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A Study of the Shapiro-Wilk Test for the Detection
of Pulsed Sinusoidal Radio Frequency Interference
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Abstract— The performance of the Shapiro-Wilk (S-W) test of
normality for the detection of pulsed sinusoidal radio frequency
interference in microwave radiometry is analyzed. The study is
motivated by the fact that the S-W test has been shown in the
statistical literature to be effective in detecting a wide variety
of non-Gaussian signal types. Basic properties of the S-W test
statistic are reviewed, and implementation of the test in digital
hardware is discussed. Because properties of the test statistic
are difficult to obtain analytically, Monte Carlo simulations are
utilized to compute performance. Results show that the test can
provide reasonable performance in detecting pulsed sinusoidal
RFI, and that quantization of data has only a minimal impact on
the sensitivity achieved. Detection performance is also compared
with that of the kurtosis test for normality. It is shown that the SW test produces comparable but degraded sensitivity compared
to that of the kurtosis test in most cases while avoiding the “blind
spot” associated with the kurtosis test for pulsed interferers
having fifty percent duty cycle. Test performance is also shown to
be improved if a-priori knowledge of expected RFI pulse lengths
is incorporated.

I. I NTRODUCTION
ADIO frequency interference (RFI) is a major concern
for microwave radiometer systems. Mitigating RFI contributions to radiometer observations requires methods for
detecting and suppressing measured non-thermal signals. Traditional radiometer systems recording powers integrated over
millisecond time scales are ineffective at detecting short duty
cycle RFI that may be present only for a fraction of the
integration period. The incorporation of digital backends into
the radiometer system [1]-[5] allows detection algorithms to
be implemented using high sample rate measured field data
and field properties beyond integrated power alone.
Several techniques for detecting RFI with digital backends
have been proposed [2],[4],[6]-[8], and the more general
theory of detection [13] shows that performance is improved
as more knowledge of the RFI source is incorporated into
the test design. While a-priori knowledge of the RFI sources
encountered by a microwave radiometer is limited, detectors
for particular classes of sources, such as pulsed or narrowband
RFI, can be constructed. Alternatively, more general “omnibus” detection tests can be used to test the degree to which
measured fields appear to be Gaussian random variables, as
expected for the thermal noise measured by a radiometer.
Several such “tests for normality” of a data sample have been
studied extensively in the statistical literature (e.g. [14]-[24]).
Among tests for normality, only the kurtosis test [14]-[15]
has been demonstrated to date for radiometer RFI detection
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[4]-[5],[8]-[11]. Studies to date have focused on pulsedsinusoidal RFI due to the potential impact of radar interference
on L-band radiometers, and the results of [4]-[5],[8]-[11]
show the kurtosis test to provide high sensitivity to low duty
cycle pulsed-sinusoidal sources as well as some sensitivity to
continuous sinusoidal RFI. However a “blind spot” for pulses
having fifty percent duty cycle was also shown for which
the algorithm is insensitive to RFI, and reduced detection
performance occurs for a broad range of duty cycles around
fifty percent. In general, the kurtosis algorithm is insensitive to
RFI sources that produce kurtosis values identical to those of
a Gaussian random variable. The addition of a sixth moment
test [12] has been shown to have the potential to reduce this
blind spot, but only at very large RFI source powers so that
the sixth moment was not generally recommended for use in
[12].
This paper documents an examination of an alternate test
for normality called the Shapiro-Wilk test, and compares its
performance with that achieved by the kurtosis test for pulsed
and continuous sinusoidal RFI. The Shapiro-Wilk test was first
proposed in 1965 [16], and has been shown to be capable
of detecting non-normality for a wide variety of statistical
distributions, including those with Gaussian kurtosis values
[17]-[18]. It has been recommended as a powerful omnibus test
of normality [19]. An initial study of the Shapiro-Wilk test’s
performance in detecting pulsed sinusoidal RFI in comparison
with two similar omnibus normality tests, those of ShapiroFrancia [20] and Chen-Shapiro [21], was provided in [22].
The results of this study generally showed that performance
among these three tests is similar, so that only the ShapiroWilk test is examined here.
The discussion to follow considers only pulsed and continuous sinusoidal RFI sources; other RFI types may produce
distinct conclusions regarding performance. In Section II, a
brief review of the Shapiro-Wilk test is provided. Given the
interest in performing the test in digital hardware on-board a
radiometer system, test implementation is a key issue that is
considered. Section III describes the Monte Carlo simulation
procedure used to examine test performance, and Section
IV presents results from these simulations. Shapiro-Wilk test
results are compared with those achieved by the kurtosis
method, and the influence of a test size parameter is also
explored. Final conclusions are presented in Section V.
II. T HE S HAPIRO -W ILK TEST
In the following it is assumed that a microwave radiometer
measures N samples of a received field, written as y(i) for
i = 1 to N . Such samples are assumed to be separated by
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the Nyquist sample rate of the receiver so that no correlation
among samples is present in the absence of RFI.
The Shapiro-Wilk test is based on a correlation of sample
“order statistics” with those of a normal distribution. The
use of order statistics implies that the data sample must be
sorted, with the sorted sample written in vector form as
y0 = (y1 , ..., yN ) in increasing values; here the prime 0 is
used to note the transpose of a vector. The Shapiro-Wilk test
statistic W is defined as:
2
P
N
i=1 ai yi
(1)
W = PN
2
i=1 (yi − m1 )

where

N
1 X
m1 =
y(i)
N i=1

(2)

is the sample mean. W can be interpreted as a ratio of two
estimates of the variance of the sample, with the estimate
in the numerator only holding if the sample is drawn from
a normal distribution since coefficients ai are calculated by
linear regression to the expected values of standard normal
order statistics. It can be shown that W is bounded by 0 and 1,
and that the expected value of W converges to 1 for Gaussian
input data as the sample size is increased. The expected value
of W becomes smaller as the input signal becomes nonGaussian.
A. Expressions for the ai coefficients
The vector of coefficients a0 = (a1 , ..., aN ) is normalized
so that a·a0 = 1 and is also antisymmetric, so that a1 = −aN ,
a2 = −aN −1 , etc. Analytical expressions for the coefficients
ai are provided in [16], but the original forms are somewhat
computationally complex. Instead empirical forms for these
coefficients have been determined in terms of u = N −1/2 as
[25]:
aN

aN −1

=

=

−2.706056u5 + 4.434685u4 − 2.071190u3
−0.147981u2 + 0.221157u + cN
5

4

−3.582633u + 5.682633u − 1.752461u
−0.293762u2 + 0.042981u + cN −1

ai

=



−1/2

m̃i

(3)

3

(4)
(5)

(6)

where Φ−1 denotes the inverse of the standard normal distribution function. Also in equation (5),
=

m̃0 · m̃ − 2m̃2N − 2m̃2N −1
1 − 2a2N − 2a2N −1

Finally, the ci values in equations (3) and (4) are determined
from vector c0 = (c1 , ..., cN ) by
c = m̃/(m̃0 · m̃)1/2

(8)

B. Implementation in digital hardware
Computation of the W statistic requires evaluation of the
sample moments up to second order (for the denominator),
and also a weighted sum of the sorted sample (for the
numerator). It is assumed that floating point operations are
not desired for an on-board digital processor, so that the
numerator and denominator are recorded for computation of
W in post-processing. The required sorting operation for the
numerator can be accomplished either through the use of
existing sort algorithms for a fixed sample size [28] or through
a histogramming procedure in which counters are used to
record the number of occurrences of each possible sample
value. Further analysis would be required to determine which
method is preferable in terms of digital resource usage.
It is assumed here that a sorting operation is used, and that
the value of N is limited to a maximum of 4096 by hardware
constraints. If it is desired to compute W for datasets larger
than 4096 samples, it is assumed that a larger sample of size
IN is split into I sub-sets of size N , for which the square
root of the numerator and the denominator are separately
computed. The I values for the sub-sets are then averaged,
the numerator term is squared, and the result divided by the
averaged denominator to obtain the W estimate for the entire
sample. The impact of N in this process will be examined in
Section IV-B. The coefficients ai are fixed for a given N , so
that computation of the W numerator is similar to a standard
filter computation once the data sort operation is completed.
While these steps are somewhat more complicated in terms
of hardware implementation than purely moment based tests,
overall the Shapiro-Wilk test appears to be reasonably well
suited for implementation in hardware.
C. Quantization effects

with the final equation holding for i = 3 to N − 2.
In equation (5), m̃0 = (m̃1 , ..., m̃N ) is a vector of expected
values for the order statistics of the standard normal distribution, approximated by [26]-[27]:
m̃i = Φ−1 {(i − 3/8)/(N + 1/4)}

2

(7)

When the yi data are rounded to integer values as in a fixed
point digital processor, Sheppard’s correction to the variance
estimate is applied by subtracting (N −1)/12 from the value in
the denominator [29]. An examination of quantization impact
on the coefficients ai was also performed. Figure 1 plots a
comparison of coefficients before and after quantization using
8-bits for N = 4096. The anti-symmetric nature of the ai
coefficients is apparent in the Figure, along with the increasing
nature of the coefficients at large offsets from the array center.
The lower plot of Figure 1 focuses on the region near the
center of the coefficient array, and reveals the quantization
more clearly. In the Monte Carlo simulations of Shapiro-Wilk
test performance to be presented in Section IV, tests showed
that the ai coefficients for N = 4096 could be quantized in
as few as 8 bits without a significant loss in test performance,
and eight bit quantizations for these coefficients are used in
all the results to be shown. The impact of quantization of the
yi data is further examined in Section IV-A.
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Fig. 1. Weight coefficients ai before and after quantization using 8-bit
resolution

III. S IMULATION P ROCEDURE
Because the W test statistic for normally distributed input
data does not follow a standard probability density function
(pdf), the original presentation of the Shapiro-Wilk test [16]
included empirical tables of this pdf for sample sizes up to
50. Later, an approach was derived to transform W into a
statistic that is approximately normal in the RFI-free case [25],
[30]-[31] so that prediction of expected false-alarm rates is
possible. However, tests on the simulation results described in
Section IV showed this transformation to be very sensitive to
quantization effects, and the transformation is not used for this
reason. Instead a Monte Carlo simulation approach is applied;
the probability of false alarm and probability of detection are
determined by counting the number of realizations declared
as RFI through a test on W in cases with no RFI present
and with RFI present, respectively. Monte Carlo simulations
utilized 30000 realizations in all the results to be shown, and
tests with larger numbers of realizations showed negligible
impact on the curves illustrated.

previously, I numerator and denominator values are obtained
from the Shapiro-Wilk computations during an integration
period, and then averaged and used to compute the W value
for the entire sample.
For illustration, the sampling period of the digital radiometer
system is assumed to be 16 nsec, and the integration period
IN is taken as 32768 samples so that the total radiometer
integration period is 524.288 µsec. The Shapiro-Wilk test
length N is set to 4096 samples typically (i.e. 65.536 µsec);
the effect of varying N is examined in Section IV-B.
For the case of pulsed sinusoidal RFI, sampled received
fields can be written as [7]:
xi [n] = A cos(2πf0 [(i − i0 )N + n] + φ)I(n, i) + wi [n]
n = 0, 1, · · · , N − 1, i = 0, 1, · · · , I − 1
(9)
where wi [n] refers to the independent identically distributed
(i.i.d.) Gaussian measurements, with zero mean and standard
deviation σ. The function

1 i0 N + Ns ≤ iN + n < i0 N + Ns + Np
I(n, i) =
0 otherwise
(10)
is an “indicator” function that locates RFI containing samples.
Here, i0 is the pulse arrival “frame”, A is the amplitude, f0 is
the frequency, and φ is the phase of a single sinusoidal pulse.
It is assumed that if there are multiple pulses (i.e with arrival
frames i0 , i1 , · · · ) within the IN sized sample, they have
identical amplitudes A and durations Np , but the frequency
f0 , phase φ, and arrival sample Ns are chosen independently.
These choices result in a duty cycle, d, of
d=

Npulse Np
IN

(11)

where Npulse is an integer.
As in [8], sine wave amplitudes in what follows are described in terms of the ratio R of the average “signal-tonoise” power ratio (dA2 / 2σ 2 ) normalized by a factor proportional
√ to the uncertainty in the radiometer power estimate
(σ 2 / N I). This definition gives

A. Signal model and notations
In a previous modeling study of the kurtosis test [8],
received fields when pulsed sinusoidal RFI is present were
modeled as uncorrelated Gaussian random variables with zero
mean and standard deviation σ plus sinusoidal RFI with a
specified amplitude and a uniformly distributed random phase.
Although such an approach can be acceptable when calculating
statistics for large samples containing many pulses, it does not
realistically describe radars and other pulsed sources when
resolved at higher time resolutions. Another signal model
suggested in [7] is instead used in this study, and is reviewed
here.
In this model, two different time scales are used. The
first scale, N , denotes the number of samples on which
the denominator and the square root of the numerator of
the Shapiro-Wilk test are computed (the N in equation (1)).
The longer scale consists of IN samples, and represents
the radiometer integration period in samples. As described

3

R

=

A

=

dA2 √
NI
s2
2R
√
d NI

(12)
(13)

The parameter R thus describes the RFI power contribution
to the integrated power in units proportional to the brightness
standard deviation (i.e. NEDT). Typically RFI having R >
10 would be readily detectable without additional detection
procedures, so the primary interest is in detecting RFI having
R < 10.
B. Cases considered
Monte Carlo simulations were performed for fixed pulse
amplitudes (R), duration (Np ), and number of pulses (Npulse )
in a frame of 32768 total samples. Pulse frequencies were
uniformly distributed from 0 < f0 < 1/2 and independent
from pulse-to-pulse. Phases φ were also selected uniformly
from 0 to 2π radians, and pulse arrival frames i0 and arrival
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IV. R ESULTS
A. Histograms of W
The Monte Carlo simulation produces a set of W values for
the cases described in Section III-B, which include both a false
alarm simulation R = 0 and simulations when RFI is present.
Histograms of the W values obtained for the d ≈ 1% case
are presented in Figure 2. The upper plot (no-quantization of
yi data) shows the concentration of W near 1 in the RFI free
case, as expected, although the mean of the pdf when R = 0 is
not exactly 1 [16] due to the finite sample size utilized in the
test. Non-Gaussian behavior is indicated in the Shapiro-Wilk
test when the test statistic value becomes significantly less than
one; values of W less than a threshold t are therefore declared
as containing RFI. This basic behavior of W is apparent in the
Figure, where although the histograms of R = 0 and R = 2.5
are nearly identical, the histogram means become smaller with
increasing R. A larger variance of the test statistic is also
observed in this case as R is increased.
Histograms are also shown in the lower plot of Figure 2
when quantization effects of the yi data are included. These
data are generated by assuming that the RFI free noise has
a standard deviation σ = G and that the data are then
rounded to integer values. Larger values of G therefore should
lead to reduced quantization effects, although clipping would
eventually become a problem for very large G values. A rule
of thumb to avoid clipping is to select the number of bits for
the RFI-free case such that signals with amplitudes at least
6 times G do not cause clipping. In practice, the value of
G is determined by the ratio of the observed thermal noise
voltage standard deviation to the bit width of the analog to
digital converter used in the radiometer. The results show
negligible differences between the histograms illustrated when
quantization with G = 4 is considered. Quantization effects
can become significant for G < 4; however such effects are
not considered further as G ≥ 4 is a reasonable expectation
for many radiometer systems.
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sample Ns were also selected uniformly within the constraints
required by the specified number of pulses and pulse durations
(i.e. pulses were not allowed to overlap in time.)
The simulations performed were chosen to obtain a basic
understanding of test performance in semi-realistic RFI situations. First, a case having ten pulses of length Np = 32
(0.512 µsec) within the integration period of 524.288 µsec
was considered to model sort pulse radar-like emissions at a
very high pulse repetition frequency; the resulting duty cycle
is approximately 1%, and simulations were performed for R
values of 0 (false alarm case), 2.5, 5, and 10. Second, a case
having a single pulse of length Np = 16384 (i.e. 256.14 µsec)
was used to obtain a 50% duty cycle which is of interest due
to the blind spot encountered by kurtosis at this duty cycle.
Such longer radar pulses are also produced by many radar
systems, as evidenced by the data reported in [10]. R values
used for 50% case were identical to those in the 1% duty cycle
case. Finally, a case with a 100 percent duty cycle was used
to model continuous RFI sources; in this case much larger R
values of 0, 30, · · · 120 were required, as will be discussed in
the next Section.
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Fig. 2. Histograms (scaled to correspond to probability density functions)
of W for non-quantized (upper Figure) and quantized data (G = 4, lower
Figure), d ≈ 1%.

B. Receiver operating characteristic curves
Given the Monte Carlo set of W values, the probability
of false alarm and probability of detection as a function
of the threshold t in the test W < t can be computed.
Receiver operating characteristic (ROC) curves plotting the
probability of detection versus the probability of false alarm
as the threshold t is varied can then be produced.
Figure 3 illustrates the obtained ROC curve for the d ≈ 1%
case. The results show that the test has poor performance at
detecting RFI with R = 2.5, but improved performance for
R = 5. A further examination of quantization effects is also
provided by including the corresponding ROC curves using G
values of 2, 4, and 8. The results show a modest impact of
quantization when G = 2 that becomes negligible for G ≥ 4.
Equation (13) shows that, for a fixed R value, the RFI sine
wave amplitude A is decreased as d is increased. This fact
suggests that test performance may degrade for higher duty
cycle interference. To examine this issue, Figures 4 and 5
plot the corresponding results for d = 50% and d = 100%,
respectively. For the d = 100% case in Figure 5, performance
is relatively poor even with an R value of 60; other tests
such as those described in [2] would likely be preferable
for continuous sinusoidal interference. It is interesting to note
however that the d = 50% case of Figure 4 shows performance
comparable to that achieved for d = 1%. This is due to the
fact that detection is not only a function of d and R, but also
of the relationship between the pulse duration (Np ) and the
local test size N . Simulations using a large number of shorter
pulses to achieve a 50% duty cycle showed that much higher
R values were required to obtain good test performance. Both
Figures 4 and 5 again show quantization of the yi data to
have minimal impacts when G ≥ 4, although the impact is
somewhat larger than in the d ≈ 1% case.
To examine further the impact of N , ROC curves were
computed for fixed R values as the sample size N was varied
from 64 to 4096 (keeping the total integration period N I
constant at 32768 samples). The results are shown in Figures 6
and 7 for the d ≈ 1% (R = 2.5) and d = 50% (R = 5) cases,
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respectively. For d ≈ 1%, the best detection performance is
obtained when N = 64, and performance degrades as N
increases. This is not surprising since the pulses simulated
in this case have length Np = 32, so that the individual
N = 64 sub-tests are more closely matched to the duration of
the RFI pulses. The d = 50% cases instead shows improved
performance as N becomes larger, again as might be expected
since the RFI pulse in this case has a duration of 16384
samples. These results show that it is desirable to choose the
sample size N to be matched to the duration of expected RFI
pulses if this duration is known a-priori. In the absence of such
information, the parameter N should be chosen as a tradeoff between implementation complexity and test performance
given any knowledge of a potential range of RFI pulse lengths.
The results of the next section were computed using N = 4096
to represent the latter case.

ROC curves for d ≈ 1%
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C. Comparison of ROC curves for the Shapiro-Wilk and
kurtosis tests
Figures 8, 9, and 10 compare ROC curves achieved by the
Shapiro-Wilk and kurtosis tests for the d ≈ 1, 50, and 100
percent cases, respectively. ROC curves for the kurtosis test
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Fig. 9. Comparison of ROC curves for Shapiro-Wilk and Kurtosis tests,
d = 50%

Duty Cycle (d) = 100%
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were obtained from a Monte Carlo procedure under the same
signal model as that used for the Shapiro-Wilk analysis. The
kurtosis statistic was computed using the entire dataset of IN
samples (i.e. no sub-sampling.) Subsampling of kurtosis may
produce different results [10]-[11]; however, such an approach
is not considered further because it would either require an
increased system datarate (i.e. downlinking signals moments
at a higher time rate) or would require floating-point operations
onboard.
Results in Figure 8 show both tests to go from very poor
performance to near perfect performance as R is varied from
2.5 to 10. In between these values, the kurtosis test achieves
the better performance. The performance of the Shapiro-Wilk
test can be improved to exceed that of the full sample kurtosis
test if N is selected through an a-priori knowledge of the RFI
pulse length, although kurtosis test performance could also be
improved through the incorporation of temporal sub-sampling.
The situation is distinctly different in Figure 9 for duty
cycle 50 percent, due to the “blind spot” of the kurtosis
test in this case. The Shapiro-Wilk test retains sensitivity
(although the results may be different for other choices of
N and Np as explained in Section IV-A), while the kurtosis
test is insensitive to the presence of RFI.
Conclusions for the 100 percent duty cycle case in Figure
10 are similar to those in the one percent duty cycle case in
that both tests go from poor to near perfect performance over
a similar range of R values. Again the kurtosis test achieves
better performance over this range. However, the required R
value for good performance is quite high (up to 120) which
suggests that the performance of both tests would likely be
exceeded by other approaches.

6

0.4
SW, R=30
Kurtosis, R=30
SW, R=60
Kurtosis, R=60
SW, R=120
Kurtosis, R=120

0.2

0
0

0.1

0.2

0.3

0.4

0.5
Pfa

0.6

0.7

0.8

0.9

1

Duty Cycle (d) ≈ 1%

Fig. 10. Comparison of ROC curves for Shapiro-Wilk and Kurtosis tests,
d = 100%
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Fig. 8. Comparison of ROC curves for Shapiro-Wilk and Kurtosis tests,
d ≈ 1%

V. C ONCLUSIONS
The performance of the Shapiro-Wilk test for normality
was analyzed in detecting pulsed sinusoidal RFI. Results
showed that the test can be successful in detecting pulse
sinusoidal RFI, particularly for duty cycles of 50% or less,
and simulations not reported here over a larger range of
duty cycles showed similar performance to those illustrated in

Section IV. A comparison of results with those achieved by
the kurtosis test showed that the two tests produce qualitatively
similar results, with the kurtosis test generally achieving better
performance in most cases. However, the Shapiro-Wilk test
was shown not to suffer from the “blind spot” encountered in
the kurtosis test at duty cycle 50 percent. It was also shown
that Shapiro-Wilk test performance can be improved if a-priori
expectations regarding RFI pulse lengths are available. Further
investigations will be required to examine performance for
other types of RFI, including sources producing “wideband”
emissions that are more similar to Gaussian noise than the
pulsed sine waves considered here.
Discussions of implementation of the Shapiro-Wilk test
in hardware along with the effects of the quantization were
also provided. Simulations showed that performance loss due
to quantization is not significant if the radiometer thermal
noise has a voltage standard deviation of approximately four
times the analog to digital converter bit width. Implementation
appears feasible, so that experimental tests should be possible
in the future.
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