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A Recursive Procedure for ARMA Modeling

RANDOLPH L. MOSES, JAMES A. CADZOW, SENIOR MEMBER, IEEE, AND A. A. (LOUIS) BEEX

Abstract—This paper presents a two-part fast recursive algorithm for
ARMA modeling. The algorithm first obtains estimates of the p
autoregressive coefficients from a set of p extended Yule-Walker
equations. An exact recursive lattice algorithm for this estimator is then
derived. The g + 1 numerator spectrum coefficients are then obtained by
using one of the output data sequences of this lattice algorithm. The
complete recursive algorithm is fast in the semse that O(p + ¢g)
computations are required for each update. Moreover, an exponential
forgetting factor is incorporated to facilitate tracking of time variations in
the time series.

1. INTRODUCTION

HERE are many applications in which it is desired to

estimate the essential attributes from observations of a
zero-mean, complex-valued wide sense stationary time series
{x(n)}. This characterization is often adequately revealed
through knowledge of its autocorrelation function

r(n)=E{x(n+mx*(m)} n=0, +1, +2, --+ (1)

in which £ and = denote the operations of expectation and
complex conjugation, respectively. The requisite characteriza-
tion may also be made in the frequency domain through the
power spectral density function

@

Sy(ely= 3, rmyeion, ()

n=—oo

Frequently, this second-order statistical characterization pro-
vides all the information required for a given application (e.g.,
optimal Wiener filtering, one-step prediction, etc.).

A variety of parametric procedures have been proposed for
estimating the power spectral density function from a finite set
of data observations [2]-[10]. Considerable work has recently
been focused on the autoregressive moving average (ARMA)
model of order (p, ¢), where it is assumed that {x(n)} satisfies

x(n)+ i ax(n—1i)= i bew(n—k) 3)
i=0 k=0

and where {w(n)} is zero-mean, unit variance white noise.
The corresponding power spectral density function is given by

|bo+bie e+ - - + bge/*2 |B(e/)[?
[1+ae 7o+ +a,e P2 [A(e/*)|?

Sx(ejw) = ©)
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in which the @, and b, are referred to as the autoregressive
(AR) and moving average (MA) coefficients, respectively.
The power spectral density function may also be written as

Seiy =S € (52)
(e/0) = —--—— a
|A(e)|?
where
C(2) 2B()B*(1/z%)
=C_ g2 9+ ez etz +czd. (5b)

We shall refer to the ¢, coefficients as the numerator spectral
(NS) coefficients. It is well known that any continuous spectral
density can be approximated arbitrarily closely by this rational
form if the order pair (p, q) is selected adequately large [1].
Thus, by imposing a rational form on the spectral model, we
incur no real loss in spectral representation.

The problem of ARMA spectral estimation is concerned
with estimating the coefficients of the power spectral density
model in either (4) or (5) from a finite data record, say x(1),
x(2), *+, x(N). Most ARMA spectral estimation procedures
available are block-processing algorithms; that is, they operate
on the block of N data points to obtain a spectral estimate in a
single computational effort. However, in many applications
one desires to update the estimated coefficients of an ARMA
spectral model as each new data point becomes available.
Examples include radar and sonar signal processing, and
applications involving nonstationary data where the coeffi-
cients should track changing signal characteristics (in nonsta-
tionary environments these coefficients no longer have the
interpretation of being power spectral density coefficients for a
stationary time series). For these types of applications a
recursive coefficient estimation procedure is more suitable
than a block processing one.

The growing interest in recursive algorithms has been met
with the development of so-called fast recursive lattice
algorithms. Many of these algorithms are based on the
autoregressive (AR) model, which is the special case of (2)
with ¢ = 0 there [11]-[14]. ARMA algorithms have also been
derived in the context of two-dimensional AR models [15],
[21], [22]. However, these methiods assume knowledge of the
driving white noise process {w(k)}, or they must estimate it
by some sort of bootstrapping procedure.

In this paper we present an alternative recursive procedure
for ARMA spectral estimation. This procedure is composed of
two parts. First, the autoregressive coefficients are estimated
by using a fast recursive lattice algorithm. Then, a forward
prediction error sequence generated by this lattice algorithm is
used to recursively compute numerator spectrum coefficient
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estimates. This recursive procedure is fast in the sense that
only O(p + g) computations per time update are required.

The outline of the paper is as follows. In Section II we
derive a block processing estimator for the AR coefficients of
an ARMA model. Section III develops a fast recursive lattice
implementation of the latter AR coefficient estimator. A
recursive numerator spectrum estimator is given in Section IV.
Section V presents some numerical examples and Section VI
concludes the paper.

II. Brock ProcessiNG AR CoEFFICIENT ESTIMATION

This section develops a computationally efficient block
processing procedure for estimating the AR coefficients in an
ARMA (p, @) model from the N data observations x(1), - - -,
x(N). This procedure is based on the so-called extended Yule-
Walker equations defined by multiplying both sides of (1) by
x*(n — m) and taking the expected value to give

S ar(m-K=—r(m), m>q. ©

It is important to note that the parameter m is restricted to
exceed the numerator order ¢. (The Yule-Walker equations
involve the moving average coefficients b, in a nonlinear
manner for 0 < m =< g).

A straightforward procedure for obtaining AR coefficient
estimates can be found by expressing the first “‘p’’ Yule-
Walker equations as a set of linear equations

7)) r(g—1)
rig+1) ()]
r{g+p—1) r{g+p—2)
or X
Ra=—r. (7b)

If exact autocorrelations are given, (7b) can be used to solve
for the AR coefficient vector a. In practice however, it is
necessary to compute appropriate autocorrelation estimates
from the given set of time series observations. The estimates
considered here are prewindow estimates, defined by the (n —
g) X 1 vectors x, and y, and the (n — g) X m matrices X, ,
and Y, ,

X,=[x(g+1) x(g+2) - x(n)]” (8a)

W=Ig+1) y(@+2) -+ y(m)]T (8b)

x(g+1) 0 .
x(g+2) x(g+1)

x(g+1)

| x(N-1) | x(N-2) X(N-p) |

(8c)

[SxN Ssz e prN]
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0 0 o
y@@+1) 0 .
y(g+2) y@+1)
Yp,N = * * 0
. . y@+1)
Ly(N -1) YIN-2) YWN=p)|
=[Syn Sy - 8Pyl (8d)

where y(k) = x(k — ¢), and where the shift operator S is
defined by

Sx,=[0 x(g+1) - x(n—1)]7. C)
The autocorrelation matrix and vector in expression (7) are
then estimated by

Ry=YonXyn (10a)

rn= Yo Xy (10b)

where H is the Hermitian operator. The effect of the zeros in
(8c) and (8d) is to bias the autocorrelation estimates that make
up Ry and ry. Specific formulas for this bias can be found in
[51, [16]. These biases are proportional to the fraction of data
points set to zero and therefore vanish as N — oo. Heuristi-
cally, we expect the biases in Ry and #x to cause a bias in ay,,,
and for this reason find it undesirable. On the other hand, these

r{g—p+1) @ r{g+1)

r{g—p+2) a r{qg+2)
. = - (7a)

r{q) a, r{g+p)

padding zeros facilitate a corresponding decrease in the
number of computations needed to solve for the AR coefficient
estimates.

If R and 7 in (7) are replaced by Ry and ry, the
corresponding AR coefficient vector estimate is

apn=—[Rn]"'ry (11a)

= — [ YN X, N Y . (11b)

It can be shown [23] that if {x(k)} is an ergodic ARMA (p,,
q.) process, p, < p and g, = ¢, and {w(k)} is an
independent, identically distributed sequence with finite fourth
moments, then a, » in (11) is an asymptotically unbiased and
consistent estimate of @ in (7). In fact, /Nla — a,n] is
asymptotically normally distributed [23].

Equation (11) also exhibits some attractive computational
features. First, the p X p matrix YZNX »n has displacement
rank 3 (see [17], [18]), so (11) may be solved using only
O(3p? computations, as compared with O(p3) computations
needed by conventional solution techniques. For large values
of p, the computational savings can be significant. A second
attractive feature is that equation (11) may be solved recur-
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sively (requiring O(p) computations per update) via the
algorithm discussed in the next section.

Note that when ¢ = 0, the estimator in (11) reduces to the
prewindow AR model coefficient estimator in [13], [19].

HI. TeE FasT RECURSIVE ALGORITHM

In this section we introduce a computationally fast recursive
implementation of the procedure discussed in the previous
section. This recursive method facilitates continual updating of
the AR coefficient estimates as new data points become
available. Thus at every time interval this method yields the
same AR coefficients as those obtained by solving the system
of equations (11). Moreover, the recursive method provides
AR coefficient estimates for all model orders from 1 to p.

The recursive algorithm is based on updating elements of
prediction error vectors. Equation (11) can be written

Yo S on=0 (12)

where the (n — ¢) X 1 vector f,,, is the so-called forward
prediction error vector defined by

ffn,n =X+ Xm,nam,n- (13)
Note that the kth element of f;,,, (fork=q + m)is
Sina()=X(k) + 3 @ n(x(k — 1) 14

i=1

which can be thought of as the error resulting from a
prediction of x(k) by a linear combination of the m previous
data x(k — 1), x(k — 2), -+, x(k — m). To reinforce this
prediction error interpretation, consider the mth order esti-
mate of the vector x,, as being

»xAm,nz —Xm,nam,n (15)
which in turn generates the forward prediction error vector
) f\:n,n=xn _fm,n' (16)

Upon substitution of expression (11) into (16), the estimate
vector is given by

Enn=Xonl Vi K] T YE

= PxyXp, a7

and the corresponding forward prediction error becomes

H
fi(n,n = {I— Xm,n[ Ym,nXm,n] -1 anl,n}xn
=PYyX,. (18)

We have used here the compact (n — g) X (n — @) matrix
product representations

Pxy=Xmnl YonXomnl 1 Yoo (192)

PfYY=I—ny. (19b)

Alternatively, the AR coefficient vector estimate a,,, in
" (11) can be associated with an auxiliary minimization problem
involving the prediction error vector. Namely, this estimate
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minimizes the quadratic functional

&@mn) =1 mad W fmnl

where Wis the (n — q) X (n — q) positive semidefinite
matrix

20)

W=Yu, Yo, Q1)

We can also define the mth order backward prediction error
vector for x, by

bfn,n—1=Sm+len+Xm,ndm,n- (22)

The subscript n — 1 is used to indicate that observed data only
through time n — 1 appears in equation (22). It can be seen
that the kth row of (22) represents a prediction of x(k — m —
1) by a linear combination of the m most immediate future
values x(k — m), -+, x(k — 1). The resulting error in this
backward prediction is bf,,,,,_l(k). Proceeding in a manner
similar to that for the forward prediction error vector, the d,, ,
vector is given by

A=~ [ Yo p Xl 1Y [S7410,]. (23)
The vector estimate of $™*1x,, is specified by
Sk = = X ol = PrcrAS™* 1x,) 24)

and the corresponding backward prediction error vector is
Binp-1=P% (S"1x,) (25)

where Pxy and Pfyy are given by ('19). Alternatively, the @, ,
vector is the one that minimizes the quadratic functional
g(am,n) = [bfn,n -1] HW[bfn,n— 1l

where W is defined in (21).
Prediction error vectors corresponding to the y, vector can
be defined similarly by

(26)

H H
{n,n =Yn— Ym,n[Xm,n Ym,n] B le,nyn

= Pl @
and the mth order backward prediction error then is »
Brn 1 =[S 9] = Youl Xg Yo " X [ S 131
=Pyx(S"*1y,). (28)

We can gain more insight about the four prediction error
vectors through a geometric interpretation. Consider the (n —
g)-dimensional Hilbert space H = {C"~9, (x, y) = y"x}.
Note that the vectors x,,, S™x,,, ¥, and S™y, and the columns
of X, and Y, , are all elements of H. The span of the
columns of X, , is a subspace of H which we denote by M.
Similarly, My is the subspace spanned by the m columns of
Yin-

Let us now consider the forward prediction of x,,. From (17)
we see that the X, , is formed by operating on x,, by the matrix
Pxy. Pxyis a linear operator that maps elements of  onto the
subspace Mx. Also, it is evident from (19a) that P%(y = Pyxy,
so that Pyy is a projection operator onto the subspace Mx. Pyy
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%
Em,.n

Fig. 1. Geometric relationship between x,,, £, ., and f%, ,.

is not in general the orthogonal projection operator onto My,

but instead projects in a direction orthogonal to My. The
relationship between x,,, £,, ., and ff,,,n is depicted in Fig. 1,
and the corresponding relationships for b,,,_1, fin., and
b’,vﬂ,,,_l are similar.

- Four scalars that will appear in the recursive algorithm are
inner products of these prediction error vectors

T =B 1]”[ffn,4] =[§"+1y, 1" Pxy[x,] 29
Ton =l 011 = [P Py [S™H %] (30)
tomn= [l ZLf ] = [V 7P v[x,] 31
Omn—1 = [Bpn 11— 1] = [S™* Ly} PPy [S™* 1x,).
. (32)
In addition, a fifth scalar,
- V= les) TPsles). (33)
In (29)-(33) we used the relations
[P5y]*=Pky (342)
[Pyx]*=Psx (34b)

which follow by noting that P%y and P} are complements of
projection. operators and therefore are projection operators
themselves. '

The strategy behind the fast recursive AR estimator is to
determine £, ,(n) for m = 1,2, - - -, p and for each n. This is
accomplished by finding order update equations for this
prediction error. These update equations require that the other
prediction error vectors, as well as ¢, 7, y, w, and v, be
updated. Since all of these quantities can be defined in terms of
P%y, all necessary update equations can be obtained using a
single update formula for P%y. Such a formula is given in the
following theorem. :

Theorem 1 (Projection Operator Update Theorem): Let
A and B be n X m matrices, and @ and b be n X 1 vectors.
Define the augmented matrices C = [A:a]and D = [B:b]. If
[B7A]~! and [DHC]~! exist, then

Pip=Pjs— Ppalb¥P}za) b5 Py (33)
where Pz and P¢p are defined as in (19). The proof of this
theorem is given in Appendix A.
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It follows from (35) that for any vectors ¢ and d,

(cHPpa) (b Pypd)
(b7 P pa)

All necessary update equations may now be derived. Since
only the last elements of prediction error vectors are needed,
we will for notational convenience drop the ‘‘(71),”” and use for
example ffn,,, (without the boldface), to denote a last element
of a prediction error vector. All necessary update equations
are obtained by using A = X,,, and B = Y, , in (36) with
appropriate vectors for a, b, ¢, and d. The update equations
are given below, and Table I outlines the particular vectors a,
b, ¢, and d, used in (36) to derive them:

cHPepd = cHP pd - (36)

Srrin=Fmn—Bmn-110mn) [0 n-1] 37N .
Fsin=Fmn= 1m0 n-1]* (38)
B 1= DS s = L sl [ D] (39)
ZOTRT TR N £ L P L (40)
B+ 1,0 = Bmn — [Om [T, ) (@i n— 1] (41)
Y (| Lo 1| 42)
Tmn=Omn—1+ [ O 1L i [V, (43)
Toon= Tt + Uy (D= 11/ [Ymn) 44)
pmn= tomn -1+ Ul XL ol [ ] (45)
Omn1= Omn-2F B 1B 1/ [} (46)
Ymstn="Tmn = [ 1] (O 11/ [ n-1] 7
Y 1041=Ymn = L el *UF ) (o) 48)

The initial conditions for the updated parameters are
obtained by considering their defining equations.
From (13), (22), (27), and (28) it can be seen that

Son=bon=x(n) (492)
fon=b0,=ym)=x(n—g). (49b)

Also, since y, = 0 for n < g, it follows that
G0, =Ton=Hon=won=0 for n=gq. (50)

Moreover, fmgim and Bpg.m-1 are zero vectors since
equations (13) and (22) are not overdetermined at that point.
Since 0pmpem and 7,4., are formed by inner products
involving these vectors, it follows that

m=0,1, ---, p—1. (63))

Omg+m= Tmg+m= 0
Finally, for m = 0, we have

Yo=1. (52)

The implementation of the algorithm is summarized in Table
1I.

The recursive algorithm may be implemented using the
lattice filter shown in Fig. 2. It is seen here that the prediction
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TABLE 1
VECTORS a, b, ¢, AND d, USED IN (36) TO DERIVE THE UPDATE

EQUATIONS
Equation a b ¢ d
[€) Smtig, Sm+ly, e, X,
(38) Smix, §m*ly, P e,
(39 N . Pn e, Sm+lx,
40) X, Vn Smtly, e,
(41 §mtiy, Smtly, Y X,
(42) Xn Pn Sm+1yn Sm+1x
@3) e, e, Sy, Xy
(44) e, €, Vn S+l
(45) €, €, Yn Xy
(46) e, e, Sm+ l.Vn Sm+1y
47 S+, §mly, e, e,
(48) X, Y e, €

TABLE II

THE FAST RECURSIVE AR COEFFICIENT ESTIMATION ALGORITHM

1) Attimen = gset oy = Ty = 0,bm =0,1, -+, p - 1.
2) Set: Son="b%,=x(n)
Son=b,=y(m)=x(n—q)
You=1.

3) Set the maximum filter order: p,, = min [p, n — ¢ — 2]. For each
m=0,1, -, Poax— 1,
a) Update Oy Tmns fhmns Wy USing (43)-(46)
b) Update 0 £ tms Bres 1 Sy y g Doy, USIG (3T)-(40)
¢) Update to y,,.1,, using (47).
4) ¥ Prex < P, add a filter order:
a) Set M = Pray )
b) Update t0 0, T, Using (43), (44)
¢) Update to pm 1,25 Wm+1, USing (41), (42)
d) Update fri1n Breins Frustier Bonst,n using (37)-(40),

S) Setn = n + 1 and go to Step 2.

_____ a0

x{n)

fy fyﬂ
m,n mti.n
/_\

¥
Brn,n

Fig. 2. Lattice filter for AR coefficient estimation.
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errors are represented by signals propagating through the filter
and the filter multipliers (often called reflection coefficients or
partial correlation coefficients) are given by

Comn = Ty oy (53)
B = Omn/ Omn—1 (54)
Crn= 0%/ 5 (55)
Bomn=Thn/ 0k n 1. (56)

The conversion from reflection coefficients to autoregres-
sive coefficients proceeds as follows. Define A4,,,(z) as the
transfer function at time 7 from x(1) to £, ,, and A4, ,(z) as the
transfer function at time n from x(n) to b, ,. Then

AO,H(Z) =A‘0,n(z) = 1 .

By taking z-transforms of (37) and~(39) and by noting that
Frun@) = Ana(@) and By 1(z) = Ay q(2), we find

Am,n(z) =Am— l,n(z) +2” IBfn— l,nA’m— 1,n— l(z)
Am,n(z) =14m— l,n—l(z) +2z~ la’r\’n— l,nAm— l,n(z)-

67

(582)
(58b)

Given the o and B* coefficients, (58) can be used to
recursively compute A, ,(z) and A,, ,(z) form = 1,2, -+,
p. In this way we obtain autoregressive coefficient estimates
for all autoregressive model orders 1, 2, -+ -, p.

The number of computations required per update is of major
importance in real time applications of recursive algorithms.
From Table II it can be checked that 9p multiplies,9p divides,
and 9p adds are required to update the lattice algorithm. To
convert from reflection coefficients to AR coefficients via (58)
requires an additional p? + p adds and p? + p multiplies.

As a final note, when ¢ = 0 (i.e., when an autoregressive
model is chosen) the top and bottom halves of the filter in Fig.
2 become equivalent. If the redundancy is eliminated, this
filter degenerates to the AR lattice filter described in [13].

Exponential Weighting of Time Updates

Many applications of recursive estimation algorithms re-
quire the ability to track time variations in the estimated
coefficients. Such a tracking ability may be incorporated into
this algorithm with only a minor increase in computations
through the use of an exponential forgetting factor. In this
case, data lags k times in the past are attenuated by A* for
some 0 < A =< 1. To effect this, Ry and ry in (10) are
replaced by

Rn=Y NAX, . (592)

rv= Y uAxy (59b)

where A=diag [A?~2-! --- X 1]. It should be noted that if A
< 1, the variance of [a — a, ] no longer approaches zero as
N — o, 50 a, v is no longer a consistent estimate of a.

Only the time update recursive formulas are modified by the
addition of this exponential forgetting factor. Specifically,
(43)-(46), are changed to

Omn =N 1+ [O o (P ) Y o] (60)
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T =N 1+ ol B 1 ] (61
Hm,n = )\F"m,n— l + [f{n,n] *[f)riz,n]/['Ym,n] (62)
Wmn-1= >‘°’m,n—2 + [b;vn,n - l]*[bfn,n— 1]/[7m,n] . (63)

The modified recursive algorithm then requires 2p + 1 more
multiplies per time update with the addition of the forgetting
factor.

IV. REcUrsIVE NUMERATOR ESTIMATION

Now that a fast recursive AR coefficient estimator has been
developed, there remains the problem of recursively estimat-
ing the numerator spectral coefficients in (5). To motivate the
derivation of this estimator, define the filtered data sequence

f(n)= i ax(n—i).

i=0

(64)

From (5) and (64) it can be seen that C(e/®) is the power
spectral density function for {f(n)}, so that

ce=E{f(n+k)f*n}.

We can estimate ¢; by approximating the expectation in (65)
by a time average. Since exact AR coefficients are not known,
f(n) must also be estimated. But from (14) we see that f;,,, is an
estimate of f(n), and this estimate is already computed in the
recursive AR coefficient estimator. Thus, an estimate of ¢ is

(65)

n—k
we/ln—q—k1 S N5 il pm]®,

m=q+1
c(n) =

(66)

where N is the exponential forgetting factor. The correspond-
ing numerator power spectral density estimate is

.
Cle)="%, clme ok, (67)
k=-q :

Note that this estimator is suboptimal in the sense that f, ,
implicitly uses the AR coefficients based on m rather than n
data points. Heuristically we expect f,, , to be less accurate for
smaller m, and may, therefore, want to weight them accord-
ingly. This can be realized by using A < 1 (and possibly
different from A used in the AR parameter estimation). The
authors found that, even from stationary process realizations,
using A < 1 in (66) often provides more accurate NS
coefficient estimates than using A = 1.

The windowing function w; is incorporated to provide the
ability of ensuring that the estimated c;(n) sequence corres-
ponds to a nonnegative spectrum estimate. One possible choice
for wy is the linear tapered window [20]

_§1-ak/[g+1], —g<k=q
We= 0, - otherwise.
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If ¢ = 0, no windowing is used. If « = 1, then wy is a full
triangular window, and nonnegative numerator spectrum
estimates from (66) and (67) are guaranteed. However, when
a = 1, a rather severe bias is imposed on the numerator
spectral estimates. In many instances, « < 1 may be chosen

- such that the numerator spectral estimate is nonnegative, and

also less biased than when o« = 1 [20].
Equation (66) can be recursively updated by

cam={Mn-1-g-k)c(n—1)
+ ol fpn-i*wi}/(n— g = k).

Alternatively, &(n) £ (n — q@ — k)ci(n) can be updated
instead, leading to the simpler update formula:

G M) =A(n—1)+[f5.] W,n—/c]*Wk-

The recursive updates in (69) require ¢ + 1 adds, 4(gq + 1)
multiplies, and ¢ + 1 divides per update. If (70) is used
instead, only ¢ + 1 adds and 3(g + 1) multiplies are needed.
If A = 1 orif wy = 1, the number of multiplies decreases
accordingly. In any case, this recursive numerator algorithm
requires O(g) computations per update. '

It should be noted that one reason this numerator spectral
coefficient estimator requires so few computations per update
is that the MA coefficients are not explicitly estimated. In
order to derive MA coefficient estimates from the NS
coefficient estimates, a spectral factorization of C(e/“) must be
performed.

(69)

(70)

V. NumMericaL ExampLE

In order to provide an indication of the effectiveness of the
recursive ARMA algorithm, we present two examples. The
first example is the spectral estimation of the ARMA 4, 2)
process with

ay= 04424  py=1.
a=—0.0203 b, =0.
a;= 0.4164  b,=1.
a,= 0.8853

Autoregressive and numerator spectral coefficients were
recursively obtained using the algorithm presented herein with
P =4,qg = 2, A\ = 1in the AR parameter estimator, A =
0.96 in the NS parameter estimator, and « = 0.1. Spectral
estimates corresponding to the coefficient estimates at 100 data
point intervals are shown in Fig. 3(a). Fig. 3(b) gives similar
estimates obtained using the recursive AR estimator in [13]
with p = 18. We see that the ARMA spectral estimates are
much closer to the exact spectrum than the AR spectral
estimates. Moreover, 120 computations per update are needed
in the ARMA method, whereas 324 computations per update
are needed for the AR estimator. Other recursive ARMA
lattice algorithms [15], [21], [22] require 3 to 5 times the
number of computations per update required by this ARMA
method. ‘

The second example is concerned with tracking the instanta-
neous frequency of an FM modulated signal in noise. The time
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Spectral estimates of an ARMA (4, 2) process. (a) Recursive ARMA
(4, 2) method. (b) Recursive AR (18) method.
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Fig. 4. Frequency tracking example. (a) Estimate from ARMA lattice. (b)
Estimates from AR lattice.

series is a single sinusoid with amplitude of 3.2 embedded in
additive unit variance white noise. The recursive ARMA
algorithm with p = g = 2, and the recursive AR algorithm
with p = 2 were used to estimate the instantaneous frequency
of this sinusoid. Fig. 4 shows these estimates for A = 0.9 (the
true instantaneous frequency is also shown there). Of the two
methods, the ARMA method exhibits less bias in the fre-
quency estimates and more accurately estimates the frequency
slew rate.

VI. CONCLUSIONS

We have presented a computationally fast recursive al-
gorithm for estimating the parameters of a power spectral
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density parametrization associated with an ARMA time series
model. The autoregressive coefficient estimates are based on
the solution of a set of extended Yule-Walker equations.
These estimates are under appropriate conditions asymptoti-
cally unbiased and consistent. A recursive lattice filter
implementation of this coefficient estimator is derived which
requires O(p) computations per time update. Moreover, an
exponential forgetting factor can be implemented which
facilitates the tracking of variations in the data. The numerator
spectral coefficients are then estimated from a forward
prediction error sequence generated by the AR lattice. The
latter are updated recursively in O(g) computations, which can
also be implemented with an exponential forgetting factor.

The recursive ARMA algorithm requires about 9p + ¢
adds, 9p + 3¢ multiplies, and 9p divides per time update; a
number that compares favorably with other ARMA lattice
algorithms. In the present ARMA spectral estimator however,
moving average coefficient estimates are not obtained explic-
itly (some sort of spectral factorization must be performed to
get them). For applications in which the MA coefficients perse
are not needed, this algorithm can be both efficient and
effective. ‘

We have not yet discussed the convergence properties of the
¢, estimates. It can be shown that when N = 1, and under
conditions similar to those needed for AR coefficient conver-
gence, each ¢ (n) coefficient converges to wyc, (as n — o)
with probability 1. Asymptotic normality of ~/n[wic;, ~
¢x(n)] can also be established. Moreover, the ¢ (n) coeffi-
cients may converge faster if A < 1 is used in the NS estimator
until the AR coefficient estimates become reasonably close to
their convergence points. A paper detailing these results is
currently in preparation.

APPENDIX A
Proor or THEOREM 1

Define M, as the subspace of the Hilbert space {C7, {x, y)
= xHy} spanned by the columns of A. Similarly define Mp,
M, and M. Note that since [B¥A])~" and [DFC] ! exist,
M 4 and Mp have dimension p and M and M, have dimension
p + 1. Also define My, Mz, Mg, and Mp as the
corresponding orthogonal complements. The vector a can be
split into a component in M, and a component in M 5. This
second component along with the columns of A spans M

Mc=M, & span {Pima}=MA e M, (A1)

where
x=Pa (A2)
Analogously,
Mp=Mp & span {Ppsb}=M;y © M, (A3)
where
y=Py,b. (A4)

Since P45 maps orthogonally to Mg, P$5 maps onto Mj.
Therefore, x € M. Similarly, y € M 4. In fact, for any
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suitable matrices A and B, the projection operator P,y defines
a decomposition of the Hilbert space C” into two (not
necessarily orthogonal) subspaces M, and M ; . Therefore, if z
is any vector in C*,

1=Papz+Pipz (AS)
where Pypz € M, and Pipz € Mjp.
Equation (35) is established by first showing that
Pcep=Pyp+ P, (A6)

and by then performing some simple algebraic manipulations
on (A6). To show (A6), note that P¢p defines the decomposi-
tion of C” into two subspaces as follows.

C'=Mc e M} (A7)
By using equation (A1) we obtain
C'=M, @ M, ® Mp. (A8)

letz =f+ g + h,wheref € M, g € Myand h € Mjp.
Since (f + g) € Mcand h € M3, it follows that

f+g=Pepz. (A9

We claim that f = Pypzand g = P,,z. Toshow f = Pasz,
we must show Pqz(g + A) = 0. Since P,p projects onto M4
along Mz, and g € Mg, it follows that Pigg = 0. Also, Mp
< Mp, so Mp S Mg. Since h € Mp, h € Mz, so Pygh =
0. Therefore, f = Pypz.

To show g = P,,z, we must show P,,(f + A) = 0. Recall
that P, projects onto M, along M ; Sincey € Mp, M 3 <
MyL, so P,k = 0. Moreover, y € Mi, soM, < M;’and
P, f = 0. Therefore, g = P,,z. Equation (A9) becomes

f+g=Pcpz=PABz+nyz (A10)

Since z is arbitrary, (A6) follows immediately.
Now, since x € M ;, P,pP,, = 0. Therefore,

Pep=I—Pcp
=I'—PAB“’ny
=(I—Pap)I— Pyy)
= PilI—Py). AlD)

Writing out Py, and substituting from equations (A2) and (A4)
yields

Pop=Plp—Pp(Pipa)(Ppab)  (Pipa)]~ (Paab)H.
(A12)

Finally, by applying the properties [Pg4]1¥ = Pz and (P%p)>
= PS5 to (Al12), (35) is obtained. This completes the proof.
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