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Closed-Form Metamaterial Blueprints for
Electromagnetic Masking of Arbitrarily Shaped

Convex PEC Objects
F. L. Teixeira

Abstract—In this letter, we derive closed-form expressions of
constitutive tensors (blueprints) for masking of arbitrarily shaped
convex PEC objects. The derivation is based on the metric invari-
ance of Maxwell equations, as recently explored for derivation
of metamaterial blueprints for electromagnetic cloaking. The
present masking layer can be seen as a partial cloaking layer,
whose effectiveness depends on the geometry of the masked object.

Index Terms—Anisotropic media, electromagnetic cloaking,
electromagnetic masking, Maxwell equations, metamaterial.

I. INTRODUCTION

ONE striking property of Maxwell equations, first discov-
ered by Weyl and Cartan, and rediscovered a number of

times [1]–[6], is that a mapping on the metric of space can be
translated to a change on the constitutive tensors. This metric
invariance has been exploited, for example, in the theory of
perfectly matched layers (PML) [7]–[11] to derive PML ten-
sors in curvilinear coordinates [12]–[14]. Metric invariance is
best obviated using differential forms [2], [3], [5], [14]–[17].
Recently, this property was exploited in a novel and ingenuous
way to design metamaterial tensor blueprints for electromag-
netic cloaking (under certain limits) of objects [18]. In partic-
ular, a closed-form expression for the cloaking of a spherical
region was provided in [18] and later verified experimentally,
under certain approximations, in [19]. An earlier interesting pro-
posal to achieve dramatic reduction on scattering cross section
was described in [20].

In this letter, we employ the methodology of [18] to obtain
closed-form blueprints of constitutive tensors for masking of ar-
bitrary (doubly curved) convex three-dimensional (3-D) perfect
electric conducting (PEC) objects. The term masking refers here
to the introduction of a passive material coating over a given
PEC object to make the resulting scattered field identical to that
of a different, smaller PEC object. In the example considered
here, such masking can also be viewed as a partial cloaking, with
an effectiveness that depends on the ratio between the maximum
and minimum radii of curvature of the masked object, and re-
covers ideal cloaking [18] as this ratio approaches one.

Manuscript received September 26, 2006; revised February 13, 2007. This
work has been supported in part by AFOSR under MURI Grant FA 9550-04-1-
0359 and NSF under Grant ECS-0347502.

The author is with ElectroScience Laboratory and Department of Electrical
and Computer Engineering, The Ohio State University, Columbus, OH 43212
USA (email: teixeira@ece.osu.edu).

Digital Object Identifier 10.1109/LAWP.2007.894153

II. FORMULATION

We consider a 3-D convex PEC object (physical scatterer)
represented by a contractible volume with closed boundary

, as depicted in Fig. 1. This object is coated with a masking
metamaterial of uniform thickness . At any point on , a
right-handed local frame is defined via orthonormal vectors ,

, , where and are tangent to at along the prin-
cipal lines of curvature, and is the outward unit
vector normal to at . In terms of the local tangential coor-
dinates , and the outward normal coordinate , we have

, and ,
where is the position vector. The equation parametrizes
the surface itself. Points of constant constitute parallel sur-
faces to . If the principal radii of curvature at are given by

and , then at a point along
for fixed , the radii of curvature of the parallel surfaces
are given by , .

We next define for all points in .
Given , we can construct from a parallel surface (inte-
rior to ) parametrized by and bounding the volume

(mask scatterer), see illustration in Fig. 1. The surface
has one or more points with zero radii of curvature and we de-
note it as the minimum parallel surface (MPS) to . The radii of
curvature at a point of are given by ,
with . We construct the change of
metric to produce the masking by means of the map

, . Fur-
themore, in the region , we have an identity map .

Maxwell equations in isotropic media , expressed in the
orthogonal curvilinear coordinate system contain
metric coefficients and [13]. After applying ,
one can write down the transformed equations in terms of

. The latter do not retain the general form of Maxwell
equations. However, by using proper field transformations as
introduced in [13], [18] and exploiting the metric invariance of
Maxwell equations, the -transformed equations can be recast
back into the form of Maxwell equations for in a in-
homogeneous anisotropic medium with ,
(see [13] for an analogous derivation with a different sequence
of transformations and hence different final tensor) with

where and , ,2, and
.
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Fig. 1. Convex PEC scatterer V coated by a layer of metamaterial with thick-
ness � to produce the same scattered fields as mask PEC object V . The fields
coincide at any point outside the coating of volume V .

The above gives in terms of both and . However, it is
more appropriate to express directly in terms of only. For
that end, we use to arrive
at

This tensor gives the constitutive properties of a metama-
terial of thickness designed to mask a convex, otherwise
arbitrarily shaped, PEC physical scatterer . It produces,
outside the coating of volume , the same scattered field as
the smaller PEC scatterer (mask). The masking metama-
terial is anisotropic with one of the principal axes along the
normal direction. The interplay between geometry and material
properties is manifested by the way in which depends on

. The size of (and hence the “effectiveness” of
the cloaking) depends on the ratio between the maximum and
minimum radii of curvature of . When this ratio is equal to
one (sphere), then collapses to a point and one recovers
ideal cloaking. For a sphere of radius coated by a material
of thickness , one has , ,

, , and , so
that the cloaking parameters given in [18] are recovered (note a
small typo for there).

III. FURTHER REMARKS

Metric invariance also allows, in principle, full cloaking
of arbitrary convex objects. However, this requires in general
nonorthogonal coordinate transformations [18], leading to
more complex constitutive tensors (with no layered material
properties and no simple closed-form expressions). Metric
invariance further allows, in principle, more general maskings
than considered here, for example, from a sphere to an ellip-
soid, or even involving nonconvex objects, again at the cost of

increasingly complex constitutive properties. For simplicity, we
have assumed impenetrable (PEC) scatterers. Penetrable scat-
terers could also be considered, but the analysis is complicated
by the fact that the interior constitutive properties of physical
and mask objects themselves would change under the metric
transformation. The practical realization of such metamaterial
blueprints poses some challenges [11], [21]. Nevertheless, the
feasibility of the cloaking concept at microwave frequencies
has been recently verified experimentally, under certain ap-
proximations, in [19].
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