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Abstract—The focus of this paper is a convergence study of One of the main issues in vector quantizer designs is the
the frequency sensitive competitive learning (FSCL) algorithm.  gpility of the algorithms to generate a codebook that is as near-
We appr(:jxima_tg tgebfinal Ehﬁze Ofp::S(k:L Iear?ing bSy ?f.d.iﬁ”tSiond optimal as possible in a reasonable amount of time. Simple

rocess describe a Fokker—Plank equation. Sufficient an . ) : ) .
Eecessary conditionsy are presented for tqhe convergence of theCL is @ stgchastlc.gradlent descent algquthm; like t_h‘_':' batch
diffusion process to a local equilibrium. The analysis parallels LBG algorithm [9] it may become stuck in a local minimum
that by Ritter and Schulten for Kohonen’s self-organizing map of the total distortion function, although it has some ability
(SOM). We show that the convergence conditions involve only to escape local minima because of its stochastic nature. The

the learning rate and that they are the same as the conditions
for weak convergence described previously. Our analysis thus strongest type of convergence for CL has been shown for the

broadens the class of algorithms that have been shown to have€a@se of sufficiently sparse patterns in [4], otherwise, sufficient

these types of convergence characteristics. and necessary conditions for convergence with probability one
Index Terms—Diffusion processes, Fokker—Plank equations, to a Ipcal minimum are the corresponding condltlo_n_s of the
neural networks, learning systems, vector quantization. Robbins—Monro process [12]. More relaxed conditions are

required for weak convergence to a local minimum [8].
The convergence of the SOM algorithm has been analyzed
by Ritter and Schulten [11] under the assumption that the state
HE frequency sensitive competitive learning (FSCL) isf the algorithm is close to some local equilibrium and in the
a conscience type competitive learning algorithm develmit of small learning rate. Ritter and Schulten analyzed a
oped by Ahaltet al [1] to overcome problems associatedrokker—Plank equation (FPE) describing SOM’s and found
with the simple competitive learning (CL) and Kohonen'siecessary and sufficient conditions that make the mean and
self-organizing feature maps (SOM’s) in vector quantizatiorariance of the state deviation from equilibrium vanish. Their
applications. conditions correspond to the weak convergence conditions
The FSCL algorithm is a modification of simple CL inpresented in [8]. Cottrell and Fort [2] analyzed a similar
which units are penalized in proportion to some functioprocess, although restricted to a uniform input data probability
of the frequency of winning, so that eventually all unitglensity function and data spaces of dimension one and two,
participate in the quantization of the data space as refgrmulated as a Robbins—Monro recursion—thus arriving at
resentative vectors of a data cell of nonzero probabilitthe conditions in [12].
This frequency-sensitive conscience mechanism overcomesn this paper, we study the final phase of the FSCL algorithm
the codeword underutilization problem of simple CL [4], [13]learning. We assume that both the time index and the learning
The SOM algorithm [6], [7], also successfully solves the abovgte are small and we follow the same analysis as described
problem, however, it appears less suitable for some veciar[11] deriving the FPE that approximates the evolution of
gquantization applications for the following reasons. First, singge process. From the analysis point of view, this work should
SOM was developed to establish feature maps, an esserfi@lconsidered as an extension of Ritter and Schulten’s work
feature of the SOM algorithm is the definition of a topology11] to a different class of learning algorithms. The results
on the set of codewords, which is a difficult problem foghoy that in the limit of large time, i.e., for the final learning
high-dimensional data spaces. Second, the required updatgse only conditions on the learning rate must be imposed to
several codewords at each iteration makes the algorithm mg@yrantee the convergence of the diffusion process to a local
computationally intensive than CL and FSCL. equilibrium. This result supports the use of the FSCL algorithm
in applications, e.g., video and speech encoding, in which
accurate representation, computation, and underutilization all
X h{'gg;iscript received June 1, 1994; revised September 16, 1996 and Apfilist be managed simultaneously in an on-line coding process.
‘AS. Galanopoulos was with the Department of Electrical Engineering, TheA global convergence analysis, not restricted to the neigh-
Ohio State University, Columbus, OH 43210 USA. He is now with Northerborhood of some local equilibrium, would certainly involve
Telecom, Richardson, TX 75082 USA. _all the algorithm parameters and not just the learning rate.
E R. L. Moses and S._C. Ahalt are with the Department of EIECtrIC‘?INe are unaware of any global convergence analysis for self
ngineering, The Ohio State University, Columbus, OH 43210 USA.
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algorithm that has been proved to converge to the global mivhere we denote byAl(s) the set of possible previous
imum of the distortion function is simulated annealing (SAhputs given previous winnes and present state. The
[5], [10], and heuristic combinations of SA with previouslytransformatioril(c’, v, ) denotes the state at timie-1 given
mentioned algorithms have been used to cope with the vehe states’ and inputv at timet. Thus
large computational requirements of SA [14].

N

Il. FSCL ALGORITHM 5*(0-7 t+1)= Z / dv/ AN (d+1) o
In FSCL, a network ofN units or codewords is trained s=1 7 AL() / .
by a set of input data vectors. The data vecterdelong 6[o = T(o’, v, )| P(v)S(d’, 1).

to a d-dimensional space and their distribution is described

by a probability density functio?(v). The units have asso- Every term in the above sum is conditional upon the
ciated positions{w;(¢)}Y, in the d-dimensional space andwinner at timet. Given the winners at time ¢, the inverse
associated update frequencigs;(¢)};L,, where the update transformatioril’; (o, v, t) uniquely defines the state at time
frequencies are defined &s = c;(t)/t with the (count)c;(t) + from the states(¢ + 1) and the inputv(t); every unitr is
being the number of times that unithas been updated uptransformed as

to time ¢. Clearly, )", f;(t) = 1. The time indext takes on

integer values. y €(t) y s
At time ¢, an input data vectow(t) is presented to the - B wi(t) + 1— () [w:(t) = V16
network and a winning unit is selected as the one that [Ts (7 V> Bl = t4+1 1
minimizes the product of &irness function’, which is an 5 fr(t) = n brs
increasing function of the update frequency, times the distance
(distortion measure) from the input data vector, as To express the right-hand side in termsoofinstead ofo”,
we integrate with respect t@
winner s = ArgMin { F[f;(£)]||w:(t) — v(®)[}. (1)
N r
- : L . ARG |
The winning unit's position is updated as S(o, t+1) = Z / dv/ —TFT
s=1 Aé(a) -
do’
wy(t+ 1) =wy(t) + e(t)|v(t) — wy(t (2) .
ey (0 AN ) -blo = T(o', v, Y)PV)S[T o, v, 1), 1]
where ¢(t) is the learning rate, and the winning unit count N 1 N
cs(t) is incremented by one. All other units keep the same = Z /A1 dv —aT'P(V)S[Ts (0, v, 1), 1].
counts and positions. s=1 7 45(7) 357

lll. DIFFUSION APPROXIMATION The matrixdT/do’ is of dimensionsV(d+1) x N(d+1).

The FSCL network can be described as a Markov procegssumings is the winner, the update rule for the state of unit

with states(¢) defined as ris
s = [@® - wa() Wi (1) + e(HV(t) = W ()] 6o
W=ty - ne ] T, = P ]
f7(t)t—|-—1 H—lésr

The analysis of FSCL convergence parallels the analysis of
the SOM algorithm by Ritter and Schulten in [11]. We considelrhe Jacobia
an ensemble of networks whose states at tirage distributed
according to a density functiod(o, t) defined over the set

noT/do’| is independent of the winner

—1
of all possible network states. This density function obeys the J(e) A < 9T )
Chapman-Kolmogoroff equation do’
§ N(d+1) 1 / Gr 1 t+1 N —d
S(a,t+1):/d W6’ Q(o, o', 1)S(d, 1) =\ [1—e®)]
where Q(o, ¢/, t) is the transition probability from state’ and N
to o expressed as S(o,t+1) = J(e) Z / dvP(v)S[T; (o, v, t), t].
s=1 v ALo)
Qo. o', 1) = [ dvslo — T, v. HIP(Y) 1
N In the above expression only the volumé(s) depends on
= Z / dvéloc — T(o', v, )| P(v) the winner selection rule and the fairness function in particular.
s=1 7 A5(9) Our goal is to derive a linear FPE that approximates the
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evolution of the process. We expanf{e) and S‘(T;l, t) In d-dimensions we would roughly approximate
keeping only derivatives up to second order (FPE neglects
higher order derivatives) and of these only the leading order

in e ~ [1 + QST(t)} ’ -volume [A%(o)]

volume[AL(o)]

S(o, t+1)

N

= (1+ed) Z /M )va(v)S*(a, £)

+Z/ dvP(v

~ [ 6(;)d + 2;;‘[(0} volume [A%(c)].

The important conclusion is that the difference between the
volumes of Al(c) and A%(s) is of the order of the learning
ratee(t) and of1/¢, and it can be neglected in our expansion

4 m=1 where we keep only the leading-order terms. Consequently,
(Wom — Vi) 95(a, ) the following analysis is valid foany fairness function that
OWsm preserves this close relation betwedh(s) and A(c). The
N . 1 difference between the first moments df (o) and A%(«)
+(1+ed) ) /1 dvP(v) <—;> would be even smaller (if the two volumes have similar
s=174 (f) r=1 shapes) while the difference between the second moments is
5 Flt+1)] d5(a, 1) slightly larger (they would roughly relate through a factor of
R of, [1 4+ as(t)/2]42 instead of[1 + «,(t)/2]9).
N d d Assume that the system is close to the equilibrium state
+ ¢ Z / dvP(v)$ > > We express (3) in terms of the deviatigrfrom &
Al(o) m=1 n=1
1 925(o, 1) y=ome
1 =2 (Wsm - Vm)(wsn - Vn) . ol _ |:u1 (t) T uN(t)
(1 6) awsnlawsn — .’L’l(t) .’L’N(t) .

N
€

- = dvP(v)
t ; /A§<o>

1 9%5(0,t)
’ 1——6 (Wsrn - Vrn)[érs - f1(t + )] m

L1t al
z IR >

Let S(y, t) 2 S(o,
and 1/t, we obtain the FPE

aS(y, t —ersa

sm

+52 gy lSTo 0)

[wsmS(y, )]

S’nl

r=1 r'=1
d%5(o,t) 2 2
: [61‘5 - fr(t + 1)][61"5 - fr’ (t + 1)] A (3) < D T 78 S(y’t)
af?’afr’ + 2 Z smn (0) ausnlausn
where J(e) ~ (1 + ed) for larget. s 929
Let A%(o) be the set of inputs that makethe winning unit Z Fo(brr — M
t2 2 8 P OL

when the network is at state The setsd?(o) cover the whole -
space without overlapping. In contrast, the sé}$c) may, in
general, overlap, i.e., given present statghere are inputs

such that two (or more) possible previous statgando; exist fa= / dvP(v)
for which T(o;, v, t) = ¢ andT(s;, v, t) = o. Furthermore, A(@)

the setsAl(s) do not necessarily cover the whole space. As

a result of the fairness function weighting, the regiotf§«)

and Al(c) are not separated by hyperplanes but by highgng
order surfaces, even if the Euclidean distance is used as the _ 1

distortion measure. Assuming a fairness function of the form Vem = 7. /AO(E) AvP(V)Vin.

F(f) = f#, whereg is a positive parameter, we could write

the following approximation for the case of one-dimensiondV¢ make the notation more compact by defining
data, i.e..d = 1

where

Dsnln(g) = / dVP(V) (Vrnvn - Vsrnvsn)
A%(@)

Us d4+1 =Ts

ef, form=1,2,---.d
Bsrn(t) = 1

volume[AL(o)] ~ [1 + OCST(t)} -volume [A%()]
- form=d+1,
t

where
1 18 2D () for r =+ = s and
L) == ]| 1+ s m<dn<d
) Armrrn(t) = 7 (6ppr — f) form=n=d+1
~1—e(t) + y g2 /A T
tfs(t) 0 otherwise.

t). Keeping only the leading terms in
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Thus, we obtain the following linear FPE with time-Thus, the necessary and sufficient conditions for the mean and

dependent coefficients

g
0:S(y, t) = > Bum(t) S (WomS)
1 )
tg 2 MmO g

sms’'n

Assuming a given value of this process at time the mean

(-)+ at timet is given as

en)e = e[ <7. [ ety taam,

to

form=1,2,--,d

t
(s, d1)e I?O (U5, dt1)t0-

Necessary and sufficient condition for this mean value

vanish ast — oo is

/t:o e(r)dr = o0.

The covariances
A
Zsrns’n = <<usrnus’n>>
= <usrnus’n> - <usrn> <u5’n>

obey the differential equation

atZsrns’n = _Bsrn(t)Zsrns’n - Bs’n(t)Zsrns’n + Asnls’n(t)

with solution

t
ZsrnS’TL(t) :Y;m(t){zsms% (tO) + / Y;;zl (T)

to

“Damsin (T)Y;’_ri (T) dr }YS’n (t)

where
<usrn>t

A
Yam(8) = (W)t

The covariance matri¥ vanishes, ag — oo, if equivalently

covariance to converge to zero are

e(t) — 0, and /00 e(T) dr = 0. 4)

These conditions are of the same type as those encountered
in [8] to guarantee weak convergence of stochastic approxi-
mation processes. The similarity is not surprising since weak
convergence is similar to convergence in distribution and
in our analysis we demand that the mean and variance of
deviations from the equilibrium vanish.

We also note that the final phase of FSCL learning imposes
conditions only on the learning rate and not on the fairness
function. As discussed earlier in the analysis, the same results
are obtained for any reasonable choice of the fairness function.
tthe exact form of the fairness function affects the global
behavior of the algorithm, its ability to approach the global
minimum of the total distortion measure and it also determines
the set of possible equilibrium states of the algorithm. The
effect of the fairness function on the equilibrium codeword
distribution has been studied in [3].

IV. CONCLUSION

Our conclusion is that, by selecting learning rates that offer
sufficient excitation, one expects, regardless of the specific
fairness function, to converge to a solution that is locally opti-
mal. The fairness function can then be independently selected,
e.g., to yield a desired codeword distribution [3]. Thus, this
result supports the use of FSCL clustering for applications such
as VQ codebook design, unsupervised clustering for mixture
density analysis, and design of radial basis funcsions.
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