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Abstract— In this work, we describe and analyze a joint
scheduling, routing and congestion control mechanism for wireless networks, that asymptotically guarantees stability of the
buffers and fair allocation of the network resources. The queue
lengths serve as common information to different layers of the
network protocol stack, which are otherwise decoupled. Our main
contribution is to prove the asymptotic optimality of a primaldual congestion controller, which is known to model different
versions of TCP well.

I. I NTRODUCTION
Consider a set of flows that share the resources of a
fixed wireless network. Each flow is described by its sourcedestination node pair, with no apriori established routes. The
limited power resources and interference amongst concurrent
transmissions necessitate multi-hop transmission. Hence, the
nodes that constitute the network must cooperate by forwarding each others’ packets towards their destinations. Thus, each
node may need to maintain buffers to hold packets of those
flows other than its own. For such a system, in this paper,
we give an affirmative answer to the following question: is it
possible to design a realistic mechanism that finds the optimal
routes for the flows, guarantees stability of the buffers at
the nodes, and drives the mean flow rates to a system-wide
optimum level? Moreover, we show that the analysis is robust
to a number of modifications to the mechanism, and extensions
to the network model.
The question of stability of wireless networks has first
been addressed by Tassiulas and Ephremides[20] with the
assumption that the incoming flows are inelastic, i.e., the flow
rates are fixed as for voice or video traffic. Subsequently, there
has been a large body of work that extended the same idea to
different scenarios and more general settings[21], [18], [19],
[2], [16], [6], [15], [5]. However, these works do not consider
the case of traffic whose rate can be adjusted online.
In the context of wireline networks, the idea of a distributed
flow control based on a system-wide optimization problem was
developed in [7], and followed by others in [12], [8], [1], [?];
see [17] for a survey. In these works, the main contribution
was the design of a distributed congestion control mechanism
to drive the rates of elastic flows towards the system-wide
optimum.
More recently, the problem of serving elastic traffic over

wireless networks has been investigated in [?], [?], [9], [?],
[4], [14], [10], [?]. Here, the queues and the wireless characteristics of the network are included in the system model.
The main idea in these works has been to combine the
results on scheduling inelastic traffic in wireless networks and
distributed congestion control in wireline networks to design
joint scheduling-congestion control mechanisms that guarantee
optimal routes, stability and optimal rate allocation. These
papers prove that a decentralized congestion controller at the
transport layer working in conjunction with a queue-lengthbased scheduler at the medium access control (MAC) layer
will asymptotically achieve buffer stability, optimal routing
and fair rate allocation. Moreover, these layers are coupled
through common queue length information.
In [9], [4], [14], [?], authors propose and study rate control
algorithms that adapt the flow rates instantaneously as a function of the entry queue lengths. The rate control mechanism
studied in all of these works can be categorized as the Dual
Congestion Controller since it can be interpreted as a gradient
algorithm for the dual of an optimization problem. However,
the intrinsic assumption of the dual congestion control mechanism that the rate levels can be changed instantaneously may
not be reasonable. For example, it is well known that slidingwindow based flow control mechanisms such as TCP respond
to congestion feedback not instantaneously, but gradually.
Such a response is desired by practitioners because the rate
fluctuations are small. Thus, the study of another algorithm
that modifies the flow rates iteratively is important. To this end,
we propose and study the so called Primal-Dual Congestion
Controller in this work. Primal-dual algorithms are well known
in the optimization literature and have been studied extensively
in different contexts[1], [?], [17], [11]. Since the response
of the primal-dual controller is more gradual compared to
the dual controller, it is not immediately clear as to whether
the buffer stability and rate convergence properties will be
maintained.
Here, it must be stressed that even though the congestion
control is distributed, the scheduling is still assumed to be
centralized in this work. In [10], [22], [3], [?], [?], the impact
of de-centralized implementations of the scheduler is studied.
We note that the results of this work can be extended to
distributed and asynchronous implementations for a special

class of interference models using the approach in [3].
The paper is organized as follows: Section II describes the
system model. In Section III, we state the goal as an optimization problem and state the characteristics of the optimum point.
Section IV-A introduces the queue-length-based scheduler that
is implemented at the MAC layer. We propose and provide
an extensive study of the primal-dual congestion controller
in Section IV-B. Various modifications and extensions to the
system are studied in Section VI. Finally, we give concluding
remarks in Section VII.
II. S YSTEM M ODEL
We assume that the network is represented by a graph, G =
(N , L), where N is the set of nodes and L is the set of directed
links. If a link (n, m) is in L, then it is possible to send packets
from node n to node m subject to the interference constraints
to be described shortly. We let µ = {µl }l∈L denote the rate
vector at which data can be transfered over each link l ∈ L.
We assume that there is an upper bound, η̂ < ∞, on each µl .
For ease of presentation we assume that there is no fading in
the environment. We will discuss the extension of the model
to include time-variations in a later section.
We let Γ̂ denote a bounded region in the |L| dimensional
real space, representing the set of µ that can be achieved in
a given time slot, i.e., it represents the interference constraint.
In general, the set need not be convex. In fact, a typical case
would be a discrete set of rates that can be achieved, and hence
be non-convex. We let Γ := CH{Γ̂} denote the convex hull
of the set Γ̂. It is well known that by time-sharing between
different rate vectors in Γ̂, any point in Γ can be attained.
We use F to denote the set of flows that share the network
resources. The routes of these flows are not specified apriori,
but established by the backpressure scheduling algorithm to be
described in Section 2. We use b(f ) to denote the beginning
node, and e(f ) to denote the end node of flow f.
Associated with each flow f is a utility function Uf (xf ),
which is a function of the flow rate xf . The utility function,
denoted by Uf (·) for flow f, is assumed to be strictly concave
and nondecreasing, and to satisfy a set of other conditions
which we omit in this paper due to space constraints. The
details can be found in [ref]. However, we note that these
conditions are not restrictive and hold for the following class
of utility functions.
Uf (x) = βf

x1−αf
(1 − αf )

∀ αf > 0.

(1)

This class of utility functions is known to characterize a large
class of fairness concepts [13]. Next, we describe the capacity
region of the network as in [15], [9].
Definition 1 (Capacity region): The capacity region, Λ, of
the network contains
n the
o set of flow rates x ≥ 0 for which
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where
:=
(k,n)∈L µ(k,n) denotes the potential
number of packets that X
are destined for node d, incoming to
(d)
(d)
node n. µout(n) :=
µ(n,m) has a similar definition
(n,m)∈L
B
for the potential outgoing number of packets. Also, IA
is the
indicator function of the event A ∩ B.
It is assumed that each node maintains a separate queue
for those flows that have the same destination. We use qn,d [t]
to denote the number of packets that are destined for node d,
waiting for service at node n at time t. Then, for each n ∈ N ,
and d ∈ N \{n}, the evolution of qn,d is given by
X
{e(f )=d}
qn,d [t + 1] = (qn,d [t] +
xf [t] I{b(f )=n}
f
(d)
+sinto(n) [t]

(d)

− sout(n) [t]),

(2)

P
(d)
(d)
(d)
where sinto(n) [t] :=
(k,n)∈L s(k,n) [t] and sout(n) [t] :=
P
(d)
(d)
(n,m)∈L s(n,m) [t], and s(n,m) [t] denotes the rate provided
to d-destined packets over link (n, m) at slot t. Notice that,
this is the actual amount of packets served over the link, not
(d)
the potential amount denoted by µ(n,m) [t].
III. P ROBLEM S TATEMENT AND C HARACTERIZATION OF
THE O PTIMAL P OINT
Our goal is to design a congestion control/scheduling mechanism such that the flow rate vector, x, solves the following
optimization problem:
X
max
Uf (xf )
(3)
x

s.t.

f ∈F

x∈Λ

which refer to (3) as the primal problem. Due to the strict
concavity assumption of Uf (·) and the convexity of the
capacity region Λ, there exists a unique optimizer of the
primal problem, which we refer to as x? . We call this the fair
rate allocation. One can use duality theory by defining λn,d
to be the Lagrange multiplier associated with the constraint
P
(d)
{e(f )=d}
(d)
µinto(n) + f xf I{b(f )=n} ≤ µout(n) to get the dual function,
which we denote by D(λ). Here, λn,d can be interpreted as the
price of transferring a unit amount of data from node n to node
d. Thus, λb(f ),e(f ) is nothing but the price of transferring a unit
amount of data from the source of flow f to its destination.
Such an approach was first taken in [9] where it was shown
that for this problem, the duality gap vanishes. Hence, there
exists a X
nonempty set Ψ? of optimal Lagrange multipliers that
satisfy
Uf (x?f ) = D(λ? ), for all λ? ∈ Ψ? .
f ∈F

IV. J OINT S CHEDULING , ROUTING AND F LOW C ONTROL
M ECHANISM
We describe the mechanism in two parts. The first part deal
with the routing and scheduling component, and the second
part is the congestion control algorithm.

A. Routing and Scheduling Algorithm
We use a queue-length-based scheduler known as the backpressure scheduler introduced by Tassiulas [18], which uses
the differential backlog at the two end nodes of a link to
determine the rate of that link.
Definition 2 (Back-pressure Scheduler): At slot t, for each
(n, m) ∈ L, we define the differential backlog for destination node d as W(n,m),d [t]
 := (qn,d [t] − qm,d [t]). Also,
we let W(n,m) [t] = max W(n,m),d [t] and d(n,m) [t] =
d

arg maxd W(n,m),d [t] . Then, choose the rate vector µ[t] ∈
Γ̂ that satisfies
X
µ[t] ∈ arg max{η∈Γ̂}
η(n,m) W(n,m) [t],
(4)
{(n,m)∈L}

then serve the queue holding packets destined for node
d(n,m) [t] over link (n, m) at rate µ(n,m) [t]. That is, we set
(d(n,m) [t])
µ(n,m)
[t] = µ(n,m) [t]. The rest of the queues at node n
are not served at slot t.
Fact 1: The maximization in (4) can be performed over Γ
instead of Γ̂, because the optimal rate vector must always
contain at least one element from Γ̂. This follows from the
linearity of the objective function and the fact that Γ =
CH{Γ̂}.
B. Primal-Dual Congestion Controller
The primal-dual congestion controller changes the flow
rate vector in an iterative manner. This is a realistic model
for window based flow control mechanisms implemented in
many versions of TCP, because for such mechanisms the flow
rates are gradually increased or decreased depending on the
congestion feedback from the network.
Definition 3 (Primal-Dual Congestion Controller): At the
beginning of time slot t, each flow, say f, has access to the
queue length of its first node, i.e. qb(f ),e(f ) [t]. Then the data
rate xf [t] of flow f is an independently distributed random
variable that satisfies

 M
xf [t + 1] = min xf [t] + α KUf0 (xf [t]) − qb(f ),e(f ) [t] m ,
where the notation {y}ba projects the value of y onto the
interval [a, b]. We assume that m is a fixed positive valued
quantity that can be arbitrarily small, M > 2η̂. These parameters guarantee that the amount of data generated at every time
slot is within realistic boundaries. Also, K is a multiplicative
constant that will be used to guarantee convergence of the
achieved rates to the fair allocation. In particular, we are
interested in the performance of the system for large K.
V. A NALYSIS OF THE S YSTEM
In this section, we first introduce a heuristic fluid model
of the joint scheduler-congestion control mechanism, and
prove its stability and convergence properties, and then show
the convergence properties of the discrete-time primal-dual
algorithm.

1) Continuous-time Fluid model Analysis: We assume that
the time is continuous and the evolution of each queue is
governed by the differential equation: for each n ∈ N , and
d 6= n,

+
X
e(f )=d
(d)
(d)
q̇n,d (t) = 
xf (t) Ib(f )=n + µinto(n) (t) − µout(n) (t)
f

qn,d

(y)+
z

where
:= (y)z≥0 and (y)z≥a is equal to y when z > a
and is equal to max(y, 0) when z = a. Here, (t) is used
instead of [t] to signify that we are working in continuoustime. The back-pressure algorithm computes the link schedules
and rates at every instant of time as described in Section 2.
Finally, the congestion controller is assumed to determine the
instantaneous flow rates such that

∀ f ∈ F,
ẋf (t) = α KUf0 (xf (t)) − qb(f ),e(f ) (t) x (t)≥m
f

where we take m > 0 such that it satisfies: m < x?f for all
f ∈ F. Then, the following global asymptotic stability result
holds.
Theorem 1: Starting from any x(0) and q(0), the rate
vector x(t) converges to x? as t goes to infinity. Moreover,
the queue length vector q(t) approaches the bounded set S̃
described by
S̃ = S ∩ {q ≥ 0 : qb(f ),e(f ) = λ?b(f ),e(f ) for all f ∈ F},


X
where S = q ≥ 0 :
(qn,d (t) − λ?n,d )

n,d


o
P
(d)
(d)
{e(f )=d}
× µout(n) (t) − µinto(n) (t) − f x?f I{b(f )=n} = 0 .
Proof: The proof follows from the application of
LaSalle’s invariance principle applied to the following Lyapunov function:
W (x, q; λ? ) :=

X X (qn,d − λ?n,d )2
X (xf − x?f )2
+
,
2α
2

f ∈F

n∈N d∈N

which is introduced in [17]. For details, please refer to [ref].
2) Discrete-time Model Analysis: The evolution of each
flow rate is governed by the primal-dual iteration as described
in Definition 3. Also, recall that the queue-lengths evolve
according to (2). We define µsym to be the maximum flow rate
that can be provided to all the flows, i.e., µsym := max{η ≥
0 : (η, · · · , η) ∈ Λ}. We assume that µsym > m > 0, and that
x?f > m, ∀f. These are reasonable assumptions given that we
are free to choose m as small as necessary to satisfy them.
The following proposition establishes the asymptotic boundedness, and hence the stability of the queue lengths. The proof
is provided in [ref].
Proposition 1: ForX
α = K12 , and for some finite constant
2
2
c, we have: lim sup
qb(f
),e(f ) [t] ≤ cK .
t→∞

f ∈F

Next we state the main theorem which shows that the
average rate obtained by each user is close to its fair share as
defined by the resource allocation problem (3).

Theorem 2: For α =
have: for all f ∈ F,
B
x?f − √
K

1
K2 ,

≤ lim inf
T →∞

and for some finite B > 0, we
T −1
1 X
xf [t]
T t=0
T −1

B
1 X
≤ lim sup
xf [t] ≤ x?f + √ .
T
K
T →∞
t=0
Proof: The proof of this theorem uses the results of
Theorem 1 and drift analysis. We refer the interested reader
to [ref] for the whole proof.
Note that Theorem 2 directly implies that lim x̄f = x?f , for
K→∞
all f ∈ F, where x̄f denotes the average rate of flow f, i.e.,
P
T −1
x̄f := limT →∞ T1 t=0 xf [t]. Hence, the fair allocation is
asymptotically attained by the joint scheduling, routing, and
primal-dual congestion control mechanism.
VI. E XTENSIONS AND VARIATIONS
In this section, we discuss possible extensions and variations
to the joint mechanism that we studied up to this point. The
goal is two-fold. First, we emphasize that the analysis can
be extended to consider more realistic models. Towards this
end, we discuss the inclusion of time-variations in the channel
conditions into the model. Second, we consider different
versions of congestion controllers that may be of interest, and
show that their stability and convergence properties can be
proved using the same techniques introduced earlier. In the
interest of space, we only provide an outline of the arguments
and do not provide complete proofs.

allocation, and the queue lengths change in such a way that
the backlogs converge to the optimal Lagrange multiplier
set, KΨ? . Then, we can return to the original discretetime, stochastic system model described above and study its
performance as we did in Section V-.2.
Here, due to the direct relationship between the queue
lengths and mean flow rates, we can also give bounds for
the queue length vector’s proximity to KΨ? by adding a new
condition on the utility functions, which is again satisfied by
the class of utility functions described by (1). Then, we can
state the following two results:
Result 1: There exists positive constants c̄ < ∞ and σ ∈
(0, 1), that depend on Λ, the utility function set {Uf (·)}, and
the moments of the arrival processes, such that for each λ? ∈
KΨ? ,
E [kq∞ − λ? k] ≤ c̄(K)σ ,

for large K

(5)

where q∞ is a notation used to denote the state of the Markov
chain in steady-state and k · k denotes the Euclidean distance.
Result 2: The mean of the stationary rate vector converges
to x? as K increases, i.e.,
?
∞
∞
E[x∞
 ∞,o where x is defined by xf =
n] → x
 as K →
q∞

),e(f )
, M for all f ∈ F.
min Uf0−1 b(fK
Thus, Result 1 establishes the stability of the buffers, and
Result 2 proves the asymptotic optimality of the rates achieved
by the dual controller, and as an alternate proof of the results
in [9], [?], [14].

C. Capturing TCP behavior
A. Stochastic Channel Models
Recall that our wireless network model assumes timeinvariant channel conditions. However, in reality, channel
conditions will fluctuate due to the change in the environment.
Also, the arrivals can be random to model various implementation details. To accommodate these situations, the network
model can be appropriately extended[ref]. Then, the arguments
of Section IV-B can easily be modified to argue the stability
and convergence properties of the system.
B. Dual Congestion Controller

It is shown in [17] that different versions of TCP can be
modeled by the following rate evolution: for all f ∈ F

ẋf (t) = κf (xf (t)) KUf0 (xf (t)) − qb(f ),e(f ) (t) x (t)≥m ,
f

where κf (·) is any non-decreasing, continuous function with
κf (y) > 0 for any y > 0. For this rate evolution, the approach
used to prove the primal-dual algorithm of Section IV-B can
be applied. However, the Lyapunov function must be modified.
Then, convergence of the model can be proved using the same
line of reasoning as in Section IV-B (see [ref] for details).

A dual congestion controller aims to change the end-to-end
VII. C ONCLUSIONS
flow rates in a direction so as to minimize the dual objective
of (3). For this controller, the data rate xf [t] of flow f is an
In this work, we study a cross-layer scheduling-congestion
independently distributed random variable that satisfies
control mechanism for wireless networks. We model many



 existing versions of TCP/AQM schemes using the primal-dual
qb(f ),e(f ) [t]
0−1
E[xf [t] | qb(f ),e(f ) [t]] = min Uf
, M . congestion controller. It is shown that this controller, along
K
with suitable MAC/routing protocol achieves fairness and
The heuristic
fluid
model
of
this
controller
is
given
by
x
(t)
=
stability. Architecturally, we maintain the traditional protocol
f


q
) (t)
stack, but couple them through the use of queue length
Uf0−1 b(f ),e(f
forall
f
∈
F.
For
this
model,
the
global
K
asymptotic stability of the joint scheduling and congestion information.
control mechanism can be proved using LaSalle’s invariance
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principle by studying the Lyapunov function: V (q; λ? ) =
1 X X
A
The LTEX style file for IZS 2006 is essentially identical
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for the fluid model, system evolves toward the optimal rate by Michael Shell.
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