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Mixed E–B Finite Elements for Solving 1-D, 2-D,
and 3-D Time-Harmonic Maxwell Curl Equations

Bo He and F. L. Teixeira

Abstract—Using a unified discretization approach based on dif-
ferential forms, we describe mixed finite element methods (FEMs)
in simplicial grids to solve time harmonic Maxwell curl equations
in one-, two-, and three-dimensions. The proposed mixed FEM uti-
lizes the electric field intensity and magnetic flux density as
simultaneous state variables. Appropriate elements are used as in-
terpolants for and to satisfy the interface conditions and a
discrete version of the de Rham diagram.

Index Terms—Finite element methods (FEMs).

I. INTRODUCTION

MIXED finite element methods (FEMs) have been suc-
cessfully applied to a number of areas [1]–[3]. In electro-

magnetics, mixed FEMs has been used in magnetostatics, elec-
trostatics [3]–[5], eddy current [6], and time-dependent prob-
lems [7], [8]. In the time-domain, a mixed FEM for Maxwell
curl equations using Whitney elements was first proposed in
[9]. More recently, a time-domain mixed FEM for hexahedral
meshes has been introduced in [10]. In a mixed FEM, one uses
two or more (discrete) fields simultaneously as state variables.
Here, we describe a unified approach to construct mixed FEMs
in simplicial grids to solve time-harmonic Maxwell curl equa-
tions in one-, two-, and three-dimensions (1-D, 2-D, and 3-D)
by employing the electric field intensity and the magnetic flux
density as simultaneous state variables, both of which are as-
sociated to the primal grid. The resulting system matrices are
sparse and the discretization automatically conforms to a dis-
crete version of the de Rham diagram [11], [12]. The proposed
mixed FEM relies on a discretization approach based on differ-
ential forms [9], [11]–[21]

II. MIXED – FEM

We use the convention throughout this work. In the
differential forms framework, the (source-free) time-harmonic
discrete Maxwell equations are cast as [19], [21]
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with 0. In the above, , and
are column vectors (arrays) of degrees of freedom (DoFs)
for (discrete) diffferential forms representing the electro-
magnetic fields [15], [19], [21]. The incidence matrices

encode the discrete exterior deriva-
tive [15] and represent the discrete counterparts (coboundary
operator) to the curl and divergence operators on the primal and
dual grids respectively, distilled from their metric structure [19],
[21]. Due to their metric-free nature, entries of the incidence
matrices assume only 1,0,1 values [14].

The discrete constitutive equations are written as ,
and , where the matrices and are dis-
crete Hodge operators [15], [16]. Hodge operators map a differ-
ential form of degree to one of degree – , where is the
number of spatial dimensions. Hodge operators incorporate all
metric information together with background material proper-
ties [13], [15]. One approach to construct and in 3-D
simplicial (tetrahedral) meshes is based on the use of Whitney
edge and face elements. Employing vector proxies,

and can be written as [9], [19], [20], [22]

(3)

where nodal indexing is employed for matrix element
associated with edges and , and

for matrix element associated with faces
and . Discrete Hodges can also be constructed

for hexahedrons [19] (and in other spatial dimensions), but
for brevity we only describe here the 3-D simplicial case.
The Hodges matrices above are denoted as Galerkin Hodges
[16], [19], [20] and are symmetric positive definite (SPD) by
construction.

Substituting the constitutive relations into (1) and (2)

(4)

(5)

Let

(6)

(7)

where is an identity matrix. Equations (4) and (5) can be cast
as , with column vector . Both
and are sparse matrices.
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TABLE I
RESONANT FREQUENCIES ! OF CIRCULAR CAVITY: TE CASE

TABLE II
RESONANT FREQUENCIES ! OF CIRCULAR CAVITY: TM CASE

Fig. 1. Coarse mesh for a spherical cavity.

TABLE III
RESONANT FREQUENCIES OF 3-D SPHERICAL CAVITY

Remark 1.: In 3-D, and constitute incomplete
bases for the Sobolev spaces and , re-
spectively. The Whitney spaces and

, spanned by and respectively, observe

the (exact sequence) property . This fullfills a dis-
crete counterpart of the following de Rham complex [11], [12]
relation .

Remark 2: It is possible to obtain other sparse mixed formu-
lations using the above framework. For example, a mixed –

formulation can be obtained whereby the matrices and
write instead as

(8)

(9)

and where . Assuming one is only interested in the
eigenvalues, this mixed FEM has similar properties to the –
mixed FEM. However, considering eigenvector solutions, they
differ in the following aspect. Each individual element of and

represents a DoF that is paired (in a one-to-one fashion) with
a given component of the FEM (in 3-D: edges or faces, respec-
tively). Because of this, the field distribution can be obtained
directly from the elements of and . On the other hand, one
cannot obtain the magnetic field distribution directly from in
general1 because individual elements of are associated in a
one-to-one fashion with dual grid elements-not with FEM mesh
(primal grid) components. In this case, the magnetic field dis-
tribution can be obtained only after solving the sparse linear
system .

III. NUMERICAL EXAMPLES

A. 2-D Example: Circular Cavity

Similar design principles are applied for discretization in 2-D.
In the 2-D TE case, individual elements of (1-form) are asso-
ciated with edges of the FEM mesh and represented by edge
elements, while (2-form) is associated with faces and repre-
sented by face (volumes in 2-D) elements [23]. In the 2-D TM
case, (0-form) is associated with nodes and represented by
nodal elements, while (1-form) is associated with edges and
represented by edge elements. Tables I and II present TE and
TM eigenvalues of a 2-D circular PEC cavity with radius 1.
For simplicity, we set 1. The FEM mesh is identical
as the one shown in [20], having 178 nodes (136 internal nodes),
447 internal edges, and 312 cells. The FEM results for the lowest
five nonzero angular eigenfrequencies are compared against
the exact (analytical) values [24]. Note that, in the continuum,
TE and TM modes have a twofold degeneracy if 0,
but these degeneracies are broken by the discretization.

B. 3-D Example: Spherical Cavity

Table III presents the results for eigenmodes of a 3-D
spherical PEC cavity with radius 1. The corresponding
mesh is shown in Fig. 1, having 94 nodes (31 internal nodes),
122 boundary faces, and 326 tetrahedral cells. In 3-D, as
noted in Section II, (1-form) is associated with edges and
represented by , while (2-form) is associated with with
faces and represented by . Table III compare the FEM
results for the lowest eleven nonzero angular eigenfrequencies

against the exact values [24]. In the continuum, the TE
and TM eigenfrequencies of a spherical cavity have a
2 1 -fold degeneracy for fixed and , which is broken

by the discretization. Despite the coarse mesh used, the errors
are within 5%.

1In the 2-D TE case, a one-to-one pairing between and FEM mesh compo-
nents (2-D cells) is recovered because in this case [? ] is diagonal.



HE AND TEIXEIRA: MIXED – FINITE ELEMENTS 3

Fig. 2. Band structure of photonic crystal, with bandgap clearly visible.

TABLE IV
BANDGAP PARAMETERS

C. 1-D Example: Photonic Bandgap

We next illustrate the – mixed FEM for a 1-D problem
involving inhomogeneous media. For a TEM field in 1-D,
(transverse electric field represented by a 0-form) is associated
with nodes of the FEM grid and represented by nodal elements
(rooftop functions), while (1-form in this case) is associated
with segments of the FEM grid and represented by 1-D volume
elements (pulse functions).

Consider a periodic structure with , where is
the period. We apply the mixed FEM to compute the eigenvalues
and eigenmodes in a simple crystal where

(10)

We set 1 for simplicity, and use periodic boundary con-
ditions. The mesh has 128 unit cells with eight elements in each
cell. Fig. 2 shows the FEM results for the band structure, with a
visible bandgap. Table IV compares the FEM results for the cen-
tral frequency of the forbidden gap and the bandgap width

against analytical results obtained by the Floquet (Bloch)
theorem [25], showing good agreement.

IV. CONCLUSION

We have described a unified approach to construct mixed
FEMs for Maxwell curl equations in simplicial grids based on
differential forms and simultaneous use of and fields. The
resulting system matrices are sparse, symmetric (in reciprocal
media), and semi-positive definite (in passive media). In this
approach, Maxwell curl equations are naturally decoupled from
the constitutive relations. As such, it facilitates future extensions
to complex media such as ferroelectric or ferromagnetic mate-
rials [26], and towards incorporating perfectly matched layers.
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