete energy we compute
the eigenvalues and eigenvectors of the iteration matrix B using the
approach

yB,i =
( �

h′i
α
�e ′i

)
with α ∈ C

⇒ ByB,i =
( �

h′i (1 + α∆tλt,i)
α
�e ′i (1 + 1

α∆tλt,i + ∆t2λ2
t,i)

)
, (41)
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where the relations (38) have been applied several times. Obviously,
yB,i is an eigenvector of B with the corresponding eigenvalue

λB,i = 1 + α∆tλt,i, (42)

if α fulfills the equation

1 + α∆tλt,i = 1 +
1
α

∆tλt,i + ∆t2λ2
t,i. (43)

From (42) and (43) we obtain the following relation between the
eigenvalues λA,i = iωi of the system matrix At and λB,i of the iteration
matrix B:

λB,i =
2− (∆tωi)2

2
±

√(
2− (∆tωi)2

2

)2

− 1 . (44)

Under the Courant-condition

|∆t ωi| ≤ 2 (45)

the expression under the root is always negative, leading to complex
eigenvalues λB,i with

|λB,i| = 1. (46)

Thus the norm (the energy) of all eigenvectors of B remains unchanged
in each iteration step. As these eigenvectors build an orthogonal basis,
this is also true for an arbitrary vector y,

∥∥y(m+1)
∥∥

2
=

∥∥By(m)
∥∥

2
=

∥∥y(m)
∥∥

2
, (47)

which is the desired proof for the energy conservation of the FIT
combined with the leapfrog scheme.

4. ORTHOGONALITY OF DISCRETE WAVEGUIDE
MODES

In the previous chapters the orthogonality properties of the three-
dimensional2 eigenmodes of the FIT-discretization based on a energy-
related inner product has been proven.

A similar theorem can also be formulated for the two-dimensional
modes in waveguides, or — to be more general — in two-dimensional
2 The dimension here refers to the number of spatial directions, not to the number of
degrees of freedom.
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cross-sections of a Cartesian grid. To this end we first derive the
discrete eigenvalue equation for such modes [9].

For the simulation of waveguide modes propagating in a
coordinate-direction (here: z) of the grid,

�E, �H ∼ e−i kzz, (48)

(with the propagation constant kz), this spatial direction can be treated
by continuous rather than discrete analysis. From

Pz f = f
∣∣
z0+∆z

− f
∣∣
z0

= f
∣∣
z0

(e−i kz∆z − 1)

≈ f
∣∣
z0

(−i kz∆z). (49)

we can substitute the differentiation operator Pz in the block-wise
notation (9) and (10) of the operator matrices by7

Pz = −i kz∆z I. (50)

(Here for sake of a simplified notation the indexing system of the
components has to be further specified: Pairs of transverse components
(�e x,i,

�

Hy,j) or (�e y,i,
�

Hx,j) referring to intersecting primary and dual
edges in the 2D-projection of the grid, are assumed to have the same
index i = j; cf. Fig. 2, right.)
Note, that applying (50) to (9) and (10) results in complex-valued
matrices, which are only valid for one distinct kz. Besides, the
transposed sub-matrices in C̃ and S̃ have to be replaced by the
Hermitian expression PH

z = +i kz∆z I.
In the next step, we use the divergence-free condition for the

electric flux to eliminate the longitudinal components from the
eigenvalue equation. As the expression (50) can be easily inverted,
we get

S̃
��
d = 0 ⇒ ��

dz =
1

i kz∆z
(−PT

x

��
dx −PT

y

��
dy). (51)

Finally a 2NP × 2NP -eigenvalue problem can be derived from (14) for
the transverse components of the waveguide modes [9]:

(A2D − ω2 I− k2
z B2D) �e t = 0. (52)

In this paper we are mainly interested in the orthogonality
properties of the solutions of this eigenvalue problem. Similar to the
7 This corresponds to a first order approximation for small longitudinal grid step sizes
∆z. It can be shown, however, that ∆z can be shortened from all formulas based on
this approximation, and thus (49) can be considered as an exact representation of the
longitudinal differentiation operator in waveguides.
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3D-case, from the algebraic properties of the 2D-system matrix we get
the relation for the 2D-modes (index ’t’ for only transverse x- and
y-components):

�eTt,ξ
��
dt,η =

(
�eTx,ξ

�eTy,ξ
) ( ��

dx,η
��
dy,η

)
= 0 (kξ �= kη). (53)

If we assume a homogeneous material distribution (e.g. vacuum), a
single component of this sum can be written as

�
e x,i

��
dx,i ≈ (Ex ∆xi) · (ε0Ex ∆ỹi∆z̃) = ε0∆z̃ (E2

xA
∗
x,i) (54)

with the lengths and area as in Fig. 2 (left). Thus, for all components
the discrete orthogonality relation corresponds to the dot-product
based orthogonality of continuous modes in hollow waveguides [10]∫

A

�Eξ · �Eη dA = 0 (kξ �= kη). (55)

Ex

Ax,i
*

x

y

G
~

G
~

G
� z~

Ex
Hy

Hx
Ey

G

� y~i

� xi

Axy,i
*

Ayx,j
*

Figure 2. Orthogonality of discrete waveguide modes. Left: Energy-
related orthogonality �eTt,ξ

��
dt,η = 0 corresponding to the dot-product

�Eξ · �Eη for the continuous fields in hollow guides. Right: Energy-
flow related orthogonality relation �eTt,ξ K

�

ht,η = 0 corresponding to
the vector product �Eξ × �Hη (with a topological matrix operator K
according to (67)). The integration areas are implicitly defined by the
integral-based state variables of the FIT.

An alternative formulation for the orthogonality of waveguide
modes is based on the vector product of the electric and magnetic
fields (similar to the definition of Poynting’s vector):∫

A

( �Eξ × �Hη) · d �A = 0 (|kξ| �= |kη|). (56)
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A corresponding theorem can be found for the discrete fields, too, and
we again only use Maxwell’s Grid Equations, the duality property (6),
and the symmetry of the material matrices for its derivation. It is
remarkable, that the algebraic proof is in close analogy to the classical
proof for continuous fields (cf. [10]).

We start with the discrete curl-equations in (3), applied to two
waveguide modes with kξ �= ±kη. According to (50) two different
C-matrices (denoted Cξ and Cη) have to be used:

Cξ
�eξ = −iω��

bξ, Cη
�eη = −iω��

bη. (57)

Left-multiplying by
�

hTη or
�

hTξ yields
�

hTηCξ
�eξ = −iω

�

hTη
��
bξ,

�

hTξ Cη
�eη = −iω

�

hTξ
��
bη, (58)

leading to (exploiting the symmetry of the magnetic material matrix)
�

hTηCξ
�eξ −

�

hTξ Cη
�eη = −iω

(
(Mµ−1

��
bη)T

��
bξ − (Mµ−1

��
bξ)T

��
bη

)
= −iω

(
��
bTηM

T
µ−1

��
bξ −

��
bTξ M

T
µ−1

��
bη

)
= 0. (59)

Analogously we obtain from the second curl-equation:

C̃ξ

�

hξ = iω
��
dξ, C̃η

�

hη = iω
��
dη, (60)

�eTη C̃ξ

�

hξ = iω
�eTη

��
dξ,

�eTξ C̃η

�

hη = iω
�eTξ

��
dη, (61)

�eTη C̃ξ

�

hξ − �eTξ C̃η

�

hη = iω
(
(M−1

ε

��
dη)T

��
dξ − (M−1

ε

��
dξ)T

��
dη

)
= iω

(��
dTη (M−1

ε )T
��
dξ −

��
dTξ (M−1

ε )T
��
dη

)
= 0.

(62)

Adding up (59) and (62) yields:
�

hTηCξ
�eξ − �eTξ C̃η

�

hη −
�

hTξ Cη
�eη + �eTη C̃ξ

�

hξ = 0

⇒ �eTξ (CT
ξ − C̃η)

�

hη − �eTη (CT
η − C̃ξ)

�

hξ = 0. (63)

If we introduce now the block-wise notation of C and C̃ according
to (9) and (50), we get

CT
ξ − C̃η =


 0 −ikξI −PT

v

ikξI 0 PT
x

PT
v −PT

x 0


−


 0 ikηI −PT

v

−ikηI 0 PT
x

PT
v −PT

x 0




= −i(kξ + kη)

( 0 I 0
−I 0 0
0 0 0

)
. (64)
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Thus, the transverse fields

�e t,ξ =
(

�ex,ξ
�ey,ξ

)
�

ht,ξ =
(�

hx,ξ�

hy,ξ

)
(65)

fulfill the relation

(kξ + kη)
(
�eTt,ξ K

�

ht,η − �eTt,η K
�

ht,ξ
)

= 0, (66)

with the matrix operator

K =
(

0 I
−I 0

)
. (67)

For kξ �= −kη as assumed above we finally get
�eTt,ξ K

�

ht,η − �eTt,η K
�

ht,ξ = 0. (68)

If we change the sign of one of the propagation constants in this
derivation (for a wave propagation in the opposite direction),

k′ξ = −kξ, �e ′t,ξ = �e t,ξ,
�

h′t,ξ = −
�

ht,ξ. (69)

we get the relation

(−kξ + kη)
(
�eTt,ξ K

�

ht,η + �eTt,η K
�

ht,ξ
)

= 0, (70)

instead of (66), leading to (for kξ �= kη):
�eTt,ξ K

�

ht,η + �eTt,η K
�

ht,ξ = 0. (71)

Adding up (68) and (71) finally yields the desired orthogonality
relation for the discrete eigenmodes in waveguides:

�eTt,ξ K
�

ht,η = 0 (kξ �= ±kη). (72)

For each set of degenerated modes with kξ = ±kη a linear combination
can be found such, that (72) is fulfilled, too.

The geometrical interpretation of this orthogonality relation is
shown in Fig. 2 (right). By the entries ±1 in the topological operator
K, pairs of components �

e x,i,
�

hy,i and �
e y,j ,

�

hx,j are coupled to each
other, which are related to perpendicular edges; and each product of
the corresponding field strengths can be considered as a part of the
desired expression �E× �H. The grid sizes implied in the discrete voltage
quantities define again integration areas A∗xy,i and A∗yx,j , which cover
the cross section of the waveguide. Thus, (72) can be identified as a
discrete analog of the integral over the vector product of �Eξ and �Hη in
(56).
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5. CONCLUSION

In this paper we presented the concept of discrete energy quantities
for the electric and magnetic grid voltages — the state variables of the
Finite Integration Technique — in a Cartesian grid system.

A central point of the derivation is the first-order interpretation of
the discrete voltages as products of a continuous field quantity and the
metric of the corresponding edges and facets of the grid. This leads to
the geometrical interpretation of the energy quantities as sum over all
cell-energies, using different segmentations of the computation domain.

Several algebraic proofs for important properties of the FIT have
been presented, including the energy conservation of the FIT both
in frequency and time domain, the energy-based orthogonality of the
three-dimensional eigenmodes, and two different formulations for the
orthogonality of two-dimensional modes in longitudinally homogeneous
waveguides.

All these proofs are based on only a few algebraic properties of
the discretization scheme — namely the duality of the discrete curl-
operators and the definition of symmetric and positive definite material
matrices. These properties thus can be considered to be key points of
the formulation, and have to be preserved for any extensions of the
method (like e.g. sub-gridding techniques, non-orthogonal grids, or
higher-order schemes).

Not only the presented theorems themselves but also their
derivations and proofs within the discrete algebraic system are in close
analogy to the vector-analytical analysis of continuous fields. The
Finite Integration Technique therefore can be considered as a unique
and consistent discrete electromagnetic field theory.
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Communication (AEÜ), Vol. 31, 116–120, 1977.

2. Weiland, T., “Time domain electromagnetic field computation
with finite difference methods,” International Journal of Numer-
ical Modelling: Electronic Networks, Devices and Fields, Vol. 9,
259–319, 1996.

3. Yee, K. S., “Numerical solution of initial boundary value problems
involving Maxwell’s equations in isotropic media,” IEEE Trans.
Ant. Prop., Vol. AP-14, 302–307, 1966.

4. van Rienen, U. and T. Weiland, “Triangular discretization method



316 Schuhmann and Weiland

for the evaluation of RF-fields in waveguides and cylindrically
symmetric cavities,” Particle Accelerators, Vol. 20, 239–267, 1987.

5. Schuhmann, R. and T. Weiland, “A stable interpolation technique
for FDTD on nonorthogonal grids,” International Journal of
Numerical Modelling: Electronic Networks, Devices and Fields,
Vol. 11, 299–306, 1998.

6. Clemens, M. and T. Weiland, “Discrete electromagnetism with
the finite integration technique,” this volume.

7. Thoma, P., “Numerical stability of finite difference time domain
methods,” IEEE Trans. Mag., Vol. 34, 2740–2743, 1998.

8. Thoma, P., “Zur numerischen Lösung der Maxwellschen
Gleichungen im Zeitbereich,” Ph.D. Thesis, Darmstadt University
of Technology, 1997.

9. Weiland, T., “A numerical method for the solution of the
eigenwave problem of longitudinally homogeneous waveguides,”
Electronics and Communication (AEÜ), Vol. 31, 308–314, 1977.
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Abstract—A desire to unify the mathematical description of many
physical theories, such as electrodynamics, mechanics, thermal
conduction, has led us to understand that global (=integral) physical
variables of each theory can be associated to spatial geometrical
elements such as points, lines, surfaces, volumes and temporal
geometrical elements such as instants and intervals. This association
has led us to build a space-time classification diagram of variables and
equations for each theory. Moreover, the possibility to express physical
laws directly in a finite rather than differential form has led to the
development of a computational methodology called Cell Method [12].
This paper discusses some practical aspects of this method and how
it may overcome some of the main limitations of FDTD method in
electrodynamics. Moreover, we will provide some numerical examples
to compare the two methodologies.

1 Introduction

2 Theoretical Aspects of the Cell Method
2.1 Space-Time Structure
2.2 Orientation of Geometrical Elements
2.3 Physical Global Variables of Electrodynamics
2.4 Electrodynamic Laws
2.5 Time Approximation
2.6 Stability

3 The Delaunay-Voronoi Method
3.1 Delaunay-Voronoi Grids

3.1.1 Two-Dimensional Extrude Grids
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5.1.1 Numerical Modeling of Problem 1
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5.2.1 Numerical Modeling of Problem 2
5.3 Summary of Numerical Results

6 Conclusions
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1. INTRODUCTION

Several numerical methods to find solutions to Maxwell’s equations
have been proposed over the years. One of them, possibly the
most common and widespread, is the finite-difference time-domain
(FDTD) method initially proposed by Yee [2] in 1966. Many studies
have been carried out on this method since then (see for example
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[11]). In particular, many efforts have been directed to overcoming
restrictions in the FDTD method, such as the use of Cartesian
orthogonal grids. The main techniques can be divided into two groups
arising, respectively, from the differential and the integral formulation
of Maxwell’s equations:

• Differential formulation. One of the first methods using this
formulation is the FDTD method in generalized nonorthogonal
coordinates proposed by Holland [4] and then used, with some
modifications, by others [5, 6, 10].

• Integral formulation. In this context we can find many works:
some of them are based on Delaunay-Voronoi grids [7, 9], others
on grids made by cells with more general shapes [8].

The general goal has been to arrive at a methodology which has the
following features [8]:

(i) Allows the use of unstructured non-orthogonal grids.
(ii) Allows different types of cells (tetrahedral, cubic, etc.).
(iii) Recovers the FDTD method when orthogonal grids are used.
(iv) Preserves charge or divergence locally (and globally).
(v) Conditionally stable.
(vi) Non-dispersive.
(vii) Non-dissipative.
(viii) Accurate for non-orthogonal grids.

In this paper, we will describe a method, dubbed Cell Method, that
incorporates the features (i)–(v) and (viii) above (items (vi)–(vii) have
not been analyzed). The Cell Method is based on a formulation
strictly related to the integral formulation of Maxwell’s equations; it
uses global variables of the electrodynamic fields (fluxes Φ,Ψ, voltages
V ,F , currents I, charge Qc) rather than differential ones (field vectors
B, D, E, H, current density J, charge density ρ). Moreover, we
will illustrate some results obtained using Cell Method, and include
a comparison against results from the FDTD method and from a full
modal expansion.

2. THEORETICAL ASPECTS OF THE CELL METHOD

2.1. Space-Time Structure

The cell method is based, as the first step, on a space-time structure
that consists of two spatial geometrical structures:

• Primal spatial grid G, defined by the set of primal elements
G = {P,L, S, V } that are points P, lines L, surfaces S, volumes V.
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• Dual spatial grid G̃, defined by the set of dual elements
G̃ = {P̃ , L̃, S̃, Ṽ } that are points P̃ , lines L̃, surfaces S̃, volumes
Ṽ .

Each spatial grid is characterized by a cell complex. A generic cell
can be a hexahedron, a tetrahedron, or other. The distinction between
primal and dual grids arises from the need for bijective mappings
between the elements: P ↔ Ṽ ,L ↔ S̃, S ↔ L̃,V ↔ P̃ . For example,
let us take a very simple kind of cell: the regular hexahedron; a
complex of which characterizes an orthogonal Cartesian grid. Using
two Cartesian grids, respectively as primal and dual grid, with the
points P̃ in a barycentric position to the volumes V, it is possible to
achieve a cell complex; in figure 1 a cell pair made by two spatial

P

L

P̃
L̃

Ṽ

S̃

S

V
Primal  cell

Dual  cell

Figure 1. Pair of primal and dual spatial cells.

cubic cells is shown. The bijective mappings between the geometrical
elements of cells in figure 1 are shown in figure 2.

V

P̃

P̃

P̃

SL̃P

P

S̃

L
P

Ṽ

a) b) c) d)

Figure 2. Biunivocal mappings between primal and dual geometrical
elements.
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Since we are working in time-domain, we also need two temporal
geometrical structures:

• Temporal primal grid GT , defined by the set of primal elements
GT = {I, T} that are time instant I, time intervals T .
• Temporal dual grid G̃T , defined by the set of dual elements

G̃T = {I, T} that are time instant Ĩ, time intervals T̃ .

Between the elements of the two temporal grids the bijective mappings:
I ↔ T̃ , T ↔ Ĩ are also necessary. As spatial grids permit a useful space
subdivision in spatial cells likewise temporal grids permit a time axes
subdivision in time cells. A time axis, on which a pair of primal and
dual temporal grids is built, is shown in figure 3.

t

˜

Ĩ Ĩ

T

I I I

T

Figure 3. Primal and dual time cells.

2.2. Orientation of Geometrical Elements

We use an inner or an outer orientation for respectively primal or dual
spatial elements, as in figure 4.

Moreover we use the following notation, referred in this case to a
surface elements:

• S indicates a generic oriented surface element.
• S indicates a generic non oriented surface element or its size.
• s indicates a specific oriented surface element.
• s indicates a specific non oriented surface element or its size.

2.3. Physical Global Variables of Electrodynamics

Let us define the following physical variables on the space-time
structure we have just created:

• Electric voltage impulse V[L,T], associated to primal lines L
and to primal time intervals T.

• Magnetic flux Φ[S, I], associated to primal surfaces S and to
primal time instant I.
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V

S

Inner orientation

Outer orientation

P̃
L̃

Ṽ

L

S̃

P

Figure 4. Orientation of geometrical elements of space grids.

• Magnetic voltage impulse F [L̃, T̃], associated to dual lines L̃
and to dual time intervals T̃.

• Electric flux Ψ[S̃, Ĩ], associated to dual surfaces S̃ and to dual
time instant Ĩ.
• Electric charge content Qc[Ṽ, Ĩ], associated to dual volumes Ṽ

and to dual time instant Ĩ.
• Electric charge flow Qf [S̃, T̃], associated to dual surfaces S̃ and

to dual time intervals T̃.
The connection with the integral notation is obvious:
• Electric voltage impulse

V[L,T] =
∫
T

∫
L
E·dl dt

• Magnetic flux
Φ[S, I] =

∫
S
B·ds

• Magnetic voltage impulse

F [L̃, T̃] =
∫
T̃

∫
L̃
H·dl dt

• Electric flux
Ψ[S̃, Ĩ] =

∫
S̃
D·ds

• Electric charge content

Qc[Ṽ, Ĩ] =
∫
Ṽ
ρdv
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• Electric charge flow

Qf [S̃, T̃] =
∫
T̃

∫
S̃
J·ds dt

In order to emphasize the space associations, each variable is indexed
by a subscript:
h) If the variable refers to the primal point ph or to the dual volume
ṽh.
α) If the variable refers to the primal line lα or to the dual surface s̃α.
β) If the variable refers to the primal surface sβ or to the dual line l̃β.
k) If the variable refers to the primal volume vk or to the dual point
p̃k.
Moreover, each variable is indexed by a prime, to emphasize the time
associations. The prime indicates the instant or the interval in which
the variable is computed. The prime n-1/2 indicates the dual time in-
stant t̃n or the corresponding primal time interval τn, while the prime
n points out the primal time instant tn or the corresponding dual time
interval τ̃n. Briefly we use the following:

Vn−1/2
α ≡ V[lα, τn], Φn

β ≡ Φ[sβ, tn]

Fnβ ≡ F [̃lβ, τ̃n], Ψn−1/2
α ≡ Ψ[̃sα, t̃n]

Qc
n−1/2
h ≡ Qc[ṽh, t̃n], Qf

n
α ≡ Qf [̃sα, τ̃n]

The physical variable associations to the space cells and to the time
cells respectively are shown separately in figures 5 and 6.

2.4. Electrodynamic Laws

Now we can express electrodynamic laws in a finite form. It is possible
to achieve them exactly from Maxwell’s integral equations, but in the
following finite form we can see that these laws are only a number of
relations joining variables defined on the same kind of grid. In fact:
On primal grids we can express:

Faraday’s law:

Φn
β = Φn−1

β −
∑
α

cβαVn−1/2
α (1)

that is a circulation law on sβ. The incidence number cβα is 0, if the
line lα does not belong to the border of the surface sβ, otherwise it is 1
o −1 according to whether the orientation of lα is or is not compatible
with the orientation of sβ.
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Figure 5. Physical variables on spatial cells.
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Figure 6. Physical variables on time cells.
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Gauss’ law (magnetism):
∑
β

dkβΦn
β = 0 (2)

that is a balance law on vk. The incidence number dkβ is 0, if the
surface sβ is not a face of the volume vk, otherwise it is 1 o −1 accord-
ing to whether the orientation of sβ is or is not compatible with the
orientation of vk. On dual grids we can express:

Maxwell-Ampère’s law:

Ψn+1/2
α = Ψn−1/2

α +
∑
β

c̃αβFnβ −Qf
n
α (3)

that is a circulation law on s̃α. The incidence number c̃αβ is 0, if the
dual line l̃β does not belong to the border of the surface s̃α, otherwise
it is 1 or −1 according to whether the orientation of l̃β is or is not com-
patible with the orientation of s̃α. The variables Qfα can be broken
down into a sum of two terms: Qfcα conduction charge flow and Qfiα
impressed charge flow.

Gauss’ law (electricity):
∑
α

d̃hαΨn−1/2
α = Qc

n−1/2
h (4)

that is a balance law on ṽh. The incidence number d̃hα is 0, if the
surface s̃α is not a face of the volume ṽh, otherwise it is 1 or −1 ac-
cording to whether the orientation of s̃α is or is not compatible with
the orientation of ṽh.

Charge conservation law:

Qc
n+1/2
h = Qc

n−1/2
h −

∑
α

d̃hαQf
n
α (5)

that is a balance law on ṽh. The electrodynamic laws above are
topological equations; hence they are independent from shapes and
sizes of primal and dual grids. Moreover, they are independent from
the material media present in the space domain. From (1), it is possible
to obtain (2) and from (3) and (4), it is possible to obtain (5). This fact
ensure that the use of equations (1),(3), and (4) preserves divergence.
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2.5. Time Approximation

We always choose τn = τ̃n = τ , where τn = τ is a fixed time interval,
and tn = nτ , t̃n = (n − 1/2)τ where n is an integer number, in order
to achieve a second time order approximation [7, 8]. Moreover, for our
convenience, we define the following variables that are global only in
space:
• Electric voltage

V n−1/2
α ≡ V [lα, t̃n] ≈ V[lα, τn]

τn
• Magnetic voltage

Fn
β ≡ F [̃lβ, tn] ≈ F [̃lβ, τ̃n]

τ̃n
• Electric current

Inα ≡ I [̃sα, tn] ≈ Qf [̃sα, τ̃n]
τ̃n

With time approximation, the electrodynamic laws become:

Faraday’s law:

Φn
β ≈ Φn−1

β − τn
∑
α

cβαV
n−1/2
α (6)

Maxwell-Ampère’s law:

Ψn+1/2
α ≈ Ψn−1/2

α + τ̃n
∑
β

c̃αβF
n
β − τ̃nI

n
α (7)

The variables Inα can be broken down into a sum of two terms: the
conduction current Ic

n
α, and the impressed current Ii

n
α.

Conservation charge law:

Qc
n+1/2
h ≈ Qc

n−1/2
h − τ̃n

∑
α

d̃hαI
n
α (8)

2.6. Stability

The electrodynamic laws (6)–(8) are structured in the typical form of a
leap-frog algorithm. In order to ensure its numerical stability an upper
limitation of the time step τ = τn = τ̃n is necessary. An interesting
useful condition is the following [7, 11]:

τ ≤ min


mink


 1

ck

√√√√ 2vk∑
β |dkβ |

sβ
l̃β


 ,minh


 1

ch

√√√√ 2ṽh∑
α |d̃hα| s̃αlα






(9)
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where ck e ch are the maximum wave propagation speed, respectively
in the primal cells vk and in the dual cells ṽh. In the case of Cartesian
orthogonal grids, as in the FDTD method, the equation (9) becomes
the well-known Courant criteria.

3. THE DELAUNAY-VORONOI METHOD

3.1. Delaunay-Voronoi Grids

3.1.1. Two-Dimensional Extrude Grids

We shall use the name two-dimensional extrude grids to refer to all the
cases in which three-dimensional grids arise from a process of extrusion
of two-dimensional grids along the z-axis. In order to speak about
two-dimensional extrude cases it is better, as a first step, to refer to
two-dimensional primal and dual grids of origin. For these, since there
are no volumes, the bijective mappings: P ↔ S̃, L ↔ L̃, S ↔ P̃ are
necessary. Starting from a Delaunay two-dimensional triangular grid,
it is possible to build the Voronoi matched grid if:

• The dual points P̃ are the circumcenters of the matching primal
surfaces S (triangles).

• The dual lines L̃ are the axes of the matched primal lines L.
• The dual surfaces S̃ are the surfaces with as a border the dual

lines surrounding the matched primal points P .

In figure (7a) some primal and dual two-dimensional cells arising from a
Delaunay-Voronoi grid are shown. Starting from these grids, by means
of a vertical extrude of their own elements, it is possible to achieve some
simple three-dimensional grids (called two-dimensional extrude grids).
For the purposes of coherence and to satisfy the necessary conditions
of bijective mappings: P ↔ Ṽ , L↔ S̃, S ↔ L̃, V ↔ P̃ it follows that:

• The volumes V are the prisms resulting from a vertical extrusion
of the primal surfaces S of an arbitrary height h.
• The volumes Ṽ are the prisms resulting from a vertical extrusion

of the dual surfaces S̃ of a height h.
• The points P̃ are the spherocenters of the matched volumes

V . They are the extrude points, of the height h/2, of the
circumcenters of the primal surfaces S of origin.

In figure 7b an example of the two-dimensional extrude grids, arising
from the two-dimensional grid in figure 7a, is shown.
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3.1.2. Three-Dimensional Grids

Given a Delaunay tetrahedral grid as primal three-dimensional grid, it
is easy to achieve the matching Voronoi grid in the following manner:
• The dual points P̃ are the spherocenters of the matched primal

tetrahedral volumes V .
• The dual lines L̃ are the straight lines, orthogonal to the matched

primal surfaces S, with as a border the spherocenters of volumes
V that have S as face.

• The dual surfaces S̃ are the surfaces lying on a plane which is
orthogonal to the matched primal lines L. The S̃ are characterized
by the surrounding dual lines L̃ that are orthogonal to the planes
with L as part of their border.
• The dual volumes Ṽ are characterized by the dual surfaces

enveloping the matched primal points P .
An example of three-dimensional Delaunay-Voronoi grid is shown in
figure 7c.

a) Two-dimensional case b) Two-dimensional extrude case c) Three-dimensional general case
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P
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Figure 7. Delaunay-Voronoi grids.

3.1.3. Orthogonality

Besides the bijective mappings L ↔ S̃, S ↔ L̃, if there are the
orthogonality relations L⊥S̃, S⊥L̃ we will say that the primal and
dual grid are orthogonal to each other. In this definition the pair of
Cartesian orthogonal grids in figure 1 are orthogonal between them, as
Delaunay-Voronoi grids are.

3.1.4. Cell Method and Delaunay-Voronoi Grids

Let us define Delaunay-Voronoi Method the cell method applied to
Delaunay-Voronoi grids. The use of Delaunay-Voronoi grids brings the
following advantages:
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(i) The tetrahedral primal grid is adaptable to structures with
particular geometries that are hard to model by structured cubic
grids.

(ii) It is possible to refine the grids only in the zones of interest, with
no need for global refining that would produce grids with too many
cells.

Disadvantages are:
(i) It is necessary to use good grid generators (the reason will be clear

later).
(ii) Unstructured grids require more extensive calculations.
It should be noted that the Delaunay-Voronoi Method is actually not
a new method, but simply a slightly different version of other methods
[7, 9].

3.2. Constitutive Equations

Constitutive equations are the only relations connecting primal and
dual variables.

sβ

sβ

a) Top view b)Axonometric view

P̃

P̃

P̃

P̃

P P

P
P

P̃

P̃

P̃

P̃ P̃

P

P

P

P

P

PP̃

βl̃
βl̃

Figure 8. Uniformity field zone for the magnetic constitutive
equation.

They can be expressed by the following:

(a) Magnetic constitutive equation

Given a primal surface sβ, the matched dual line l̃α and the pri-
mal time instant tn, we seek a relation between Φn

β ≡ Φ[sβ, tn] and
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Fn
β ≡ F [̃lβ](tn). If there is a uniform magnetic field and a uniform

permeability µ in a zone containing sβ and l̃β, as in figure 8 for a two-
dimensional extrude case and, since sβ⊥l̃β, the magnetic constitutive
equation may be expressed as:

Φ[sβ, tn]
sβ

= µ
F [̃lβ](tn)

l̃β
or

Φn
β

sβ
= µ

Fn
β

l̃β
(10)

(b) Electric constitutive equation

Given a dual surface s̃α, the matched primal line lβ and the dual
time instant t̃n, we seek a relation between Ψn−1/2

α ≡ Ψ[̃sα, t̃n] and
V
n−1/2
α ≡ V [lα](̃tn). If there is a uniform electric field and a uniform

dielectric constant ε in a zone containing s̃α and lα, since s̃α⊥lα the
electric constitutive equation may be expressed as:

Ψ[̃sα, t̃n]
s̃α

= ε
V [lα](̃tn)

lα
or

Ψn+1/2
α

s̃α
= ε

V
n+1/2
α

lα
(11)

(c) Ohm’s law:

Given a dual surface s̃α, the matched primal line lβ and the dual
time instant t̃n, we seek a relation between Inα ≡ I [̃sα](tn) and
V n
α ≡ V [lα](tn). If there is a uniform electric field and a uniform

conductivity constant σ in a zone containing s̃α and lα, since s̃α⊥lα
Ohm’s law may be expressed as:

I [̃sα](tn)
s̃α

= σ
V [lα](tn)

lα
or

Inα
s̃α

= σ
V n
α

lα
(12)

Let us note that the variable V n
α ≡ V [lα](tn), in Ohm’s law, does not

exist on the structures just created, because it is matched to the dual
time instant t̃n. Hence it must be estimated by means of some time
approximations:

• Explicit approximation

V n ∼= aV n−1/2 + bV n−3/2 + ... (13)

with a,b,... numerical coefficients. This approximation needs other
limitations on the value τ (as τ < ε

σ ), besides the limit (9), to
ensure the stability of the leap-frog algorithm.
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• Implicit approximation

V n ∼= ... + aV n+1/2 + bV n−1/2 + ... (14)

with a,b,... numerical coefficients. This approximation does not
require the limitations of explicit approximation. The assumption

V n ∼= V n+1/2 + V n−1/2

2
(15)

used in the FDTD method [11], is an example of semi-implicit
approximation. The Ohm’s law with semi-implicit approximation
becomes

Inα
s̃α

= σ
V
n+1/2
α + V

n−1/2
α

2 lα
(16)

3.2.1. Considerations on Maxwell-Ampère’s Law

Using the electric constitutive equation (11) and the Ohm’s law (16),
the Maxwell-Ampère’s law becomes

Ψn+1/2
α = Ψn−1/2

α + τ̃n
∑
β

c̃αβF
n
β − τ̃nIi

n
α − τ̃n

σ

2ε
(Ψn+1/2

α + Ψn−1/2
α )

(17)
This implicit approximation can be explicitly expressed as

Ψn+1/2
α =

(
1− τ̃nσ

2ε

1 + τ̃nσ
2ε

)
Ψn−1/2
α +

(
τ̃n

1 + τ̃nσ
2ε

)
(
∑
β

c̃αβF
n
β − Ii

n
α) (18)

3.3. Computational Algorithm

Starting from the initial conditions
I−1
α = 0, V −1/2

α = 0⇒ Ψ−1/2
α = 0, F 0

β = 0⇒ Φ0
β = 0

the variables of the electrodynamic field, generated by an impressed
current starting from the initial time instant n = 0, can be computed
through the following steps:

• Computation of Ψ1/2
α by the Maxwell-Ampère’s law (18).

• Computation of V
1/2
α by the electric constitutive equations (11)

and by any boundary conditions.
• Computation of Φ1

β by the Faraday’s law (6).

• Computation of F 1
β by the magnetic constitutive equation (10)

and by any boundary conditions.
• Iterate
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3.4. Limits of the Delaunay-Voronoi Method

The use of Delaunay-Voronoi grids and, particularly, the use of the
spherocenters of the primal volumes as dual points may lead to bad
approximations. In two-dimensional extrude cases, for example, if
the base of a volume V is an obtuse-angle triangle, it happens that
the dual point, which is the spherocenter of V, lies outside V itself.
This may lead to bad approximations using the constitutive equations
(10)(11)(12). Let us analyze the magnetic constitutive equation (10)

a) Non degenerate case b) Degenerate case

P

P

P

P

P

P

P

P

P

P

P̃

P̃
P̃

P̃

P̃

P̃
P̃

P̃

βl̃
βl̃

sβ sβ

Fβ

Fβ ΦβΦβ

Figure 9. Cases of inner (a) and outer (b) circumcenter respect the
primal cell.

applied to the two simple cases in figure 9, where there are two two-
dimensional extrude cells: while in case (a) of acute-angle triangle we
can think that the relation between Φβ ed Fβ is well approximated by
(10), we cannot think the same for case (b), since it is impossible to
have a zone of uniformity of B field where there are both sβ and l̃β,
as the one in figure 8. Accordingly, to avoid or to limit the situations
such as in case (b), it is preferable to have primal two-dimensional
grids constituted, as much as possible, by acute-angle triangles, and
even better if equilateral. In the three-dimensional case, the situation
is analogous: it is better to have as much as possible equilateral
tetrahedrons. These are the main reasons why it is better that primal
triangular grids are Delaunay grids. However, this condition is not
sufficient to ensure that triangles, or tetrahedrons, are all equilateral.
Consequently, the efficacy of the Delaunay-Voronoi Method depends
the use of very good grid-generators. Moreover, it is not possible to
use this methodology for anisotropic situations, a further limitation for
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the Delaunay-Voronoi Method.

4. THE MICROCELL METHOD

4.1. Introduction

The limitations of the previous section lead to:

(i) Use more general grids (possibly not orthogonal between them)
(ii) Find other constitutive equations to adapt them to item 1.

One idea is to use the same kind of previous primal grids but, as dual
grids, to use particular grids that we call barycentric grids. As in
paragraph 3.1 we distinguish extrude cases from more general ones.

4.2. Barycentric Grids

4.2.1. Two-Dimensional Extrude Case

Given a Delaunay two-dimensional triangular grid, it is possible to
build the barycentric matched grid if:

• The dual points P̃ are the barycenters of the matched primal
surfaces S (triangles).
• The dual lines L̃ are piece-lines made by two straight lines whose

contact point is the barycenter of the matched primal line L. The
extremes of L̃ are the dual points P̃ , barycenters of the surfaces
S with the same L as part of their border.

• The dual surfaces S̃ are the surfaces having with as a border the
dual lines surrounding the matched primal point P .

In figure 10a a two-dimensional barycentric grid is shown. Now it
is possible to build two-dimensional extrude grids in the same way
as paragraph 3.1.1., swapping the spherocenters with the barycenters,
thus we can achieve the result in figure 10b.

4.2.2. Three-Dimensional Case

Given a primal tetrahedral grid, it is possible to build the matched
dual barycentric grid in the following way:

• The dual points P̃ are the barycentres of matched primal volumes
V (tetrahedrons).

• The dual lines L̃ are piece-lines made by two straight lines whose
contact point is the barycenter of the matched primal surface
S. The extremes of L̃ are the dual points P̃ , barycenters of the
volumes V with the same S as face.
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• The dual surfaces S̃ are made by plane microfaces. Each microface
is located between the barycenter of the primal line L, matched
to the S̃, and the border lines of the S̃ itself, which are the dual
lines L̃ matched to the surfaces S with the same L as part of their
border.

• The dual volumes Ṽ are characterized by the dual surfaces S̃
enveloping the matched primal points P .

An example of three-dimensional barycentric grid is shown in figure
10c.

P

P

P
P

P

P

P
P

P

P

P

P

P

P

P

P

P

P̃ P̃

P̃
P̃

P̃P̃

P̃

a) Two-dimensional case c) Three-dimensional
        general case

b)Two-dimensional extrude case

Figure 10. Barycentric grids.

4.3. Microcells

Microcells are elementary cells, with quadrangular shape in two-
dimensional cases and hexahedrical shape in three-dimensional cases,
and which arise naturally from the use of barycentric dual grids
with orthogonal Cartesian or triangular/tetrahedral primal grids. For
example, in figure 10a each primal cell is made by 3 quadrangular
microcells, while the dual cell by 6 quadrangular microcells; in figure
10c the primal tetrahedral cell is made by 4 hexahedral microcells. We
can observe that each primal and dual cell can be broken down into
microcells and each microcell belongs, at the same time, to a primal
and a dual cell: so microcells are the atomic units of our domain.

4.4. Microcells and the Cell Method

Microcells are the building blocks on which we build a new
computational method, the Microcell Method or, in the time domain,
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the MCTD method, for MicroCell in the Time Domain method. It is
based on the philosophy and the equations of Cell method, and it uses
primal grids with dual barycentric grids.

4.5. Constitutive Equations

Since, in the present case, there is no orthogonality between primal
and dual grid, it is obvious that the equations (10)(11)(12) are not
useful. Nevertheless, we can still use the idea of a volumetric sampling
of the electrodynamic field, that is we could approximate it by means
of a set of uniform fields. Since microcells have all the same kind of
shape, it seems natural to choose them as zones of uniform field. Hence
we establish that in each microcell every field vector (B, H, D, E),
current vector (J) or material feature (ε, µ, σ) is uniform. Microcells
permit to reformulate the known constitutive tensorial equations in a
new form using only global variables. In the present paper we will
speak only about two-dimensional extrude cases, even if the method is
valid for general three-dimensional cases.

4.5.1. Magnetic Constitutive Equation

Let us consider a prismatic three-dimensional primal cell as that in
figure 11a, part of a two-dimensional extrude grid. We assume that

Φ2

Φ3

Φ1

F2

F3

F1

a)
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S1 U"

cU

L

L

L

U

U

U

a

a

bc

b

a

b) c)

Figure 11. A microcell subdivision of a primal two-dimensional
extrude cell.

inside it:

• The field vectors B and H have only x and y-components and
they are z-coordinate independent (two-dimensional fields).

• The permeability µ is z-coordinate independent.
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Hence, using the tensorial equation B = µH, for the primal cell, we
want to express the magnetic constitutive equation in the following
form: 


Φ1 = f1(F1, F2, F3)
Φ2 = f2(F1, F2, F3)
Φ3 = f3(F1, F2, F3)

(19)

where
• The variables Φ are associated to the primal lateral surfaces S

(the Φ associated to primal surfaces S z-orthogonal are null).
• The variables F are associated to the straight parts of dual lines

lying in the primal cell (F associated to dual lines L z-parallel are
null).

Let us divide the primal cell in 6 microcells, as in figure 10b. For the
microcell aU in figure 10c let us define:

S
′′
1Ux = S

′′
1U · i , S

′′
1Uy = S

′′
1U · j , S

′
2Ux = S

′
2U · i , S

′
2Uy = S

′
12 · j

L̃
′′
1Ux = L̃

′′
1U · i , L̃

′′
1Uy = L̃

′′
1U · j , L̃

′
2Ux = L̃

′
2U · i , L̃

′
2Uy = L̃

′
12 · j

and since
{

Φ
′′
1U

Φ
′
2U

}
=

[
S
′′
1Ux S

′′
1Uy

S
′
2Ux S

′
2Uy

] {
Bx

By

}
(20)

B = µH (21)

{
F
′′
1U

F
′
2U

}
=

[
L̃
′′
1Ux L̃

′′
1Uy

L̃
′
2Ux L̃

′
2Uy

] {
Hx

Hy

}
(22)

we immediately obtain that
{

Φ
′′
1U

Φ
′
2U

}
=

[
S
′′
1Ux S

′′
1Uy

S
′
2Ux S

′
2Uy

]
µ

[
L̃
′′
1Ux L̃

′′
1Uy

L̃
′
2Ux L̃

′
2Uy

]−1 {
F
′′
1U

F
′
2U

}
(23)

or {
Φ
′′
1U

Φ
′
2U

}
= [Mµ]

aU

{
F
′′
1U

F
′
2U

}
(24)

that is the constitutive equation of the microcell. In this way we can
express the constitutive equations of all the microcells in the primal
cell: {

Φ
′′
1U

Φ
′
2U

}
= [Mµ]

aU

{
F
′′
1U

F
′
2U

}
,

{
Φ
′′
1L

Φ
′
2L

}
= [Mµ]

aL

{
F
′′
1L

F
′
2L

}
(25)



Cell method in electrodynamics 337

{
Φ
′′
2U

Φ
′
3U

}
= [Mµ]

bU

{
F
′′
2U

F
′
3U

}
,

{
Φ
′′
2L

Φ
′
3L

}
= [Mµ]

bL

{
F
′′
2L

F
′
3L

}
(26)

{
Φ
′′
3U

Φ
′
1U

}
= [Mµ]

cU

{
F
′′
3U

F
′
1U

}
,

{
Φ
′′
3L

Φ
′
1L

}
= [Mµ]

cL

{
F
′′
3L

F
′
1L

}
(27)

Since each upper microcell (U) is equal to its respective lower microcell
(L) we obtain that: [Mµ]

aU = [Mµ]
aL, [Mµ]

bU = [Mµ]
bL, [Mµ]

cU =
[Mµ]

cL.
Now let us impose the following conditions:

• F
′
1U = F

′
1L, F

′′
1U = F

′′
1L, F

′
2U = F

′
2L, F

′′
2U = F

′′
2L, F

′
3U = F

′
3L, F

′′
3U =

F
′′
3L (continuity of the H tangential component)

• Φ
′
1U +Φ

′
1L = Φ

′
1, Φ

′′
1U +Φ

′′
1L = Φ

′′
1 , Φ

′
2U +Φ

′
2L = Φ

′
2, Φ

′′
2U +Φ

′′
2L =

Φ
′′
2 ,

Φ
′
3U + Φ

′
3L = Φ

′
3, Φ

′′
3U + Φ

′′
3L = Φ

′′
3 (additivity of the B flux)

Defining:
[Mµ]

a = 2 [Mµ]
aU = 2 [Mµ]

aL, [Mµ]
b = 2 [Mµ]

bU = 2 [Mµ]
aL, [Mµ]

c =
2 [Mµ]

cU = 2 [Mµ]
aL we can bring together each upper microcell with

its respective lower microcell, achieving new bigger units. The new
bigger unit constitutive equations are:

{
Φ
′′
1

Φ
′
2

}
= [Mµ]

a

{
F1
′′

F2
′

}
,

{
Φ
′′
2

Φ
′
3

}
= [Mµ]

b

{
F
′′
2

F
′
3

}
,

{
Φ
′′
3

Φ
′
1

}
= [Mµ]

c

{
F
′′
3

F
′
1

}
(28)

This process of bringing together is possible only in particular
cases as this one. In three-dimensional, more general cases, this is not
possible. Let us assume that:

• F
′
1 = F

′′
1 , F

′
2 = F

′′
2 , F

′
3 = F

′′
3 ,

(continuity of the H tangential component)
• Φ

′
1 + Φ

′′
1 = Φ1,Φ

′
2 + Φ

′′
2 = Φ2,Φ

′
3 + Φ

′′
3 = Φ3,

(additivity of the B flux)

Respecting the flux additivity condition, the continuity condition of the
B normal component is automatically satisfied. With the continuity
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condition and constitutive equations we can obtain the final magnetic
constitutive equation on the primal cell:




Φ1

Φ2

Φ3


 =





 Ma

µ11
Ma

µ12
0

Ma
µ21

Ma
µ22

0
0 0 0


 +




0 0 0
0 M b

µ11
M b

µ12
0 M b

µ21
M b

µ22


 +


 M c

µ22
0 M c

µ21
0 0 0

M c
µ12

0 M c
µ11










F1

F2

F3




(29)
that is: 


Φ1

Φ2

Φ3


 = [Mµ]




F1

F2

F3


 (30)

In a synthetic notation we can rewrite the previous equation as:

{Φ} = [Mµ]{F} (31)

Starting from (31), for a prismatic primal cell with triangular base, it
is possible to demonstrate that the magnetic field must be uniform in
each primal cell.

4.5.2. Electric Constitutive Equation

On the basis of the same considerations it is possible to obtain an
analogous expression, on the dual cell, for the electric constitutive
equation. Let us consider a three-dimensional primal cell as that in
figure 12a, part of a two-dimensional extrude grid.

We assume that
• The field vectors E and D have only x and y-components and they

are z-coordinate independent (two-dimensional fields).
• The dielectric constant ε is z-coordinate independent.

Thus, using the tensorial equation D = εE, for the dual cell, we want
to express the electric constitutive equation in the following form:




Ψ1 = f1(V1, V2, ..., V6)
Ψ2 = f2(V1, V2, ..., V6)
...
Ψ6 = f6(V1, V2, ..., V6)

(32)

where
• The variables Ψ are associated to the dual lateral surfaces S̃ (the

Ψ associated to dual surfaces S̃ z-orthogonal are null).
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Figure 12. Dual two-dimensional extrude cell and one of its
microcells.

• The variables V are associated to the parts of primal lines lying in
the dual cell (the F associated to dual lines L̃ z-parallel are null).

Let us divide the dual cell in 12 microcells. For the microcell aU in
figure (12b) we immediately obtain the constitutive equation for it:

{
Ψ
′′
1U

Ψ
′
2U

}
=

[
S̃
′′
1Ux S̃

′′
1Uy

S̃
′
2Ux S̃

′
2Uy

]
ε

[
L
′′
1Ux L

′′
1Uy

L
′
2Ux L

′
2Uy

]−1 {
V
′′
1U

V
′
2U

}
(33)

or
{

Ψ
′′
1U

Ψ
′
2U

}
= [Mε]

aU

{
V
′′
1U

V
′
2U

}
(34)

In this way, with the same assumptions, we can express the constitutive
equations of all the microcells in the dual cell. Since each upper
microcell (U) is equal to its respective lower microcell (L) we can
bring together each upper microcell with its respective lower microcell,
achieving new bigger units. The new bigger unit constitutive equations
are:
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{
Ψ
′′
1

Ψ
′
2

}
= [Mε]

a

{
V
′′
1

V
′
2

}
,

{
Ψ
′′
2

Ψ
′
3

}
= [Mε]

b

{
V
′′
2

V
′
3

}
,

{
Ψ
′′
3

Ψ
′
4

}
= [Mε]

c

{
V
′′
3

V
′
4

}
,

{
Ψ
′′
4

Ψ
′
5

}
= [Mε]

d

{
V
′′
4

V
′
5

}
,

{
Ψ
′′
5

Ψ
′
6

}
= [Mε]

e

{
V
′′
5

V
′
6

}
,

{
Ψ
′′
6

Ψ
′
1

}
= [Mε]

f

{
V
′′
6

V
′
1

}

(35)

Let us assume that:

• V
′
1 = V

′′
1 , V

′
2 = V

′′
2 , ..., V

′
6 = V

′′
6 ,

(continuity of the tangential component of E)
• Ψ

′
1 + Ψ

′′
1 = Ψ1,Ψ

′
2 + Ψ

′′
2 = Ψ2,Ψ

′
3 + Ψ

′′
3 = Ψ3,

(additivity of the D flux)

Respecting the flux additivity condition, the continuity condition of the
D normal component is automatically satisfied . With the continuity
condition and constitutive equations we can obtain the final electric
constitutive equation on the dual cell:



Ψ1

Ψ2

Ψ3

Ψ4

Ψ5

Ψ6




=







Ma
ε 11 Ma

ε 12 0 0 0 0
Ma

ε 21 Ma
ε 22 0 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0



+




0 0 0 0 0 0
0 M b

ε 11 M b
ε 12 0 0 0

0 M b
ε 21 M b

ε 22 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0




+... +




Mf
ε 22 0 0 0 0 Mf

ε 21
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

Mf
ε 12 0 0 0 0 Mf

ε 11










V1

V2

V3

V4

V5

V6




(36)
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that is 


Ψ1

Ψ2

Ψ3

Ψ4

Ψ5

Ψ6




= [Mε]




V1

V2

V3

V4

V5

V6




(37)

In a synthetic notation we can rewrite the previous equation as:

{Ψ} = [Mε]{V } (38)

In this case the dimension of matrix Mε, that is the number of microcell
pair in the dual cell, is not 3 but it depends from the number of primal
points that lie on the border of the dual cell. This number, in this
case, goes generally from 4 to 8.

4.5.3. Ohm’s Law

For a generic dual cell we can obtain the electric constitutive equation:

{Ψ}n+1/2 = [Mε]{V }n+1/2 (39)

Ohm’s law is obtainable in the same way as (39) substituting:

• The variable {Ic}n with {Ψ}n+1/2,
• The tensor σ with the tensor ε e
• The variable {V }

n+1/2+{V }n−1/2

2 with {V }n+1/2.
Accordingly Ohm’s law is:

{Ic}n = [Mσ]
{V }n+1/2 + {V }n−1/2

2
(40)

4.6. Considerations on Maxwell-Ampère’s Law

Using the electric constitutive equation (39) and the Ohm’s law (40) it
is possible to obtain an explicit expression for Maxwell-Ampère’s law.
Given a dual cell, for each dual surface s̃α the law is

Ψn+1/2
α = Ψn−1/2

α + τ̃n
∑
β

c̃αβF
n
β − τ̃n(Ic

n
α + Ii

n
α) (41)

Defining an auxiliary variable as follows:

Ψn+1/2
α = Ψn−1/2

α + τ̃n
∑
β

c̃αβF
n
β (42)
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for every dual surface s̃α, the Maxwell-Ampère’s law becomes:

Ψn+1/2
α = Ψn−1/2

α + (Ψn+1/2
α −Ψn−1/2

α )− τ̃n(Ic
n
α + Ii

n
α) (43)

or, on the dual cell:

{Ψ}n+1/2 = {Ψ}n−1/2 + ({Ψ}n+1/2 − {Ψ}n−1/2)− τ̃n({Ic}n + {Ii}n)
(44)

Since, for Ohm’s law (40) and for electric constitutive equation (39),
it is:

{Ic}n =
1
2
[Mσ][Mε]−1({Ψ}n+1/2 + {Ψ}n−1/2) (45)

using (45) into (44) we can achieve an explicit expression for Ψ:

{Ψ}n+1/2 =[
[I] +

τ̃n
2

[Mσ][Mε]−1
]−1 [

[I]− τ̃n
2

[Mσ][Mε]−1
]
{Ψ}n−1/2+[

[I] +
τ̃n
2

[Mσ][Mε]−1
]−1

({Ψ}n+1/2 − {Ψ}n−1/2 − τ̃n{Ii}n)

(46)

or, if we are interested in knowing the voltages V on the parts of primal
lines inside the primal cell, we use the following:

{V }n+1/2 =
[
[Mε]
τ̃n

+
[Mσ]

2

]−1 [
[Mε]
τ̃n
− [Mσ]

2

]
{V }n−1/2+

[
[Mε]
τ̃n

+
[Mσ]

2

]−1 1
τ̃n

({Ψ}n+1/2 − {Ψ}n−1/2 − τ̃n{Ii}n)
(47)

In order to obtain the voltages on primal lines it is necessary to perform
a sum of the voltages of their two parts belonging to two distinct dual
cells. Now let us observe that:
• Maxwell-Ampère’s law (46) is similar to the analogous equation

for the Delaunay-Voronoi method (18) and to the FDTD method
[11].
• If the medium is isotropic and homogeneous in ε e σ inside a dual

cell, then the material matrices for the dual cell are [Mε] = [M ]ε
and [Mσ] = [M ]σ with [M ] square invertible matrix. Using (39)
with (40), we obtain:

{Ic}n =
σ

ε

{Ψ}n+1/2 + {Ψ}n−1/2

2
(48)

which is the simple relation

Inα =
σ

2ε
(Ψn+1/2

α + Ψn+1/2
α ) (49)
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on the dual surfaces s̃α. In this case the vectorial Maxwell-
Ampère’s law (46) can be broken down into a set of equations
as (18).

4.7. Computational Algorithm

Starting from initial conditions as:
I−1
α = 0, V −1/2

α = 0⇒ Ψ−1/2
α = 0, F 0

β = 0⇒ Φ0
β = 0

the variables of the electrodynamic field, generated by an impressed
current starting from the initial time instant n = 0, can be computed
through the following steps:

• Computation of {Ψ}1/2, for every dual cell, by the Maxwell-
Ampère’s law (46).

• Computation of {V }1/2, for every dual cell, by the electric
constitutive equation (38) and any given boundary conditions.
Then it is necessary to reassemble all {V }1/2 on primal lines by
summing the voltages on their parts.

• Computation of {Φ}1, for every primal cell, by the Faraday’s law
(6).
• Computation of {F}1 by the magnetic constitutive equation (31)

and by any given boundary conditions. Then it is necessary to
reassemble all {F}1 on dual lines by summing the voltages on
their parts.

• Iterate

4.8. Considerations on Microcell Method

Referring to the introductory demands, we can illustrate some general
results that we do not demonstrate here:

(i) Microcell method is applicable to many kind of grids, structured
or not, having cells with various shapes. This satisfies items (i)
and (ii).

(ii) On Cartesian orthogonal grids, with primal cells ε and σ
homogeneous and dual cells µ homogeneous, the microcell method
leads to the same equations as FDTD method. This satisfies item
(iii).

(iii) Using the Microcell Method on the Delaunay-Voronoi grids, in all
two-dimensional non degenerate cases, we can obtain the same
equations as Delaunay-Voronoi Method.

(iv) Using barycentric grids we have eliminated all the problems of
Delaunay-Voronoi Method related to the primal cell shapes.
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(v) Item (iv) is satisfied by the particular form of electrodynamic
equations.

(vi) The theoretical and experimental validity of equation (9), at least
in its simplest forms, satisfies item (v).

(vii) The constitutive equations defined in the cells are a global version
of the tensorial relations between the field variables.

(viii) Using the Microcell Method we can study isotropic and non-
isotropic cases in the same way.

5. COMPUTATIONAL ASPECTS OF THE CELL
METHOD

In order to value some computational aspects of the Cell Method, we
propose to solve two simple two-dimensional problems, the former the
dual of the latter, with both the FDTD and microcell time-domain
(MCTD) methods.

5.1. Problem 1

Let us consider a closed, three-dimensional rectangular resonant cavity,
made by a perfect electric conductor, with sizes a=0.1 m, b=0.1 m,
h=0.001 m. It is supplied by a coaxial cable, with a small thickness,
lying long the axes z in x0=0.02 m, y0=0.02 m.

Coaxial cable

a

b

h

Figure 13. Resonant cavity.

Moreover we suppose that the feed signal is an electric current impulse
as:

I = I0 exp

{
−(t− t0)2

2T 2

}
(50)

where I0=1 A, T=32 ps and t0=3T. Let us compute:
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(i) Input voltage, in the feed point, in the periods 1–200 ps, 1–4000 ps,
4001–8000 ps assuming that the resonant cavity is homogeneous
and lossless (free-space).

(ii) Input voltage, in the feed point, in the periods 1–4000 ps,
4001–8000 ps, 1–16384 ps assuming that the resonant cavity is
homogeneous with a medium of conductivity σ=5e-3 S .

(iii) Input impedance of the cavity in the case of item 2, in magnitude
and phase, in the range 0–6 GHz.

Since the height of the cavity is low compared to the wavelength, we
can assume only the presence of TM modes in the cavity.

5.1.1. Numerical Modeling of Problem 1

We will use the FDTD and MCTD methods to find the solutions to
items (i), (ii), (iii). Moreover, for item (iii), we will also use the reso-
nant cavity method [3].

FDTD Method

The main features are:
(i) Number of Yee’s cells: N = Nx = Ny = 50, Nz = 1

(Total number of cells (N + 1)2 = 2601).
(ii) Sizes of Yee’s cells: ∆x = ∆y = 0.002 m, ∆z = 0.001 m.
(iii) Time step τ = 1 ps.
(iv) Number of time steps Nc = 16384.
Assuming only the presence of TM modes in the cavity, at each com-
putational step we must compute 2500 values of Ez, and 5100 values
of Hx and Hy together.

MCTD Method

We can solve the problem using a triangular primal grid and a barycen-
tric dual grid, both of them two-dimensional, as those in figure 14:

The grid contains:
(i) Number of primal cells = Number of surfaces S = NS=1219.
(ii) Number of dual cells = Number of surfaces S̃ = NS̃= 648.
The resulting primal and dual two-dimensional extrude grids are shown
in figure 15.

(a) Magnetic constitutive equation.
Since the magnetic field has only x and y components, the constitutive
magnetic equation we use is (31).
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Figure 14. Delaunay-barycentric grids

a) Primal cell

Primal cell

b) Dual cells

Dual cell B

Dual cell A

Resonant cavity

c) Primal and dual cells in section
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Φ

V

V=0
F

Ψ,I

Figure 15. TM case.

(b) Electric constitutive equation.
In order to obtain the constitutive electric equation, we must observe
that in this case, for the lower microcell (L) of the dual cell A in figure
(16), is:

Ψ1Aa = ε
VAL
lAL

s̃1a (51)

Since the electric field has only z-components and since all the lower
microcells of A have the same voltage VAL, inside them there is the



Cell method in electrodynamics 347

Ψ1Aa

VAL

aAL

Figure 16. Microcell AaL.

same uniform electric field. Thus, for the lower half of A we can write:

Ψ1A =
∑
a

Ψ1Aa = ε
VAL
lAL

∑
a

s̃1a = ε
VAL
lAL

s̃1 (52)

With analogous considerations, for the upper half of the dual cell B
the electric constitutive equation is:

Ψ1B =
∑
a

Ψ1Ba = ε
VBU
lBU

∑
a

s̃1a = ε
VBU
lBU

s̃1 (53)

In order to satisfy the continuity we must impose that: Ψ1A = Ψ1B

Defining V1 = VAL + VBU ,L1 = LAL + LBU and putting together the
lower microcells of A with the upper microcells of B, we obtain a
new unit in which the electric field is uniform; its electric constitutive
equation is:

Ψ1 = ε
V1

l1
s̃1 (54)

that is the same of the Delaunay-Voronoi method since the same as-
sumptions are verified.

(c) Ohm’s law.
In the same way, we can express Ohm’s law by means of (12) or, in a
more direct manner, by (16).

Other observations are:
(i) In the resonant cavity, H field is approximated by 1219 (=number

of primal cells) uniform fields, while E field is approximated by
648 (=number of dual cells) uniform fields.
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(ii) At each time step we should compute 1866 Φ values by (6),
3*1219=3657 F values by (31) and 648 V values using a simple
form of (47). In practice, it is not necessary to compute Ψ and Ic

because they are not used in the update.
(iii) In order to satisfy the boundary conditions, we may impose that

V is zero on all the transverse primal lines L and on all the vertical
ones lying on the border of cavity.

(iv) The primal feed point (where we calculate the output voltage
signal) is (0.02,0.02).

In order to ensure the numerical stability of the leap-frog algorithm, τ
must be upper limited by:

τ ≤ minβ




1
cβ

√√√√√√
2sβ∑

β

|cαβ |
lα

l̃α




(55)

where cβ is the maximum speed of waves in the primal cells sβ. This
case (55) imposes τ ≤ 4.89 ps while, in some computations, we have
found that instability arises by τ ≥ 5.64 ps. So we assume:

(i) Time step τ=1ps.
(ii) Number of steps Nc=16384.

Resonant cavity method
The impedance in the feed point is computable by the theoretical

formula:

Z = jωµ∆z
4
ab

∞∑
m=1

∞∑
n=1

sin(kmx0)2 sin(kny0)2

kmn
2 − kc

2




sin
(
kmdx

2

)

kmdx

2




2

(56)
where: km = mπ

a , kn = nπ
b , kmn2 = km

2 + kn
2, kc2 = k2

(
1− j σ

ωε

)
.

In practice the sum is extended till m = n = 100. Moreover the
quantity dx is the thickness of the coaxial cable. We assume dx=0.002
m.

5.2. Problem 2

Let us consider a closed, three-dimensional rectangular resonant cavity,
made by a perfect magnetic conductor, with dimensions a = 0.1 m,
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Figure 17. a) Item (i): Electric input voltage in the period 1-200 ps,
b) Item (i): Electric input voltage in the period 1–4000 ps.
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Figure 18. a) Item (i): Electric input voltage in the period 4001–8000
ps, b) Item (ii): Electric input voltage in the period 1–4000 ps.

b = 0.1 m, h = 0.001 m. We assume that a magnetic current impulse
is supplied [11] as:

M = M0 exp
(
−(t− t0)2

2T 2

)
(57)

where M0= 1 V, T=32 ps and t0=3T. The term Mi
n+1/2
β , multiplied

for τn must be subtracted from the second part of Faraday’s law (6).
Let us compute:

(i) Input magnetic voltage, in the feed point, in the periods 1–200
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Figure 19. a) Item (ii): Electric input voltage in the period 4001–8000
ps, b) Item (ii): Electric input voltage in the period 1–16384 ps.
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Figure 20. a) Item (iii): Module of the input impedance in the range
0–6 GHz, b) Item (iii): Phase of the input impedance in the range 0–6
GHz.

ps, 1–4000 ps, 4001–8000 ps assuming that the resonant cavity is
homogeneous and lossless (free-space).

(ii) Input magnetic voltage, in the feed point, in the periods 1–4000
ps, 4001–8000 ps, 1–16384 ps assuming that the resonant cavity
is homogeneous with a medium of conductivity σ=5e-3 s.

Since the height of the cavity is small in comparison to the wavelength,
we may assume the presence of only TE modes in the cavity.
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5.2.1. Numerical Modeling of Problem 2

We will use only the FDTD and MCTD methods to find the solutions
to items (i) and (ii).

FDTD Method

The main features are the same as in problem 1. The only differ-
ences are that, assuming the presence of only TE modes in the cavity,
at each computational step we must compute 2500 values of Hz, and
5100 values of Ex and Ey together.

MCTD Method

Primal and dual grids are the same as problem 1 and the resulting
two-dimensional extrude cells are shown in figure 21.

a) Prima cell b) Dual cell c) Primal and dual cells in section

P

P
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P

P

P
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P

P

P̃

Φ

V=0

V=0

V

F=0

F

Ψ,I

Primal cell

Primal cell
Dual cell

Resonant cavity

Figure 21. TE case

(a) Magnetic constitutive equation.
The magnetic constitutive equation is (10), obtainable in the same way
as we obtained the electric constitutive equation in the previous para-
graph.

(b) Electric constitutive equation.
Since the electric field has only x and y components, the electric con-
stitutive equation is (38).

(c) Ohm’s law.
As for electric constitutive equations, Ohm’s law is obtained, on dual
cells, by using equation (40).
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Other observations are:

(i) In the cavity, the H field is approximated by 1219 (= primal cells
number) uniform fields, while the E field is approximated by 3657
(= pair of microcells number) uniform fields.

(ii) At each computational step we should compute 1219 F values
by (6), (10), 3732 V values using (47). In practice it is not
necessary to compute the Φ values because the equation (6) can be
resolved directly in function of F and M impressed. Everything
is analogous for the Ψ values.

(iii) To satisfy the boundary conditions we must impose F=0 on all
the primal transverse dual lines L and on all the vertical ones lying
on the border of cavity. Yet there are no vertical dual lines on the
border: where do we have to impose F=0 ? Let us take a dual
cell at the border, as that in figure 22. This cell is not equal to

P

P

P

P

P

P

P

Ψ3

Ψ2

Ψ1Ψ1

Ψ4

Ψ3"

Ψ3'

Ψ2"

Ψ2'

F=0

F=0

Ψ4

V3

V2
V1

V4

b) Axonometric view

a

b

c

a) Top view

Figure 22. Boundary conditions.

the other dual cells inside the domain. Nevertheless, we can apply
the Microcell method to obtain the electric constitutive equation:
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=







Mε11
a Mε12

a 0 0
Mε21

a Mε22
a 0 0

0 0 0 0
0 0 0 0


 +




0 0 0 0
0 Mε11

b Mε12
b 0

0 Mε21
b Mε22

b 0
0 0 0 0




+




0 0 0 0
0 0 0 0
0 0 Mε11

c Mε12
c

0 0 Mε21
c Mε22

c










V1

V2

V3

V4




(58)
where Ψ1 and Ψ4 are computed by means of a F circulation
between the inside part and the outside part of the border. In
this case, we impose that F = 0 outside the border to satisfy our
boundary condition.

(iv) The dual feed point (and where we take the out signal) is
the nearest dual point to (0.02,0.02). The point we choose is
(0.0206,0.0215).

In order to assure the numerical stability of leap-frog algorithm, τ must
be upper limited by:

τ ≤ minα




1
cα

√√√√√√√
2s̃α

∑
β

|c̃βα|
l̃β
lβ




(59)

where cα is the maximum speed of waves in the dual cells s̃α. In this
case, this formula imposes τ ≤ 3.25 ps while, in some computations,
we have found instability for τ ≥ 3.33 ps.

5.3. Summary of Numerical Results

Problem 1
The input voltage curves, obtained by FDTD and MCTD methods,
are quite similar during a period of about 1000 ps. Beyond this period
it is possible to note a small dispersion. The reason for this is that
the discretization of the FDTD method in these examples is actually
much finer than that of MCTD method. In fact, the FDTD method
approximates the E and H fields in the cavity with 2500 and 10000
uniform fields, while the MCTD method uses 648 and 1219 uniform
fields. We obtain a good approximation between the impedance values
too, so we can see that with the MCTD method we have obtained good
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Figure 23. a) Item (i): Magnetic input voltage in the period 1–200
ps, b) Item (i): Magnetic input voltage in the period 1–4000 ps.
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Figure 24. a) Item (i): Magnetic input voltage in the period 4001–
8000 ps, b) Item (ii): Magnetic input voltage in the period 1–4000
ps.

results.
For our computations we have used a program written in C, running
on a PENTIUM2-400 MHz. The computational time for the FDTD
method was about 1 minute (for 7600 unknowns), while for the MCTD
method it was about 4 minutes (for 6171 unknowns among V, F and
Φ). Hence the FDTD method is about 5 times faster than the MCTD
method for the computation of the same number of unknowns. How-
ever, this factor can be reduced by using some strategies to avoid re-
calculating many values at every step on the MCTD.



Cell method in electrodynamics 355

4000 4500 5000 5500 6000 6500 7000 7500 8000
2

1.5

1

0.5

0

0.5

1

1.5

2
x 10

5

F
 (

A
m

pe
re

)

t (ps)

MCTD
FDTD

0 2000 4000 6000 8000 10000 12000 14000 16000 18000
1

0.5

0

0.5

1

1.5
x 10

4

F
 (

A
m

pe
re

)

t (ps)

MCTD
FDTD

a) b)

Figure 25. a) Item (ii): Magnetic input voltage in the period 4001–
8000 ps, b) Item (ii): Magnetic input voltage in the period 1–16384
ps.

Problem 2
In the problem 2 the FDTD method approximates the E and H fields in
the cavity with 10000 e 2500 uniform fields, while the MCTD method
with 3657 and 1219 uniform fields . From the results achieved we can
see that with an increase in the number of approximating fields (cells)
in the MCTD method it is possible to have a better concordance with
the the FDTD method results and less dispersion.

6. CONCLUSIONS

In this paper, we have analyzed some computational aspects of the
Cell Method, in the version called Microcell Method. While in the
paper [12] the finite formulation of electrodynamics was restricted to
Delaunay-Voronoi grids, that restriction has been removed here so
that we may employ more general grids. From the theory and from
the results obtained it is possible to observe some significant aspects
of the Cell Method. It is founded on a solid theoretical basis, and
allows accurate results and the study of general structures. However,
further theoretical studies and practical simulations are necessary to
fully verify its applicability and to understand the real potential of this
methodology.
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Abstract—The focus of this paper is on the solution of Maxwell’s
equations for time-harmonic fields on triangular, possibly non-
orthogonal meshes. The method is based on the well-known Finite
Integration Technique (FIT) [33, 35] which is a proven consistent
discretization method for the computation of electromagnetic fields.
FIT on triangular grids was first introduced in [29, 31] for eigenvalue
problems arising in the design of accelerator components and dielectric
loaded waveguides. For many technical applications the 2D simulation
on a triangular grid combines the advantages of FIT, as e.g. the
consistency of the method or the numerical advantage of banded
system matrices, with the geometrical flexibility of non-coordinate
grids. The FIT-discretization on non-orthogonal 2D grids has close
relations [26] to the Nédélec elements [14, 15] or edge elements in the
Finite Element Method.

1 Introduction

2 FIT-Discretization on a Triangular Grid
2.1 The Triangular Grid and its Dual Grid
2.2 Continuity Conditions for the Non-Orthogonal Case
2.3 State Variables and Discrete Operators for the Triangu-

lar Grid
2.4 Error Behaviour
2.5 Relation to Mixed Finite Elements

3 Examples
3.1 Tuned Multicell Cavity
3.2 Dispersion Relation for Loaded Waveguide
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3.3 Circular Waveguide with Capacitive Load
3.4 Parameter Study for Loaded Ridged Waveguide

4 Conclusion and outlook

References

1. INTRODUCTION

The most important class of methods for numerical field calculation
deals with local difference equations obtained after suitable discretiza-
tion. Well-known examples are the Finite Difference Method (FD)
and the Finite Element Method (FEM). The Finite Integration Tech-
nique [33, 35, 36], shortly FIT, presents a discretization consistent with
Maxwell’s equations, i.e., the resulting discrete solutions reflect the an-
alytical properties of the continuous solutions. The Finite Integration
Technique can best be described as a Finite Volume method. It has
been developed specifically for the solution of Maxwell’s equations.
The goal of this development was the ability to solve numerically the
complete system of Maxwell’s equations in full generality.

Regard Maxwell’s equations which can either be written in integral
form or in differential form

∮
∂A

�E · d�s = −
∫
A

∂ �B

∂t
· d �A ⇐⇒ curl �E = −∂ �B

∂t
∮
∂A

�H · d�s =
∫
A
(
∂ �D

∂t
+ �J) · d �A ⇐⇒ curl �H =

∂ �D

∂t
+ �J

∮
∂V

�D · d �A =
∫
V
ρ · dV ⇐⇒ div �D = ρ

∮
∂V

�B · d �A = 0 ⇐⇒ div �B = 0

where A is any given surface and V any given volume.
The Finite Integration Technique yields an exact representation

of Maxwell’s equations in integral form onto a grid duplet (G, G̃).
The FIT grid duplet (G, G̃) is not coordinate-bounded, not necessarily
orthogonal, not necessarily regular. Yee’s FDTD-method [40] (1966)
with the “Leap Frog”-scheme is a predecessor of FIT in Finite
Difference Time Domain (FDTD stands for Finite Difference Time
Domain). The feature of Yee’s method is that it evaluates Maxwell’s
equations for both electromagnetic fields (not just the electric field) and
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that the electric and magnetic field components were allocated on two
staggered grids. In 1977, Weiland [33] generalized the FDTD-method
to a general numerical method for all electrodynamics. In fact, FIT is
not restricted to electrodynamics only but is also a suitable numerical
method for other subjects. For example, FIT was recently applied in
acoustics [39], elastodynamics [12, 2] and temperature problems [17, 16]
and for coupled problems [28, 1].

The Finite Integration Technique makes only some usual
idealizations concerning the materials: The materials of the given
objects have to be piecewise linear, homogeneous, and isotropic so
that the subdomains with constant material parameters (ε, µ, κ) are at
least as big as the elementary volumes used.

The discretization of Maxwell’s equations, i.e., the field
computation in a finite number of discrete points, gives a
decomposition of the solution space into grid cells. The first step
towards that goal is to define a finite volume Ω, the calculation domain.
Now, cover Ω with a grid G. As an example, we can consider a simple
Cartesian coordinate grid. It has to be stressed at this point, however,
that a FIT grid G is defined in much more generality and that its
definition also includes non-coordinate grids as well as non-orthogonal
grids (cf. section 2 and [31, 27] or e.g. [9, 10, 23, 20, 21]). For the simple
Cartesian coordinate grid, we will explain very briefly the derivation
of the Maxwell Grid Equations. Further details can be found e.g. in
[37, 6, 27].

Definition 1. A FIT grid G is defined as:
- G ∈ R3 (R2) simply connected
- elementary volumes V = {V1, ..., VnV } with G =

⋃
Vi, Vi �= {};

- elementary areas A = {A1, ..., AnA} with {Ai} :=
⋂

Vi
- elementary lines L = {L1, ..., LnL} with {Li} :=

⋂
Ai

- (grid) points P = {P1, ..., PnP } with {Pi} :=
⋂

Li

An elementary volume Vi (FIT cell) for the simplest case is shown
in Fig. 1. Next, state variables [34] are introduced on the grid G:

Definition 2. The electric (grid-)voltage ei :=
∫
Li

�E · d�s is assigned
to each elementary line Li as state variable.
The magnetic (grid-)flux bi :=

∫
Ai

�B · d �A normal to the elementary
area Ai is assigned as state variable to each elementary area Ai.

After appropriate numbering of the points of the grid, the state
variables ei and bi, i = 1, . . . , 3N can be stored in vectors e and b and
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Figure 1. Elementary volume of a Cartesian FIT grid G with the
allocated state variables electric grid voltage (left) and magnetic grid
flux (right).

a discrete form of the induction law can be deduced:

Ce = − ∂

∂t
b.

The (3N × 3N)-matrix C, which is denoted as discrete curl operator,
reflects the topology of the grid. Actually, for a Cartesian grid with
lexicographic numbering the matrix C is a block matrix with blocks
±Px,±Py,±Pz and 0:

C =

( 0 −Pz Py

Pz 0 −Px

−Py Px 0

)
,

where x, y, z are the three coordinate directions. The blocks Px, Py, Pz

each have −1’s on their main diagonal and 1’s on some sub- or (super-
)diagonal the distance of which to the main diagonal agrees with the
chosen numbering. On dual-orthogonal Cartesian FIT grids (G ⊥ G̃,
cf. Def. 1) we have:

Px �
∂

∂x
, Py �

∂

∂y
, Px �

∂

∂x
.

For cylindrical symmetric structures the curl operator for a triangular
2D grid will be given in section 2, that one for a cylindrical 3D grid
can be found in [9].

Using the vector b again and introducing a matrix S of size N×3N
with elements {−1, 1} corresponding to the topology of the grid:

S := (Px|Py|Pz).
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Figure 2. Elementary volume of the dual grid G̃ for the Cartesian
FIT grid G and the allocated state variables magnetic grid voltage and
electric grid flux.

So, the discrete form of the divergence equation is

Sb = 0.

It remains to transfer the second and third Maxwell’s equations.
This will be completely analogous to the transfer of the first and fourth
Maxwell’s equations. For that, the so-called dual grid G̃ is introduced.
For a Cartesian grid, it equals the grid G shifted by half a cell length.
Again, the definition of the dual FIT grid is much more general than
what example may suggest (cf. sect. 2 or e.g. [21]).

Definition 3. The dual FIT grid G̃ can be formally described as
- G̃ as G with Ṽ , Ã, L̃, P̃
- ∀Ṽj ∃Pi with Pi ∈ Ṽj, ∀Vj ∃P̃i with P̃i ∈ Vj
- ∀Ãj ∃Li with Li

⋂
Ãj �= {}, ∀Aj ∃L̃i with L̃i

⋂
Aj �= {}.

The dual-orthogonal FIT grid is defined by the relations L ⊥ Ã and
L̃ ⊥ A.

The state variables h and d are introduced analogously to e and
b:

Definition 4. The magnetic voltage hi is assigned as state variable
to each dual elementary line L̃i: hi :=

∫
L̃i

�H · d�s .
The electric flux di normal to the dual grid surface Ãi is assigned as
state variable to each dual elementary area Ãi: di :=

∫
Ãi

�D · d �A.
Furthermore, the total electric current ji normal to the dual grid
surface Ãi is assigned as state variable to each dual elementary area
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Ãi: ji :=
∫
Ãi

�J · d �A.
The discrete charges qi (allocated in Pi on G) are assigned as state
variables to each dual elementary volume Ṽi: qi :=

∫
Ṽi

ρdV.

The values of the state variables are stored in topological matrices
C̃ and S̃ analogous to C and S. Thus, the discrete form of Ampere’s
law is

C̃h =
∂

∂t
d + j

and Coulomb’s law is
S̃d = q.

To summarize the above, let us formally define the Maxwell Grid
Equations. It should be emphasized that no approximations have been
made so far. Only when the material equations are transferred to the
grid space, FIT will require some approximations.

Ce = −ḃ

C̃h = ḋ + j (1)
Sb = 0
S̃d = q

Because of its consistency and generality this system is denoted as
Maxwell-Grid-Equations. The operators C, C̃, S and S̃ can be
interpreted as discrete curl operators C, C̃, discrete divergence S, S̃
and discrete gradient operators −ST ,−S̃T . The characteristics of the
Finite Integration Technique are not given here. They can be found in
[38, 11, 5] or [27].

Until now, no approximations have been used at all. They will be
necessary after the transfer of the material equations to the grid space.
The state variables di and ei (respectively bi and hi) are each allocated
at the same points. There is an analogue of the material equations
relating them to each other. In order to find that analogue of the
material equations, the grid flux is divided by the grid voltage. The
ratios di/ei and bi/hi (ji/ei, respectively) then will be approximated
by averaging the corresponding material parameters. The averaged
quantities are then combined in the so-called material matrices Dε, D̃µ

and Dκ. A detailed description of this approximation can be found in
[9, 6, 37]. We follow the formulation in [9]:

Definition 5. The elementary areas Ai and the corresponding dual
elementary lines L̃i shall each be coordinate planes resp. coordinate
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lines of a local orthogonal coordinate system which is differentiable
twice with respect to its Cartesian representation. The dual grid line
L̃i intersects the area Ai in its local middle point and vice versa. The
permeability operator is then given by

D̃µ,i =

∫
Lm

∫
Ln

dA∫
L̃i

1
µds

.

The (dual) elementary areas Ãi and the corresponding elementary lines
Li shall each be coordinate planes resp. coordinate lines of a local
orthogonal coordinate system which is differentiable twice with respect
to its Cartesian representation. The grid line Li intersects the area Ãi

in its local middle point and vice versa. The permittivity operator is
then given by

Dε,i =

∫
L̃m

∫
L̃n

εdA∫
Li

ds
.

Thus, the construction of D̃µ,i is based on lengthwise averaging.
Its error is linear with respect to the energy norm if Ai represents
a border of different permeabilities, otherwise it is quadratic. The
construction of Dε,i is based on areawise averaging. Its error is linear
with respect to the energy norm if Li borders different permittivities
or permeabilities, otherwise it is quadratic.

Defining the conductivity operator Dκ in analogy, thus the
following transfer of the electromagnetic material equations to the grid
space results with diagonal material operators Dε, D̃µ, Dκ:

�D = ε �E → d = Dεe
�B = µ �H → b = D̃µh
�JL = κ�E → jl = Dκe

Finally, boundary equations at ∂G are needed. Dirichlet and Neumann
boundary conditions can be implemented in a FIT-scheme in a very
natural way, others like open (absorbing), periodic or waveguide
boundary conditions have also been realized (see e.g. [37, 9, 5]).

Non-coordinate and non-orthogonal meshes offer an enhanced
flexibility with regard to the spatial discretization of the field equations.
Here, with a “coordinate mesh” a mesh is meant where the grid planes
are coordinate planes in one of the usual coordinate systems as e.g. the
Cartesian or cylindrical coordinate system. The triangular grids which
are subject of this paper are an example for a ”non-coordinate mesh”.
In the eighties when mainframes were the computers at hand allowing
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only for very limited storage space and computing time for a single
simulation the advantage of a non-coordinate, even non-orthogonal grid
was of great importance because it allowed for a good approximation of
shapes which posed problems for coordinate grids as e.g. a Cartesian
grid. This was the main motivation to develop an automatic mesh
generator for a triangular FIT grid with hexagonal dual grid. This
mesh generator is the kernel of the resonator and waveguide program
URMEL-T [31] while its predecessor URMEL [33] used Cartesian grids.

2. FIT-DISCRETIZATION ON A TRIANGULAR GRID

In the previous section the Maxwell-Grid-Equations (1) were generally
defined. Now the characteristics of a triangular FIT grid will be shown
and some discrete quantities as the state variables, operators, etc.,
will be given. As in the usual Finite Difference Methods, FIT solves
Maxwell’s equations on a domain Ω which holds the actual solution
domain Ωs as a sub-domain: Ω = Ωs ∪Ωo. The domain Ωs may again
be composed of several sub-domains, holding e.g. different material.
Discretization on Ω rather than on Ωs has the advantage of allowing for
higher topological regularity. With adequate numbering scheme this,
in consequence leads to matrices with regular (band) pattern which
pays off by a speed up in the solution process of the linear algebraic
problems (e.g. by faster matrix-vector multiplications).

Often the solution domain Ωs possesses symmetries or some
geometrical invariance such that the 3D problem may be reduced
to a 2D problem by appropriate variable separation. For example,
this is the case for cavities with circular cylindrical symmetry or for
longitudinally invariant waveguides [33, 31]. The 2D domain shall
now be covered by a triangular grid. This mesh has the advantage
to approximate well also curved boundaries - even for relatively coarse
grids (see Fig. 3).

2.1. The Triangular Grid and its Dual Grid

Without loss of generality it is assumed that the electric voltages are
allocated on the triangular grid G and the magnetic voltages on the
dual grid G̃ (see [31] for special details on the alternative allocation).
The two cases of an orthogonal and a non-orthogonal grid duplet will
both be treated:
(i) Orthogonal case:
An orthogonal dual grid composed of the perpendicular bisectors of
the elementary lines Li is chosen if all triangles of the grid inside
Ωs are acute or right-angled, (see Fig. 4). The intersections of the



Frequency domain analysis with FIT 365

Figure 3. Two-dimensional triangular grid and computed fields
for a cylindrically symmetric structure (cavity filled with ferrite and
ceramics). Only the right half of the resonator is discretized applying
a symmetry condition at the left boundary. The illustration on the
top left shows the triangular grid G, in the top right-hand corner the
corresponding dual grid G̃ is shown. Down on the left the electric field
�E is displayed, down on the right the isometric lines of Hϕ ·r are shown.
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Figure 4. Left: Triangular mesh and its dual (hexagonal) mesh G̃⊥.
Right: Dual mesh G̃� with centers of mass as mesh points. Here (F, F̃ )
represent either ( �E, �B) or ( �H, �D).

perpendicular bisectors give the dual grid points P̃i (which are just the
centers of the triangles’ circumcircles). This dual mesh is denoted as
G̃⊥. Its elementary areas Ãi are general hexagons.

Note that this kind of grid is often denoted as Delaunay-Voronoi
mesh in the context of Finite Element Methods.
(ii) Non-orthogonal case:
The automatic mesh generator starts with regular triangles and moves
the grid points Pi aiming for a good approximation of the boundary
∂Ωs resp. boundaries ∂Ωsi for Ωs = ∪iΩsi . This process cannot always
avoid obtuse triangles. In this case we use the centers of mass as dual
mesh points thus avoiding dual mesh points outside the proper triangles
(see Fig. 4). This dual mesh is denoted as G̃�. Its elementary areas Ãi

are hexagons, too.
With (G, G̃�) the approximation order reduces to first order which

is the reason why it is not generally used in URMEL-T. In most cases it
suffices to increase the number of mesh points in order to avoid the use
of the non-orthogonal mesh and thus the reduction in approximation
order.
(iii) Combined dual grid:
Aiming to keep the reduction of approximation order as localized as
possible, URMEL-T in fact does offer a third possibility which is a
combination of G̃⊥ and G̃�: Perpendicular bisectors are used to build
the dual mesh wherever this is possible and only in the (usually very
few) obtuse triangles the centers of mass are used as dual mesh points.

Note that there is a great similarity to simplicial meshes with
barycentric subdivisions as used in Finite Elements Methods (see also
[26, 27]). Yet, the difference is that the centers of mass are connected
by some straight line in G̃� while this is not necessarily the case in
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Figure 5. Location of the field components and the triangles
associated with one mesh point.

simplicial meshes with barycentric subdivisions (see e.g. [22]).
The mesh points are numbered in lexicographic order. There

are two kinds of triangles alternating in the rows: One has the
vertex on top, while the other one is standing upright. One of each
kind is associated with each mesh point k [k = (j − 1) · J + i with
j = 1, ..., J, i = 1, ..., I]. The triangle of the first kind is named (1,k)
and the second (2,k). A point k = (j−1) ·J + i in row j with even j is
denoted as of ’type I’, while a point k in row j with odd j is denoted
as of ’type II’. The allocation of all the field components, associated
with a mesh point, is illustrated in Fig. 5 for the points l of type I and
k of type II.

2.2. Continuity Conditions for the Non-Orthogonal Case

The permittivity and the permeability shall be real. For G̃⊥ as dual
grid, any inserted material may have different µr and εr and either the
electric field �E or the magnetic field �H could be chosen on G. Figure 6
shows that only continuous components (i.e. �E‖ and �B⊥ resp. �H‖ and
�D⊥) occur at the triangle’s boundaries. So, triangles of G may be filled
with any material, varying from triangle to triangle. This is just the
general property for dual-orthogonal FIT grids that the continuity of
�E‖ and �B⊥ on boundaries of different materials is preserved.

In the non-orthogonal case, i.e. if the dual grid G̃� is used in
subdomains of Ωs, we have to place the following restriction to assure
the continuity of the field components:
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Figure 6. Material filling on grid duplet (G, G̃⊥): Either ( �E, �B) or
( �H, �D) with different µr, εr in both cases.

In case of electric grid voltages on G and magnetic grid fluxes on G̃�

only material insertions with constant µr and arbitrary εr are allowed
in those subdomains of Ωs where the dual elementary lines L̃m are non-
orthogonal to Li. In case of magnetic grid voltages on G and electric
grid fluxes on G̃� the material in the subdomain has to have constant
εr but µr may vary from cell to cell. As already pointed out, for most
structures it is possible to find a triangular grid G which renders G̃⊥
possible as dual grid.

2.3. State Variables and Discrete Operators for the
Triangular Grid

We assume that Ωs is either cylindrically symmetric or longitudinally
invariant. In this case, a variable separation is possible for either the
azimuthal or the longitudinal coordinate. Furthermore, it is assumed
that the fields are time-harmonic such that a description by a Fourier
series is possible. Finally, the materials are assumed loss free, i.e. ε, µ
are real and the conductivity is equal to zero. So we may write

�E =
√

Z0 sinωt �E′ (2)
�H =

√
Y0 cosωt �H ′ (3)

with Z0 =
√

µ0/ε0, Y0 =
√

ε0/µ0, c = 1/
√

µ0ε0. With the given
assumptions, the electromagnetic fields can be written as:
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Figure 7. Integration area for the surface integral
∫
Ãk

�E′ · d �A for the
state variable e′a,k. Left: The section of the triangular grid is shown
for better orientation of the reader. Right: The shaded area is used
for integration.

�E′(r, ϕ, z, t) =
∞∑

m=0

[
E′m,r(r, z) cosmϕ�er+E′m,ϕ(r, z) sinmϕ�eϕ+E′m,z(r, z) cosmϕ�ez

]
.

�H ′(r, ϕ, z, t) =
∞∑

m=0

[
H ′m,r(r, z) sinmϕ�er+H ′m,ϕ(r, z) cosmϕ�eϕ+H ′m,z(r, z) sinmϕ�ez

]
.

in the cylindrical symmetric case, expressing the periodicity with
period 2π in the azimuthal variable ϕ. Then we can solve Maxwell’s
equations for each azimuthal mode number m separately.

The grid is assumed to lie in the (r, z)-plane with ϕ = ψ/2 with
an arbitrary1 angle ψ. To carry over the contour, surface and volume
integrals of Maxwell’s equations we actually allocate Ea,k, Eb,k, Ec,k

in the plane ϕ = ψ/2 and Eϕ,k perpendicular to this plane, while
Ba,k, Bb,k, Bc,k are allocated in the planes with ϕ = 0 resp. ϕ = ψ.
The azimuthal magnetic flux components Bϕ1,k and Bϕ2,k are also
allocated perpendicular to the plane ϕ = ψ/2 (compare Fig. 7).

Instead of presenting the difference equations (which can be found
in detail in [25]) the following discrete representation of the induction
1 This angle is arbitrary since all expressions in it may be shorted in the final equations.
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law shall be given for the azimuthal order m:


−mI 0 0 −P1

0 mI 0 P2

0 0 mI P2

I P3 −I 0
P4 −I I 0







e′a
e′b
e′c
e′ϕ


 =

ω

c




b′a
b′b
b′c
b′ϕ1
b′ϕ2




with the state variables e′, b′, the discrete curl operator C of the
triangular grid and the block matrices2

P1 =

{ −1 for k
+1 for k + 1
0 else

,

P2 =

{ −1 for k
+1 for k + J
0 else

,

P3 = P1 − I, P4 = P2 − I, I being the unity matrix.
Correspondingly, Ampere’s law and the two divergence equations

can be discretized (cf. [31], [25] for details). Note that no sources and
no driving currents are assumed.

The state variable d′ is defined by
∫

εr �E
′ ·d �A, the state variables b′

hold
∫

µr
�H ′ · d �A (and not

∫
�B′ · d �A). This convention is in accordance

with the field representation (2), (3).
The discrete curl operators C and C̃ and the discrete divergence

operators S and S̃ obviously reflect the topology of the triangular
(primary) grid and its dual grid and enumeration. The derivation of
these operators is not as straightforward as in the case of a Cartesian
grid treated in the previous section. The curl operator C of the primary
triangular grid as given above and the curl operator C̃ of the dual
hexagonal mesh fulfill the important property of a FIT curl operator:

C = C̃T .

This generalized symmetry of the operators is basis for the consistency
of FIT field solutions. The divergence operator is given here for the
dual hexagonal grid:

S̃ = (P T
1 |P T

2 |P T
2 | −mI)

2 For sake of simplicity we regard a point k = (j − 1) · J + 1 in row j with j even (type
I). For a point k of type II the indices may partially shift by ±1. The detailed difference
equations can be found in [31] and [25].
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with the blocks Pi as given above.
Thus the Maxwell-Grid-Equations (1) for loss free time harmonic

fields without driving current read as

Ce′ = kb′

C̃h′ = kd′ (4)
Sb′ = 0
S̃d′ = 0

with the voltage vectors e′ = (e′a, e
′
b, e
′
c, e
′
ϕ)T , h′ = (h′a, h

′
b, h
′
c, h
′
ϕ1

, h′ϕ2
)T

and the flux vectors d′ = (d′a, d
′
b, d
′
c, d
′
ϕ)T , b′ = (b′a, b

′
b, b
′
c, b
′
ϕ1

, b′ϕ2
)T

in case that the electric field is allocated on the primary triangu-
lar grid. The components e′a, e

′
b, etc. themselves are vectors, e.g.

e′a = (e′a,1, ..., e
′
a,N )T , with the dimension N of numbers of grid points

(compare Fig. 5). The factor k = ω/c stands for the wavenumber.
Voltage and flux vectors are related via material operators which are
build in full analogy to those described in section 1 of this paper.

In case of time harmonic fields the divergence equation is
automatically fulfilled as was shown in [33]. Therefore it is possible
to resolve the equation S̃d′ = 0 for the azimuthal flux density d′ϕ
and substitute d′ϕ resp. e′ϕ in the remaining field equations. This
formulation reduces the dimension of the system to be solved by the
number of grid points N .

Finally, an algebraic eigenvalue problem

Ax = k2x

remains to be solved. Its eigenvalues are the squared wave numbers of
the resonant frequencies, and the eigenvectors

x = (e′a,1, ..., e
′
a,N , e′b,1, ..., e

′
b,N , e′c,1, ..., e

′
c,N )T

give the corresponding electric voltages. Then, the magnetic fluxes are
computed via the Maxwell Grid Equations. The eigenvalue problem
is solved by some subspace method with polynomial acceleration
described in [24] resp. [19]. The grid voltages are each connected to ten
neighbouring grid voltages by the difference equations corresponding
to the analytical ’curl curl − grad div ’ operation. The (3N × 3N)-
matrix A of the eigenvalue problem is sparse and the nonzero entries
are located on a few off-diagonals, as shown in Fig. 8.

In case m = 0, i.e. for the so-called monopole modes, pure TE-
and TM-modes can exist. For the TE0-modes with transverse electric
field only the nonvanishing electromagnetic field components Eϕ, Hr
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Figure 8. Matrix of the eigenvalue problem for m > 0.

and Hz have to be calculated while only Hϕ, Er and Ez have to be
computed for the transverse magnetic TM0-modes. In this case less
field components are related to each other which is expressed in a
smaller matrix (2N × 2N) with less off-diagonals.

For structures with translational symmetry like longitudinally
invariant waveguides, we have the longitudinal dependence

�E(x, y, z) = �E0(x, y)eiβz,

which gives to a first approximation

�E(x, y,∆z) = �E0(x, y)(1 + iβ∆z),

with the propagation constant β.
Again, Maxwell’s equations are discretized analogously to the

case of modes with azimuthal order m ≥ 1 in cylindrical symmetric
cavities. Now, the longitudinal coordinate direction corresponds to
the azimuthal coordinate. The resulting linear algebraic eigenvalue
problem has the squared propagation constants β2 for a given
frequency ω as eigenvalues.

More details may be found in [31] and [26].
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2.4. Error Behaviour

As shown in [31] the discretization error of URMEL-T follows the
relation ∣∣∣∣∆f

f

∣∣∣∣ ∝ 1
2.2 ·N1.2

.

Regard some kind of model problem allowing to show the effect
of a triangular mesh compared to a Cartesian mesh. The advantage of
the triangular grid clearly becomes obvious in the reduced geometric
error as Table 1 shows for a comparison with a Cartesian mesh: For
the same number of unknowns, the relative error in frequency is one
order smaller with the triangular grid.

Table 1. Lowest mode in a spherical cavity of 1m radius. The exact
frequency is f = 130.911MHz [13]. Note that URMEL-T has twice the
number of grid points as unknowns in case of monopole computations.

Cartesian grid (URMEL) triangular grid (URMEL-T)

Mode N f/MHz Error 2N f/MHz Error
TM0 121 128.972 −1.5 · 10−2 144 130.750 −1.2 · 10−3

EE-1 484 130.733 −1.4 · 10−3 576 130.879 −2.4 · 10−4

1089 130.762 −1.1 · 10−3 1296 130.892 +1.5 · 10−4

1936 130.655 −2.0 · 10−3 2232 130.885 −2.0 · 10−4

3025 130.721 −1.5 · 10−3 3510 130.929 +1.4 · 10−4

2.5. Relation to Mixed Finite Elements

The key point in consistent discretization of Maxwell’s equations is the
need to use a pair of dual meshes. This is the breakthrough which was
achieved in mixed FEM or FEM with Whitney forms on a primal and
dual mesh (the notation is not unique for different authors), see e.g.
[18, 14, 15, 4]. A key element in finding a synthesis between methods
like FIT on the one hand and FEM with Whitney forms on the other
hand is a diagonal Hodge operator [3].

Some important aspects of the procedure in context of a
comparison between FIT and FEM are summarized following [22],
[3]: In analogy to the discrete FIT-operators S,C, ... the connectivity
matrices on a simplicial mesh are discrete analogs to the divergence-,
curl- and gradient-operator. The mass matrices of edge elements find
some kind of analogy in the material operators Dε, D̃µ, Dκ of FIT.
As shown in [22] the mass matrices can also be regarded as discrete
analogs to the Hodge operator for differential forms. This terminology
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Figure 9. Triangular grid for multicell cavity.

comes from differential geometry. The Hodge operator maps p-forms
to (n-p)-forms, i.e. for n = 3 and p = 2 it maps 2-forms to 1-forms.
Concerning FIT, the state variables like d defined over surfaces may be
regarded as 2-forms, while the other state variables like e defined along
some path may be regarded as 1-forms and the material operators are
some corresponding tensors.

Concerning FEM, the Galerkin method can be interpreted as
a realization of the discrete Hodge operator [22]. A close link
between FIT and mixed FEM may well be suspected, yet a theoretical
interpretation from the point of view of differential geometry is still
open for research.

3. EXAMPLES

In the previous section a first example was shown in Fig. 3: a loaded
cavity. As many examples can be found in previous publications
[29, 31, 30, 7, 8] only few simple examples will be shown here.

3.1. Tuned Multicell Cavity

The triangular grid is especially well suited for the tuning of multicell
cavities. Figures 9 and 10 show the mesh and a plot of the field lines
of r ·Hϕ at ϕ = 0 for the π-mode in the right half of a superconducting
nine cell cavity. This TM0-mode has the frequency 1007 MHz. The
radius of the inner cells is 139.595 mm. The last cell was tuned by 1.25
mm to a radius of 138.345 mm.

3.2. Dispersion Relation for Loaded Waveguide

A rectangular waveguide filled with some dielectrics [31] is shown
in Fig. 11. Its fundamental mode has the frequency 3 GHz. The
dispersion relation between frequency ω and propagation constant
β has been computed. For different frequencies the highest β’s are
displayed in Fig. 12 in a fit through a few dozen distinct values. Note
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Figure 10. Contour plot of r ·Hϕ at ϕ = 0 for the π-mode in the nine
cell cavity.

Figure 11. Dielectric waveguide with mesh for the part which only
needs to be computed when exploiting all symmetries of the structure.

that for each wavenumber k0 = ω/c one URMEL-T run has to be
performed.

3.3. Circular Waveguide with Capacitive Load

The electric field lines of the TE11-mode (H11) in a circular waveguide
with capacitive load are shown in Fig. 13. Its outer diameter is
10 cm. The cut off frequency is 580 MHz. Only a quarter of the
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Figure 12. Dispersion relation for the dielectric-loaded waveguide.

Figure 13. Electric field lines of the fundamental TE mode in a
capacitively loaded circular waveguide at f = 580 MHz.

structure is discretized. The TE11-mode can then be obtained by
setting a magnetic boundary condition at one and an electric boundary
condition at the other symmetry plane.

3.4. Parameter Study for Loaded Ridged Waveguide

Finally, a dielectric loaded ridged waveguide with post is shown which
first has been computed in [7].

For this dielectric-slab-loaded ridged waveguide, shown in Fig. 14,



Frequency domain analysis with FIT 377

Figure 14. Geometry of dielectric-loaded ridged waveguide.

the effect of the slot height on guide parameters as the guide wavelength
λg and the characteristic impedance Z0, defined as

Z0 =
|V0|2
2PT

,

where

V0 =
∫ b1/2

−b1/2
Ey(0, y)dy

and
PT =

1
2

∫ ∫
Area

( �E × �H∗) · ẑ dxdy,

have been determined with URMEL–T and compared with mode
matching results from [32]. Table 2 shows results for the case εr =
2.62 · ε0 and frequency f = 5.95 GHz. Evidently, the agreement with
the semi-analytical results is very good.
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Table 2. Effects of slot height on waveguide parameters.

URMEL–T Ref. [32]
Slot Height

b1 / in. λg / in. Z0/Ω λg / in. Z0/Ω
0.256 1.7113 186 1.6983 178
0.300 1.7735 210 1.7634 203
0.350 1.8239 225 1.8192 224
0.450 1.8873 236 1.8872 252
0.650 1.9434 262 1.9320 270
0.850 1.9529 276 1.9404 274
1.056 1.9541 275 1.9411 274

4. CONCLUSION AND OUTLOOK

This paper revisited the application of the Finite Integration Technique
on triangular grids. The corresponding code URMEL-T is successfully
applied since more than 15 years in many different locations, mainly
universities and accelerator laboratories. The underlying method
has been described and some examples of cavity and waveguide
computations were shown in this paper. A short hint on the analogies
to FEM with Whitney forms on a primal and dual mesh was given.
This point could be the onset of further research on a presumed
equivalence of both methods.
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Abstract—This paper concerns the implementation of the perfectly
matched layer (PML) absorbing boundary condition in the framework
of a mimetic differencing scheme for Maxwell’s Equations.

We use mimetic versions of the discrete curl operator on irregular
logically rectangular grids to implement anisotropic tensor formulation
of the PML. The form of the tensor we use is fixed with respect to the
grid and is known to be perfectly matched in the continuous limit
for orthogonal coordinate systems in which the metric is constant,
i.e. Cartesian coordinates, and quasi-perfectly matched (quasi-PML)
for curvilinear coordinates. Examples illustrating the effectiveness
and long-term stability of the methods are presented. These
examples demonstrate that the grid-based coordinate implementation
of the PML is effective on Cartesian grids, but generates systematic
reflections on grids which are orthogonal but non-Cartesian (quasi-
PML). On non-orthogonal grids progressively worse performance of
the PML is demonstrated.

The paper begins with a summary derivation of the anisotropic
formulation of the perfectly matched layer and mimetic differencing
schemes for irregular logically rectangular grids.

1 Background
1.1 The PML Absorbing Boundary Condition
1.2 Expressing the PML on General Grids
1.3 Background on Mimetic Difference Schemes
1.4 Application of Mimetic Difference Operators to

Maxwell’s Equations
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2 Implementation
2.1 Combining the PML Equations and Mimetic Difference

Operators
2.2 Conversion to the Time Domain
2.3 Discretization of the Equations

3 Test Problems and Results
3.1 Radiation Problem on a Cartesian Grid
3.2 Scattering Problem on a Polar Grid
3.3 Skew Grid

4 Conclusions
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1. BACKGROUND

1.1. The PML Absorbing Boundary Condition

The need for absorbing boundary conditions arises when we wish to
simulate problems which are naturally cast on unbounded domains.
Hyperbolic problems in which features of the solution move at finite
speed are limited in duration by the return of outwardly propagating
features of the solution after interacting with the boundaries of the
computational domain. This situation is illustrated graphically in
Figure 1. Here the domain of interest is surrounded by a buffer layer
whose purpose is to delay the return of the reflection. To increase the
duration of validity, we must increase the size of the boundary region,
with a corresponding increase in computational cost.

The perfectly matched layer and other absorbing domain methods
modify the equations in the buffer region to damp the waves as they
travel through it. The goal is to attenuate these waves to a level where
they can be ignored when they return to the domain of interest. The
computational advantages of the PML over other absorbing boundary
conditions include its applicability to various numerical methods and
it relative ease of implementation.

In [2], Berenger considered the problem of attaining perfect
transmission of planar electromagnetic waves across a planar interface
between empty space and a material half-space. This is accomplished
by adding additional degrees of freedom to Maxwell’s equations
through a field splitting, where a single field is split into the sum of
two parts which evolve according to separate equations. Subsequent
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Figure 1. The layout of finite domain problems with a scattering
object in the domain of interest. Note the buffer domain which delays
the return of reflections to the domain on interest.

refinements of Berenger’s ideas have led to new formulations of
the perfectly matched layer which are demonstrably equivalent, but
superior in implementation and we will pass over the details of
Berenger’s version in favor of another known as the anisotropic
formulation. The anisotropic formulation of the perfectly matched
layer is derived from Berenger’s split field formulation by Mittra and
Pekel in [11] and is derived directly from Maxwell’s equations by Sacks,
et.al. in [12] and by Gedney in [3]. We summarize the implementation
for Cartesian coordinates here. The computational domain is assumed
to be surrounded by PML layers of finite thickness which are backed
by a conventional boundary condition, such as �E = 0, as illustrated in
Figure 2.

For Maxwell’s Equations in the frequency domain,

jωB̂ = −∇×Ê

jωD̂ = ∇×Ĥ

∇ · B̂ = 0 (1)

∇ · D̂ = 0

the anisotropic PML is implemented with the following constitutive
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Figure 2. Diagram of a two dimensional PML application with a
scattering object in the domain of interest. Note the PML boundary
layers on all four sides of the computational region and the four corner
regions with overlapping layers.

laws

D̂ = ε0ΛÊ

B̂ = µ0ΛĤ

where the tensor Λ is Λ = ΛxΛyΛz and

Λx =


 s−1

x
sx

sx


 , Λy =


 sy

s−1
y

sy


 (2)

Λz =


 sz

sz
s−1
z


 (3)

as obtained in [3].
The perfectly matched layer is therefore characterized by three

complex numbers sα, each moderating the absorption of waves in the
particular coordinate direction α. (If attenuation of outgoing waves
is not needed in a particular direction, Λα for that direction can be
set to the identity) When each parameter is chosen to be of the form
sα = κ−jβ we find that κ determines the wavelength of the wave in the
PML and for β > 0, the wave is attenuated according to the distance
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of travel in the α direction. For the interior computational domain, the
constitutive laws reduce to that of free space when sx = sy = sz = 1.

This result generalized in the obvious way for boundary layers
which are matched to regions other than free space, regardless of the
frequency-dependence of these parameters, (as noted in [13, p.323]),
allowing us to write the general constitutive laws for perfectly matched
layers which match dispersive media:

D̂ = ε(ω)ΛÊ

B̂ = µ(ω)ΛĤ

This is also demonstrated in the context of a different derivation of
the PML for both dispersive and anisotropic media in [15]. For our
purposes, we will focus on the problem of matching PMLs to non-
dispersive dielectrics. For these problems, the complete system of
Maxwell’s equations is:

jωB̂ = −∇×Ê

jωD̂ = ∇×Ĥ (4)

D̂ = εΛÊ

B̂ = µΛĤ

When designing PMLs for time domain simulations the
parameters sα should be chosen so that the resulting frequency domain
equations can be easily converted back into the time domain. The
simplest of these is sα = 1 + σα/ε0jω which we employ here. More
generally, the expression sα = κα + σα/ε0jω has been used in [4] as
well as sα = 1 + σα/(1 + βjω) in [17]. More general constitutive
laws, such as the biaxial formulation in [18] have also been successfully
employed.

Although the mimetic differencing schemes discussed in the next
section are capable of handling discontinuous coefficients, we do not
currently cast the PML equations in a form which will allow it to do
so. (This may be responsible for persistent reflections which are visible
in some test problems.) This difficulty arises from the frequency-
dependent nature of the operator Λ and is shared by other problems
with frequency dependent parameters, including ordinary dispersive
materials. To reduce numerical reflections caused by discontinuous
coefficients in the PML, the σα (and other parameters if present)
are chosen to be functions of the coordinate variable α. Choosing
these functions so that sα = 1 at the interface makes the PML
a continuous extension of the medium being matched and reduces
numerical reflections at the interface. Increasing the value of σ (and
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possibly other coefficients) with depth in the layer allows for greater
overall attenuation while keeping down the numerical reflections caused
by the varying parameter. Gedney [3] suggests a conductivity profile

σ(z) =
σmax|z − z0|m

dm
(5)

where d is the depth of the layer, z0 is the interface and m is the chosen
power of variation. Values of m between 3 and 4 are believed to be
optimal.

1.2. Expressing the PML on General Grids

The mimetic differencing scheme we will describe in Section 1.3 is
capable of handling non-Cartesian two-dimensional grids. To take
advantage of this flexibility, we consider the problem of expressing
the PML equations in terms of an underlying grid, without reference
to a particular coordinate scheme. Since we are interested in two
dimensional problems, we assume homogeneity of both the problem
and the underlying grid in the z direction. We will refer to the other
two coordinate variables as (ξ, η) and the entire set of coordinates as
(ξ, η, z).

Since the grids we wish to apply this technique to are not the
result of a known transformation of the general coordinates (ξ, η) into
the Cartesian coordinates (x, y). The logically rectangular nature of
the grid, however, makes if possible to assign integer (ξ, η) coordinates
to the nodal points and, by interpolation, to assign (ξ, η) coordinates
to all points in the grid. (Generally, only the integer and integer-
plus-half coordinates are used, since these give the nodes, edge centers
and cell centers.) This gives an effective inverse of the coordinate
transformation from the logical variables (ξ, η) to Cartesian variables.
We note that when measured in these general coordinates, the length
of a cell edge is always one and the width of a PML is equal to the
number of cells that it covers.

We will assume that the coordinate scheme induced by the grid is
orthogonal, hence we will retain the diagonal form of the PML tensor Λ.
Furthermore, we assume that in the corner regions, the PML tensor
factors as before into components that represent attenuation in the
different coordinates, Λξ = diag{s−1

ξ , sξ, sξ}, Λη = diag{sη, s−1
η , sη},

and Λz = diag{sz, sz, s−1
z }. Since we are interested in two dimensional

problems in the ξ and η variables, there are no waves propagating in
the z direction and we take sz = 1. Hence, Λz is the identity matrix
and will be dropped from further calculations.
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Figure 3. Cell diagram with node numbers (i, j), angles φ, edge
lengths lξ, lη and cell volume V C labeled.

1.3. Background on Mimetic Difference Schemes

Mimetic Difference schemes are ones in which the discrete differential
operators are chosen to mimic the properties of the continuous versions.
The brief treatment here will suppress many details concerning
boundary conditions and focus on the derivation of discrete curl
operators. A more complete treatment can be found in [8, 7, 9]. Ref [9]
specifically covers the space and time discretization for the following
version of Maxwell’s equations:

∂�B

∂t
= −∇× �E, �D = ε �E

∂�D

∂t
= ∇× �H, �B = µ �H

∇ · �D = 0
∇ · �B = 0.

We consider this problem on irregular, but logically rectangular grids
(i.e. Every cell has four sides and every interior node has is connected
by edges to four others). At each cell in the grid, we label the nodes
and specify the angles and edge lengths as given in Figure 3. We denote
the space of discrete scalar functions defined on the nodes of the grid
as HN and the space of discrete scalar functions defined on cell centers
as HC, which are illustrated in Figure 4. We also define two spaces of
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Figure 4. NH and NC space diagram. Components of scalar functions
V ∈ HC and W ∈ HN are illustrated.

vector valued functions with components in the ξ, η and z directions.
These are illustrated in Figures 5 and 6. The space HL consists of
vector functions whose ξ, η components which are tangential to the
edges of the grid and whose z components are defined at the grid nodes.
Likewise, the space HS consists of functions whose ξ, η components are
defined normal to the cell edges and whose z components are defined at
cell centers. (We note that in three dimensions, all of the components
of HL and HS functions are defined on cell edges and the centers of
cell faces. The two dimensional version here is obtained by projecting
a three dimensional grid which is uniform in the z direction onto the
ξ, η plane.)

For the problems that we are interested in, we approximate the
unknown vector quantities �E and �D with discrete versions in HL and
�H and �B with discrete versions in HS. The unknowns appear on
the grid as illustrated in Figure 7. Here, we note the similarity to the
Yee scheme [19] for computational electromagnetics in two dimensions,
as each component of the electric field is surrounded by circulating
components of the magnetic field and vice versa. We also note that
the electric field and flux are tangential to the grid lines while the
magnetic field and flux are normal to them. This has implications for
the choice of independent variables when dealing with discontinuities
in material parameters and which boundary conditions can be readily
implemented.

We define the natural operators to act on these spaces of discrete
functions. DIV : HS 
→ HC, GRAD : HN 
→ HL and CURL : HL 
→
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Figure 5. HL space diagram. Components of a vector function
�X ∈ HL are illustrated.

Figure 6. HS space diagram. Components of a vector function
�Y ∈ HS are illustrated.
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Figure 7. Layout of field components on irregular, logically-
rectangular grid. Electric field components are defined tangent to edges
and at nodes. Magnetic field components are defined normal to edges
and at cell centers.

HS. These operators are constructed so that they satisfy the major
theorems of differential operators, including DIV �A = 0 if and only if
�A = CURL �B and CURL �A = 0 if and only if �A = GRADφ (see [8] for
details). The expressions for the DIV and GRAD operators resemble
the standard finite volume operators are are straightforward to derive.
Since it is of the most interest here, we give the definition of CURL
in more detail. If �R = (Rξ, Rη, Rz)T = CURL �E then

Rξi,j =
Ezi,j+1 − Ezi,j

lηi,j
, Rηi,j =

Ezi+1,j − Ezi,j
lξi,j

(6)

Rzi,j = {(Eηi+1,jlηi+1,j − Eηi,jlηi,j)
− (Eξi,j+1lξi,j+1 − Eξi,jlξi,j)}/V Ci,j .

We note that the set of natural operators is not sufficient for our
discrete Maxwell’s equations. Specifically, the CURL operator, since



PML with mimetic differencing schemes 393

it is defined on HL, cannot be applied to the vector function H ∈ HS.
In addition, there is no grad operator for scalar functions on HC or
divergence operator for vector functions on HL. This prevents their
composition to form discrete Laplace operators. The support operator
method described in [7] is used to define new operators DIV , GRAD
and CURL which are adjoints to the natural operators above and act
on different spaces of functions. Roughly, the procedure is as follows:
(i) A discrete form of the natural inner product is defined for the

various spaces of discrete functions. Each of these are then related
to simpler formal inner product for each space through the action
of symmetric linear operators.

(ii) The formal adjoints of the natural operators are derived. These
are the adjoints with respect to the formal inner products on each
space.

(iii) The adjoint operators DIV , GRAD and CURL are defined
as the adjoints of the operators DIV , GRAD and CURL with
respect to the natural inner products.

(iv) Computational expressions are derived for the adjoint operators
using the formal adjoints and the transformations between the
natural and formal inner products.

In our development here, we will focus on the derivation of the adjoint
operator CURL . To simplify the expressions for the inner products,
we restrict our attention to functions which are zero on the boundary
of the grid.

For the discrete space of vector functions HS, the formal inner
product is

[ �A, �B]HS =
∑

fξ∈HSξ

AξfξBξfξ+
∑

fη∈HSη

AηfηBηfη+
∑

fz∈HSz

AzfzBzfz.

(7)
Here, fξ, fη and fz are multi-indices for the corresponding families
of cell components. HSξ and HSη are cell edges, while HSz are the
cell centers. To define a natural inner product for the space HS, we
first define an approximation to the inner product of two members of
HS on a given cell:

( �A, �B)i,j =
1∑

k,l=0

V i,j
i+k,j+l

sin2 φi,j
i+k,j+l

·[Aξ(i+k,j)Bξ(i+k,j) + Aη(i,j+l)Bη(i,j+l)

+(−1)k+l(Aξ(i+k,j)Bη(i,j+l)Aη(i,j+l)Bξ(i+k,j))cos φ
(i,j)
(i+k,j+l)]

+AzijBzij , (8)
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where the weights V
(i,j)
(i+k,j+l) satisfy

V
(i,j)
(i+k,j+l) ≥ 0,

1∑
k,l=0

V
(i,j)
(i+k,j+l) = 1. (9)

Note that each (k, l) pair corresponds to a corner of the (i, j)th cell
and that the weights have the same notation as the cell angles. For our
computations, we base the weights on the area of the triangle made
by each angle and the two adjacent sides, normalized to satisfy the
conditions in (9). The natural inner product for space HS is then
defined

( �A, �B)HS =
∑
c

( �A, �B)cV Cc (10)

where c is the multi-index over all cells in the grid and V Cc is the area
of cell c.

This process is repeated for the HL space, with results similar to
equations (7), (8) and (10). By examining the definitions of the formal
and natural inner products for these spaces, we construct symmetric
positive operators S : HS 
→ HS and L : HL 
→ HL such that

( �A, �B)HS = [S �A, �B]HS, ( �A, �B)HL = [L �A, �B]HL (11)

Let CURL† denote the formal adjoint of CURL , i.e., the
adjoint with respect to the formal inner product: [ CURL �A, �B]HS =
[ �A, CURL† �B]HL. We can verify directly that if �R = CURL† �B then

Rξij = −lξij

(
Bz(i,j−1)

V C(i,j−1)
− Bzij

V Cij

)
, Rηij = lηij

(
Bz(i−1,j)

V C(i−1,j)
− Bzij

V Cij

)

(12)

Rzij =

(
Bξ(i,j−1)

lη(i,j−1)
− Bξij

lηij

)
−

(
Bη(i−1,j)

lξ(i−1,j)
− Bηij

lξij

)
(13)

We define the operator CURL as the adjoint of CURL with respect to
the natural inner products onHL andHS. Hence, CURL : HS 
→ HL

and for all �A ∈ HL, �B ∈ HS

( CURL �A, �B)HS = ( �A, CURL �B)HL (14)

Using the definitions and symmetry of the operators L, S in (11), we
find that LCURL �B = CURL† S �B. Expressed as an operator, we
define CURL by CURL = (L)−1 CURL† S.
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Repeating this procedure for DIV and GRAD as detailed in [7],
generates the operators DIV : HL 
→ HN and GRAD : HC 
→ HS.
These new operators also satisfy the same discrete versions of vector
calculus theorems as the natural operators. Furthermore, with these
operators, all of the following composite operators can be formed as
well:

DIV GRAD : HC → HC DIV GRAD : HN → HN
CURL CURL : HS → HS CURL CURL : HL→ HL
GRAD DIV : HL→ HL GRAD DIV : HS → HS

1.4. Application of Mimetic Difference Operators to
Maxwell’s Equations

From the integral form of Maxwell’s equations (see, for example
[10, Section 1.5] or [1, Section 1.5]) we find that at discontinuous
material interfaces the tangential components of the fields �E and �H

are continuous while the normal components of the flux densities �D

and �B are continuous. Given that material interfaces will occur along
grid lines in the the discrete problem and the location of the discrete
field components on the grid, the quantities E and B are continuous
in our formulation, while D and H are not. Hence, before discretizing
Maxwell’s equations, we express them in terms of these continuous
quantities.

∂�B

∂t
= −∇× �E

∂�E

∂t
=

1
ε
∇× 1

µ
�H

This leads to the derivation of the slightly different adjoint operator
εCURLµ corresponding to the continuous operator 1

ε∇× 1
µ . Weighted

inner products based on the parameters ε and µ are used for the spaces
HL and HS, resulting in new operators Lε and S1/µ. Then, with
respect to these weighted norms,

( CURL �A, �B)εHS = ( �A, CURL �B)
1
µ

HL. (15)

The derivation of the operators Lε and S1/µ are detailed in [9]. The
case where ε and µ are symmetric positive-definite tensors is handled
in [6]. Using these operators, the discrete form of Maxwell’s equations
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is now

∂�B

∂t
= −CURL �E

∂�E

∂t
= εCURLµ

�H.

2. IMPLEMENTATION

2.1. Combining the PML Equations and Mimetic Difference
Operators

To cast our system of Maxwell’s equations plus PML equations into the
form appropriate for the mimetic difference operators from Section 1.4,
we return to the frequency domain equations (4) and define the
following new field values:

Êp = ΛÊ (16)

B̂p = Λ−1B̂. (17)

Maxwell’s equations are now

jωB̂ = −∇×Ê (18)

jωÊp =
1
ε
∇× 1

µ
B̂p (19)

with the new constitutive laws

D̂ = εÊp

B̂p = µĤ.

Equations (16)–(19) form a fully determined dynamical system in the
variables E, B, Ep, Bp when converted back into the time domain. The
explicit form of the time domain equations will be covered in the next
section in the context of general systems of coordinates.

We also note here that because of the change in field values, the
quantities which appear in equation (19) are not necessarily continuous
at a material interface. We will attempt to alleviate this this problem
by choosing the parameters which appear in Λ to be continuous as
discussed in Section 1.1.
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2.2. Conversion to the Time Domain

Maxwell’s equations (18, 19) as derived in the previous section, can be
converted back into the time domain as discretized in space to yield

∂B

∂t
= −CURL E

∂Ep

∂t
= εCURLµBp.

The remaining equations all arise from the PML are involve no space
derivatives.

Ê = Λ−1
η Λ−1

ξ Êp

B̂p = Λ−1
η Λ−1

ξ B̂

In our simulations, we consider the transverse electric (TE) mode,
which consists of the components Eξ, Eη and Bz. Dropping the
equations in which all components are zero and using the definitions
of the matrices Λξ and Λη yields the equations:

Eξ = sξs
−1
η Ep

ξ (20)

Eη = s−1
ξ sηEp

η (21)

Bz = s−1
ξ s−1

η Bp
z (22)

where Ep
ξ , Ep

η , Bp
z are components of Ep and Bp. Equations (20) and

(21) have the general form

Xsα = Y sβ (23)

where aα and sβ are two different complex PML coefficients and X,
Y are vector field components. We illustrate the exact procedure
for converting equations of this type into the time domain for sα =
κα + σα/ε0jω. Equation (23) becomes(

κα +
σα

ε0jω

)
X =

(
κβ +

σβ

ε0jω

)
Y

Multiplying by jω and converting, we obtain,

κα
∂X

∂t
+

σα

ε0
X = κβ

∂Y

∂t
+

σβ

ε0
Y. (24)

Given that one of the two quantities, ∂X
∂t , ∂Y

∂t is determined by other
equations in the dynamical system, (24) can then be solved for the
remaining unknown time derivative.
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To discretize equation (22) we introduce an intermediate variable,
B̄p

z and split it into two equations:

sξBz = B̄p
z

sηB̄p
z = Bp

z . (25)

These equations can be converted to the time domain by the same
process. For our expanded system consisting of Eξ, Eη, Ep

ξ , Ep
η , Bz, Bp

z

and B̄p
z , the resulting system of time-domain equations is:

∂�B

∂t
= −CURL �E (26)

∂�Ep

∂t
= εCURLµ

�Bp (27)

∂Eξ

∂t
=

1
κη

(
σξE

p
ξ − σηEξ + κξ

∂Ep
ξ

∂t

)
(28)

∂Eη

∂t
=

1
κξ

(
σηEp

η − σξEη + κη

∂Ep
η

∂t

)
(29)

∂B̄p
z

∂t
= σξBz + κξ

∂Bz

∂t
(30)

∂Bp
z

∂t
= σηB̄p

z + κη
∂B̄p

z

∂t
(31)

The equations (26), (27) are vector equations for all three components
of �E, �B, �Ep and �Bp. Our TE mode solution only involves three of these
six equations. The remaining time derivatives in the right-hand-sides
of equations (28) through (31) can be eliminated through substitution.

2.3. Discretization of the Equations

We employ the same staggered time-stepping approach as proposed by
Yee [19]. In this scheme, the values of the electric field and related
quantities are updated at integer multiples of the fundamental time
step while the magnetic field and related quantities are updated at the
midpoints of the intervals, denoted with the indices n + 1/2. Forward
differencing schemes are used for each step of the process with second
order convergence of the results in time. For our implementation, the
quantities Eξ, Eη, Ep

ξ , Ep
η are defined on the integral multiples of the

time step n. The quantities Bz, Bp
z and B̄p

z are defined on the midpoints
n + 1

2 .
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The discrete form of the equations that we implement here is
not derived directly from the system of equations (26)–(31). Instead,
we discretize all of the expressions in the form of equation (24) and
equations (25) directly using standard first-order differences for the
time derivatives and the two-point average for the conductivity terms.
This yields the following update equation for the discrete quantities:

Xn+1
(

σα

2
+

κα

∆t

)
+Xn

(
σα

2
− κα

∆t

)
=Y n+1

(
σβ

2
+

κβ

∆t

)
+Y n

(
σβ

2
− κβ

∆t

)
.

(32)
One of the n+1 terms is already known from it’s involvement in other
equations, so this expression is solved for the unknown n+1 term. (The
equation for quantities on the half time intervals is found by adjusting
the indices.)

The main loop of the iteration, illustrating the mutual
dependencies of the data, is as follows. We start with current values at
the time steps n and n − 1

2 . Unless otherwise stated, the update rule
is some form of equation (32).

• Compute B
n+ 1

2
z from B

n− 1
2

z and En
x , En

y from Bzn+ 1
2 = Bzn−

1
2 −

∆t( CURL E)z.

• Compute B̄
p,n+ 1

2
z from B̄

p,n− 1
2

z , B
n− 1

2
z and B

n+ 1
2

z .

• Compute B
p,n+ 1

2
z from B

p,n− 1
2

z , B̄
p,n− 1

2
z and B̄

p,n+ 1
2

z .

• Compute Ep,n+1
x and Ep,n+1

y from Ep,n
x , Ep,n

y and B
p,n+ 1

2
z from

�Ep,n+1 = �Ep,n + ∆t εCURLµ
�Bp.

• Compute En+1
x from En

x , Ep,n
x and Ep,n+1

x .
• Compute En+1

y from En
y , Ep,n

y and Ep,n+1
y .

3. TEST PROBLEMS AND RESULTS

3.1. Radiation Problem on a Cartesian Grid

Our first test problem uses a small current loop in the ξη plane,
implemented as a fictitious magnetic current, to generate a TE mode
electromagnetic pulse. The magnetic current for this and other
examples below has the Gaussian time signature:

f(t) = e−(t−tc)2/w2
(33)

and in this example, we take tc = 1.0 × 10−10 and w = 2.5 × 10−11.
(We note that at t = 0, f(0) = e−16 ≈ 1.1×10−7 so we need not worry
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about the initial discontinuity.) The current source is placed at (0, 0) in
a square domain [−0.024, 0.024]× [−0.024, 0.024] and the z component
of the magnetic field is observed at the point (−0.012, 0.012) (chosen
because it lies exactly on one of the grid points). The grid covering
the domain is 60 elements square and the PMLs are ten grid elements
wide. The power of variation of σ (see (5)) is m = 4. The result of
several different simulations with various values of σmax are plotted in
Figure 8.

10000
1000
100
10

σmax = 10
no pml

reference

4.5e-104e-103.5e-103e-102.5e-102e-101.5e-101e-105e-110

6000

4000

2000

0

-2000

-4000

-6000

-8000

Figure 8. Observed Magnetic field in radiation problem on Cartesian
grid. PML layers with σmax between 10 and 1000 give good agreement
with reference solution.

The reference domain plot in Figure 8 is computed without an
absorbing boundary layer on a domain sufficiently large so that the
simulation ends before the return of reflections from the boundary.
We can see that for a wide range of σmax the PML is highly effective.
We also tested the long-term stability of the method by running it to
100,000 time steps. No late time instability was observed.
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We repeat this experiment on the grid in Figure 9 which has been
distorted in the interior of the domain, but not in the region occupied
by the PMLs. The dimensions and input signal are identical to the
previous example and the results of the simulation are displayed in
Figure 10. As before, we see that the agreement between the reference
solution and the PML solution is quite good.

0.0250.020.0150.010.0050-0.005-0.01-0.015-0.02-0.025

0.025

0.02

0.015

0.01

0.005

0

-0.005

-0.01

-0.015

-0.02

-0.025

Figure 9. Plot of modified square grid. Note non-orthogonality of
grid in the interior, away from PML layers on the four sides.

In both of these examples, the grid lines within the PML are
aligned with the x and y axes. To demonstrate the effectiveness of the
our formulation in which the PML properties are defined with respect
to the grid and not the Cartesian coordinate system, we repeated this
experiment on Cartesian grids rotated at various angles to the origin.
For example, the grid in Figure 11 rotated through an angle of 35o. In
all tested problems of this sort the PML performed identically to the
PML on the original, unrotated grid.
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σmax = 10
no pml

reference domain
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-4000
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-8000

Figure 10. Observed Magnetic field in radiation problem on modified
grid. Results agree with both reference domain solution and results on
unmodified grid.

3.2. Scattering Problem on a Polar Grid

Here, we simulate the reflection of a Gaussian plane-wave pulse off a
perfectly conducting cylinder of radius 0.1 meter. Traveling TE mode
plane-waves have the following general form:

Bz = f

(
t− 1

c
�x · �k

)
(34)

Ex = −η0kyf

(
t− 1

c
�x · �k

)
(35)

Ey = η0kxf

(
t− 1

c
�x · �k

)
(36)

which can be seen to satisfy Maxwell’s equations by substitution. We
choose the Gaussian pulse from equation (33) with tc = 1.0 × 10−9,
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0.040.030.020.010-0.01-0.02-0.03-0.04
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-0.01

-0.02
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-0.04

Figure 11. Rotated Cartesian grid. This demonstrates the
effectiveness of the coordinate-free formulation of the PML.

w = 2.0 × 10−10 for the wave-shape function f . We also pick the
wave vector �k = (1, 0, 0), representing a pulse traveling to the right
along the x axis. Using the symmetry of the problem and the source
terms, we compute the scattered field only in the positive y half-plane
on the polar grid in Figure 12. There are 40 divisions of the angular
coordinate θ and 61 divisions of the radius r.

The inner semi-circle at r = 0.1 is the surface of the conducting
cylinder where the boundary conditions on the electric field are
imposed. The total electric field is zero at the surface of the conducting
cylinder, thus

�Ereflected = − �Eincident (37)

where the incident field is given by the equations (35) and (36). Since
�E is defined along cell edges, we impose this condition on the inner
semi-circle of edges which represent the surface of the cylinder by
computing the projection of �Eincident onto each edge and using (37).
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0.4
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0

-0.2

Figure 12. Polar grid used in reflecting cylinder problem. The
conducting cylinder is the inner semicircular boundary. A PML layer
is placed on the outer semicircular boundary.

For boundary conditions on the remaining three boundaries we set
the tangential electric field components to zero. The symmetry of the
problem implies this condition along the edges at θ = 0 and θ = π.
The boundary at r = 1.1 is covered with a a perfectly matched layer
of various cell widths.

Although we use the polar coordinates (r, θ) to describe the layout
of the problem, we do not use an explicit coordinate transformation
from Cartesian coordinates or a polar coordinates version of Maxwell’s
equations (as discussed in Section 1.2) instead treating it as a problem
on a general grid. PML formulations made directly in cylindrical
coordinates (for example, see [16] or [18]) are applicable to this problem
and yield a different PML tensor then the one we use here. In [14] it
is shown that the tensor component

Λr = diag
{

r̃

r

1
sr

,
r

r̃
sr,

r̃

r
sr

}

yields a perfectly matched PML in the continuous limit. Here r̃ is
a complex stretched coordinate version of the radial parameter. The
version of the tensor that we use here, diag{ 1

sr
, sr, sr} is known as a

Quasi-PML [5] and is not perfectly reflecting in the continuous limit
because of the missing factors of r̃

r .
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Numerical experiments show the limitations of the effectiveness of
the quasi-PML formulation applied to this problem. A typical result is
illustrated in Figure 13. Here, the depth of the PML is held constant
while the maximum σ value varies over the range (0.5, 10). The power
of σ variation is again m = 4. In Figure 14 we examine more closely
the time interval in which the reflection appears and find that it is
constant over a wide range of σmax values. This reflection also appears
in other simulations in which we refine the spatial discretization, refine
the time discretization and increase the depth of the layer, indicating
that it is due solely to the imperfect matching of the quasi-PML. By
running each of these simulations to 30,000 time steps we also verified
the late-time stability of the scheme.

10
1.0

σ = 0.5
reference domain

1e-089e-098e-097e-096e-095e-094e-093e-092e-091e-090

8e-07

6e-07

4e-07

2e-07

0

-2e-07

-4e-07

Figure 13. Results on the polar grid for the reflecting cylinder with
PMLs at various σmax. Note the systematic discrepancy between these
and the reference solution.

We note that the discrete form of the cylindrical grid is only
approximately orthogonal because of the straight edges between nodes
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100
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Figure 14. Close up of the results in Figure 13. Note the consistent
size of the discrepancy for σmax = 0.2 to σmax = 10.

on the grid. This makes the angles between the radial (ξ) and angular
(η) coordinates different from 90◦. By forcing the angles to be 90◦ in
the computation of the operators CURL and εCURLµ, as described in
Section 1.4, we improve the approximation of an orthogonal grid. The
simulation results with the modified operators are nearly identical to
the one implementing the correct cell angles, including the performance
of the PML.

3.3. Skew Grid

To test the dependence of the PML performance on the orthogonality
of the grid, we employ it on grids with increasing degrees of
nonorthogonality like the one in Figure 15. We demonstrate that
the same perfectly matched layer performs progressively worse as the
nonorthogonality of the grid increases. Each of these grids has a ten cell
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wide PML layer on the top, bottom and right boundaries. A traveling
wave with the same Gaussian shape as in the previous examples and
moving in the positive x direction is generated through the boundary
conditions on the top and bottom of the grid. (That this method
works despite the presence of the PML layers on the top and bottom
demonstrates the fact that the PML does not attenuate waves which
propagate transverse to its depth direction.) The Bz field component
is observed in each example at the point (0.25, 0.5)

We present graphically results on two different skew grids. The
first example uses the slightly skewed square grid in Figure 15. The
results of simulations with and without PML layers is in Figure 16.

0.50.40.30.20.10

1

0.8

0.6

0.4

0.2

0

Figure 15. Slightly skew grid.

We can see that the PML absorbs most of the pulse, leaving a
reflection roughly two orders of magnitude smaller. Although still
small, this reflection is far larger than those from PMLs on orthogonal
grids. On the grid in Figure 17 where the coordinate lines are more
nonorthogonal, the PML performs considerably worse, as shown in
Figure 18.

4. CONCLUSIONS

We have created a perfectly matched layer implementation based on
the anisotropic tensor formulation and discretized with a mimetic
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With PML
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Figure 16. Observed magnetic field with and without PML on the
slightly skew grid of Figure 15. Note that the reflections apparent with
the PML are small compared the other pulse size.
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Figure 17. Skew grid.
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With PML
Without PML
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Figure 18. Observed magnetic field with and without PML on the
skew grid in Figure 17. Note the increase in relative size of the
reflections from Figure 16.

differencing scheme. Examples demonstrate the effectiveness of the
method on Cartesian and rotated Cartesian grids in which the metric
of the underlying coordinates in space is constant. As expected, the
implementation is less effective on a cylindrical problem when the
metric of the underlying coordinate system is not constant and the
chosen form of the PML tensor is known to only produce a quasi-
PML. Furthermore, the dependence of this PML on orthogonality of
the coordinates is illustrated by its degradation on a skew grid problem.
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1. INTRODUCTION

Maxwell equations are usually supplemented by constitutive relations,
for these provide the information about the surrounding medium. In
the Minkowski space constitutive relations take the bivector (or 2-form)
F ∼ (E,B), and map it to the bivector (2-form) G ∼ (H,D).

However, given their importance in practical problem solving,
constitutive relations as well as their representations are less
frequently explained in physics textbooks than what one might expect.
Constitutive relations appear to be more or less a engineer’s cup of tea,
for it is usually antenna and microwave engineering oriented works
that discuss them (see for example the numerous references listed in
[1]). As these works describe constitutive relations within the Gibbs–
Heaviside vector algebra requiring an inertial frame to be specified,
physicists have not adopted them widely. Therefore we look for a
covariant description that satisfies the engineer and the physicist alike.
The Minkowski space is of course the space to be used, for constitutive
relations suggest that Maxwell equations are covariant under Lorentz
transformations [2, 3]. In this study we give manifestly covariant
representations of a few important isotropic media and discuss their
implications. We also hope that the geometric substance of constitutive
relations becomes more apparent with our treatment. To convey this
‘geometricity’ of constitutive relations more efficiently we adopt the
language of Clifford’s geometric algebra, which we will introduce in
Section 2. The practical results are given in the examples in Section 3.
For the benefit of more theoretically inclined readers, we discuss briefly
variational aspects in Section 4 and duality properties in Section 5. The
underlying algebraic structure is exposed in the end of Section 3, and
the reciprocity conditions are reviewed in the latter part of Section 4.

2. ELECTROMAGNETISM IN CLIFFORD’S
GEOMETRIC ALGEBRA

Constitutive relations are much easier to write down explicitly, if they
are assumed to be linear, and this is normally done in the literature [3].
We make that assumption too. Furthermore, we discard the distinction
between vectors and forms, for we work entirely within a known metric.
This identification of vectors with their duals makes the Clifford’s
geometric algebra –or Clifford algebra for short– an obvious choice
for our working environment. We work within an algebra generated by
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basis vectors e1 . . . e4 with the relations 1

e2
1 = e2

2 = e2
2 = 1, e4 = −1

eλeν = −eνeλ for λ �= ν.

This algebra bears the label C�3,1, which means that three of the basis
vectors have norm 1 and the remaining one has −1. For a quick
reference, we have explained in Appendix A the different products
of Clifford algebra. Some reading suggestions are also listed there.

The electromagnetic field can be written as two bivectors2 F and
G

F =
1
2
F λνeλν , G =

1
2
Gλνeλν , (1)

where we have used the summation convention. F and G satisfy
Maxwell equations

∂ ∧ F = 0, (2)
∂ ∧G = J (3)

where Dirac operator ∂, when given in its space–and–time-component
form, reads ∂ = (∇ − c−1e4 ∂t). J is a trivector representing electric
charges and currents.

Constitutive relations in the context of Clifford algebra have been
discussed earlier by Hillion in ref. [6], but his approach differs from
ours, being concerned with the well-posedness of the problem. We will
focus on the algebraic properties of the constitutive operator.

The constitutive operator χ̆ maps F to G:

G = χ̆ F. (4)

The reason why we mark χ with the accent ˘ will become clear in a
moment.

The case of isotropic media may look simple, but there is in fact
more than one way to connect F to G. Therefore χ̆ must be constructed
in a manner that allows such a diverse media as the familiar dielectric
materials and the exotic chiral and Tellegen materials to be equally well
represented. Even in the absence of polarisable materials there remains
a constitutive map, namely the vacuum constitutive map. The origin
1 The notation we use is mainly borrowed from ref. [9]: Vectors and basis multivectors, e.g.
e1e2 = e12, are in boldface, but we deviate from ref. [9] by denoting all other multivectors
with unslanted caps, e.g. F, G, I. Scalars and unspecified elements of algebra are both in
lowercase, e.g. c, u, but it should be clear from the context which ones are meant. Ref. [5]
uses identical notation.
2 In this paper we do not observe the difference between inner and outer orientations. For
nice pictorial expositions, see [4].
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of this map might be the metric itself [3, 7], but in our case it suffices
to say that the metric transforms F to G via the Hodge mapping � [8,
p. 28]:

G =
√

ε0
µ0

� F, (5)

where the Hodge mapping has the explicit form

�F = F̃ I. (6)

The factor I gives the orientation of the space in a form of oriented
volume element, in C�3,1 I = e1e2e3e4. The ‘tilde’ operation reverses
the order of elements in Clifford products [9, pp. 14–15], e.g. (e123 +
e1)∼ = e321 +e1. In the Minkowski space the Hodge operation has the
closure property �� = −id when operating on bivectors.

We find the Hodge mapping to be convenient in relating different
formulations of Maxwell equations. The formulation that Post in ref.
[3, pp. 53–56] adopts can translated to our notation as follows:

∂ ∧ F = 0, ∂ G = J,

where G = − � G and G = �G. For sources, J = − � J and J = − � J.
The constitutive mapping χ takes the bivector F to the bivector G:

G = χF.

Comparison with (4) gives the relation

χ̆ = �χ.

Hodge mapping makes also an appearance in the so-called duality
rotation

F′ = cosα F + sinα � F, (7)

which leaves the source-less vacuum Maxwell equations as well as the
vacuum energy–momentum tensor invariant. Here α has no simple
geometric interpretation, it gives just a measure of the amount of the
rotation that the field has undergone in the abstract space of (F, �F).
The importance of duality rotation was probably first appreciated
in the 20’s by Rainich [10], and later elaborated and put in to a
broader context by Misner and Wheeler [11]. In addition to the
invariance property above, the duality rotation comes in handy when
characterising media.



Covariant isotropic constitutive relations 417

3. CLASSIFYING MEDIA

We are of course aware that an isotropic polarisable medium becomes
bi-anisotropic when observed in a frame where the medium appears
to be moving [19, pp. 594–595], and in order that we can give a
covariant description of isotropy, we define an isotropic medium to
be a medium, where the only discriminate direction is the medium’s
four-velocity. The definition works well in a macroscopic scale, but
becomes rather impractical in the other end of the scale, where we
have difficulties to distinguish between random thermal movements
and externally induced displacements.

The role of four-velocity is best explained by studying a few
examples, which also serve as a basis of our classification of media:

Magneto–dielectric medium

Basic isotropic magneto–dielectric medium has a constitutive relation
of the form

G =
1
2
(c ε + c−1µ−1) � F +

1
2

(c ε− c−1µ−1)w−1 � F w, (8)

where w = γ �v + γ c e4 is the four-velocity of the medium, relative
velocity �v ∈ R3 and γ = 1/

√
1− v2/c2. When the medium appears to

be stationary, the presently co-moving observer sets w = c e4 in (8)
and thus recovers the usual magneto–dielectric constitutive relations

G =
1
2
(c ε + c−1µ−1) � F +

1
2

(c ε− c−1µ−1)e−1
4 � F e4, (9)

or in a traditional form (cf. Appendix 6) D = εE, H = 1
µ B.

In this particular case the term e−1
4 �Fe4, or reflection of �F with

respect to e4, on the right hand side of (9) can be interpreted as a
space conjugation (inversion) sending

eiej → (−ei)(−ej) = eiej , eie4 → (−ei)e4 = −eie4

where i, j ∈ {1, 2, 3}.
In passing, we note that it was probably Jauch and Watson in 1948

who first wrote magneto–dielectric medium’s constitutive relations in
the form where the medium’s four-velocity appears explicitly, eqn. 9 in
ref. [12]. Thus our (8) can be viewed as a Clifford algebra version of
their equation. Their constitutive relations, written in index notation,
have appeared in some textbooks, e.g. [13].
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We can bring relations (8) into an even neater form, for

w−1(w−1Fw)w = rw(rwF) = rwrwF = F,

which means that algebraically reflections with respect to w, denoted
as rw, behave like the so-called unipodal numbers [15], viz. rwrw = 1.
We can then immediately conceive functions with unipodal arguments,
especially exponential ones:

exp(rwφ) = coshφ + rw sinhφ. (10)

As a natural consequence of these observations, we define

coshφ =
1
2
(εr + µ−1

r ), sinhφ =
1
2
(εr − µ−1

r ), (11)

and thus (8) becomes

G =
1
η0

erwφ � F, η0 =
√

µ0/ε0 (12)

Chiral medium

Isotropic chiral medium contains handed inclusions of similar
handedness mixed randomly in a host material (racemic mixtures
are not considered here). These inclusions effect a coupling between
dynamic electric and magnetic fields. We write the corresponding
constitutive relations as

G =
1
η0

erwφF + Ξ rwF. (13)

Here Ξ is an operator, which in 3D formulation involves a time
derivative [14]. What kind of time derivative should Ξ contain, if all
the observers are to concur with it? Luckily, we do have a common
time standard, the proper time τ . We write

Ξ = ξ
∂

∂τ
= ξ∂τ , (14)

where ξ is a parameter measuring the strength of chirality.
In traditional 3D formulations of electromagnetism we have tacitly

assumed a harmonic time variance, which suggests the use of quantities
such as jω or j in (14), but here we are working in a geometric algebra,
and hence every quantity must have a geometric content. We could
consider a structure like C ⊗ C�3,1, and thus readily adopt j from 3D
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theory, but the imaginary numbers introduced in this way have no clear
geometric meaning. On the other hand, C�3,1 itself contains several
copies of complex fields, i.e. fields with generators

{1, e23}, {1, e31}, {1, e23}, {1, e123}, {1, e1234},

and these should be considered as possible substitutes for the
traditional complex numbers. The choice turns out to be particularly
simple in the case of circularly polarised waves. Suppose that x
is a space–time position and k a (constant) wave four-vector, then
the circularly polarised plane wave solution of homogeneous Maxwell
equations becomes

F(x · k) = e±I(k·x)F0 (15)

where F0 is a constant bivector, I = e1234, and ± signifies the two
possible helicities. Hence

∂τF(x · k) = ±e±I(k·x)I ∂τ (x · k)F0 = ±e±I(k·x)I (w · k)F0

= ±I (w · k) e±I(k·x)F0 = ±I (w · k) F(x · k). (16)

Therefore we find it convenient to set ∂τ = ±(w ·k) I. The sign should
be chosen to reflect the correct handedness. e1234 is a good candidate
for an ’imaginary number’ in view of the fact it is also a Lorentz-
invariant.

Comparing now (6) and (14) shows that for circularly polarised
waves Hodge and chirality operator are almost the same operator. This
affects the Euler–Lagrange equations as we shall see later.

Tellegen medium

In 1948 Tellegen [16] introduced a new device for electric circuits:
the gyrator, which ’gyrated’ a current into a voltage and vice versa.
Tellegen also suggested that such a device could be made of material
with relations

D = ε′E + γH, B = µH + γE, γ2 ≈ εµ,

which translates to

G =
1
η0

erwφ � F + ψ F, (17)

in our covariant notation. Here ε = ε′ − γ2/µ and ψ = γ/µ [1, p. 309].
We will discover in Section 4 how the ’Post-constraint’ [3, eqn. (6.18)]
results from (17).
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Algebraic structure

When we look at the forms of (8), (13) and (17) a pattern begins to
emerge: a most general isotropic medium has the form

G = a1 F + a2 rwF + a3 � F + a4 rw � F. (18)

Clearly, we have exhausted all possible combinations of � and rw, which
we take to be basis vectors of a new, induced algebra. Not surprisingly,
this new algebra is of Clifford variety, since it is generated by {�, rw}
with relations

� rw = −rw �, r2w = 1, �2 = −1,

i.e. we have here C�1,1 (the unipodal number system mentioned above
is in fact C�1,0 and is contained in C�1,1). Thus all isotropic media can
be classified by the four-dimensional algebra C�1,1.

4. VARIATIONAL ASPECTS

Let us briefly investigate variational implications of our constitutive
relations. For a moment, assume that Ξ behaves like a scalar (i.e.
commutes with every element of algebra). Moreover, assume that (2)
implies

F = ∂ ∧A, (19)

where A is a four-potential and thus the Lagrangian of the
electromagnetic field with sources is a quadrivector

L =
1
2
(∂ ∧A) ∧G(A)−A ∧ J, (20)

where G assumes the form (we use Thirring’s Lagrangian [17, p. 46]
with suitable modifications)

G(A) = ψ ∂ ∧A + Ξ rw∂ ∧A +
1
η0

erwφ � ∂ ∧A. (21)

To be precise, our assumption (19) is true only for star-like regions [18,
pp. 38–46], but this should not be too restricting, for we can consider
regions that are locally star-like.

Variation A→ A + δA gives

δW =
∫

dV[ δA ∧ ∂ ∧ (
1
η0

erwφ � ∂ ∧A)− δA ∧ J
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+∂ ∧ (δA
1
η0

erwφ � ∂ ∧A) + ψ ∂ ∧ (A ∧ ∂ ∧ δA) ]

=
∫
V
dV δA ∧ (∂ ∧ 1

η0
erwφ � ∂ ∧A− J)

+
∮
∂V

dS δA
1
η0

erwφ � ∂ ∧A +
∮
∂V

dSψ δA ∧ ∂ ∧A .

In above we made use of Stokes’ theorem∫
V
dV∂ ∧ f =

∮
∂V

dS f, (22)

where dV is of grade n and f is any multivector valued function of
grade n− 1. Here n = 4, dV = dx dy dz cdt I = dx dy dz cdt e1234, and
dS is an oriented differential surface element of grade n− 1 = 3 and of
compatible orientation [9, p. 261]. Note that δW is a scalar quantity.
Furthermore, we have used identities

A ∧ �B = B ∧ �A, (23)
A ∧ rwB = −B ∧ rwA, (24)

A ∧ rw � B = B ∧ rw � A, (25)

whenever A and B are any bivectors in C�3,1. The second and third
relation are peculiarities of dimension n = 4, while the first is valid for
any pair of multivectors of similar, homogeneous degree and for any
dimension [20, pp. 121–122].

We immediately notice that chirality does not contribute to the
variation of the action W , and in fact this can be seen already from
(21), because (∂∧A)∧rw(∂∧A) = 0 for any vectors A,w ∈ C�3,1. Thus
Ξ has to more be than just a scalar and chirality –as is well-known–
a non-instantaneous effect. Making a substitution Ξ→ ±ξ(w · k)e1234

would immediately correct the situation. The chiral term would then
give a non-vanishing contribution to the volume integral.

If the variation is to vanish for all δA with a boundary value
δA|∂V = 0, the integrand of the volume integral must satisfy

∂ ∧ 1
η0

erwφ � F− J = 0, (26)

and thus (3) is recovered (the surface integrals over ∂V do not
contribute to (26) due to the condition δA|∂V = 0). As the chiral
and Tellegen parameter do not appear in (26) Post concluded that
for instantaneous and local effects it is economical to demand that
χ[λνσκ] = 0, or to put it differently, it does no harm to set Ξ = ψ = 0,
when Ξ and ψ are scalar quantities.[3, Ch. VI, §2]
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However, this may not be the complete story. It should be noted
that from the set of electromagnetic Lagrangians we picked just one
possible Lagrangian, other choices could have been made. Our choice
was dictated by convenience and tradition. Furthermore, we have not
discussed Noether currents. There might still be contribution to the
conserved observables as noted by Thirring in Remarks (2.1.6) and
(2.1.8) of [17]. The contribution to the canonical energy–momentum
tensor is proportional to ∂ ∧ ((e A) ∧ F), where e is a vector field
generating the Lie derivatives. The term is unfortunately gauge–
dependent. The meaning and significance of such a term should be
duly investigated.

Reciprocity

We conclude this section by briefly checking the reciprocity properties
of our constitutive mapping χ̆. The covariant form of reciprocity
condition for fields F and G is∫

V
dV(Fa ∧ rwGb − Fb ∧ rwGa) = 0, (27)

which corresponds to the condition (15) in [19, p. 402]. As before, w
is the medium’s four-velocity. Now set

Ga,b = ψ Fa,b + Ξ rwFa,b +
1
η0

erwφ � Fa,b, (28)

where Ξ may be a scalar or a scalar multiple of I, and use the conditions
(23)–(25). The integrand reduces to

Fa ∧ rwψFb − Fb ∧ rwψFa = 2ψ Fa ∧ rwψFb �= 0,

therefore a medium with a Tellegen parameter present is not reciprocal.

5. DUALITY ROTATION

We return now to the duality rotation mentioned earlier. The general
duality transformation is of the form

(
F′
G′

)
=

(
a b
c d

) (
F
G

)
, (29)

where a, b, c, d are just scalars. The associated general linear duality
group can be restricted with the vacuum constitutive relations [2, Ch.
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9]: Set G = η−1
0 � F and assume that the relation holds for duality

transformed fields, G′ = η−1
0 � F′, hence

(
F′

η−1
0 � F′

)
=

(
a b
c d

) (
F

η−1
0 � F

)
, (30)

substitute F′ in η−1
0 F′ and use the closure property �� = −id. In

addition to that, we want the energy–momentum tensor to be invariant
[11], so we choose the determinant of the matrix to be = 1. After re-
parametrisation we get

(
F′
G′

)
=

(
cosα η0 sinα

−η−1
0 sinα cosα

) (
F
G

)
. (31)

Upon examination of (8), (13) and (17) we note that chiral and
magneto–dielectric constitutive relations behave essentially like the
Hodge mapping, that is, they have a similar closure property:

χ̆χ̆ = −a2 id. (32)

where a is a scalar factor with a dimension of admittance. However,
Tellegen medium does not behave so nicely: application of χ̆ twice
does not lead to identity (modulo a scalar factor). Thus chiral medium
and magneto–dielectric medium can always be incorporated in a new
dual operator, denote it with �′, and a general isotropic constitutive
mapping χ̆ can be split in two

χ̆ = a �′ +ψ, (33)

where �′�′ = −id., and ψ is the Tellegen parameter. In other
words, chiral parameter can be duality rotated away, whereas Tellegen
parameter not. This can be demonstrated by a straightforward
calculation: Transform both the fields and constitutive operator of
the Tellegen medium

G′ = (cosα + sinα�)(
1
η0

erwφ � +ψ)(cosα− sinα�) F′,

after some easy manipulations (remember that we can now use C�1,1)

G′ =
1
η0

coshφ�F′+
1
η0

sinhφ sin 2α rwF′+
1
η0

sinhφ cos 2α rw�F′+ψ F′,

whence it follows that there is no α which makes the Tellegen parameter
disappear.
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6. DISCUSSION

We saw that constitutive relations of isotropic medium give rise to
an induced Clifford algebra C�1,1. It is tempting to think that other
more complicated media induce these kind of algebraic structures. As
a consequence, it would be possible to classify media by the algebras
they induce. It is probably obvious but we nevertheless point out that
the classification of more general media involves higher dimensional
algebras. On the other hand, we noticed that constitutive mappings
of reciprocal and non-reciprocal media do not behave similarly, which
suggests that we could use this as an alternative way of classifying
media. Remembering that the reciprocity was related to the closure
property of constitutive mapping we can divide general isotropic media
in two classes, those that satisfy this property and those that do
not. This observation has some implications, for there is interesting
theory originating from the study of Yang–Mills-fields that says that
given a duality operator we can find a corresponding conformal class
of metric [21, 22]. The duality operator has to be sufficiently well-
behaved, among the requirements we find that the closure property
should be satisfied. Therefore magneto–dielectric medium as well as
chiral medium can be embedded in the (symmetric) metric tensor, but
Tellegen medium does not fit in.

Doubtless an alert reader has noticed that Tellegen medium has
been a subject of controversy for some time. Those who have missed
this discussion are referred to paper [23] and correspondence [24], for
instance. We hope that the variational derivation and the remarks
presented above have given new ideas.
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APPENDIX A. PRODUCTS OF CLIFFORD’S
GEOMETRIC ALGEBRA

The Clifford product of a vector x and any element u of Clifford algebra
can be written as

xu = x u + x ∧ u,

where denotes the left contraction and ∧ the exterior product. These
decrease and increase the grade, respectively. The left contraction can
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be defined by its characteristic properties [9, Ch. 3, Ch. 22]

x y = 〈x,y〉,
x (u ∧ v) = (x u) ∧ v + û ∧ (x v),
(u ∧ v) w = u (v w),

where 〈 , 〉 denotes an inner product which in this work is chosen to be
the usual dot product. Here we have also introduced a ’hat’-operation,
grade involution, which is an automorphism that reverses the direction
of every vector, for instance

̂(e1e2e3) = ê1ê2ê3 = (−e1)(−e2)(−e3) = −e1e2e3.

Contraction has an important ’duality’ property relating it to the
exterior product:

u v = (u ∧ (v I)) I−1,

where I is the highest grade element of the algebra, e.g. in C�3,1
I = e1234.

Of course, there exist a right contraction as well, but for this
work the left contraction is quite sufficient. See [9, Ch. 3] for the
properties of .

The exterior product and the left contraction can be reconstructed
from the Clifford product

x ∧ u =
1
2

(xu + ûx) , x u =
1
2

(xu− ûx) .

These reconstructions are from Riesz’s lecture notes, [25, pp.
61–67], which is also a good classic introduction (albeit notationally
old-fashioned) to Clifford algebra. For a modern introduction, one
might want to check Lounesto’s review [9]. Clifford algebra in
electrodynamics is developed carefully in refs. [26, 27]. Standard
references for Clifford algebra are [28, 29].

It is sometimes of interest to translate Clifford algebra products
to Gibbs–Heaviside vector calculus products. In order to do that, we
have to single out an inertial system, as explained in 6. Then we can
find the following relations between the cross product and the exterior
product (now I = e123):

x× y = (x ∧ y) I−1, x ∧ y = (x× y) I.

APPENDIX B. FIELD AND FLUX VECTORS

The electric field vector E can be found from F by choosing a particular
frame and measuring the electric field in that frame. As an algebraic
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procedure this amounts to choosing a basis V ′, identification of e4 ∈ V ′

with the observer, and left contracting F by c e4:

E = c e4 F.

The procedure can be repeated to yield H from G

H = c e−1
4 G = −c e4 G.

Electric and magnetic flux densities are a bit trickier, here we also have
to invoke the duality of vectors and trivectors:

B = �(e−1
4 ∧ F), D = �(e−1

4 ∧G).

Thus in an inertial frame F and G can be decomposed as3

F =
E
c
e4 −Be123, G = −H

c
e4 −De123.

We can say that we have split F and G in space and time components.
Similarly, for G we can write

G = De4 −
H
c

e123.
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20. de Rham, G., Variétés différentiables, Hermann, Paris, 1960.
21. Urbantke, H., “On integrability properties of SU (2) Yang–Mills

fields. I. Infinitesimal part,” Journal of Mathematical Physics,
Vol. 25, 2321–2324, 1984.

22. Obukhov, Y. N. and F. W. Hehl, “Spacetime metric from linear
electrodynamics,” Physics Letters B, Vol. 458, 466–470, 1999.

23. Lakhtakia, A. and W. S. Weiglhofer, “Are linear, nonreciprocal,
biisotropic media forbidden?” IEEE Transactions on Microwave
Theory and Techniques, Vol. 42, 1715–1716, 1994.



428 Puska

24. Sihvola, A., “Are nonreciprocal bi-isotropic media forbidden
indeed?” IEEE Transactions on Microwave Theory and
Techniques, Vol. 43, Pt. I, 1995, 2160–2162, 1995; Lakhtakia, A.
and W. S. Weiglhofer, “Comment,” and Sihvola, A., “Reply to
comment,” Ibid., Vol. 43, 2722–2724, 1995.

25. Riesz, M., Clifford Numbers and Spinors, The Institute of Fluid
Dynamics and Applied Mathematics, Lecture Series No. 38,
University of Maryland, 1958. Reprinted as facsimile by Kluwer,
Dordrecht, 1993.

26. Jancewicz, B., Multivectors and Clifford Algebra in Electrodynam-
ics, World Scientific, Singapore, 1988.

27. Baylis, W. E., Electrodynamics: A Modern Geometric Approach,
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