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Trade-offs for Unconditional Stability in the
Finite-Element Time-Domain Method

Haksu Moon, Fernando L. Teixeira, Joonshik Kim, and Yuri A. Omelchenko

Abstract—We discuss basic trade-offs in the application of
unconditionally-stable time-updating schemes for the finite-
element time-domain (FETD) solution of Maxwell’s equations.
Particular attention is given to the case of large Courant-
Friedrichs-Lewy number, where the conventional thought holds
that unconditionally stable schemes provide marked advantage
over conditionally stable ones.

Index Terms—Computational electromagnetics, condition
number, finite elements, numerical stability.

I. INTRODUCTION

F INITE-ELEMENT time-domain (FETD) methods are
useful for the simulation of Maxwell’s equations in

complex geometries and for the extraction of wideband data
from a single run [1], [2], [3], [4], [5], [6], [7]. Unconditional
stability is usually considered to be a desirable property for
FETD that otherwise would have a stringent limit on the time
step increment ∆t, as set by the Courant-Friedrichs-Lewy
(CFL) limit. However, FETD typically requires a linear solve
at every time step. When one evaluates potential advantages
of unconditionally-stable FETD schemes versus conditionally-
stable ones, attention must be paid to two factors: (a) The
computational cost required for the linear solve at each time
step and (b) how this cost scales under mesh refinement.
The first factor determines whether any significant CPU time
savings indeed occur in practice, whereas the second factor
is important in determining how this cost behaves versus the
required accuracy. In regards to the latter, if one surmises
the advantage of using larger ∆t to come from the smaller
number of time steps needed to span a given time window,
this advantage is supposed to be increasingly more manifest
in highly refined grids because ∆t (as dictated solely by
accuracy considerations) can then be made much larger than
the maximum ∆tc set by the CFL limit.

Here, we examine the above two factors in the FETD
context and discuss trade-offs that ensue from the nature of
the sparse linear system to be solved at each time step.

II. FETD SCHEMES FOR MAXWELL’S EQUATIONS

Conventional FETD discretizations based on the second-
order vector wave equation for the electric field

∇× µ−1∇× ~E + ε ∂2
t
~E = 0 (1)
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proceed by expanding ~E in terms of edge elements ~W (1)
i as [8]

~E =

Ne∑
i=1

ei ~W
(1)
i , (2)

where Ne is the number of free edges in the mesh. After
Galerkin’s testing, one gets the semi-discrete equation

M∂2
t e + Se = 0, (3)

where e = [e1, · · · , eNe ]
T , and the mass M and stiffness S

matrix elements are defined here as [9]

Mij =

∫
Ω

ε ~W
(1)
i · ~W (1)

j dV, (4)

Sij =

∫
Ω

1

µ
(∇× ~W

(1)
i ) · (∇× ~W

(1)
j ) dV, (5)

and Ω represents the integration volume. Approximating the
time derivative in (3) by backward-differencing, one obtains
the unconditionally stable scheme [4], [9](

M + ∆t2S
)
en+1 = 2Men −Men−1. (6)

Alternatively, using central-differencing, one obtains the con-
ditionally stable scheme [4], [9]

Men+1 =
(
2M−∆t2S

)
en −Men−1 (7)

with CFL limit

∆t ≤ ∆tc = 2 (max[ζX])
−1/2

, (8)

where ζX is the set of eigenvalues of X = M−1S [10], [11].
Alternatively, by using a piecewise-linear expansion in time,
one obtains the Newmark scheme [5](

M + θ∆t2S
)
en+1 =

[
2M− (1− 2θ)∆t2S

]
en

−(M + θ∆t2S)en−1, (9)

which is unconditionally stable for θ ≥ 1/4. Another popular
conditionally-stable method is the mixed FETD [1], [7], [9],
which is very suited for hybridization with finite-difference
time-domain (FDTD) and for complex media applications [6],
[12], and built directly from the two Maxwell curl equations

∂t ~B = −∇× ~E, (10)
∂t ε ~E = ∇× µ−1 ~B, (11)

with discrete update equations expressed as

bn = bn−1 −∆tCen−
1
2 , (12)

[?ε]e
n+ 1

2 = [?ε] e
n− 1

2 + ∆tCT [?µ−1 ]bn, (13)
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where b =
[
b1, · · · , bNf

]T
represents the degrees of freedom

(DoFs) on the magnetic flux density expanded in terms of face
elements ~W

(2)
i , that is

~B =

Nf∑
i=1

bi ~W
(2)
i , (14)

where Nf is the number of free faces in the mesh. In (12) and
(13), C represents the incidence matrix (topological discrete
curl operator), and [?ε] and [?µ−1 ] are Hodge star matrices [9],
[13], given by [?ε] = M and[

?µ−1

]
ij

=

∫
Ω

1

µ
~W

(2)
i · ~W (2)

j dV. (15)

The conditionally stable schemes (7) and (12)-(13) are closely
related to each other because S = CT

[
?µ−1

]
C, see [9]. In

particular, they have the same CFL limit (8).

III. CONDITION NUMBER SCALING AND DISCUSSION

Although all the above FETD schemes require a linear
solve at each time step, the nature of the associated linear
systems is different. The linear systems associated with the
two conditionally-stable schemes in (7) and (12)-(13) involve
M(= [?ε]), whereas the unconditionally stable schemes in (6)
and (9) involve A = M+θ∆t2S with either θ = 1 or θ ≥ 1/4,
respectively1. Both M and A are symmetric sparse matrices
but otherwise have very different properties. M encodes the lo-
cal shape of the mesh elements. Its inverse, M−1, can be well
approximated by a sparse matrix because the corresponding
inverse operator is still local in the continuum limit [9]. The
matrix A, on the other hand, encodes a discrete representation
of the operator ∇ × µ−1∇× represented by S. This means
that its inverse A−1 entails long-range interactions and cannot
be well approximated by a sparse matrix [9], [13]. This is
illustrated in Fig. 1, where the sparsity patterns of M−1 and
A−1 are plotted for a small mesh with 1,226 DoFs. In these
patterns, any matrix element with normalized (by the largest
element) magnitude below the r=0.001 threshold is dropped
to zero.

M-1 , r=0.001 
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Fig. 1: Sparsity patterns of (a) M−1 and (b) A−1. Here, it is assumed
A = M + (10∆tc)

2S and r=0.001.

The cost of a linear solve depends critically on the condition
number κ of the associated system matrix, and Fig. 2 shows

1For simplicity, we assume θ = 1 in what follows, but the ensuing
conclusions remain true for any θ ≥ 1/4.
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Fig. 2: Condition numbers of the regularized stiffness matrix Srel
and mass matrix M for a rectangular domain versus the number of
unknowns (DoFs) used in the FETD discretization.
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Fig. 3: Computed condition number of A versus CFLN. Four orders
of magnitude are considered for the number of DoFs (free edges)
in the rectangular domain: a coarse mesh with 1,226 DoFs, an
intermediate mesh with 10,982 DoFs, a refined mesh with 118,684
DoFs, and a highly refined mesh with 1,190,605 DoFs.

κ(M) and κ(Srel) for different mesh sizes (refinement levels)
and rectangular cavity domain. For each refinement level,
the lowest possible condition numbers are compared, which
can be achieved by employing a good quality mesh. Here,
Srel denotes the regularized stiffness matrix by extracting
its zero eigenspectrum2. From Fig. 2, it is clear that κ(M)
is nearly uniform irrespective of the mesh refinement level.
This behavior of κ(M) is predicated only on the absence of
badly formed mesh elements (e.g. internal angles approaching
zero) [14], [15]. On the other hand, Fig. 2 shows that κ(Srel)
increases without bound. Similar observations can be made
in the context of scalar problems with nodal elements, where
estimates for κ are provided in [14], [16]. Fig. 3 shows κ(A)
for different mesh refinement levels and CFL numbers (CFLN)
cf , defined as cf = ∆t/∆tc. It can be observed that κ(A) is
nearly invariant w. r. t. the mesh refinement level, but increases
greatly for large cf , with a rate proportional to cf 2.

We can expand on the above observations by considering
the Fourier domain counterpart of (3), that is

Se(ω) = ω2Me(ω), (16)

2The zero eigenspectrum of S is associated with static fields ~E = −∇φ,
which are solutions of ∇× µ−1∇× ~E = 0.
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which represents a generalized eigenvalue problem. The eigen-
values ω2 = ω2

r , r = 1, · · · , Ne, of S relative to M in (16)
are the squared (angular) resonant frequencies of the cavity
comprised of the finite element mesh, and the eigenvectors
e(ωr) = er are the respective eigennmodes. The correspond-
ing non-zero (dynamic) spectrum comprises a discrete set
of frequencies bounded from below by the frequency of the
lowest-order mode supported in the cavity, which behaves
as minr[ωr] ∼ vp/D, where D is the characteristic length
(linear dimension) of the cavity and vp is the phase velocity
(assumed uniform for simplicity). Likewise, this spectrum
is bounded from above by the frequency of the highest-
order spatial mode captured (though not well-resolved) by the
discretization, which behaves as maxr[ωr] ∼ vp/d, where d
is the characteristic cell dimension (edge length) of the mesh.
As the mesh is refined, the ratio D/d progressively increases,
so that the condition number of S relative to M scales as
κ(M−1S) = maxr[ω2

r ]/minr[ω2
r ] ∼ (D/d)2. Similarly, by

considering A = M + ∆t2S and using (16), one can write
another generalized eigenvalue problem

Aer = λrMer (17)

with λr = 1+ω2
r∆t2. Using (8) and (16), we have maxr[ωr] =

(maxr[ζX])1/2 = 2/∆tc, so that maxr[λr] = 1+4c2f . Further-
more, since minr[ωr] = 0, the condition number of A relative
to M is κ(M−1A) = maxr[λr]/minr[λr] = 1+4c2f . Note that
(6) can be rearranged as

(
M−1A

)
en+1 = 2en − en−1, from

which it is seen that the linear solve cost in (6) is governed
by κ(M−1A) in instead of κ(A).

From the discussion above and Fig. 3, it is seen that,
for large cf , both κ(M−1A) and κ(A) grow proportion-
ally to cf

2. This implies that the cost associated with the
linear solve in unconditionally stable schemes becomes pro-
gressively higher relative to the cost in conditionally sta-
ble schemes as the mesh is refined for a fixed ∆t, since
κ(A) ∼ κ(M−1A) � κ(M). Considering the example of
a preconditioned conjugate-gradient solver, the (pessimistic)
rate of convergence is [16], [17]

‖un,k − un,∗‖≤ 2βk‖un,k − un,0‖, (18)

where k is the iteration step, un,∗ is the (numerically) exact
solution at time step n, and

β =

√
κ− 1√
κ+ 1

≈ 1− c−1
f , (19)

where in the last expression we assume sufficiently large cf so
that κ ≈ 4c2f . Given a desired residual error so that 2βk = ε
in (18), the number of iterations k[ε] can be estimated as

k[ε] ≈ 1

ln
(

1− c−1
f

) ln
(ε

2

)
≈ cf ln

(
2ε−1

)
. (20)

The above analysis assumed a lossless bounded problem,
which implies that only real-valued ω2

r ensue. This is not valid
if lossy (dispersive) media is present and/or absorbing bound-
ary conditions are used to mimic an open-space problem. In
those cases, the above analysis can be extended by considering
complex-valued eigenfrequencies ωr.

IV. CONCLUDING REMARKS

Unconditionally stable schemes allow for using ∆t beyond
the CFL limit. This can decrease the overall number of
necessary time steps for a simulation; however, in FETD
this reduction comes at the expense of an increasingly large
cost for the linear solve at each time step. The basic trade-
off between accuracy and computing time cannot be entirely
resolved by an unconditionally stable scheme. It can be said
that unconditionally stable FETD schemes do provide added
flexibility in terms of parameter choices, as dictated by desired
accuracy and available computing resources. But this is also
true of alternative strategies [18], [19] that can be succesfully
applied to overcome the limits imposed by a global CFL
condition.
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