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Numerical Mode-Matching Method for Tilted-Coil
Antennas in Cylindrically Layered Anisotropic

Media With Multiple Horizontal Beds
Yik-Kiong Hue, Member, IEEE, and Fernando L. Teixeira, Senior Member, IEEE

Abstract—Tilted-coil antennas (TCAs) have been proposed to
increase the directional sensitivity and anisotropy sensitivity of
well-logging tools used in oilfield exploration. In this paper, we
simulate TCAs in 3-D cylindrically layered and anisotropic earth
formations with multiple horizontal beds using an extended nu-
merical mode-matching (NMM) approach. The field components
are expanded in terms of longitudinal (vertical) eigenmodes to
facilitate the analysis of transverse electric and transverse mag-
netic fields, which are coupled in this case. The perfectly matched
layer is incorporated into the NMM formulation to mimic the
Sommerfeld radiation condition in the longitudinal (vertical) di-
rection. NMM results are compared with 3-D simulation results
using finite-difference time-domain method and a pseudoanalyti-
cal approach based on Sommerfeld integrals (for problems where
the latter is applicable), showing very good agreement.

Index Terms—Coil antennas, induction, numerical mode match-
ing, oilfield exploration, resistivity, subsurface sensing, well-
logging tools.

I. INTRODUCTION

CONVENTIONAL well-logging tools that are used for
oil exploration employ horizontal-coil antennas and are

designed for operation concentric to the borehole axis. In
horizontally layered invaded formations, these tools excite only
TE modes and hence are sensitive only to the horizontal com-
ponent (i.e., perpendicular to the tool axis) of the surrounding
earth formation conductivity. This leads to challenges in the
formation evaluation in anisotropic earth during vertical drilling
[1]–[5] or in (anisotropic) dipping bed formations [6], [7] that
may occur as a result of deviated drilling.

Logging tools with tilted-coil antenna (TCA) arrays have
been considered [8]–[14] to provide both directional and
anisotropy sensitivity in those scenarios. To model TCAs
in the presence of a mandrel, borehole, and a multilayered
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Fig. 1. Illustration of a TCA well-logging tool inside a layered formation with
horizontal invaded beds.

cylindrical formation including invasions and horizontal beds,
it is convenient to use a numerical mode-matching (NMM)
approach [15]. In NMM, the problem is solved using a
numerical approach in one direction and analytical approach in
another direction. This leads to a computationally less intensive
method than brute-force numerical methods such as the finite-
element method [16]–[22] and the finite-difference time-
domain (FDTD) method [23]–[26]. Traditionally, NMM is
formulated by expanding horizontal (radial) eigenmodes in
terms of local basis functions [15], [27]–[29]. These eigen-
modes are then matched in the vertical direction. In contrast,
[30]–[32] use sinusoidal basis function to represent vertical
eigenmodes, which are then matched in the radial direction.
An extension of NMM for 3-D formations has been recently
considered in [29] based on a 2-D eigenmode expansion and
matching in the vertical direction. Furthermore, the use of
perfectly matched layers (PML) to truncate the domain in
connection with NMM modeling of induction tools using radial
eigenmodes was recently considered in [33].

In this paper, we describe a new NMM algorithm to model
well-logging tools with TCAs in 3-D cylindrically layered
(uniaxial) anisotropic formations with multiple horizontal beds,
as illustrated in Fig. 1. Unlike previous NMM modeling of
conventional logging tools (with horizontal-coil antennas) that
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involves only TEz modes, the new NMM formulation fully
incorporates the cross coupling of TMz and TEz modes. To
facilitate the modeling of the tilted loop antenna sources,
the present NMM algorithm utilizes vertical (longitudinal)
eigenmodes that are expanded in terms of local basis functions
(B-splines). Furthermore, it integrates a PML in the vertical
direction to mimic the Sommerfeld radiation condition and
allow for more accurate solutions in low conductivity forma-
tions. In what follows, we use the e−iωt convention throughout.

II. FORMULATION

Since the TCA source is a function of the z- (vertical) coor-
dinate, a vertical (parallel to the tool axis) numerical eigenmode
expansion is chosen. The earth formations considered here can
be anisotropic (uniaxial), with permittivity and permeability
tensors, which also incorporate the cylindrical PML [34], [35]
that is given as

¯̄εs(z) =


 εsh

εsh
εsv


 ¯̄µs(z) =


µs

h

µs
h

µs
v


 (1)

where εsh = [εh − (σh/iω)]sz , εsv = [εv − (σv/iω)]/sz , µs
h =

µhsz , and µs
v = µv/sz . The variable sz is the PML complex

stretching along the z-direction [35], [36]. The superscript s
indicates media tensors that incorporate the PML complex
stretching variable (along z-direction only, there is no need for
complex stretching along the radial direction because the Som-
merfeld radiation condition is automatically satisfied by the
radial basis functions employed). We assume the formation to
be piecewise constant in z-direction. The vector wave equation
governing the electric field can be written as

µs
h∇×

(
¯̄µs−1∇× E

)
− ω2µs

h
¯̄εsE = iωµs

hJ. (2)

The TCA current density is given by J = IT δ(ρ− ρT )δ(z −
ζT )(φ̂+ ẑξT ), with ζT = zT + ρT tan θT cos(φ− φT ) and
ξT = tan θT sin(φ− φT ), where θT and φT are the axial and
azimuthal tilt angles of the TCA source, ρT is the radius of
the projection of the coil onto the transversal plane, and zT

is the vertical location of the center of the coil [13], [14].
Note that ∇ · J = 0 [13] and even though the magnitude of the
current density J above varies with φ, the flux of J over any
(infinitesimal) cross section of the coil antenna (and hence the
total current flowing along it) is constant and equal to IT .

Equation (2) can be rewritten as

µs
h∇×

(
¯̄µs−1∇× E

)
−∇

(
εs

−1

h ∇ · ¯̄εsE
)
− ω2µs

h
¯̄εsE

= iωµs
hJ −∇ �

εsh
(3)

where the new added terms to the left-hand side (LHS) and
right-hand side are equal to each other and included to simplify
the extraction of the z-component of the LHS. In the case
of the TCA sources considered here, � = 0 since ∇ · J = 0.
Equation (3) represents the TM case. The TE case can be

obtained by duality. Note that, in the problem considered here,
TM and TE modes are coupled.

We transform the aforementioned equations using the
following Fourier–Bessel transforms [37]:

F (ρ, φ, z) =
1√
2π

∞∑
ν=−∞

eiνφfν(ρ, z) (4)

fν(ρ, z) =
1√
2π

∞∫
0

fν(kρ, z)Jν(kρρ)kρdkρ (5)

where Jν is a Bessel function (or a Hankel function of the first
kind) of order ν. For notational simplicity, we use the same
symbol to represent both functions such as fν(ρ, z) and its
transform fν(kρ, z), and use the arguments to distinguish them
when necessary.

We next extract the z-component of the electric field of (3)
in a source-free region, which leads to(

− 1
εsv
k2

ρ +
∂

∂z

1
εsh

∂

∂z
+ ω2µs

h

)
dzν(kρ, z) = 0 (6)

where dz = εsvez . For simplicity, both the subscript ν and the
dependence on kρ of the spectral components of the fields are
omitted in what follows. Expanding the electric flux density in
an appropriate set of basis functions Λn(z), i.e.,

dzν(kρ, z) → dz(z) =
∞∑

n=1

anΛn(z) (7)

and inserting into (6), we arrive at the following generalized
eigenfunction problem:

∞∑
n=1

an

[
d

dz

1
εsh

d

dz
+ ω2µs

h

]
Λn(z) = k2

ρ

∞∑
n=1

an
1
εsv

Λn(z). (8)

By projecting the above into the space spanned by Λn(z)
with an inner product 〈f, g〉 defined as

∫ +∞
−∞ f(z)g(z)dz and

truncating the sum at N terms, the aforementioned equation
reduces to a linear system of the following form [15]:

¯̄Lε · ā = k2
ρ
¯̄pε · ā (9)

where ¯̄Lε and ¯̄pε are N ×N matrices with elements

(¯̄Lε)mn = −
〈
Λ′

m(z), εsh
−1Λ′

n(z)
〉

+
〈
Λm(z), ω2µs

hΛn(z)
〉

(10)

(¯̄pε)mn =
〈
Λm(z), εsv

−1Λn(z)
〉

(11)

for m,n = 1, . . . N . In the aforementioned equations, the sub-
script ε stands for TM modes and the superscript “′” above
denotes derivative with respect to the argument. We use double
overhead bar to represent matrices and single overhead bar to
represent column vectors. A subscript index q is used to spec-
ify the q = 1, . . . , N eigenvalues kρq and the corresponding
eigenvectors āq of the system matrix in (9). Since both ¯̄Lε and
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¯̄pε are symmetric (in reciprocal media), the eigenvectors are
orthogonal, i.e., āt

p · ¯̄p · āq = δpqCq, where Cq is a constant
and δpq is the Kronecker delta, p, q = 1, . . . N . By letting āq →
(Cq)−1/2āq, we obtain an orthonormal set of eigenmodes that
can be used to expand the source term. By taking the product of
the z-component of (6) [before the transformation in (5)] and
εsv in the source region, we have

(
1
ρ

∂

∂ρ
ρ
∂

∂ρ
− ν2

ρ2
+ εsv

∂

∂z

1
εsh

∂

∂z
+ ω2µs

hε
s
v

)
dz(ρ, z)

= −iωµs
hε

s
vjz(ρ, z). (12)

We express the electric flux density using the eigenmodes
found in (9) as

dz(ρ, z) =
N∑

q=1

bεq(ρ)ψεq(z) (13)

with

ψεq(z) =
N∑

n=1

(āq)nΛn(z) (14)

where bεq(ρ) is the propagation factor associated with the qth
eigenmode ψεq(z). By substituting the aforementioned equa-
tions into (12), testing the resulting equation with ψεp(z)εs−1

v ,
and invoking orthogonality, we have [14]

1
ρ

d

dρ
ρ
d

dρ
bεp(ρ) −

ν2

ρ2
bεp(ρ)

+
N∑

q=1

〈
ψεq(z),

(
d

dz

1
εsh

d

dz
+ ω2µs

h

)
ψεp(z)

〉
bεp(ρ)

= −iωµs
hjενpδ(ρ− ρT ) (15)

jενq =
N∑

n=1

(āεq)n

IT√
2π

π∫
−π

dφξT Λn(ζT )e−iνφ. (16)

Since the eigenmodes are orthonormal, we have

〈
ψεq(z),

(
d

dz

1
εsh

d

dz
+ ω2µs

h

)
ψεp(z)

〉

= āt
q · ¯̄Lε · āp = āt

q

(
k2

ρp
¯̄pε · āp

)
= k2

ρqδqp. (17)

As a result, (15) can be written as a Bessel equation, i.e.,

(
1
ρ

d

dρ
ρ
d

dρ
− ν2

ρ2
+ k2

ρq

)
bεq(ρ)=−iωµs

hjενqδ(ρ−ρT ). (18)

A similar expansion can be derived for TE modes leading to

(
1
ρ

d

dρ
ρ
d

dρ
− ν2

ρ2
+ k2

ρq

)
bµq(ρ) = −jµνq

1
ρ

d

dρ
(ρδ(ρ− ρT ))

(19)

where the subscript µ refers to TM modes and

jµνq =
N∑

n=1

(āµq)n

IT√
2π

π∫
−π

dφΛn(ζT )e−iνφ. (20)

To determine the mode propagators bεq and bµq , we need to
satisfy the source condition at ρ = ρT . The formal solution is
written in terms of Bessel and Hankel functions of first kind and
order ν. In a homogeneous medium (along the radial direction),
we have

bεq(ρ) =

{
Jν(kρεqρ)c−ενq, ρ ≤ ρT

H
(1)
ν (kρεqρ)c+ενq, ρ ≥ ρT

(21)

bµq(ρ) =

{
Jν(kρµqρ)c−µνq, ρ ≤ ρT

H
(1)
ν (kρµqρ)c+µνq, ρ ≥ ρT

(22)

with c± being the source related amplitude coefficients as
discussed in [13] and [14] and given by

c±ενq = −π
2
jενqωµ

s
hρTC

∓
ν (kρεqρT ) (23)

c±µνq = −iπ
2
jµνqkρµqρTC

∓′
ν(kρµqρT ) (24)

where now C− stands for a Bessel function of order ν and C+

for a Hankel function of first kind and order ν.
The field components dz and bz can be written as

[
dz(ρ, z)
bz(ρ, z)

]
=

N∑
q=1




[
Jν(kρεqρ)c−ενqψεq(z)
Jν(kρµqρ)c−µνqψµq(z)

]
, ρ ≤ ρT[

H
(1)
ν (kρεqρ)c+ενqψεq(z)

H
(1)
ν (kρµqρ)c+µνqψµq(z)

]
, ρ ≥ ρT

(25)

or, using the compact matrix notation introduced in [15], as

Āz =
[
dz

bz

]
= ¯̄Λ

t
(z) · ¯̄a · ¯̄C

±
(ρ) · c̄± (26)

where

¯̄Λ(z) =
[

Λ̄(z) 0̄
0̄ Λ̄(z)

]
(2N×2)

(27)

¯̄a =
[

¯̄aε
¯̄0

¯̄0 ¯̄aµ

]
(2N×2N)

(28)

¯̄C
±
(ρ) =

[
¯̄C
±
ε (ρ) ¯̄0
¯̄0 ¯̄C

±
µ(ρ)

]
(2N×2N)

(29)

c̄± =
[
c̄±εν
c̄±µν

]
(2N×1)

. (30)

In the aforementioned equations, Λ̄(z) is an N × 1 column
vector with elements Λn(z), n = 1, . . . , N . Moreover, ¯̄aε is an
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N ×N matrix having the vectors āεq as its columns (similarly
for ¯̄aµ), c̄±εν is an N × 1 column vector with elements c̄±ενq

(similarly for c̄±µν), and ¯̄C
±
ε is diagonal matrix with elements

C±(kρεqρ) (similarly for ¯̄C
±
µ ), q = 1, . . . , N .

To incorporate extra cylindrical layers, we need to enforce
the boundary conditions across the interfaces, viz., continuity
of tangential field components. From Maxwell equations, the
azimuthal components are related to the longitudinal compo-
nents by

(
∂

∂z

1
µs

h

∂

∂z
+ ω2εsh

)
Eφ =

iν

ρ

∂

∂z

1
µs

hε
s
v

Dz − iω
1
µs

v

∂

∂ρ
Bz

(31)(
∂

∂z

1
εsh

∂

∂z
+ ω2µs

h

)
Hφ = iω

1
εsv

∂

∂ρ
Dz +

iν

ρ

∂

∂z

1
εshµ

s
v

Bz.

(32)

Hence, the azimuthal components Āφ = [eφ hφ]t can be ex-
pressed in matrix form as

Āφ =
[
L−1

µ 0
0 L−1

ε

]
·
[

iν
ρ

∂
∂z

1
µs

h
εs

v
−iω 1

µs
v

∂
∂ρ

iω 1
εs

v

∂
∂ρ

iν
ρ

∂
∂z

1
εs

h
µs

v

]

· ¯̄Λt
(z) · ¯̄a · ¯̄C

±
(ρ) · c̄± (33)

where Lµ = ((d/dz)µs−1
h (d/dz) + ω2εsh) and Lε =

((d/dz)εs−1
h (d/dz) + ω2µs

h). Using an operator projection of
the form LΛ̄t(z) → Λ̄t(z)〈Λ̄(z),LΛ̄t(z)〉 [38], (33) reduces to

Āφ(ρ, z) = ¯̄Λ
t
(z) · ¯̄Y

±
(ρ) · ¯̄C

±
(ρ) · c̄± (34)

where

¯̄Y
±
(ρ)=


 iν

ρ
¯̄L
−1

µ · ¯̄Dµ · ¯̄aε −iω¯̄aµ · ¯̄C
±′

µ · ¯̄K−1

µ · ¯̄C±−1

µ

iω¯̄aε · ¯̄C
±′

ε · ¯̄K−1

ε · ¯̄C±−1

ε
iν
ρ

¯̄L
−1

ε · ¯̄Dε · ¯̄aµ




(35)

¯̄Dµ =
〈
Λ̄(z),

d

dz

1
µs

hε
s
v

Λ̄t(z)
〉

(36)

¯̄Dε =
〈

Λ̄(z),
d

dz

1
εshµ

s
v

Λ̄t(z)
〉

(37)

and ¯̄K is a diagonal matrix containing the square root of the
eigenvalues.

III. MULTIPLE CYLINDRICAL LAYERS

We can express the field in the source layer as

Ā0z(z, ρ) = ¯̄Λ
t
(z) · ¯̄a0 · Π̄0z(ρ) (38)

with

Π̄0z(ρ) =




[
¯̄H0(ρ) · ˜̄̄R

+

0,−1 + ¯̄J0(ρ)
]
· d̄−

0 , ρ ≤ ρT[
¯̄H0(ρ) + ¯̄J0(ρ) · ˜̄̄R

−
0,1

]
· d̄+

0 , ρT ≤ ρ

(39)

Ā0φ(z, ρ) = ¯̄Λ
t
(z) · Π̄0φ(ρ) (40)

with

Π̄0φ(ρ)

=




[
¯̄Y

+

0 (ρ)· ¯̄H0(ρ)· ˜̄̄R
+

0,−1+ ¯̄Y
−
0 (ρ)· ¯̄J1(ρ)

]
·d̄−

0 , ρ≤ρT[
¯̄Y

+

0 (ρ)· ¯̄H0(ρ)+ ¯̄Y
−
0 (ρ)· ¯̄J1(ρ)· ˜̄̄R

−
0,1

]
·d̄+

0 , ρT ≤ρ.

(41)

The subscript “0” above indicates source layer quantities. The
N ×N matrices ¯̄Jn(ρ) and ¯̄Hn(ρ) are diagonal matrices with
elements given by Jn(kρεqρ) and H(1)

n (kρεqρ), respectively, for

TM modes, and by Jn(kρµqρ) and H
(1)
n (kρµqρ), respectively,

for TE modes, q = 1, . . . N . Note that, in contrast to (38),
the factor ¯̄a0 is not explicit in (40) because it is incorporated

into ¯̄Y
±
0 (ρ), cf. (35). The matrices ˜̄̄R

+

0,−1 and ˜̄̄R
−
0,1 are gen-

eralized reflection coefficients from the inner and outer layers,
which can be computed using the following recursive formulas
[15], [39]:

˜̄̄R
+

n,n−1 = ¯̄R
+

n,n−1 + ¯̄T
+

n−1,n · ˜̄̄R
+

n−1,n−2

·
(

¯̄I − ¯̄R
−
n−1,n · ˜̄̄R

+

n−1,n−2

)−1

· ¯̄T
−
n,n−1 (42)

˜̄̄R
−
n,n+1 = ¯̄R

−
n,n+1 + ¯̄T

−
n+1,n · ˜̄̄R

−
n+1,n+2

·
(

¯̄I − ¯̄R
+

n+1,n · ˜̄̄R
−
n+1,n+2

)−1

· ¯̄T
+

n,n+1 (43)

where the local reflection coefficients ¯̄R
−
n,n+1 and ¯̄R

+

n+1,n and

transmission coefficients ¯̄T
+

n,n+1 and ¯̄T
−
n+1,n are given by

¯̄R
−
n,n+1 = ¯̄J

−1

n ·
[
¯̄I − ¯̄Ψn,n+1 ·

(
¯̄Y

+

n+1

)−1

· ¯̄Y
−
n

]−1

·
[

¯̄Ψn,n+1 ·
(

¯̄Y
+

n+1

)−1

· ¯̄Y
+

n − ¯̄I
]
· ¯̄Hn (44)

¯̄T
+

n,n+1 =
(

¯̄Hn+1

)−1

·
(

¯̄Y
+

n+1

)−1

·
[

¯̄Y
+

n · ¯̄Hn + ¯̄Y
−
n · ¯̄Jn · ¯̄R

−
n,n+1

]
(45)
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Fig. 2. Illustration showing the orientation of the reflection and transmission
coefficients. The arrow pointing to the left is associated with “−,” and the arrow
pointing to the right is associated with “+.”

¯̄R
+

n+1,n = ¯̄H
−1

n+1 ·
[

¯̄Ψn,n+1 −
(

¯̄Y
−
n

)−1

· ¯̄Y
+

n+1

]−1

·
[(

¯̄Y
−
n

)−1

· ¯̄Y
−
n+1 − ¯̄Ψn,n+1

]
· ¯̄Jn+1 (46)

¯̄T
−
n+1,n =

(
¯̄Jn

)−1

·
(

¯̄Y
−
n

)−1

·
[

¯̄Y
+

n+1 · ¯̄Hn+1 · ¯̄R
+

n+1,n + ¯̄Y
−
n+1 · ¯̄Jn+1

]
(47)

with ¯̄Ψn,n+1 = ¯̄at
n · ¯̄pn+1 · ¯̄an+1. The superscripts “+/−”

above refer to outgoing/incoming waves, respectively, as illus-
trated in Fig. 2.

The amplitude coefficient in the source layer in (38) is solved
by enforcing the source condition at ρ = ρT as

d̄−
0 =

(
¯̄I − ˜̄̄R

−
0,1 · ¯̄R

+

0,−1

)−1

·
(
c̄− + ˜̄̄R

−
0,1 · c̄+

)

d̄+
0 = ¯̄R

+

0,−1 · d̄−
0 + c̄+. (48)

The amplitude coefficients of other layers are derived from
d̄±

0 using a recursive algorithm [39].

IV. TRANSIMPEDANCE

Once the fields in the receiver layer (denoted by subscript r)
are known, the induced voltage on the receiver due to a
unit current source at the transmitter (transimpedance) can be
determined by

ZRT =
VR

IT
= − 1

IT

∫∫∫
v

(δR · E)ρdρdφdz = ZRTz
+ ZRTφ

(49)

where δR(ρ, φ, z) = δ(ρ−ρR)δ(z−ζR)(φ̂+ ẑξR), with ζR =
zR + ρR tan θR cos(φ− φR) and ξR = tan θR sin(φ− φR).
The angles θR and φR are the axial and azimuthal tilt angles of
the receiver TCA, respectively, ρR is the radius of the projection
of the receiver coil onto the transversal plane, and zR is the
longitudinal location of the center of the receiver coil.

Using (38) and (40), we arrive at

ZRTz
= −ρR

IT

∑
ν

d̄t
εν : ¯̄pr · ¯̄ar · Π̄rz (50)

d̄εν =

π∫
−π

dφ
1√
2π

eiνφξRΛ̄(ζR) (51)

ZRTφ
=

−ρR

IT

∑
ν

d̄t
µν : Π̄rφ (52)

d̄µν =

π∫
−π

dφ
1√
2π

eiνφΛ̄(ζR) (53)

where the double-dot product “:” above is defined as a dot
product on the first half of the right column vector (to extract
the electric field contribution only).

V. NUMERICAL IMPLEMENTATION ISSUES

Considering an FDTD solution, the memory and CPU time
required for the log in a stratified earth formation is directly
proportional to the number of grid points, and the CPU time
is also proportional to the number of data points required by
the log. On the other hand, the memory and CPU time required
by NMM depends on the number of elements (modes) required
to discretize the domain. Furthermore, it also depends on the
number of azimuthal modes used. In axisymmetric formations,
the latter depends on the tilt angle of the transmitter. For
example, with a 45◦ tilt angle, about five azimuthal modes
suffice. For most of the stratified problems here, an entire log
by the NMM typically required about 1/4 of the CPU time of
an FDTD simulation. Of course, the FDTD is more flexible than
NMM to deal with completely arbitrary earth formations.

The accuracy of the proposed NMM approach depends on
the number of modes utilized. Unlike the NMM approach in
[28] and [40], the number of transversal eigenmodes required
to handle the problem is typically not larger than 45, but
for problems requiring about these many modes, the ratio of
the maximum and minimum eigenvalues can reach 106–107,
leading to ill-conditioning. For the local reflection/transmission
coefficients in (44)–(47), we factor out the diagonal matrices
¯̄J and ¯̄H (which can be inverted easily) from the inverse matri-
ces. This leads to a better-conditioned formulation. In addition,
(42), (43), and (48) are recast as

˜̄̄R
+

n,n−1 = ¯̄R
+

n,n−1 + ¯̄T
+

n−1,n · ˜̄̄R
+

n−1,n−2 · ¯̄H
−1

n−1(ρn−2)

·
[

¯̄Hn−1(ρn−1) · ¯̄H
−1

n−1(ρn−2) − ¯̄Hn−1(ρn−1)

· ¯̄R
−
n−1,n · ˜̄̄R

+

n−1,n−2 · ¯̄H
−1

n−1(ρn−2)
]−1

· ¯̄Hn−1(ρn−1) · ¯̄T
−
n,n−1 (54)
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Fig. 3. Cross section of the cylindrically layered formation that is used to
study the conditioning of the generalized reflection matrix for the NMM.

TABLE I
INVERSE OF THE CONDITION NUMBER OF THE MATRICES THAT ARE

WITHIN THE BRACKETS IN (43) AND (55). FOR ILL-CONDITIONED

RESULTS, REFER TO (43), AND FOR WELL-CONDITIONED

RESULTS, REFER TO (55)

˜̄̄R
−
n,n+1 = ¯̄R

−
n,n+1 + ¯̄T

−
n+1,n · ˜̄̄R

−
n+1,n+2 · ¯̄H

−1

n+1(ρn+1)

·
[

¯̄Hn+1(ρn) · ¯̄H
−1

n+1(ρn+1) − ¯̄Hn+1(ρn)

· ¯̄R
+

n+1,n · ˜̄̄R
−
n+1,n+2 · ¯̄H

−1

n+1(ρn+1)
]−1

· ¯̄Hn+1(ρn) · ¯̄T
+

n,n+1 (55)

d̄−
0 = ¯̄J

−1

0 (ρ−1) ·
[
¯̄J0(ρ0) · ¯̄J

−1

0 (ρ−1) − ¯̄J0(ρ0)

· ˜̄̄R
−
0,1 · ¯̄R

+

0,−1 · ¯̄J
−1

0 (ρ−1)
]−1

· ¯̄J0(ρ0) ·
(
c̄− + ˜̄̄R

−
0,1 · c̄+

)
. (56)

In the aforementioned equations, the matrices to be inverted
that are inside the brackets are better conditioned. To illustrate
the improvement, we consider an extreme case with 250 modes
in a 2.5-m computational window along z. The formation
considered has four cylindrical layers (plus the inner mandrel
region), as illustrated in Fig. 3. Table I shows the reciprocal
of the condition number of the matrices that are within the
brackets in (43) and (55), respectively. These results show that
the condition number can be greatly reduced.

TABLE II
VOLTAGE MEASURED AT THE RECEIVER COIL

FOR DIFFERENT FORMATION PROFILES

VI. SIMULATION RESULTS

A. NMM Simulation Setup

For the NMM simulations, we use the following general
guidelines, unless indicated otherwise. The frequency of opera-
tion is 2 MHz. Nonuniform B-spline functions (with unequally
spaced knots) are used for Λn(z) [41]. The distance between
grid nodes is equal to 0.984 in, except near horizontal interfaces
where it is reduced to 0.197 in (gradual refinement) in about
ten cells. At the top and bottom ends of the domain, we use
20 elements with enlarged cell size equal to 9.84 in for the
PML layer. The real and imaginary parts of the PML complex
stretching variable vary from 1.0 to 5.0 and from 0.0 to 0.0009,
respectively, following a fourth-order polynomial profile [34].

B. Validation in Homogeneous Formation With Invasion Zone

We validate NMM results against the pseudoanalytical for-
mulation described in [14]. Four different formation profiles
along ρ, with no variation along z (so that the formulation in
[14] is applicable), are considered. The conductivities are given
in mho per meter. Profile A has σ0 = 0.0005 for ρ < 5 in and
σ1 = 0.05 for ρ > 5 in. Profile B has σ0 = 0.0005 for ρ < 5,
σ1 = 0.1 for 5 < ρ < 7 in, and σ2 = 0.5 for ρ > 7 in. ProfileC
has σ0 = 2.0 for ρ < 5 in, σ1 = 1.5 for 5 < ρ < 7 in, and σ2 =
1.0 for ρ > 7 in. Finally, profile D has σ0 = 2.0 for ρ < 5 in,
σ1 = 1.0 for 5 < ρ < 7 in, σ2 = 0.5 for 7 < ρ < 10 in, and
σ3 = 0.1 for ρ > 10 in. The overall size of the NMM domain
along z is 196.85 in, with the transmitter TCA placed near the
center. Both transmitter and receiver TCAs are tilted 45◦ in the
same direction. The coil antennas have a projected radius along
the ρ-direction that is equal to 4.5 in and are mounted on a
mandrel with a diameter of 8 in. Table II illustrates the voltage
measured at the receiver 30 in away from the transmitter. The
NMM results and the pseudoanalytical results show very good
agreement.

C. Validation Against FDTD Reference Results

For formations including multiple cylindrical layers and hori-
zontal beds as in Fig. 1, we use 3-D FDTD results as a reference
to validate NMM results. In the FDTD simulations, we employ
a cylindrical grid with nonuniform grid cell size along z. In
the vicinity of the antennas, ∆z = 0.125 in. Away from the
antennas, ∆z is gradually increased with an enlargement rate
of 1.05 between adjacent cells to reduce the computational
cost. Further details on FDTD modeling of logging tools using
cylindrical grids can be found in [25] and [34].
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Fig. 4. FDTD and NMM results for the voltage phase at the first and second receivers of a TCA tool. The tool is inside a borehole that is filled with oil-
based mud (σmud = 0.0005 mho/m) in a two-layer uniaxial-anisotropic earth formation. The top layer has σh/v = 1.0/5.0 mho/m and the bottom layer has
σh/v = 5.0/1.0 mho/m. The transmitter tilt angle is 45◦. Two receiver angles are considered, namely: 1) 25◦ and 2) 45◦. In this figure, the abscissa represents
the distance of the transmitter to the two-layer interface.

Fig. 5. FDTD and NMM results for the voltage amplitude at the first and second receivers, for the same TCA tool and earth formation of Fig. 4. As before, the
abscissa represents the distance of the transmitter to the two-layer interface.

D. Two-Layer Anisotropic Formation

We compare FDTD and NMM results in a two-layer
anisotropic formation. Figs. 4 and 5 illustrate phase and am-
plitude for the voltage computed at the two receiver antennas.
In this case, we consider a 5-in diameter borehole that is filled
with oil-based mud surrounded by the two-layer anisotropic
formation. In the bottom layer, σv = 1.0 mho/m and σh =
5.0 mho/m. In the top layer, σv = 5.0 mho/m and σh =
1.0 mho/m. The transmitter tilt angle is at 45◦. Two receiver tilt
angles are considered, namely: 1) 25◦ and 2) 45◦. The results in
Figs. 4 and 5 show very good agreement.

E. Comparison of TCA and Horizontal-Coil Tool Results

We illustrate the response of conventional (horizontal-coil)
and TCA tools in the complex formation depicted in Fig. 6.
This formation includes an invasion zone and has both isotropic

Fig. 6. Borehole problem with a complex earth formation including invasion
zones and both isotropic and anisotropic beds.
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Fig. 7. Conventional (ref) and TCA (designed) tool responses for the earth formation depicted in Fig. 6. The conventional tool is not sensitive to the vertical
component of the formation conductivity and has a much flatter response than the TCA tool.

Fig. 8. Apparent resistivities using phase difference and amplitude ratio in an anisotropic dipping formation, for various dipping angles. In this case,
σh = 0.1 mho/m.

and anisotropic beds. The conventional tool has two horizontal-
coil receivers at 30 in (first) and 24 in (second) away from
the horizontal-coil transmitter. The coils have 4.5-in radius and
are mounted on 4-in radius mandrel. The TCA tool considered
has a similar geometry as before, except that the transmitter
coil and one receiver coil are tilted by 45◦, while the remain-
ing receiver coil is kept horizontal. The phase difference and
amplitude ratio are given in Fig. 7. In this figure, ref denotes
the conventional tool. It can be seen that the conventional tool
has a considerably flatter response, since it excites only TE
modes and is not sensitive to σv values. The TCA tool, on
the other hand, shows more sensitivity to the true formation
conductivities. We should note that, in the present model, the
tilted-coil circumference increases with the secant of the tilt
angle. This factor per se increases the voltage amplitude and
impacts the amplitude ratio estimates shown here. In practice,
this can be calibrated by normalizing the voltage amplitude
by the coil circumference length. Note also that this particular

one-transmitter two-receiver TCA tool configuration is merely
illustrative and not necessarily optimal for well-log inversion
and interpretation.

F. Tool Response in Dipping Beds Using Tilted
Dipole Excitations

The ability to model tool response in dipping beds is im-
portant during deviated drilling. Here, we illustrate the use
of NMM formulation to model well-logging tools in dipping
layers using a dipole approximation [5], [42]. In this model,
the transmitter coil antenna is replaced by a tilted magnetic
dipole in the direction normal to the coil plane. In this ap-
proximation, mandrel, borehole, and finite size coil effects are
neglected. This approximation works well when the wavelength
of operation is much larger than the coil diameter in a uniform
background. The dipole response also deviates from the coil
response when high-contrast bed boundaries and, as a sequence,
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Fig. 9. Apparent resistivities using phase difference and amplitude ratio in an anisotropic dipping formation, for various dipping angles. In this case,
σh = 0.5 mho/m.

Fig. 10. Phase difference and amplitude ratio between the magnetic fields at 30 in and at 24 in away from the source. The tool crosses a three-layer formation with
anisotropic conductivities σh = 1.0/0.01/1.0 and σv = 1.0/0.1/1.0 for upper, middle, lower beds, respectively. The source and receiver dipoles are aligned
to the log axis. This mimics the response of a horizontal-coil tool. Five dipping angles are considered, namely: 1) 0◦, 2) 15◦, 3) 30◦, 4) 45◦, and 5) 60◦. The
abscissa represents the distance of the dipole source to the interface between the middle and bottom layers.

strong electrical charge occur in the vicinity of the sensor. This
can occur, for example, for eccentric tools in borehole filled
with low resistivity mud in a low conductivity formation.

Directional logging can be approximately modeled by align-
ing the transmitter magnetic dipole and the two receiver dipoles
along a straight line forming an angle θ with the longitudinal
axis. The magnetic field produced at 24 and 30 in away from
the source is calculated by the NMM using this tilted magnetic
dipole excitation.

We calculate tilted dipole NMM results for the apparent
resistivity in a homogeneous dipping anisotropic formation, for
various dipping angles. This problem has been considered in
[5], where it was solved using a pseudoanalytical approach
based on Sommerfeld integrals. To compute the apparent re-
sistivity, the phase difference φ0 and amplitude ratio A0 in
isotropic formations having different conductivities are gener-

ated as a lookup table [φ0, σh] and [A0, σh], with φ0 = θ(V0)
and A0 = 20 log10 |V0|, where V0 is the voltage ratio measured
at the two receivers in a homogeneous isotropic medium with
conductivity σh and adjusted for air-hang correction [5]. The
apparent phase (Raph) and amplitude (Raam) resistivities are
obtained using interpolation, i.e., Raph = 1/Π(φ0, σh, φ) and
Raam = 1/Π(A0, σh, A), where yi = Π(x, y, xi) is a function
that computes an interpolated ordinate yi, given an index value
xi and lookup table [x, y]. Figs. 8 and 9 depict the appar-
ent resistivities of the anisotropic homogeneous formation for
various dipping angles, and for σh = 0.1 mho/m and σh =
0.5 mho/m. The apparent resistivities are plotted against the
anisotropic ratio given by κ =

√
σh/σv . These NMM results

show very good agreement against the pseudoanalytical results
presented in [5]. It should be noted that tool response inter-
pretation in inhomogeneous or anisotropic formations using
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Fig. 11. Phase difference and amplitude ratio between the magnetic fields at 30 in and at 24 in away from the source. The tool crosses a three-layer formation with
anisotropic conductivities σh = 1.0/0.01/1.0 and σv = 1.0/0.1/1.0 for upper, middle, lower beds, respectively. The magnetic dipole source and the second
measured magnetic fields are now tilted 45◦ from the log axis. This mimics the response of a TCA tool. Five dipping angles are considered, namely: 1) 0◦,
2) 15◦, 3) 30◦, 4) 45◦, and 5) 60◦. The abscissa represents the distance of the dipole source to the interface between the middle and bottom layers.

Fig. 12. Comparison of FDTD and NMM results for phase difference and amplitude ratio between the two receiver coil antennas in a high-contrast three-layer
formation. The upper, middle, and bottom layers have conductivities equal to 2, 0.0005, and 4 S/m, respectively (4000 and 8000 contrasts). The abscissa represents
the distance of the dipole source to the interface between the middle and bottom layers.

apparent resistivities has to be done with care. In the low-
frequency range, apparent resistivity is introduced by using
in-phase voltage component for oriented dipoles. However, its
use is limited in complex formations where the presence of
surface or volumetric electrical charges may occur. Similar
issues are present in the high-frequency range with introduc-
tion of apparent resistivity using relative phase or amplitude
measurements.

We next show NMM results in an inhomogeneous (three-
layer) dipping anisotropic formation. The formation has
horizontal conductivities σh = 1.0, 0.01, and 1.0 mho/m and
vertical conductivities σv = 1.0, 0.1, and 1.0 mho/m for the
upper, middle, and lower beds, respectively. Fig. 10 shows
the NMM results when the orientation of the magnetic source
and receiver dipoles are all aligned with the log axis, which

approximates the horizontal-coil response crossing a dipping
anisotropic bed. The dip angles considered are 0◦, 15◦, 30◦,
45◦, and 60◦. Fig. 11 shows the NMM results in the same
formation but with the magnetic dipole source and the second
dipole receiver with an elevation angle of 45◦ (with φ = 0) with
respect to the log axis. This approximates the response of the
TCA tool discussed in Section VI-E. As illustrated in Fig. 11,
the response from the TCA tool is significantly different than
the conventional tool, again illustrating how extra information
can be extracted by rotating the antennas.

G. Convergence in High-Contrast Formations

We consider next the convergence of the present NMM for-
mulation in a formation with high resistivity contrast between
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Fig. 13. Convergence behavior of the relative error of NMM and FDTD for a
high-contrast three-layer formation versus the number of vertical modes.

adjacent horizontal beds. In this case, a three-layer formation
is employed, with (isotropic) upper, middle, and bottom layer
conductivities equal to 2, 0.0005, and 4 S/m, respectively (4000
and 8000 contrasts). A horizontal-coil tool is used (with the
same geometry as above) to isolate the impact of the number
of vertical modes in the convergence (as mentioned above,
the number of azimuthal modes required depends mostly on
the tilt angle). The tool response calculated by the NMM is
compared against cylindrical 3-D FDTD [25] results in Fig. 12,
showing excellent agreement. The relative root-mean-square
error (for 19 log points) on the phase difference and amplitude
error versus the number of vertical modes is shown in Fig. 13.
The results converge with less than about 180 modes in this
high-contrast formation. Note that the error shown in Fig. 13
reaches a plateau because it is a relative error. The error in the
reference cylindrical 3-D FDTD results is of a different nature
and stems mainly from 1) numerical (grid) dispersion [43],
[44], which is a cumulative and angle-dependent effect [45],
[46], and 2) small spurious reflections from the (cylindrical)
PML boundaries [47], [48].

VII. CONCLUSION

We have introduced a new NMM formulation that fully
incorporates cross coupling between TE and TM modes for
the simulation of TCA well-logging tools in anisotropic forma-
tions. The formulation is based on vertical eigenmodes, which
are obtained via a generalized eigenfunction problem. The
vertical modes are then propagated in the transverse (radial)
direction using mode propagators. This NMM approach is more
efficient compared with conventional NMM because reflection
and transmission of multiple cylindrical-vertical layers need
to be computed only once for different tool configurations.
The present NMM formulation has been validated against both
pseudoanalytical results and FDTD results, showing very good
agreement. We have compared the response of conventional and
TCA tools in anisotropic formations. We have also computed

tool response in dipping anisotropic beds by incorporating tilted
magnetic dipole excitations in the formulation.

REFERENCES

[1] J. H. Moran and S. Gianzero, “Effects of formation anisotropy on
resistivity-logging measurements,” Geophysics, vol. 44, no. 7, pp. 1266–
1286, Jul. 1979.

[2] J. R. Wait, Electromagnetic Wave Theory. New York: Harper & Row,
1985.

[3] J. R. Wait, Geo-Electromagnetism. New York: Academic, 1982.
[4] T. Hagiwara, “EM log response to anisotropic resistivity in thinly lami-

nated formations with emphasis on 2-MHz resistivity devices,” in Proc.
SPE Formation Eval., Soc. Petroleum Eng., 1996, pp. 211–217.

[5] A. Q. Howard, Jr., “Petrophysics of magnetic dipole fields in an
anisotropic earth,” IEEE Trans. Antennas Propag., vol. 48, no. 9,
pp. 1376–1383, Sep. 2000.

[6] T. Wang and S. Fang, “3-D electromagnetic anisotropy modeling us-
ing finite differences,” Geophysics, vol. 66, no. 5, pp. 1386–1398,
Sep./Oct. 2001.

[7] G. Gao, C. Torres-Verdin, and S. Fang, “Fast 3D modeling of borehole
induction measurements in dipping and anisotropic formations using a
novel approximation technique,” IEEE Trans. Antennas Propag., vol. 45,
no. 4, pp. 335–349, Apr. 2004.

[8] M. Sato, J. Fuziwara, M. Miyairi, K. Kashihara, and H. Niitsuma, “Direc-
tional induction logging methods,” in Proc. SPWLA 35th Annu. Logging
Symp. Dig., Jun. 19–22, 1994, pp. AA11–AA16.

[9] M. Sato et al., “Apparatus and method for determining parameters of
formations surrounding a borehole in preselected direction,” U.S. Patent
5 508 616, Apr. 16, 1996.

[10] M. Bittar, “Electromagnetic wave resistivity tool having a tilted an-
tenna for determining the horizontal and vertical resistivities and rela-
tive dip angle in anisotropic earth formations,” U.S. Patent 6 163 155,
Dec. 19, 2000.

[11] A. B. Cheryauka, M. Sato, and M. S. Zhdanov, “Induction logging
with directional coil polarizations: Modeling and resolution analysis,”
Petrophysics, vol. 42, no. 3, pp. 227–236, 2001.

[12] A. B. Cheryauka and M. Sato, “Directional induction logging for
evaluating layered magnetic formations,” Geophysics, vol. 67, no. 2,
pp. 427–437, Mar./Apr. 2002.

[13] T. Hagiwara, E. J. Banning, R. M. Ostermeier, and S. M. Haugland, “Ef-
fects of mandrel, borehole, and invasion for tilt-coil antennas,” presented
at the SPE 78th Annu. Technical Conf. and Exhibition, Denver, CO,
Oct. 5–8, 2003, Paper SPE 84254.

[14] Y.-K. Hue and F. L. Teixeira, “Analysis of tilted-coil eccentric borehole
antennas in cylindrical multilayered formations for well-logging appli-
cations,” IEEE Trans. Antennas Propag., vol. 54, no. 4, pp. 1058–1064,
Apr. 2006.

[15] W. C. Chew, Waves and Fields in Inhomogeneous Media. Piscataway,
NJ: IEEE Press, 1995.

[16] A. Bossavit, Computational Electromagnetics: Variational Formulations,
Complementarity, Edge Currents. San Diego, CA: Academic, 1998.

[17] J. L. Volakis, A. Chatterjee, and L. C. Kempel, Finite Element Method for
Electromagnetics: Antennas, Microwave Circuits, and Scattering Appli-
cations. New York: IEEE Press, 1998.

[18] B. Anderson, “Simulation of induction logging by the finite-element
method,” Geophysics, vol. 49, no. 11, pp. 1943–1958, 1984.

[19] W. C. Chew, Z. Nie, Q.-H. Liu, and B. Anderson, “An efficient solution
for the response of electrical well logging tools in a complex environ-
ment,” IEEE Trans. Geosci. Remote Sens., vol. 29, no. 2, pp. 300–308,
Mar. 1991.

[20] B. He and F. L. Teixeira, “Geometric finite element discretization of
Maxwell equations in primal and dual spaces,” Phys. Lett. A, vol. 349,
no. 1–4, pp. 1–14, 2006.

[21] D. Pardo, C. Torres-Verdin, and L. F. Demkowicz, “Simulation of multi-
frequency borehole resistivity measurements through a metal casing using
a goal-oriented hp finite-element method,” IEEE Trans. Geosci. Remote
Sens., vol. 44, no. 8, pp. 2125–2134, Aug. 2006.

[22] B. He and F. L. Teixeira, “Sparse and explicit FETD via approximate
inverse Hodge (mass) matrix,” IEEE Microw. Wireless Compon. Lett.,
vol. 12, no. 6, pp. 348–350, Jun. 2006.

[23] F. L. Teixeira, W. C. Chew, M. Straka, M. L. Oristaglio, and T. Wang,
“Finite-difference time-domain simulation of ground penetrating radar on
dispersive, inhomogeneous, and conductive media,” IEEE Trans. Geosci.
Remote Sens., vol. 36, no. 6, pp. 1928–1937, Nov. 1998.



2462 IEEE TRANSACTIONS ON GEOSCIENCE AND REMOTE SENSING, VOL. 45, NO. 8, AUGUST 2007

[24] J.-Q. He and Q. H. Liu, “A nonuniform cylindrical FDTD algorithm with
improved PML and quasi-PML absorbing boundary conditions,” IEEE
Trans. Geosci. Remote Sens., vol. 37, no. 2, pp. 1066–1072, Mar. 1999.

[25] Y.-K. Hue, F. L. Teixeira, L. San Martin, and M. Bittar, “Three dimen-
sional simulation of eccentric LWD tool response in boreholes through
dipping formations,” IEEE Trans. Geosci. Remote Sens., vol. 43, no. 2,
pp. 257–268, Feb. 2005.

[26] H. O. Lee and F. L. Teixeira, “Cylindrical FDTD analysis of LWD tools
through anisotropic dipping layered earth media,” IEEE Trans. Geosci.
Remote Sens., vol. 45, no. 2, pp. 383–388, Feb. 2007.

[27] Q. H. Liu, W. C. Chew, M. R. Taherian, and K. A. Safinya, “A modelling
study of electromagnetic propagation tool in complicated borehole
environments,” Log Anal., vol. 30, no. 6, pp. 424–436, 1989.

[28] W. C. Chew, S. Barone, B. Anderson, and C. Hennessy, “Diffraction
of axisymmetric waves in a borehole by bed boundary discontinuities,”
Geophysics, vol. 49, no. 10, pp. 1586–1595, Oct. 1984.

[29] G.-X. Fan, Q. H. Liu, and S. P. Blanchard, “3-D numerical mode-matching
(NMM) method for resistivity well-logging tools,” IEEE Trans. Antennas
Propag., vol. 48, no. 10, pp. 1522–1544, Oct. 2000.

[30] D. M. Pai, “Induction log modeling using vertical eigenstates,” IEEE
Trans. Geosci. Remote Sens., vol. 29, no. 2, pp. 209–213, Mar. 1991.

[31] J. Li and L. C. Shen, “Vertical eigenstate method for simulation of
induction and MWD resistivity tools,” IEEE Trans. Geosci. Remote Sens.,
vol. 31, no. 2, pp. 399–406, Mar. 1991.

[32] D. M. Pai, J. Ahmad, and W. D. Kennedy, “Two-dimensional induction
log modeling using a coupled-mode, multiple reflection series method,”
Geophysics, vol. 58, no. 4, pp. 466–474, Apr. 1993.

[33] L. Aiyong, N. Zaiping, and Z. Yanwen, “Numerical mode matching
method with perfectly matching layer,” in Proc. IEEE Int. Symp. Antennas
Propag. Dig., Washington, DC, Jul. 2005, vol. 4B, pp. 372–375.

[34] F. L. Teixeira and W. C. Chew, “Finite-difference computation of tran-
sient electromagnetic waves for cylindrical geometries in complex me-
dia,” IEEE Trans. Geosci. Remote Sens., vol. 38, no. 4, pp. 1530–1543,
Jul. 2000.

[35] F. L. Teixeira and W. C. Chew, “On causality and dynamic stability of
perfectly matched layers for FDTD simulations,” IEEE Trans. Microw.
Theory Tech., vol. 47, no. 6, pp. 775–785, Jun. 1999.

[36] F. L. Teixeira and W. C. Chew, “Differential forms, metrics, and the
reflectionless absorption of electromagnetic waves,” J. Electromagn.
Waves Appl., vol. 13, no. 5, pp. 665–686, 1999.

[37] E. Cavanagh and B. D. Cook, “Numerical evaluation of Hankel transforms
via Gaussian–Laguerre polynomial expansions,” IEEE Trans. Acoust.,
Speech, Signal Process., vol. ASSP-27, no. 4, pp. 361–366, Aug. 1979.

[38] E. Merzbacher, Quantum Mechanics. New York: Wiley, 1970.
[39] J. R. Lovell and W. C. Chew, “Response of a point source in a multi-

cylindrically layered medium,” IEEE Trans. Geosci. Remote Sens.,
vol. GRS-25, no. 6, pp. 850–858, Nov. 1987.

[40] G. J. Zhang, G. L. Wang, and H. M. Wang, “Application of novel basis
function in a hybrid method simulation of the response of induction
logging in axisymmetrical stratified media,” Radio Sci., vol. 34, no. 1,
pp. 19–26, 1999.

[41] F. L. Teixeira and J. R. Bergmann, “B-splines basis functions for moment-
method analysis of axisymmetric reflector antennas,” Microw. Opt.
Technol. Lett., vol. 14, no. 3, pp. 188–191, 1997.

[42] Q.-H. Liu, “Electromagnetic field generated by an off-axis source in
a cylindrically layered medium with an arbitrary number of horizontal
discontinuities,” Geophysics, vol. 58, no. 5, pp. 616–625, May 1993.

[43] A. Taflove, Advances in Computational Electrodynamics: The Finite-
Difference Time-Domain Method. Norwood, MA: Artech House, 1998.

[44] C. D. Moss, F. L. Teixeira, and J. A. Kong, “Analysis and compensation
of numerical dispersion in the FDTD method for layered, anisotropic
media,” IEEE Trans. Antennas Propag., vol. 50, no. 9, pp. 1174–1184,
Sep. 2002.

[45] S. Wang and F. L. Teixeira, “Dispersion-relation-preserving FDTD algo-
rithms for large-scale three-dimensional problems,” IEEE Trans. Anten-
nas Propag., vol. 51, no. 8, pp. 1818–1828, Aug. 2003.

[46] S. Wang and F. L. Teixeira, “A three-dimensional angle-optimized FDTD
algorithm,” IEEE Trans. Microw. Theory Tech., vol. 51, no. 3, pp. 811–
817, Mar. 2003.

[47] J. P. Berenger, “A perfectly matched layer for the absorption of elec-
tromagnetic waves,” J. Comput. Phys., vol. 114, no. 2, pp. 185–200,
Oct. 1994.

[48] F. L. Teixeira and W. C. Chew, “Advances in the theory of perfectly
matched layers,” in Fast and Efficient Algorithms in Computational Elec-
tromagnetics, W. C. Chew, J. M. Jin, E. Michielssen, and J. M. Song, Eds.
Boston, MA: Artech House, 2001, pp. 283–346.

Yik-Kiong Hue (S’01–M’06) received the B.S., M.S., and Ph.D. degrees in
electrical engineering from The Ohio State University (OSU), Columbus, in
2001, 2003, and 2006, respectively.

He was a Graduate Research Associate in the ElectroScience Laboratory,
Department of Electrical and Computer Engineering, OSU, from 2001 to 2006.
During the summer of 2005, he was with Halliburton Energy Services, Houston,
TX, within the Sensor Physics Group. He is currently a Postdoctoral Fellow
in the Department of Bioengineering, University of Pittsburgh, Pittsburgh,
PA, where he is working with electromagnetic modeling for biomedical and
radiology applications. His current research interest includes electromagnetic
modeling for geophysical exploration and biomedical applications.

Dr. Hue was the recipient of an SPWLA Scholarship in 2004 and 2005.

Fernando L. Teixeira (S’89–M’93–SM’05) received the B.S. and M.S.
degrees in electrical engineering from the Pontifical Catholic University of
Rio de Janeiro, Rio de Janeiro, Brazil, in 1991 and 1995, respectively, and the
Ph.D. degree in electrical engineering from the University of Illinois at Urbana-
Champaign, in 1999.

From 1999 to 2000, he was a Postdoctoral Research Associate in the
Research Laboratory of Electronics, Massachusetts Institute of Technology,
Cambridge. Since 2000, he has been with the ElectroScience Laboratory,
Department of Electrical and Computer Engineering, The Ohio State University
(OSU), Columbus, where he is currently an Associate Professor. He has edited
one book and has authored more than 70 journal articles and book chapters. His
current research interests include modeling of wave propagation, scattering, and
transport phenomena for communications, sensing, and device applications.

Dr. Teixeira is a member of Sigma Xi and Phi Kappa Phi and an Elected
Member of the U.S. Commission B of the International Union of Radio Science
(URSI). He was a recipient of numerous awards for his research, including
the Lumley Research Award from OSU in 2004, the CAREER Award from
the National Science Foundation in 2004, and the triennial Henry Booker
Fellowship from the United States National Committee (USNC)/URSI in 2005.


