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A New Full-Vectorial FD-BPM Scheme:
Application to the Analysis of Magnetooptic

and Nonlinear Saturable Media
Licinius D. S. Alcantara, Fernando L. Teixeira, Senior Member, IEEE, Amílcar C. César, and Ben-Hur V. Borges

Abstract—A new three-dimensional (3-D) full-vectorial finite-
difference (FD)-based beam-propagation method (BPM) is intro-
duced for the analysis of magnetooptic and nonlinear materials.
The refractive-index growth in the nonlinear material is allowed to
saturate at high optical power densities (cubic–quintic media). The
new formalism is capable of handling any combination of linear,
nonlinear, and magnetooptic media, and combines, for the first
time, the alternating-direction implicit technique (to improve com-
putational performance) with the leapfrog longitudinal scheme (to
simplify the solution of the coupled equations for transverse field
components). The result is a numerical method that is both com-
putationally efficient and numerically robust. The proposed BPM
formalism is applied to investigate a (nonreciprocal) magnetooptic
rib waveguide, as well as the new striking phenomena of light
condensates propagation in cubic–quintic (saturable) media, the
dynamics of which resemble those of liquid droplets.

Index Terms—Beam-propagation methods, finite-difference
(FD) methods, light condensates, magnetooptic media, saturable
media.

I. INTRODUCTION

B EAM-PROPAGATION methods (BPMs) have become
one of the most powerful tools for the analysis of optical

waveguides. There are three main BPM approaches currently
available: scalar, semivectorial, and full-vectorial formalisms.
A full-vectorial BPM analysis becomes necessary when, for
instance, large refractive-index contrasts and/or polarization
effects are involved [1]–[5].

The simulation of optical devices based on nonlinear and/or
nonreciprocal materials brings further challenges due to aniso-
tropy effects and the dependence of the nonlinear dielec-
tric permittivity on the electric field amplitude. A full-vectorial
analysis is again the more appropriate choice in this case.
However, current full-vectorial formalisms are not able to take
into account nonlinear and magnetooptical materials simultane-
ously. Structures based on the coexistence of these media can
be used in a number of applications, such as in optical isolators
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and switchers, and have been previously investigated only by
means of scalar-beam propagation techniques, such as in [6]
and the references therein.

For magnetooptical media, the full-vectorial BPM described
by Xu et al. [7], for instance, is applicable only to optical
waveguides with low anisotropy and weak geometric polariza-
tion effect. The most general analysis of anisotropic waveguides
to date has been carried out by Selleri et al. [8], where full
3 × 3 permittivity and permeability tensors were considered.

Nonlinear materials have been extensively investigated by
virtue of their potential applications in areas such as optical
switching and optical computing. Nonlinear materials exhibit
an increase in the refractive index when subjected to a high
optical power density (focusing media). A full-vectorial finite-
element BPM method for the analysis of nonlinear directional
couplers was presented in [9], by considering only two trans-
verse components of the magnetic field. A more general full-
vectorial approach for nonlinear three-dimensional (3-D)
waveguides can be found in [10] and [11]. In all these cases,
the discretization is based upon finite elements.

Recently, Michinel et al. [12] have analyzed the propaga-
tion of beams and pulses in cubic–quintic nonlinear optical
(CQO) materials. In such materials, the refractive-index growth
saturates at high optical-power densities, preventing it from
suffering from unstable phenomena such as catastrophic self-
focusing and blowup. Remarkably, results in [12] have demon-
strated that the propagation of (coherent) high optical-power
density beams through these materials generates light conden-
sates having dynamics that resemble very closely those of liquid
droplets. The analysis in that case was carried out via the gen-
eralized nonlinear Schrödinger equation.

In order to more accurately model (nonreciprocal) magne-
tooptic waveguides and the phenomenology of light conden-
sates, we introduce here an improved 3-D full-vector BPM.
The new BPM is capable of handling structures based on
any combination of linear, nonlinear, and magnetooptic (non-
reciprocal) media. The formalism employs a combination of
the alternating-direction implicit (ADI) technique, to improve
computational performance, and a leapfrog longitudinal discre-
tization scheme, to simplify the solution of the coupled equa-
tions for the transverse field components. The 3-D simulation
examples focus on the modeling of magnetooptic rib waveguide
for optical isolation purposes and on the propagation effects
on CQO media, to illustrate their unique phenomenology. For
CQO media in particular, the following phenomena are in-
vestigated: 1) collision of an optical pulse with a dielectric
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interface, where liquid light condensate effects can be observed;
2) collision of two propagating light droplets in bulk non-
linear material; and 3) light droplets propagation through a
metallic slit.

II. FORMULATION

The Helmholtz equation for the electric field E(x, y, z) can
be written as

k2
0εE + ∇2E = ∇(∇ · E) (1)

where k0 = 2π/λ0 is the propagation constant in a vacuum. If
the crystal axis orientation and the applied magnetostatic field
(HDC) are properly oriented (along the z direction in this case),
the dielectric relative permittivity tensor becomes [7]

ε =


 εxx εxy 0

εyx εyy 0
0 0 εzz


. (2)

Expanding (1) for the transversal field components results in

k2
0(εxxEx + εxyEy) +

∂2Ex

∂y2
+

∂2Ex

∂z2
=

∂

∂x

(
∂Ey

∂y
+

∂Ez

∂z

)
(3)

k2
0(εyxEx + εyyEy) +

∂2Ey

∂x2
+

∂2Ey

∂z2
=

∂

∂y

(
∂Ex

∂x
+

∂Ez

∂z

)
.

(4)

Equations (3) and (4) clearly show the coupling between the
three electric field components. It is possible to rewrite (3)
and (4) in terms of transverse field components only (Ex and
Ey) by making use of Gauss’ law ∇ · (εE) = 0. In addition,
by assuming slow variation for the permittivity tensor element
εzz along the propagation axis, longitudinal derivatives related
to this quantity can be neglected. Therefore, the following
equation is obtained for the longitudinal component partial
derivative:

∂Ez

∂z
=− 1

εzz

[
∂

∂x
(εxxEx + εxyEy) +

∂

∂y
(εyxEx + εyyEy)

]
.

(5)

After substituting (5) into (3) and (4), a system of cou-
pled equations involving Ex and Ey is obtained. The so-
lution for the electric field vector can be written as E =
Ψ exp(−jk0n0z), where n0 is a reference refractive in-
dex. Under the slowly varying envelope approximation, i.e.,
|∂2Ψ/∂z2| � 2n0k0|∂Ψ/∂z|, the following system ensues

vxxΨx + FxΨx + DyΨx + Txy − 2jκ
∂Ψx

∂z
=Vxy (6)

vyyΨy + DxΨy + FyΨy + Tyx − 2jκ
∂Ψy

∂z
=Vyx (7)

where κ = k0n0

FuΨu =
∂

∂u

[
1

εzz

∂

∂u
(εuuΨu)

]

DwΨu =
∂2Ψu

∂w2

νuu = k2
0

(
εuu − n2

0

)
Vuw =

∂2Ψw

∂u∂w
− k2

0εuwΨw − ∂

∂u

[
1

εzz

∂

∂u
(εuwΨw)

]

− ∂

∂u

[
1

εzz

∂

∂w
(εwwΨw)

]

Tuw =
∂

∂u

[
1

εzz

∂

∂w
(εwuΨu)

]

where in the above, u and w stands for either x or y.
The discretization of (6) and (7) along the z axis gives[
1 − δz

4jκ
(Fx + Dy + νxx)

]
Ψ

K+ 1
2

x

=
[
1 +

δz

4jκ
(Fx + Dy + νxx)

]
Ψ

K− 1
2

x +
δz

2jκ

(
T

K− 1
2

xy − V K
xy

)
(8)[

1 − δz

4jκ
(Dx + Fy + νyy)

]
ΨK+1

y

=
[
1 +

δz

4jκ
(Dx + Fy + νyy)

]
ΨK

y +
δz

2jκ

(
TK

yx − V
K+ 1

2
yx

)
(9)

where δz is the longitudinal step size and K is the dis-
cretization index along the z axis, i.e., ΨK = Ψ(Kδz). Note
that a leapfrog scheme is applied longitudinally between the
transversal components. Therefore, when solving for Ψx via
(8), the variable V K

xy is already known and there is no need
to apply the Crank–Nicolson (CN) scheme. The same is true
for V

K+(1/2)
yx in (9). The approximations TK

yx ≈ T
K−(1/2)
yx and

T
K+(1/2)
yx ≈ TK

yx were applied to obtain (8) and (9), respec-
tively. This approximation is utilized for the off-diagonal terms
in the dielectric permittivity tensor, which causes the formalism
to be first-order accurate O(δz) in the magnetooptic media
(only). Otherwise, the formalism is second-order accurate.

In order to apply the ADI method, (8) and (9) need to be
factored out. For (8), one obtains[

1 − δz

4jκ

(
Fx +

νxx

2

)][
1 − δz

4jκ

(
Dy +

νxx

2

)]
Ψ

K+ 1
2

x

=
[
1 +

δz

4jκ

(
Fx +

νxx

2

)][
1 +

δz

4jκ

(
Dy +

νxx

2

)]
Ψ

K− 1
2

x

+
δz

2jκ

(
T

K− 1
2

xy − V K
xy

)
. (10)

The approximation error introduced by this factorization is
O(δz2); hence, the overall numerical accuracy is not affected.
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Fig. 1. Magnetooptic rib waveguide.

Applying a Douglas–Rachford-type splitting [13] in the
equation above, one obtains[

1 − δz

4jκ

(
Fx +

νxx

2

)]
Θ

K+ 1
2

x

=
[
1 +

δz

4jκ

(
Fx +

νxx

2

)
+

δz
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(
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2

)]
Ψ
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2

x

+
δz

2jκ

(
T
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)
(11a)

[
1 − δz

4jκ

(
Dy +

νxx

2

)]
Ψ

K+ 1
2

x

= Θ
K+ 1

2
x − δz

4jκ

(
Dy +

νxx

2

)
Ψ

K− 1
2

x . (11b)

The transversal discretization of (11) results in two tridiago-
nal systems of equations, which are solved at each propagation
step. The electric permittivity in the CQO nonlinear media is
assumed to have the following electric field dependence (Kerr-
type medium with saturation):

ε = εL + α2|E|2 − α4|E|4

where |E| =
√

|ΨK+(1/2)
x |

2
+ |ΨK−1

y |2 + |EK−1
z |2.

The (EK−1
z ) component is not represented here in slow enve-

lope form, since it can be directly obtained via Gauss’ law (5).
In order to incorporate nonlinear materials such as the one
above, an iterative procedure is included to ensure a conver-
gence between the local permittivity and the local electric field.
In this case, (11) is solved iteratively until the following condi-
tion is satisfied:

Max




∣∣∣ΨK+ 1
2

x − Ψ̃
K+ 1

2
x

∣∣∣∣∣∣ΨK+ 1
2

x

∣∣∣

< δtol

where Ψ̃
K+(1/2)
x is the previous guess for the transversal field

distribution and the right-hand side is the required tolerance.
An analogous procedure, including also the iterative scheme,

is used to expand and solve (9). A transparent boundary condi-
tion is implemented at the edges of the computational domain,
in order to suppress unwanted reflections [14].

Fig. 2. Normalized intensity evolution of the transverse field components
along the z axis of the magnetooptic waveguide.

III. NUMERICAL RESULTS

A. Magnetooptic Rib Waveguide

The validation of the present approach is first carried out
for the magnetooptic rib waveguide depicted in Fig. 1. This
structure was originally designed to operate as an isolator based
upon Faraday rotation [15], [16]. The waveguide layer is made
of bismuth yttrium iron garnet (Bi-YIG) with thickness t1 =
3.1 µm. On top of it, there is a rib of width w = 8 µm and
height h = 0.5 µm. The buffer layer is also made of Bi-YIG,
with thickness t2 = 3.4 µm. The substrate is made of gadolin-
ium gallium garnet (GGG) with εSR = (1.94)2. For the Bi-YIG
layers, the relative permittivity tensor is given by εxx =
εzz = (2.19 − ∆g)2, εyy = (2.19)2 for the waveguiding layer,
and εxx = εzz = (2.18 − ∆g)2, εyy = (2.18)2 for the buffer
layer. The parameter ∆g is a geometrical birefringence factor
adjusted to compensate for the linear birefringence caused
by compressive strain, assumed here to be ∆g = 2.2 × 10−4

[15]. The two off-diagonal terms result from the magneto-
static field (HDC) applied along the propagation direction
z. The discretization step sizes are δx = δy = 0.1 µm and
δz = 0.2 µm. The total transversal lengths of the computa-
tional window is Lx = 80 µm and Ly = 13 µm. The mag-
netooptic constant δ is associated with the Faraday rotation
angle (ΘF) and the refractive index of the magnetooptic
medium (n) as δ = nλΘF/π, where ΘF = 133◦/cm and λ =
1.485 µm [16]. The Faraday rotation effect is responsible
for a periodic power transfer between the transverse com-
ponents Ex and Ey . The structure is excited at z = 0, hav-
ing transverse component along the x direction only, i.e.,
Ey = 0. The subsequent energy-transfer mechanism between
the transverse components can be observed in Fig. 2. Maxi-
mum power transfer to the y component is observed to occur
around 6800 µm. In practice, the nonreciprocal nature of this
device can be explored by setting the length of the device
at around 3400 µm, so that a 45◦ rotation is achieved at
the out put port [16]. In this manner, if a reflection occurs at the
output port, the reflected field will complete a 90◦ rotation at the
input port, which can then be blocked with a polarizer without
affecting the input field.
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Fig. 3. Collision with the bottom nonlinear/air interface [12].

TABLE I
PHYSICAL, GEOMETRICAL, AND COMPUTATIONAL PARAMETERS

UTILIZED IN THE SIMULATIONS

B. Collision With a CQO Nonlinear-Linear Media Interface

Numerical results obtained by Michinel et al. [12] have
shown that propagation of high power laser beams and pulses
through CQO media may reach condensed states whose phys-
ical behavior resembles that of liquid droplets. This effect was
first observed in [12] by launching pulses with super-Gaussian
field profile into the bulk nonlinear material and studying their
collision with linear dielectric (air) interfaces (Fig. 3). The
analysis in [12] was carried out via the generalized nonlinear
Schroedinger equation instead. This experiment is reproduced
in this section using the present BPM for validation purposes.
In the next sections, we use the present BPM to investigate
phenomena not previously explored in such media. All the
parameters utilized in this simulation are listed in Table I. The
input super-Gaussian profile for the Ex component is obtained
according to the following equation:

Ex = A0 exp

[
−1

2

(
∆r

σr

)2m
]

where ∆r2 = ∆x2 + ∆y2, ∆x = (x − x0), and ∆y =
(y − y0), x0 and y0 indicate the center of the super-Gaussian,
m controls the variation of the edge profile (m = 1 corresponds
to the usual Gaussian profile), and σr is the effective radius of
the super-Gaussian profile. The Ey component is set to zero
at z = 0, while the Ez component is obtained via Gauss’ law.
The following particular parameters are utilized to define
the super-Gaussian profile: A0 = 184 MV/m, m = 3, and
σr = 12.5 µm. The beam-propagation angle with respect to the
z axis is assumed here as 2◦, since no information regarding
this parameter is provided in [12].

The results obtained in this simulation are shown in Fig. 4
for the principal field component Ex. This figure reproduces

Fig. 4. Collision of a high-power beam with the air interface. The propagation
angle is 2◦. Only the Ex (dominant component) evolution is shown here.

the same striking effects observed in [12], where a beam of
light hitting a dielectric interface resembles the effect of a
liquid droplet colliding with a solid surface, producing smaller
droplets as a result. The Ex/Ey and Ex/Ez ratios at z =
4000 µm are 520.59 and 31.89, respectively.

C. Collision Between Two Optical Beams in CQO Media

The results shown in Fig. 5 illustrate the effect of a collision
between two in-phase optical beams at grazing angles in the
bulk 3-D nonlinear material. The angle between each of these
two beams and the horizontal plane is 3◦. This type of collision
can produce some very interesting effects, such as energy
exchange, fusion, annihilation, or even the birth of new light
droplets (solitons) [17], [18]. Soliton collision can be classified
as: 1) elastic, when there is little (or no) loss of energy or change
of shape; 2) quasi-elastic, when they separate after the collision,
emerging with smaller amplitudes; and 3) inelastic, when they
separate after the collision with a consequent loss of energy
[19], [20]. A soliton collision is said to be inelastic when some
radiation is emitted. The inelastic behavior observed for this
collision is due to the nonintegrability of the 3-D nonlinear
Helmholtz equation. Most of the effects mentioned above can
be observed in the simulation depicted in Fig. 5. After the
collision, both solitons experience a process of fusion and a
consequent loss of energy. Finally, the whole process comes to
an end with the birth of a new soliton, as first predicted in [21].
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Fig. 5. Collision between two in-phase optical beams. Only the Ex (dominant
component) evolution is shown in this figure. The angle between the beams
and the horizontal plain is 3◦. This collision gives rise to new solitons, as first
predicted by [19].

The Ex/Ey and Ex/Ez ratios at z = 5400 µm are 444.88 and
34.76, respectively.

Another intriguing effect is the collision of two out-of-phase
optical droplets. The angle between both beams and the hori-
zontal plain is also 3◦. In contrast with the previous case, out-
of-phase solitons repel each other as a result of the destructive
interference that creates a minimum in the refractive index in
the region between them [22]. The numerical results shown
in Fig. 6 indicate that the collision between two out-of-phase
optical beams not only exhibits the expected repelling char-
acteristics, but also the birth of four new solitons. This birth
of new solitons was not observed when angles smaller than
1◦ were considered. The Ex/Ey and Ex/Ez ratios at z =
2200 µm are 374.31 and 35.37, respectively.

D. Propagation Through a 3-D Metallic Slit in CQO Media

The parameters utilized in this simulation are listed in
Table I. The 3-D metallic slit is made of gold (refractive
index 0.448-j8.95), having width w = 2.5 µm, height h =
30 µm, and thickness t = 1 µm. The slit is located within
the CQO media and 500 µm away from the excitation point
as depicted in Fig. 7. At z = 0 µm, the Ey component is
assumed as zero amplitude while the Ex component is assumed
as a super-Gaussian profile with 184 MV/m amplitude and

Fig. 6. Collision between two out-of-phase optical beams. Only the Ex

(dominant component) evolution is shown in this figure. The angle between
the beams and the horizontal plain is 3◦. The out-of-phase condition causes the
beams to repel each other.

σr = 12.5 µm. The Ez component is obtained via Gauss’ law.
Nonlinear self-focusing counteracts diffraction, causing the
field to become stable again and return to a super-Gaussian
profile. This behavior is clearly observed in Fig. 8 for the
dominant field component (Ex), where surface tension prevents
the field profile from returning to a gaslike regime at this power
density. At z = 1050 µm, the light profile clearly shows a
tendency to split into two separate channels, which is later
confirmed at z = 1300 µm following liquid regime dynamics.
The channels created by these profiles behave like two identical
waveguides and therefore satisfy phase-matching conditions.
Consequently, the channels coalesce once again into a single
light profile as shown at z = 4000 µm. At this propagation
distance, the Ex/Ey and Ex/Ez ratios are 1862.40 and 41.67,
respectively.

IV. CONCLUSION

This paper has introduced an improved 3-D full-vectorial
finite-difference method that was successfully applied to the
analysis of a (nonreciprocal) magnetooptic rib waveguide and
a bulk nonlinear cubic–quintic material. The formalism is ca-
pable of handling any combination of linear, nonlinear, and
magnetooptic media simultaneously. It combines the ADI tech-
nique with a leapfrog longitudinal discretization scheme. The
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Fig. 7. Slit geometry considered in the simulations. Left, 3-D view of the
bulk nonlinear medium with the slit located at z = 500 µm and right, top view
emphasizing the slit parameters.

Fig. 8. High-power beam propagation through a metallic slit. Only the Ex

(dominant component) evolution is shown here.

resulting method proved to be computationally efficient and
numerically stable. It was observed that the propagation of high
optical-power density beams is more conveniently investigated
by means of a full-vectorial formalism. Nonreciprocal phenom-
ena in magnetooptic rib waveguides and a number of striking
phenomena from optical pulse propagation in cubic–quintic
media (exhibiting dynamic evolution resembling very closely
that of liquid droplets) were investigated.

The next step with this work is to further explore the present
BPM formalism to investigate the nonlinear effects identified
above in the presence of nonreciprocal structures. We expect

that the combination of CQO media effects and nonreciprocal
effects in the same device will provide unique capabilities that
can be exploited in future optical computing systems.
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