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Thermal Emission from a Layered Medium Bounded
by a Slightly Rough Interface

Joel T. Johnson, Member, IEEE

Abstract—The small perturbation method (SPM) is applied
to study thermal emission from a layered medium bounded by a
slightly rough interface. Brightness temperatures are calculated to
second order in surface height, including both specular reflection
coefficient corrections and incoherent Bragg scatter terms. Unlike
the homogeneous medium case, in which the SPM applied for
emission predictions produces an expansion in surface slope, the
theory remains a small height expansion, and convergence of the
series is shown to depend on properties of the layered medium.
Results from this theory can be applied in studies of soil moisture,
sea ice, or sea surface remote sensing and buried object detection
with microwave radiometers.

Index Terms—Microwave radiometry, remote sensing, rough
surfaces.

I. INTRODUCTION

M ODELS for microwave thermal emission from deter-
ministic or statistically described rough surfaces are of

interest in passive remote sensing of soil moisture, sea ice, and
the ocean surface. Several models for thermal emission from
a rough surface bounding a homogeneous medium have been
developed previously [1]–[6], primarily through application of
standard surface scattering approximate methods to calculate
surface emissivity using Kirchhoff’s law. Models based on both
the small perturbation method (SPM) and the physical optics
(PO) approximation have been presented. A recent work [7]
has further revealed that use of the SPM for emission from a
rough surface bounding a homogeneous medium results in a
small slope (rather than small height) emission approximation
identical to that which would be obtained from the small slope
approximation of [8]. The SPM can thus provide accurate emis-
sion predictions even for surfaces with large heights in terms of
the electromagnetic wavelength. Numerical tests of the SPM for
a set of canonical periodic surfaces have confirmed this state-
ment [9]. These results motivate use of the SPM/small slope ap-
proximation (SPM/SSA) for the study of homogeneous medium
thermal emission. However, the SPM for emission from a rough
surface bounding a layered medium has apparently not previ-
ously been considered. This problem is potentially more rele-
vant to soil moisture remote sensing studies given the variations
in soil moisture content with depth which typically occur. A
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model for emission from a layered medium bounded by a rough
interface could also be applied to model sea water covered with
foam, ice, or other materials, or used to estimate surface clutter
influences on microwave radiometry systems for buried object
detection [10], [11].

The SPM has previously been applied to study backscattering
from a layered medium bounded by a slightly rough interface
[12]–[16] and results demonstrated that the presence of a lay-
ered medium can cause significant changes in first order sur-
face scattered fields. An approximation for modifying two layer
medium surface scattering predictions to the case of a finite ob-
ject buried beneath a rough interface was also suggested in [12]
for application to ground penetrating radar problems.

In this paper, the results of [12], [13] are extended to enable
calculation of thermal emission from a slightly rough interface
bounding a layered medium. Note that studies of thermal emis-
sion require both the first order SPM terms as in [12], [13] and
also second order corrections to the specular reflection coef-
ficient [2]. These quantities are derived and presented in Sec-
tions II and III. As in the homogeneous medium case, the re-
sulting expression for the rough surface-induced correction to
flat surface brightness temperatures is expressed in terms of an
integral over the surface directional spectrum multiplied by a
“weighting” function [17]. Studies of the weighting functions
allow properties of the emission physics to be inferred indepen-
dent of the surface statistics considered. Consideration of the
weighting functions for isotropic (i.e., azimuthally symmetric)
surfaces in Section IV reveals that a small height and not small
slope expansion is obtained in the layered medium case, and
convergence properties of this series are discussed. Studies of
the weighting functions for azimuthally asymmetric surfaces in
Section V again show a small height expansion for the second
and higher azimuthal harmonics of all polarimetric brightness
temperatures. Sample results applying the theory are presented
in Section VI, and implications of the study considered in Sec-
tion VII.

II. FORMULATION

A systematic solution of SPM equations for scattering from a
rough surface bounding a homogeneous medium has recently
been developed in [18]. This procedure applies the Rayleigh
hypothesis to study scattered and transmitted plane wave am-
plitudes from a periodic surface excited by an incident plane
wave, as in the original SPM formulation of [19]. SPM results
for a nonperiodic surface are obtained in the limit as the surface
periods become large following [19], [20]. The same procedure
is applied in this paper for a rough surface bounding a layered
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medium. The details of the procedure are very similar to [18],
so only the basic formulation and results from the method are
summarized here.

Consider a zero mean periodic surface profile
with periods and in the and directions, respectively,
which separates free space in region zero (permittivity, per-
meability ) for from region one, a homogeneous
nonmagnetic dielectric medium with permittivity for

. Initially, a two layer configuration is con-
sidered, with Region 2 for a homogeneous nonmagnetic
dielectric medium with permittivity as illustrated in
Fig. 1. Extension to a multilayer medium is straightforward and
will be described below. The periodic surface can also
be expressed in terms of its Fourier series coefficients

(1)

(2)

Consider an incident electromagnetic plane wave that illumi-
nates this periodic surface from the free space region, with elec-
tric and magnetic fields given by

(3)

(4)

where represents the polarization vector of the incident elec-
tric field.

(5)

represents the propagation vector of the incident plane wave
with wavenumber .

(6)

is a position vector in Cartesian space, and is
the impedance of free space. Note an time conven-
tion is assumed.

Under the Rayleigh hypothesis, the scattered field in region
zero consists of a sum of upgoing plane waves (or “Floquet
modes”), which can be written as

(7)

(8)

Fig. 1. Geometry of two layer medium bounded by a slightly rough interface.

while fields in region one consist of both upgoing and down-
going plane, waves which can be written as

(9)

(10)

where is the impedance of the lower medium. Note
that all sums are assumed to be from to unless otherwise
notated. Fields in region two consist only of downgoing plane
waves, written as

(11)

(12)

where is the impedance of the lower medium. In
the above equation,, , , , , , , and are the unknown
complex amplitudes of the Floquet modes in each region. Plane
wave propagation vectors are defined by the Floquet theorem as

(13)

(14)

(15)

(16)
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where

(17)

(18)

(19)

(20)

(21)

(22)

Modes for which becomes greater than, , or have
, , and , respectively, defined so that attenu-

ation occurs as upgoing fields propagate away from the rough
surface in region zero and as downgoing fields propagate away
from the layered medium boundaries in regions one and two.
Orthogonal horizontal and vertical polarization vectors for these
plane waves are defined as

(23)

(24)

(25)

(26)

(27)

(28)

(29)

where and are the wavenumbers in
regions one and two, respectively.

Boundary conditions on the layered medium interfaces
specify that tangential electric and magnetic fields must be
continuous. At , this becomes

(30)

(31)

since a vector normal to the surface can be written as ,
where . At , the boundary
conditions specify

(32)

(33)

Substituting the Rayleigh hypothesis fields from (9)–(12) into
(32), (33), the following relationships can be derived:

(34)

(35)

(36)

(37)

(38)

(39)

which defines the lower layer reflection coefficients
and , respec-

tively. These definitions make the generalization to a layered
medium below the rough interface clear.
and are simply replaced by the reflection
coefficients of the layered medium below . Expressions
for and are no longer correct in this case, but since
thermal emission can be computed from the reflectivity in the
region zero (i.e., in terms of and only), it is still possible
to compute brightness temperatures for the layered medium by
modifying only these reflection coefficients.

Substituting the above relationships and the Rayleigh hypoth-
esis fields from (7)–(10) into (30), (31), the following equations
result if only and components are considered:

(40)
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(41)

Note that the above equations (which have two components
each) provide four scalar equations for the four scalar unknown
functions , , , and , with unknowns , , , and deter-
mined from (34)–(39).

At this point, a small height expansion is used by expanding
the exponentials in the above equations in power series

(42)

and by substituting a perturbation series for the unknowns

(43)

with similar definitions for , , and . Perturbation series terms
are defined so that theth term is of order or equivalent com-
binations of and its derivatives since ( ) and ( )
are assumed to be the same order as.

III. SOLUTION OF SPM EQUATIONS

The systematic procedure for solving SPM equations de-
scribed in [18] is applied to (40) and (41) once the perturbation
series is substituted. Solutions at the zeroth order are found
to consist only of the specular plane waves in each region
(represented by 0), with fields in region zero given by

(44)

(45)

for a horizontally polarized incident field (i.e., ), while

(46)

(47)

for a vertically polarized incident field. The above equations are
the total reflection coefficients at 0 of the layered medium
with a flat surface and and also involve

(48)

A general form for first order solutions is

(49)

where , , , or , and is a corresponding function.
Solutions in region zero for a horizontally polarized incident
field are

(50)

(51)

while

(52)
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(53)

for a vertically polarized incident field. In the above equations,
and represent the cosine and sine functions

(54)

(55)

while the terms in brackets are due to the presence of the lay-
ered medium. Note these terms become unity as the reflection at

vanishes (i.e., and approach zero), and first order
results for a homogeneous medium are obtained. These results
illustrate the “Bragg scatter” phenomenon of first order pertur-

bation theory, since scattered fields at a particular angle [i.e.,
] are directly proportional to the amplitude of a partic-

ular surface Fourier component. Equations (50)–(53) are iden-
tical to those in [12] when backscattering is considered but apply
for general bistatic scattering angles.

A second order correction to the specularly reflected fields in
region zero can also be derived as

(56)

where or , and is a corresponding function. For a
horizontally polarized incident field, see (57) and (58), shown at
the bottom of the page. For a vertically polarized incident field,
see (59), shown at the bottom of the page, andis 1 times

for horizontal incidence in (58). The above results reduce to
the second order specular reflection coefficient corrections de-
scribed in [2] when the reflections at vanish, except for
a minus sign difference in cross polarized terms due to differing
coordinate systems.

(57)

(58)

(59)
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Polarimetric brightness temperatures of a periodic surface
can be calculated through the application of Kirchhoff’s Law

(60)

where and are the brightness temperatures measured
by horizontally and vertically polarized antennas, respectively,

and are proportional to the real and imaginary parts of
the correlation between fields in horizontal and vertical polar-
izations, respectively ([2]), and refers to the layered medium
physical temperature in Kelvin (assumed constant throughout
the layered medium). Total reflectivities for the periodic sur-
face to second order in surface height are shown in (61), at
the bottom of the next page, where the first term is the reflec-
tivity of the layered medium with a flat interface, and the fol-
lowing two terms are the Bragg scattering and reflection coef-
ficient correction contributions, respectively. In the aforemen-
tioned equations, the subscripts and refer to func-
tions with horizontal incidence and vertical incidence, respec-
tively, while and refer to functions with horizontal
and vertical incidence, respectively. Note that both of the sum-
mations are in terms of sums over the periodic surface power
spectral density and can be combined into a single term
that expresses the correction to brightness temperatures caused
by surface roughness. In the limit that surface periods become
large compared to both the electromagnetic wavelength and any
roughness features, the sums can be replaced with integrals over
the continuous power spectral density

, where and
. The final result for continuous surface brightness tem-

peratures is shown in (62), at the bottom of the page, where the
new functions include both the Bragg scatter and reflection co-
efficient correction terms described previously and are functions

of the radiometer polar observation angle, the radiometer az-
imuthal observation angle , the layered medium properties,

, and , and the integration variables and . Note also that a
coordinate shift has been made in the above integration:func-
tions are evaluated as in (61), except that
and . The dependence of thefunctions
on is found from (61), and the dependence onis re-
placed by a dependence on and at in the case of
a general layered medium. Equation (62) expresses the bright-
ness temperature of a layered medium bounded by a slightly
rough interface in terms of the brightness temperature of the
layered medium with a flat interface and a roughness correc-
tion. The roughness correction is obtained through an integra-
tion of the surface power spectral density weighted by the

weighting functions, which are distinct for each polarimetric
quantity. Studies of these weighting functions therefore allow
the physics of rough surface thermal emission to be examined
independent of the particular surface power spectral density and
are considered in the next section.

IV. STUDY OF WEIGHTING FUNCTIONS FORISOTROPIC

SURFACES

To simplify the analysis, assume that an isotropic surface is
considered (i.e., one with no directional properties) so that
and brightnesses are zero [2] and so that the roughness cor-
rection becomes

(63)

(61)

(62)
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where or . Studies of the functions reveal further
simplification if a factor of is removed

(64)

illustrating that the weighting functions do not explicitly de-
pend on frequency if length scales relative to the electromag-
netic wavelength (i.e., and ) are considered.

Fig. 2(a) plots and versus for a two layer
medium with , , 3 0.08 (in-
tended to model a clay medium at 3 GHz with upper and lower
layer moisture contents of approximately 20 and 5%) and for

30 . Logarithmic scales are used for both the horizontal
and vertical axes to enable a large range of scales to be observed.
Signs of these functions (defined as1 for positive values and

1 for negative values) are displayed in Fig. 2 plot (b), with
the and sign curves shifted by 2 and 2, respec-
tively, to enable them to be distinguished. Note the constant
valued weighting functions obtained as becomes small
(large length scales in the spectrum relative to). Notating the
value of this constant as , Fig. 2 plots (c)
and (d) illustrate the scaled difference functions

(65)

and their signs, respectively. Roughness induced changes in
brightnesses can then be rewritten as

(66)

where is the surface height variance. The above equation
shows that indicates a dependence on the
surface variance, while represents
a function that weights the spectrum in computing the surface
slope variance.

Fig. 2 (a) and (c) both show the “critical phenomena” effects
[17] observed in the homogeneous medium case, and the vertical
lines included in plot (c) mark the boundaries of the region within
which critical phenomena can occur. As in the homogeneous
mediumcase,Fig.2(c)demonstratesthat lengthscalesbothmuch
larger than or comparable to the electromagnetic wavelength can
contribute to theroughness-inducedcorrection through.The
importance of contributions, however, depends strongly on
themagnitudeofthe product.

Fig. 2. Weighting functions for a two layer medium with� = 30 ,
d = 0:1�, � = 7.5+i 0.67 and� = 3 +i 0.08. (a) Magnitude of weighting
functions ~~g . (b) Sign of weighting functions~~g . (c) Magnitude of
weighting functions~~g . (d) Magnitude of weighting functions~~g . Note the
sign curves are shifted by+2 and�2 for h andv polarizations, respectively.

Fig. 3. Same as Fig. 2, but for� = 7.5+i 0.67.

Toclarifytherelationshipbetweenemissionforaroughsurface
bounding, a two layer medium versus a homogeneous medium,
Fig. 3 (a)–(d) illustrate the same functions as in Fig. 2, except
that is modified to equal , so that a homogeneous medium
exists below the rough surface. Note the dramatic change in plot
(a), as the constant-valued weighting functions for small
no longer occur since . Thus, with a
homogeneousmedium,asurfaceheightvariance-dependent term
is notobtained, resulting ina small slope approximation [7]. As is
evident from Fig. 2 (a) however, height-dependent terms do not
vanish in the layeredmediumcase,and the theory remainsasmall
heightexpansion.
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Fig. 4. Surface height dependent term(1=2�)~~g (� ; �; � ; k d; 0) for the
layered medium of Fig. 2 versusk d.

Note also that the magnitude of the height variance-de-
pendent correction is determined by ,
which remains a function of the layered medium proper-
ties. Thus, convergence of the series is not determined by
rough surface parameters alone. An estimate of the accu-
racy of the second order correction for surfaces with small
slopes can be obtained by examining the magnitude of the

product. Small values of
this product ( 0.025) should indicate that the second order
theory provides reasonable answers, while larger values may
require a higher order theory in order to obtain accurate
predictions. Fig. 4 plots for
the two layer medium above as a function of . Note the
periodic increases that occur. A reasonable prediction of
roughness-induced corrections can still be obtained for depths
at which becomes large, but
a correspondingly smaller surface height variance would
be required. A verification of the suggested convergence
test was performed through comparison with a numerical
solution of the SPM equations as described in [18], which
enabled the fourth order correction to be determined. Choosing

[or equiva-

lently, ] was found
in several tests to provide fourth order corrections signifi-
cantly smaller than second order, although cases in which

vanishes remain problematic and re-
quire careful consideration. Tests of the higher order theory
indicate that a small slope expansion is not necessarily achieved

Fig. 5. Second harmonic weighting functions for a two layer medium with
� = 30 , d = 0.1�, � = 7.5+i 0.67, and� = 3 +i 0.08. (a) Magnitude of
weighting functions~~g . (b) Sign of weighting functions~~g . (c) Magnitude
of weighting functions~~g =(k =k ) . (d) Magnitude of weighting functions
~~g =(k =k ) . Note the sign curves are shifted by+3, 0,�3, and�6 for h,
v, U , andV polarizations, respectively.

when vanishes unless the physical con-
figuration approaches that of the homogeneous medium (i.e.,
region one becomes sufficiently lossy to obscure reflections
from region two.)

V. STUDY OF WEIGHTING FUNCTIONS FORASYMMETRIC

SURFACES

For surfaces that are not symmetric in azimuth, brightness
temperatures become a function of the radiometer azimuthal ob-
servation angle and , and polarimetric brightnesses be-
come nonzero. In this case, the roughness-induced correction is

(67)

where , , , or . The above expression can be
simplified as described in [17] through an expansion of both

and into Fourier series in azimuth. It is also
assumed that the surface spectrum contains only even cosine
harmonics. The resulting expression for the roughness-induced
correction is shown in (68), at the bottom of the page, where

(68)
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the upper row applies for and brightnesses, while the lower
row applies for and . In the above equation

(69)

and is also a function of , , , and , while

(70)

Equation (68) demonstrates that particular azimuthal har-
monics of polarimetric brightness temperatures [i.e., the

and terms] are given by integrals of a
distinct weighting function for each azimuthal harmonic
( ), multiplied with the corresponding surface
spectrum harmonic . Under these definitions, the zeroth
harmonic weighting functions are identical to those considered
in Figs. 2 and 3.

Fig. 5 plots the second harmonic weighting functions
for and and for and versus

for the case considered in Fig. 2. Plot (a) in this figure illustrates
the magnitudes of the second harmonic weighting functions in
dB, while plot (b) illustrates their signs. Note again the four
sign functions are shifted in steps of 3 to allow the curves to
be more easily distinguished. The constant-valued weighting
functions for small observed in Fig. 2 are not obtained
in this case, indicating that the second order SPM produces a
surface slope-dependent term for second azimuthal harmonics.
Plots (c) and (d) of Fig. 5 illustrate the weighting functions di-
vided by , as in plots (c) and (d) of Fig. 2 and confirm
the slope dependence. A slope rather than height dependence
for azimuthal harmonics with 0 would be advantageous,
particularly in studies of sea surface emission. However, further
tests with the numerical SPM solution (again, implemented
following the procedure in [18]) showed that azimuthal har-
monics with 0 depend directly on the surface height
variance at fourth and higher orders. Thus, the theory remains
an expansion in surface height for all azimuthal harmonics
of surface brightness temperatures, even though the second
order prediction of azimuthal harmonics with 0 does not
directly involve the surface height variance. Predictions of the
second order theory for second harmonic coefficients were
found adequate in cases for which the convergence requirement
specified in Section IV was satisfied.

VI. SAMPLE RESULTS

To illustrate the influence of layered media on roughness-in-
duced emission corrections, sample brightness temperatures are
considered in this section. Fig. 6 illustrates results for surfaces
with 283 K and with an isotropic, Gaussian roughness
spectrum, completely characterized by the root mean squared
(rms) surface height and correlation lengthparameters. Note
a Gaussian roughness spectrum is not necessarily realistic for
soil surfaces, but is commonly applied in theoretical studies
due to its simplicity. Roughness induced brightness tempera-
ture corrections for the two layer medium considered in Fig. 2

Fig. 6. Comparison of roughness induced brightness corrections for a two
layer medium withd = 0.1�, � = 7.5+i 0.67, and� = 3 +i 0.08 with a
homogeneous medium� = 7.5+i 0.67 versus radiometer polar observation
angle. The surface has an isotropic Gaussian roughness spectrum withh =

0.01� andl = �. (a) Horizontal polarization and (b) vertical polarization. Note
that homogeneous medium results are multiplied by ten in these plots.

and for 0.01 , are plotted versus observation angle
in Fig. 6 and compared with those for a homogeneous medium
with . Note the significant differences observed, both in
the amplitude of roughness corrections and in their variations
with observation angle. Homogeneous medium roughness cor-
rections plotted in Fig. 6 are multiplied by ten to make their
variations more clear. Height-dependent factors for all the cases
shown were found to be 0.006, so that the second order cor-
rection should be accurate. Clearly, the presence of a layered
medium below a rough interface can cause large changes in the
influence of surface roughness on the medium boundary. Bright-
ness temperatures for the flat surface medium are of course sig-
nificantly different in the homogeneous and layered medium
cases as well.

Fig. 7 illustrates the dependence of roughness induced emis-
sion corrections on layer depth. The configuration is the same
as that of Fig. 6 and for polar observation angle 30. Note the os-
cillatory pattern observed versus depth, indicating the presence
of coherent effects that are not disrupted by the small roughness
used. Homogeneous medium roughness corrections for this case
are less than 0.02 K in both polarizations.

Fig. 8 plots second harmonic coefficients of brightness
temperatures versus observation angle for surfaces with an
anisotropic Gaussian roughness spectrum with0.02 ,
0.5 , and , where and represent the correlation
lengths in the and directions, respectively. Parameters of the
layered medium are the same as those of previous examples,
and again layered medium results are compared with those of a
homogeneous medium. In this rougher surface case, height de-
pendent factors remain0.025 for all cases illustrated, so that
second order theory predictions should be reasonable. Again
the results show that the presence of a layered medium can
cause significant changes in azimuthal variations of brightness
temperatures, although the differences are smaller than those
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Fig. 7. Layer depth dependence of roughness induced brightness corrections
for a two layer medium with� = 7.5+i 0.67 and� = 3+i 0.08 at 30� polar
observation angle. The surface has an isotropic Gaussian roughness spectrum
with h = 0.01� andl = �.

Fig. 8. Comparison of second harmonic brightness temperatures for a two
layer medium withd = 0.1�, � = 7.5+i 0.67, and� = 3 +i 0.08 with a
homogeneous medium� = 7.5+i 0.67 versus radiometer polar observation
angle. The surface has a Gaussian roughness spectrum withh = 0.2�, l =

0.5�, andl = �. (a) Horizontal polarization, (b) vertical polarization, (c) U
brightness, and (d) V brightness.

of Fig. 6 due to the absence of a height variance dependence in
the second order prediction of second harmonic coefficients.

VII. CONCLUSIONS

Expressions for slightly rough surface-induced corrections to
layered medium thermal emission have been derived through
the small perturbation method in this paper. Results show that
an expansion in surface height, as opposed to surface slope, is
obtained, but accurate predictions can still be computed from
the theory as long as the specified convergence rules are fol-
lowed. The theory can be applied to problems in the remote
sensing of soil moisture, sea ice, or sea surfaces to assess the

effect of surface roughness on layered medium brightness tem-
peratures. Typically, surface roughness corrections are expected
to be small in microwave passive remote sensing, but current
sensors are sufficiently accurate to observe these variations in
many cases. Understanding and including rough surface effects
in retrieval models can therefore potentially lead to more accu-
rate sensing of layered medium parameters. The modification
proposed in [12] for modeling scattering from a finite size ob-
ject buried beneath an interface can also be applied in the emis-
sion equations to produce an approximate emission theory for
a finite object buried beneath the ground. Studies of microwave
radiometry for buried object detection like those of [10], [11],
but including rough interface effects can therefore also be per-
formed with the theory developed.

Finally, note that the change from a small slope to small
height theory in the layered medium case raises some inter-
esting issues, in particular regarding the magnitude of a change
in permittivity in the medium required to introduce a significant
height dependence. This question can be important in studies
of sea surface remote sensing, since the height variance of sea
surfaces is typically very large with respect to the wavelength at
higher microwave frequencies, making a small height theory of
sea surface emission impractical. The convergence expressions
proposed can be applied to address these questions for a speci-
fied layered medium, but a more accurate emission theory will
be needed in cases for which the convergence requirements are
not satisfied.
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