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Abstract—A universal framework is developed for constructing
full-rate and full-diversity coherent space–time codes for systems
with arbitrary numbers of transmit and receive antennas. The pro-
posed framework combines space–time layering concepts with al-
gebraic component codes optimized for single-input–single-output
(SISO) channels. Each component code is assigned to a “thread”
in the space–time matrix, allowing it thus full access to the channel
spatial diversity in the absence of the other threads. Diophantine
approximation theory is then used in order to make the different
threads “transparent” to each other. Within this framework, a spe-
cial class of signals which uses algebraic number-theoretic constel-
lations as component codes is thoroughly investigated. The lattice
structure of the proposed number-theoretic codes along with their
minimal delay allow for polynomial complexity maximum-likeli-
hood (ML) decoding using algorithms from lattice theory. Com-
bining the design framework with the Cayley transform allows to
construct full diversity differential and noncoherent space–time
codes. The proposed framework subsumes many of the existing
codes in the literature, extends naturally to time-selective and fre-
quency-selective channels, and allows for more flexibility in the
tradeoff between power efficiency, bandwidth efficiency, and re-
ceiver complexity. Simulation results that demonstrate the signifi-
cant gains offered by the proposed codes are presented in certain
representative scenarios.

Index Terms—Block codes, Diophantine approximation, di-
versity methods, maximum-likelihood (ML) decoding, multiple-
input–multiple-output (MIMO) systems, number theory.

I. INTRODUCTION

T AROKH et al. coined the term “space–time codes” to
describe the two-dimensional signals used in multiple

transmit antennas systems [4]. In the coherent scenario, where
the channel state information (CSI) is availablea priori only
at the receiver, Gueyet al.and Tarokhet al.derived the design
criteria forfull diversityspace–time codes in quasi-static fading
channels [4], [5]. Subsequent works resulted in new trellis
and graphical space–time codes that exhibit better coding
advantages [6]–[16], new block space–time codes [17]–[22],
and extensions to more realistic frequency-selective and
time-selective channels [23]–[30]. Despite this recent progress,
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the design of full-diversity, high-rate, and low-complexity
space–time codes for quasi-static channels remains an open
problem. For example, it is known that the complexity of max-
imum-likelihood (ML) decoding for full diversity space–time
trellis codes grows exponentially with the transmission rate.
On the other hand, the polynomial complexity linear disper-
sion codes proposed in [31] fail to achieve full diversity for
high transmission rates. Similarly, the layered space–time
architectures in [32] achieve high transmission rates with low
complexity receivers at the expense of reduced diversity ad-
vantages. Finally, the orthogonal space–time codes in [18] and
the diagonal algebraic space–time (DAST) codes in [19]–[21]
achieve full diversity and allow for a low-complexity receiver,
but entail a significant loss in the transmission rates, in general.
Only few sporadic examples of space–time codes are known
in the literature to achieve full rate and full diversity with a
polynomial complexity receiver; for ,
with -quadrature amplitude modulation (QAM) constellation
in [34], [33], and for with all QAM and pulse
amplitude modulation (PAM) constellations in [22].

In this paper, we develop a universal framework for con-
structing multiple-input–multiple-output (MIMO) space–time
codes using algebraic component codes optimized for single-
input–single-output (SISO) channels. The new framework is
based on the threaded layering concept and will be referred to
as threaded algebraic space–time (TAST)1 coding in the se-
quel. Within this framework, we recognize a special class of
codes which use algebraic number-theoretic constellations as
component codes. The lattice structure of these number-theo-
retic codes along with their minimal delay allow for polynomial
complexity ML decoding using the sphere decoder. The TAST
framework is, to the best of the authors’ knowledge, the first
systematic approach for constructing full diversity, full rate,2

and low-complexity space–time codes for systems with arbi-
trary numbers of transmit and receive antennas. We further ex-
tend the new framework to construct differential and nonco-
herent space–time codes. The new framework subsumes many
of the existing codes as special cases and extends naturally to
exploit theadditionaltemporal or frequency diversity available
in selective fading channels.

The rest of this paper is organized as follows. The system
model is outlined in Section II. In Section III, we present the
new framework for constructing space–time codes for coherent
quasi-static fading channels where the CSI is available only at
the receiver. Some interesting properties of TAST codes are fur-
ther developed in Section IV. The proposed framework is then

1“Algebraic” in TAST refers to the use of algebraic component codes and not
only the thoroughly investigated algebraically rotated constellations from [19];
see Theorem 4.

2We will define full rate space–time codes later in the sequel.
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utilized in Section IV-C to construct space–time and space–fre-
quency codes for time-selective and frequency-selective chan-
nels, respectively. In Section V, we extend the TAST coding
framework to noncoherent channels where high-rates full-di-
versity differential and noncoherent space–time codes are con-
structed. Simulation results that compare the proposed codes
with previously known space–time codes are presented in Sec-
tion VI. Finally, Section VII presents our conclusions.

II. SYSTEM MODEL AND NOTATIONS

In this work, boldface lower case letters will denote vectors
and boldface capital letters will denote matrices. The character

denotes a column vector, of a length convened by the con-
text, with elements all equal to zero. Furthermore,, , , and

denote, respectively, the ring of rational integers, the field of
rational numbers, the field of real numbers, and the field of com-
plex numbers. The imaginary number is denoted by .
Also, denotes the ring of complex integers and de-
notes the field of complex rational numbers. Finally, the alge-
braic number field generated by the primitive elementis de-
noted by (see Appendixes for more details).

In the system under consideration, the information
symbol vector , which belongs to a given
alphabet , is mapped by a channel encoder into an

output vector from the output alphabet
(i.e., : ). A space–time formatter “” then maps
each encoded symbol vector to an space–time
block code , where encoded symbols

are transmitted simultaneously from all
transmit antennas at time . There is a
one-to-one correspondence between the information symbol
vector and . When there is no confusion one denotes
the space–time block code by. The transmitted power is
normalized by the number of transmit antennasso that the
total transmitted power is independent of. The transmission
rate of code is symbols per channel use. At time, the
signal at the th receive antenna is given by

(1)

where is the fading coefficient between transmit antenna
and receive antenna. The fading coefficients are assumed

to be independent and identically distributed (i.i.d.) zero-mean
complex Gaussian random variables with a common variance

per real dimension. Unless otherwise stated, the fading co-
efficients are assumed to be fixed during one codeword (i.e.,
time periods) and change independently from one codeword to
the next (i.e., quasi-static fading). The scalars are assumed
to be independent samples of a zero-mean complex Gaussian
random variables with a common variance determined by the
signal-to-noise ratio (SNR) considered. Letbe the re-
ceived signal matrix, be the channel matrix, and
be the noise matrix; then one has

(2)

The design of space–time codes depends largely on the avail-
ability of CSI at the transmitter and/or receiver. One of the in-

novations of the proposed framework is that it allows for con-
structing full-rate and full-diversity space–time codes for sys-
tems with or without receiver CSI. Our main results will be
first developed for the coherent scenario where the CSI is avail-
able only at the receiver (R-CSI). The extension to the no CSI
(N-CSI) scenario is then discussed in Section V.3

III. COHERENTSPACE–TIME CODING: (R-CSI)

In the coherent scenario, the following design criteria were
shown to minimize the maximum pairwise error probability
(PEP) of the ML detection of given that has been
sent [5], [4].

• The rank criterion:The minimum rank of taken
over all distinct codeword pairs is the transmit diversity
gain and should be maximized.

• The determinant criterion:Let , then the
minimum of

taken over all distinct codeword pairs, is the coding gain and
must be maximized, where , , are the nonzero
eigenvalues of , with denoting the conjugate transpose
of matrix .

It is clear that the maximum diversity advantage in a MIMO
quasi-static channel with transmit and receive antennas
is . Space–time codes that achieve the maximum diversity
advantage will be referred to asfull diversitycodes.

A. Space–Time Threading

The proposed framework relies on the threaded space–time
architecture [35]. For the sake of self-completeness, we review
briefly some notations from [35]. Formally, alayer in an
transmission resource array is identified by an indexing set

where and the th symbol interval
on antenna belongs to the layer if and only if . This
indexing set must satisfy the requirement that if and

, then either or (i.e., that is a function
of ). The pair of spatial and temporal spans of a layer is defined
as , where . A
layer with full spatial and temporal spans will be referred to as a
thread[35]. Therefore, the set is designed so
that each thread is active during all of the available symbol trans-
mission intervals and, over time, uses each of theantennas
equally often. Thus, during each symbol transmission interval,
the threads each transmits a symbol using a different antenna;
and, in terms of antenna usage, all of the threads are equivalent.
In general, the number of threads and the number of
antennas transmitting simultaneously at any point of time is.

3The extension of the TAST codes to the adaptive scenario (i.e., the CSI is
available partially at the transmitter and fully at the receiver, TR-CSI) is rather
straightforward based on [47], and is omitted here. It is, however, worth noting
that significant improvement in the performances of the TAST codes can be
obtained by exploiting partial transmitter CSI as shown in [47].
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Fig. 1. The threaded layering in the coherent scenarioM = L = 4. The
spatial and temporal dimensions correspond to the vertical and horizontal axes,
respectively. The numbers refer to the indexes of the threads (e.g., one refers to
the first thread).

Without loss of generality, we focus on the threaded layering set
(with the convention that time indices span )

for (3)

that satisfies all the threaded approach requirements, where
denotes the mod- operation. An example of this

threaded set is shown in Fig. 1 for a system with four transmit
antennas and four threads.

The main advantage of space–time threading is that it in-
duces a partitioning of the space–time code into multiple inde-
pendent codes. The information vector is first parti-
tioned into a set of disjoint component vectors of length

, . Each one of the component vectoris then
encoded independently using a constituent encoder:

, , so that and
. The composite channel encoderwill,

therefore, consist of constituent encoders op-
erating on independent information streams, and there is a cor-
responding partitioning of the composite codeword into a
set of constituent codewords of length . A component
space–time formatter “ ” then assigns the constituent code-
word to the thread and sets all off-thread elements to
zero. For simplicity of presentation, we first consider the case
in which the constituent codes are all of the same rate and have
the same codeword length: and for all

.

B. Threaded Algebraic Space–Time (TAST) Coding

The challenge now is to construct the SISO constituent codes
(i.e., the ’s) such that the composite space–time block code

achieves full spatial diversity. In this subsection, we present
a new class of codes, TAST codes, that achieve this goal, along
with the full rate property, for arbitrary MIMO channels.

Let us first consider the special case with one thread (i.e.,
). From (3), one can easily see that with and

, transmissions occur only on the principle diagonal of the
space–time matrix. We first observe that constructing

component codes that achieve full diversity in this scenario is
necessary but not sufficientfor achieving full diversity in the
general case with arbitrary numbers of threads “.” To further
simplify our presentation, we first investigate in some details
the scenario where the full diversity DAST block codes [19]
are used as component codes. The general result, with arbitrary

component codes, are then stated toward the end of this section.
The DAST component codes also allow for the low-complexity
decoding algorithm discussed in the next section.

A DAST code is obtained by rotating an-dimensional (i.e.,
) information symbol vector by an
rotation , which maximizes the associated minimum

product distance defined as [36]

(4)

where belong to the multidimensional constellation con-
sidered (QAM or PAM). The rotation matrix (complex or
real) is constructed on an algebraic number field with
an algebraic number of degree. In this paper, we consider the
“locally” optimal rotations from [36]–[38] (see the Appendixes
for more details). One can easily verify that the DAST codes
achieve full diversity, and their coding gains are proportional
to the minimum product distances associated with the rotations
used [19].

With an arbitrary number of threads, the TAST codes are con-
structed by transmitting ascaledDAST code in each thread, i.e.,

(5)

is transmitted over thread , where is an real or
complex rotation that achieves full diversity as a DAST code,
and the numbers , , are chosen to ensure
full diversity and maximize the coding gain for the composite
code. In general, one can use different rotation matrices in dif-
ferent threads. In this section, we will first consider the sym-
metric scenario . We will refer to
the symmetric TAST code with transmit antennas, layers,

symbols per channel use, and component DAST codes as
. One can easily see that the rate of symmetric TAST

codes using full-rate algebraic rotations [37], [38] issymbols
per channel use (i.e., ) and

Some examples of asymmetric TAST will be discussed later.
In the sequel, the numbers are referred to as

“Diophantine numbers” since they will be chosen in a way such
that their simultaneous Diophantine approximation by algebraic
numbers is “bad.” The main idea is to assign the constituent
code in each thread to a different algebraic subspace, through
the proper choice of the Diophantine number, such that the
threads are transparent to each other. This construction is for-
malized in the following theorem.

Theorem 1: The symmetric TAST code using the
full diversity algebraic rotation matrix , a QAM constellation
from , and the Diophantine numbers

achieves full diversity if is an algebraic integer such that
are algebraically independent over the

algebraic number field that contains the elements of the
rotation matrix .
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It is worth noting that requiring to be al-
gebraically independent over is only a sufficient condi-
tion to ensure full diversity. In some special cases, as shown in
Section III-D, having algebraically indepen-
dent over an algebraic number field contained in but with
a smaller degree (e.g., ) can be sufficient to ensure full di-
versity. In general, the rotation matrix is chosen to maximize
the product distance [19].

The next theorem offers another alternative for choosing the
Diophantine numbers such that the corresponding TAST code
achieves full diversity.

Theorem 2: The symmetric TAST code using the
full diversity algebraic rotation matrix , a QAM constellation
from , and the Diophantine numbers

achieves full diversity if and is an algebraic
number (i.e., is transcendental).

The previous two constructions are based on observing that
the coding gain expresses the simultaneous Diophantine ap-
proximation of the numbers by other algebraic
numbers, depending on the constellation used. This observation
implies that optimizing the coding gain is equivalent to choosing
these Diophantine numbers to be “badly approximated” by other
algebraic numbers (please refer to the Appendixes for more de-
tails).

Choosing the Diophantine numbers to be algebraic has the
advantage of “controlling” their simultaneous approximation
by other algebraic numbers. This leads to the following lower
bound on the coding gains of the TAST codes.

Theorem 3: If is an algebraic integer such that the alge-
braic number field generated by, , and

are algebraically independent over the alge-
braic number field , then the coding gain of the
TAST code is lower-bounded by

(6)

where depends only on the maximum absolute value of the
constellation used (PAM or QAM), and is the degree of the
algebraic number field .

Although the lower bound on the coding gain in (6) is gener-
ally loose, it suggests that choosingto be an algebraic integer
with the smallest degree that satisfies the condition in Theorem 1
maximizes the lower bound in (6). In other words, choosing the
Diophantine numbers to be algebraic is useful in maximizing
the coding gain of the TAST codes.

An interesting special case of Theorem 3, which shows the
importance of the lower bound (6), is stated in the following
corollary.

Corollary 1: Let , the optimal real or complex
rotation maximizing the minimum product distance, and

; then the coding gain of the TAST code
is lower-bounded by

(7)

where is the maximum product distance of the rotationover
the constellation used.

A brief comment on the choice of the symmetric configura-
tion is now in order. After multiplication by the Diophantine
number, one can see that the resulting code in each thread is ob-
tained by a different scaled rotation . The intuition behind
the symmetry of the component codes is that, in the absence of
other threads, one should pick the best component code and use
it in all threads. The Diophantine numbers then createstructured
asymmetryto separate the threads while preserving the nice
properties of the best component code(s) used in the threads.
This two-step design process, therefore, reduces the problem of
designing codes for MIMO channels to the well-studied code
optimization problem for SISO fading channels.

While Theorems 1–3 treat the special case when using the
DAST component codes,4 the following result gener-

alizes the proposed framework to arbitrary block or trellis com-
ponent codes. We refer to a component code as algebraic if it
takes values in aGalois extensionof (see Appendix I).

Theorem 4: Let the algebraic component encoders

(8)

such that , , , with
a Galois extensionof . Further, assume that these component
codes have nonzero minimum product distances, i.e., the com-
ponent codes achieve full diversity in the absence of the other
threads. Then, the TAST code consisting of the encoder

and the parser that assign theth codeword, , to the
thread in (3) for , has a rate of
symbols (from the alphabet) per channel use, with

and achieves full diversity if the Diophantine numbers are
chosen such that
and are algebraically independent over

. Such choice includes transcendental or algebraic as in
Theorems 1–3.

One should note that the previous result applies to rectangular
configurations (i.e., ) and extends to arbitrary diversity
advantages (i.e., through the proper choice of the
Diophantine numbers the resulting space–time code enjoys the

4This is done mainly for the sake of presentation simplicity since DAST codes
have been thoroughly investigated in [19] in addition to the availability of the
moderate complexity ML sphere decoder discussed in the following section.
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same diversity advantage as that of the component code in the
absence of other threads). The main idea in the proofs of The-
orems 1–4, which are deferred to Appendix II, is that threading
will make the component codes “separable” (each thread, in the
absence of the others, exploits all the channel spatial diversity),
and multiplying by Diophantine numbers will make the threads
“transparent” to each others (each thread will lie in a different
algebraic subspace). It is also worth noting that a suitable class
of SISO codes satisfying Theorem 4 contains the codes opti-
mized for block-fading channels [25]. This is because by ex-
ploiting all the degrees of freedom in the MIMO channel, a
“thread” transforms the quasi-static MIMO fading channel into
a single-input multiple-output block-fading channel. Note also
that the TAST codes constructed by Theorem 4 is more general
than the linear dispersion codes [31] because of the possibility
of using error-correcting codes constructed over finite fields as
SISO components.

We conclude this section with the following observation. The
TAST constructions proposed thus far are general for arbitrary
numbers of transmit antennas, receive antennas , layers ,
component codes, and constellation sizes. The judicious choice
of and the component codes is, however, critical to facilitate
low-complexity ML decoding as described in the next section.
We refer to codes with as full-rate codes.We
recall that achieving full diversity and “full rate” does not con-
tradict the limits set by [4, Corollary 3.3.1], which, using the
Singleton bound, states that the maximum achievable rate of
a full diversity space–time code is of one symbol per channel
use from the output constellation. This is because in [4], the au-
thors assume that the space–time codes do not change the in-
formation symbol alphabet . This is not the case in general
when using algebraic rotations, or other algebraic component
codes for that matter, where the information symbols alphabet

is expanded to where , which is
due to the increase of the degree of the algebraic number field

(see Appendixes). There isa priori no upper bound on the
maximum achievable rates (in symbols fromper channel use)
when using algebraically rotated constellations; however, there
is no benefit of sending more than symbols per channel use.
This is because, on one hand, the capacity of the channel in-
creases only with [1],5 and on the other hand, one
cannot increase the coding gain by sending more thansym-
bols per channel use, since one can always set the additional
symbols to zero in the coding gain expression which is due to the
linearity of the code. For more details on the maximum achiev-
able rates, the reader is referred to [19].

C. The Decoding Strategy

Ultimately, the utility of any coding scheme depends largely
on the availability of a corresponding decoding algorithm with
reasonable complexity. To this end, we resort back to TAST
codes constructed from component DAST codes (that are linear
over the complex field ). When the code is used over

5Even whenN > M , the ergodic capacity grows withM , and hence, the
same principle of sendingmin(M; N) threads still allows for exploiting all
the degrees of freedom in the channel.

a quasi-static fading channel, the received signal can be written
as

(9)

where , is the channel matrix as seen
by thread , which has the elements of permuted to fit the

structure of the th thread (e.g., ). Let
which arranges the matrix in one column vector by stacking
its columns one after the other, and let

(10)

where is the th row of matrix . Finally, let

, then it follows, from the TAST code structure,
that

(11)

Rearranging (11) yields

(12)

where , with denoting the Kronecker matrix
multiplication, and is the new equivalent
channel matrix of the TAST code and is
an vector containing all the information symbols of the

threads.
The received signal in (12) represents an uncoded system

with a new channel matrix with equations and
unknowns. This motivates ML decoding using the sphere de-
coder6 [34], [41]. The sphere decoder computes the ML metric

over all constellation pointsenclosed
in a sphere of a given radius. Finding the closest constel-
lation point to the received signal is done by enumerating the
lattice points, with constraint to the constellation boundaries,
such that . When a point is found, the sphere ra-
dius is reduced, and the enumeration is restarted until one
reaches an empty sphere. If the initial sphere contains no con-
stellation points, one may choose a larger radiusdepending
on the equivalent channel matrix and the noise level [34],
[41].

When the number of unknowns is less than or equal to the
number of equations (i.e., ), the complexity of
the sphere decoder is exponential inand polynomial in the
lattice rank [42]. Therefore, in this scenario, the proper
choice of the initial radius will allow for a decoder with a
polynomial complexity in (roughly cubic) at medium-to-
large SNRs [41]. In general, when , one can still obtain
the ML decoding performance with less complexity than the
exhaustive search by applying the generalized sphere decoder

6Suboptimal detectors based on the turbo principle suitable for large array
sizes will be considered in a separate paper.
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[41], [43]. The generalized sphere decoder can be implemented
via the quadratic-residue (QR) decomposition of the equivalent
channel matrix and has an additionalexponential complexity
in “ ” [41]. This observation suggests that by re-
stricting the number of threads to threads, one
ensures that ML decoding can be performed using the polyno-
mial complexity sphere decoder [40], [34], [41]. This choice for
the number of threads also agrees with the fact that the informa-
tion-theoretic capacity of the system grows with .
While our TAST coding framework is general for an arbitrary
number of threads, we will limit the rest of the paper to this
choice for the number of threads for simplicity. In this case,
the rate of the TAST code over transmit antennas is equal
to symbols per channel use. Note that the
same restriction was imposed on the linear dispersion codes in
[31] to allow for a low-complexity decoder. Codes that achieve
this transmission rate will be referred to asfull-rate codes in the
sequel.

In summary, through a judicious choice of the number of
threads and the use of DAST component
codes, TAST codes enjoy full diversity, full rate, and low com-
plexity for arbitrary numbers of transmit and receive antennas
and arbitrary constellation sizes. An interesting avenue for fu-
ture research is to investigate low-complexity decoding algo-
rithms for TAST codes that utilize more powerful component
codes.

D. Code Design Examples

To further clarify our general framework, some representative
examples of full-diversity and full-rate TAST codes are given
here.

Example 1: For transmit antennas and receive
antenna, the new codes, using algebraic rotated constellations
as SISO components, are reduced to the DAST codes in [19].
In this case, the TAST codes achieve a rate of one symbol per
channel use.

Example 2: For transmit and receive an-
tennas, the TAST code is given by

(13)

where

and

and belong to the constellation considered. For
the optimal real rotation one has [38]

(14)

where is the Golden mean. For the optimal
complex rotation [36], one has

(15)

For , the coding gain of is given by

(16)

where the minimum is computed over all the differences of dis-
tinct codewords belonging to the constellation used [4]. Note
that when belong to QAM constellations, ,
for , with for the optimal real rotation (14), and

for the optimal complex rotation (15). It follows from
(16) that choosing to be algebraic of degreeover guar-
antees full diversity over all constellations carved from. In
this special case, ensuring full diversity requires to be a
free set over only, and not over the number field containing
the algebraic rotation or as required by The-
orem 1. This is due to the absence of the cross terms between
different layers in the expression of the coding gain (16); thus,
one can choose the Diophantine numberwith a degree smaller
than the degree required by Theorem 1. Using similar arguments
as in [33, Ch. 4], it can be proved that , of degree
over , gives the optimal coding gain when using the com-
plex rotation above with symbols from a 4-QAM constellation.
We also observe that the TAST code subsumes the code

[22] as a special case.

Example 3: For transmit antennas, one can identify
two additional special cases.

1) receive antennas

(17)

where

with belonging to the constellation considered,
and the optimal real [38] or complex rotation [36]. It can
be proved that the Diophantine number guarantees
full diversity when used with these algebraic rotations.

2) receive antennas

(18)

where

with belonging to the constellation used. By
using the algebraic rotations from [36], [38], and setting

( is a free set over the algebraic
number field considered), it can be shown that the TAST
code achieves full diversity over constellations carved
from (for the rotation in [38]) and from (for the
rotation in [36]).

Example 4: We give here an interesting example for
and , which allows us to combine Hadamard
spreading sequences7 with the TAST codes which can be useful

7This can be done only whenM=L equals2 or a multiple of4 [44, Ch. 7].
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in a peak-power-limited system [19]. The symmetric TAST
code is given by

(19)

where

with belonging to the constellation considered,
the optimal real [38] or complex rotation [36], and the
Diophantine number that achieves full diversity. If
one spreads the two layers by the Hadamard sequences of length
that equal , such that the first spreaded layer occupies
layers and in the new TAST code, and the second spreaded
layer occupies layers and , as follows:

(20)

then the determinant of equals

which is equal to the determinant of original TAST code
in (19). Similarly, one can verify that the spreaded code ex-
hibits the same distance spectrum as the original code. There-
fore, the spreaded TAST code has the same performance as the
original one, but has a reduced peak power since it has no zeros
in the transmission matrix. The spreading with Hadamard se-
quences requires a small modification of the decoding scheme
in Section III-C. Consider (11), then the channel seen by the first
layer, spreaded on and , is with a uni-
tary matrix depending on and the Hadamard
transformation. Similarly, the channel seen by the second layer,
spreaded on and , is with a unitary

matrix depending on and the Hadamard trans-
formation. Thus, the decoding can be implemented by including
the Hadamard sequences in the new channel matrix of each layer
(as is done for the DAST codes in [19]), and then applying the
scheme in Section III-C. This operation requires an additional
computational cost that is linear in , which is negligible when
compared to the cubic complexity required by the ML decoder.

The following is an example of an asymmetric TAST code
that offers more flexibility on the tradeoff between data rate and
complexity.

Example 5 (Asymmetric TAST Codes):Instead of the ro-
tation matrices, one can employ repetition codes, however,
with the proper Diophantine numbers, in some selected
number of threads. In this approach, one sendsinformation
symbols , each repeated times on threads

. This approach allows for fractional symbol rates
while ensuring full diversity and reducing the complexity of the
sphere decoder since less information symbols are sent. The

resulting TAST code has a rate of symbols per
channel use. This special case is formalized in the following
result.

Theorem 5: The Asymmetric TAST code ,
using the full diversity algebraic rotation matrix in
threads and a repetition code inthreads achieves full diversity
if the Diophantine numbers are chosen such that

where

1) , with algebraic;
2) is an algebraic integer ensuring that

are algebraically independent over , where is
the algebraic number field that contains the elements of
the rotation matrix .

In the latter case, the coding gain obeys the lower bound given
in (6).

The proof is deferred to Appendix II.
For example, let and , then the TAST code is

given by

(21)

where , and , with
belonging to the constellation used. The Diophantine number

is chosen in the same way as for the TAST code (13), and
the rate of this code is symbols per channel use. We have
found that the Diophantine number maximizes the
coding gain in this scenario. When sendinglayers from
with a repetition code, there are, in general, less restrictions on
the degree of the Diophantine numberbecause many crossing
terms in the determinant of the code (47) belong to; thus,
one can “separate” them by Diophantine numbers with smaller
degrees than required by Theorems 1 and 5.

E. Existing Codes as Special Cases of the Proposed
Framework

Here, the proposed framework is shown to subsume many
existing space–time schemes as special cases.

1) The Alamouti Scheme:Alamouti proposed a simple, yet
brilliant, space–time block code over two transmit antennas that
achieves full diversity while allowing for a simple linear pro-
cessing ML decoder [17]. The Alamouti scheme is given by

(22)

where belong to QAM, PAM, or phase-shift keying
(PSK) constellations. With a small modification, the Alamouti
scheme can be written as follows:

(23)

It is straightforward to verify that themodifiedrepresentation
has the same properties as the original Alamouti scheme
(22). The modified representation, however, clearly falls
within the scope of the threaded coding framework with

, , and the
Diophantine number . Observe that the constituent



1104 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 49, NO. 5, MAY 2003

encoders , , can be considered as scaled DAST
codes, with the scaled rotation

applied on the vectors , with and
denoting the real and imaginary parts, respectively. In this

case, the product distance of this rotation equals .
Hence, having of degree over is sufficient to ensure the
full diversity; however, since in this special setup the product
distance (algebraic norm) is the usual Euclidean norm ,
choosing of degree over such that the determi-
nant is a sum of two positive norms, guarantees full diversity. In
summary, the special structure of the matrix renders the
conditions stipulated on the Diophantine numbers in Theorem
1 unnecessarily restrictive.

2) Code : In [22], the following code, denoted by , is
reported to have a better performance than the Alamouti code
when the number of receive antennas is greater than two

(24)

with and . The optimal value of was found
in [22] to be which gives a coding gain of
over the 4-QAM constellation. As mentioned in Section III-D,
the code in (13) subsumes the code as a special case
illustrating the layered structure of .

3) The Linear Dispersion Block Code:In [31], a
linear dispersion space–time block code was reported to have a
smaller error probability than the Alamouti scheme at small-to-
medium SNRs and high data rates with receive antennas.
This code was shown in [22] to be a special case of the code
with in (24), and hence, does not achieve full diver-
sity. The linear dispersion code is, therefore, a special case
of our TAST codes. The other linear dispersion codes, however,
do not necessarily exhibit the layered structure [31].

4) The Bell Labs Layered Space–Time (BLAST) Fam-
ily: One can easily see that the BLAST architectures proposed
by Foschini in [32] are special cases of the generalized space–
time layering framework in Section III-A. For example, the
horizontal BLAST (H-BLAST) architecture corresponds to the
following layering set:

for (25)

More importantly, the new coding framework allows for
constructing full diversity codes for the diagonal BLAST
(D-BLAST) architecture. For example, for ,

, the new code for the D-BLAST is given by

(26)

with and as in (13). Note that in the D-BLAST
framework, the codes are not delay optimal and achieve a trans-
mission rate of symbols per channel use. It is interesting
to note that in this scenario there is no need for the Diophantine
numbers to achieve full diversity (i.e., without loss of gener-
ality, one can set ). Full diversity is

already ensured by the rotation, within each layer, and expan-
sion of the code temporal dimension . The latter expansion
plays the same role as the Diophantine numbers in separating
the different layers as formalized in the following theorem.

Theorem 6: The D-BLAST system using DAST block codes
within the layers with the Diophantine numbers

achieves full diversity in a quasi-static fading environ-
ment.

Proof: See Appendix II.

Compared to the proposed TAST codes, one can easily see
that the disadvantage of the full diversity D-BLAST codes
is the transmission rate reduction entailed by the silence
periods. These silence periods also imply an increase in the
peak-to-mean envelope power ratios. While the asymmetric
TAST codes in Section III-D, Example 5, have the advantage
of trading rate versus complexity; we cannot see an advantage
for the D-BLAST codes over the TAST codes. They have
advantages, however, over the DAST codes when . In
the context of this paper, the D-BLAST codes serve to highlight
the utility and power of the proposed framework.

IV. TAST CODESPROPERTIES

A. Symmetric TAST Precoding

The symmetric TAST codes can be coupled with outer codes
to further enhance the performance of MIMO systems. In this
scenario, the symmetric TAST codes can be considered as a part
of the equivalentchannel seen by the outer code. It is there-
fore interesting to investigate the information-theoretic loss en-
tailed by symmetric TAST pecoders. One observes that the pri-
mary example of aninformation losslessprecoder is the iden-
tity matrix. The utility of the symmetric TAST precoders is,
however, evident in the transformation of the MIMO Rayleigh-
fading channel into SISOapproximatelyGaussian channels
by means of transmit and receive diversity. Thus, one would ex-
pectoptimalerror-correcting codes for the Gaussian channel to
exhibit a good performance when concatenated with symmetric
TAST inner codes in MIMO Rayleigh-fading channels. The de-
sign of outer codes will be discussed, however, in more details
in a separate paper. We now attempt to quantify the informa-
tion-theoretic loss incurred by TAST precoders in the ergodic
(i.e., fast-fading) scenario.

Definition 1: The information loss of a TAST code
is given by the difference between the ergodic capacity of the
equivalent uncoded system in (12) and the ergodic capacity of
the original channel [31], [45].

From (12), the ergodic capacity of symmetric TAST precoded
system with transmit and receive antennas is given by [31]

(27)

where is the TAST precoder, is the covariance ma-
trix of the information symbol vector , and is the average
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SNR. The maximization of (27) is achieved when
which corresponds to i.i.d. Gaussian inputs [31]. This leads to

(28)

One distinguishes between two different scenarios
1) : It can be seen from (12) that the sym-

metric TAST code, in the ergodic case, makes full use ofonly
transmit antennas. The capacity of the precoded system is thus
equal to that of an uncoded system withtransmit and re-
ceive antennas (i.e., ). The information loss incurred
is, therefore, equal to . This suggests
that the worst case scenario corresponds to , where
the information loss is given by . In this
scenario, the TAST code transforms the multiple-input–single-
output (MISO) channel into a SISO channel. The advantage of
the TAST code in this scenario is, however, evident in the fact
that theequivalentprecoded channel isvery closeto anonfaded
additive white Gaussian noise (AWGN) channel [19], [37], [38].
This transformation reduces the code design problem to the ex-
tensively studied AWGN channel paradigm.8

2) : Using (12) one can easily show that, in the
ergodic scenario, the symmetric TAST code makesfull use of
the antennas, and hence, incurs no information loss.

B. The Importance of Diophantine Numbers

Setting all the Diophantine numbers to one will result in
TAST codes that do not, in general, achieve full diversity.
The number of codeword pairs which degenerate the
rank of is, however, relatively small. This
is because the rank of is a function of the
product distances of the different rotated layers (as detailed
in Appendix II), which reduces many cases where the rank
of is less than for compared
to the uncoded system. For example, one still has full rank

for the situation where layers of the
codewords and are equal, since in this case the TAST
codes reduce to the DAST codes which have full rank. One
would, therefore, expect the TAST codes to exhibit good
performances, even without Diophantine numbers, for small to
medium SNRs. As a simple example, consider the
scenario with the optimal rotation and let . The
determinant of is then given by

(29)

which is zero if and only if

(30)

and

(31)

8Especially for a large number of transmit antennas.

Comparing this with the determinant of the uncoded system
with the same throughput which is given by

(32)

one observes that is zero over a larger set of
than (30). This is because the set of that makes

in (30) also makes in
(32). In addition, all such that and ,
for , make in (32), but not

in (30). Using a similar argument, one can
explain the good performance of threaded trellis codes reported
in [35].

At this point, we emphasize the fact that the proper choice
of the Diophantine numbers is critical to good performance at
large SNRs. Thisasymptotically superiorperformance can be
attributed to thefull diversity ensured by the proper choice of
the Diophantine numbers. The importance of the Diophantine
numbers will be highlighted in the simulation results section.

C. Time-Selective and Frequency-Selective Channels

One of the advantages of the threaded layering approach is
that it allows for exploitation of theadditional temporal di-
versity in time-selective fading channels. More specifically, we
consider the block-fading channel where each codeword is com-
posed of “ ” blocks (i.e., is an matrix). In this
model, the fading coefficients are assumed to be fixed across
one fading block, but change independently from one block to
the next. It is straightforward to see thatfull diversitycodes will
achieve “ ” levels of diversity in this scenario. In [24], it
was shown that the diversity advantage of the space-time code

is given by

(33)

where is the th block of . Full diversity
codes should then be constructed such that is
full rank for every . The information
vector (i.e., ) is now partitioned into
vectors , . ThescaledDAST code

(34)

is then transmitted over each threadin the threaded layering
set in (3). An example for the threaded layering set for ,

, and is shown in Fig. 2. The main difference in this
scenario, compared to the quasi-static case, is that the rotation
matrix is a matrix. The rate of this code is the
same as in the quasi-static scenario (i.e.,symbols per channel
use). The complexity of the decoder, however, is polynomial in
“ ” instead of “ ” in the quasi-static case. The reason
is the increased dimensionality of the rotation matrix. One can
easily verify that thisgeneralizedTAST code achieves full di-
versity for arbitrary number of blocks .

We can utilize the duality between space–time coding in time-
selective channels and space–frequency coding in frequency-
selective channels to generalize this construction for frequency-
selective channels. In this scenario, one employs an orthogonal
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Fig. 2. The threaded layering in the time-selective scenarioM = L = 4,
B = 2. The spatial and temporal dimensions correspond to the vertical and
horizontal axes, respectively. The numbers refer to the indexes of the threads
(e.g., one refers to the first thread).

frequency-division multiplexing (OFDM) front end(s) such that
the channel seen by the TAST code can bewell approximatedby
the block-fading model [26]. The previous TAST construction
can then be used as a full diversity space–frequency code.

V. DIFFERENTIAL AND NONCOHERENTTAST CODES: (N-CSI)

Here, we suppose that neither the transmitter nor the receiver
has prior knowledge of the channel state information (N-CSI).
Recent information-theoretic calculations suggest that high
capacities are still possible with multiple-antenna systems in
the noncoherent scenario if the channel coherence time is not
very small (e.g., [3]). Follow-up works have investigated the
signal design criterion for noncoherent space–time signals
(e.g., [48]). Two approaches for space–time signal design in
this scenario have been investigated. In the first approach,
noncoherent space–time codes have been proposed [49]–[51].
These codes assume that the channel is fixed overonly one
matrix symbol duration and can exploit the spatial diversity
without the need of any training symbols. The second approach
extends differential phase-shift keying (DPSK) modulation
to the space–time paradigm, where two-dimensional unitary
space–time codes are constructed to exploit the spatial diver-
sity [52], [53]. In this approach, the symbols are first drawn
from a group of unitary matrices, then differentially encoded
before transmission across the channel. The differential coding
approach assumes that the channel remains fixed over two
consecutivematrix symbol durations. The receiver exploits the
fact that the information is embedded in therotation between
two consecutivematrix symbols to facilitate decoding without
knowing the CSI. Earlier works ondifferential space–time
codinghave focused on systems with relatively small numbers
of transmit antennas and low data rates [52], [53]. More
recently, a novel approach based on the Cayley transform have
been proposed [54]. The so-called Cayley differential (CD)
codes allow for high transmission rates with reasonable receiver
complexity. The proposed CD codes, however, fail to achieve
full spatial diversity [54]. In the following, we first utilize the
TAST coding framework and the Cayley transform to construct
full diversity differential space–time codes for arbitrary
quasi-static MIMO channels and arbitrary transmission rates.
We then demonstrate briefly how one can use the proposed
TAST in the noncoherent scenario as well.

A. Differential TAST Coding

For MIMO differential signaling schemes, the information
must first beembeddedin a unitary matrix in order to ensure that
the transmitted signal obeys the average power constraint. This
can be accomplished through the following Cayley transform:

(35)

where is the identity matrix, is the
space–time block code matrix at block time, and is the
output of the Cayley transform at time[54]. The division by
the matrix denotes the multiplication by the matrix

. The code matrix transmitted at time,
, is then obtained from the information matrix and

the transmitted matrix at , , as follows:

(36)

where .
The Cayley transform ensures that the matrix is uni-

tary if and only if the matrix is Hermitian [54]. It was
further shown in [54] that the differential space–time code de-
fined by (35) and (36) achieves full diversity if and only if
the space–time code achieves full diversity. The challenge,
therefore, is to construct full diversity Hermitian space–time
block codes for arbitrary MIMO channels and rates. To achieve
this goal, we nowmodifythe TAST coding framework to ensure
the Hermitian property of the code matrix .

We first observe that the Hermitian constraint imposes a loss
of half the degrees of freedom as pointed out in [54]. This moti-
vates restricting ourselves to PAM modulations instead of QAM
modulations, real rotation matrices instead of the complex ones,
and real Diophantine numbers instead of the complex ones. Note
that the real Diophantine numbers required to separate the dif-
ferent layers have different absolute values. Thesereal compo-
nent codes are then embedded in the following threaded layering
assignment:

for

(37)

where the output of the - operation belongs to
. This threaded layering assignment is shown in

Fig. 3 for a system with four transmit antennas and four threads.
First, we construct a symmetric TAST code with

, based on the layering in (37) and the real scaled
DAST component codes. Then, we multiply all theabove-di-
agonalelements by “ ” to obtain a new code matrix

. The codeword matrix is finally obtained as

(38)

where is the diagonal matrix con-
taining the diagonal elements of . The multiplica-
tion of the above-diagonal elements byensures that the addi-
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Fig. 3. The threaded layering in the differential coding scenarioM = L = 4.
The spatial and temporal dimensions correspond to the vertical and horizontal
axes, respectively. The numbers refer to the indexes of the threads (e.g., one
refers to the first thread).

tion operation in (38) does not result in any zero entry in the
difference matrix , and hence, guarantees full diver-
sity for the differential TAST code as argued in the following
result (with the proof given in Appendix II).

Theorem 7: Let be a full diversity algebraic real
rotation matrix, and let , with , denote the
symmetric TAST code obtained by the threading oflayers
bearing information from PAM constellations and using the op-
timal real rotation , the layering (37), and the real Diophan-
tine numbers . Then, the TAST code
achieves full diversity when using PAM constellations if the
Diophantine numbers are chosen such that

where is a real algebraic integer and are
algebraically independent over , with the algebraic
number field that contains the elements of the rotation matrix

. Moreover, the space–time code defined in (38) is Her-
mitian, satisfies the threaded layering constrains, and achieves
full diversity. The resultingunitary differential code obtained
by applying the Cayley transform on the code matrixas de-
fined in (35) and (36), will, therefore, achieve full diversity over
all PAM constellations.

In the following, we clarify our construction of full diversity
differential TAST codes by an example.

Example 6: For , the differential TAST code is
constructed as follows. First, let

(39)

where , , is the
information symbol vector from PAM constellations, is the
optimal real rotation in (14), and is the Golden
mean given in (14). The choice of to be the Golden mean

is motivated by the fact that the latter number is the irra-
tional number which is “worst” approximated by rational num-
bers [22], [58]; thus, this choice maximizes the determinant of

the , which equals with
. Second, one constructs the code matrix

(40)

It is clear that the code matrix defined above is Hermitian
and has a full rank when ; therefore,
the differential TAST code obtained by applying the Cayley
transform on as in (35) and (36) achieves full diversity.

Remark 1: Polynomial complexity decoding of the proposed
differential TAST codes is possible through applying the sphere
decoder on thelinearized systempresented in [54]. We observed
experimentally that the use of the real Diophantine numbers can
be harmful in certain scenarios when using this suboptimal de-
coder. This may be attributed to the increased variance of the
colored additive noise with the Diophantine numbers in these
cases. We, however, hasten to stress that thefull-diversityDio-
phantine numbers were found to bealways beneficial when
using the exhaustive search ML decoder. This observation will
be explored further in the numerical results section.

Remark 2: Applying the Cayley transform on the DAST
codes [19] (TAST codes with ) gives aconstant
modulusdifferential space–time codes which achieve full diver-
sity and have a polynomial near-ML decoding complexity when
using the sphere decoder of the linearized system. We have
observed that the differential DAST codes give comparable
performances to the differential modulations of Hochwald and
Sweldens in [53] with the same number of transmit antennas;
nonetheless, the advantage of the differential DAST codes is
their availability for any number of transmit antennas without
the need to resort to computer searches.

Remark 3: The extension of the differential scenario to arbi-
trary algebraic component encoders with nonzero product dis-
tances is easily done using Theorem 4. Here again, the advan-
tage of using the DAST codes as component codes is motivated
by the availability of a moderate complexity near ML decoding
algorithm (the sphere decoder) at our disposal.

B. Noncoherent TAST Coding

In the noncoherent scenario, the channel, unknown to both the
transmitter and receiver, is assumed to be fixed across a single
coherence interval of length and changes independently from
one coherence interval to the next (i.e., we relax the overlapping
constraint used for differential signaling). Here, we will con-
sider the delay-limited case where the codeword has to be trans-
mitted over a single coherence interval. In [55], it was shown
that the maximum achievable diversity advantage in this sce-
nario is given by . The design criterion for
unitary space–time signals was further characterized as (we
refer to the codeword corresponding to inputas to dif-
ferentiate it from the coherent case) [55].
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The Noncoherent Rank Criterion:The minimum rank of
taken over all distinct codeword pairs is the

transmit diversity gain and should be maximized.9

It is now straightforward to construct full-diversity nonco-
herent codes for using the TAST framework. The
codeword corresponding to an input vectoris given by

(41)

where is the identity matrix and is obtained
as in the Cayley differential TAST codes. The identity matrix
acts like a matrix pilot symbol and the information is contained
in .10 For channels where , one can achieve the
diversity advantage of by using the same approach,
however, with only active transmit antennas. Letting

be the number of active antennas, one
can easily see that the transmission rate in this case is given by

PAM symbols per channel use. This
result implies a fundamental tradeoff between transmission rate
and diversity advantage, especially in the case of a small number
of receive antennas. For example, when ,
one can easily see that the transmission rate can be maximized
by setting the number of active transmit antennas .
This choice is, in fact, optimal in the ergodic scenario as argued
by Zheng and Tse [49] from an information-theoretic point of
view. In the delay-limited scenario, however, increasing the
rate implies a price in the diversity advantage which is given
by .

The unitary constraint imposed on the transmission matrix
entails a loss of half the degrees of freedom (i.e., from QAM
to PAM symbols). In the differential scenario, the unitary con-
straint was necessary to ensure a constant average power after
differential encoding. In the noncoherent scenario, however, one
can relax this constraint to increase the transmission rate. The
main complication now is that the pairwise probability of error
analysis for nonunitary signaling becomes intractable [55]. In-
terestingly, the noncoherent rank criterion can be still motivated
in this case using the followingidentifiability argument.

Definition 2 (Generalized Diversity Advantage):We say
that a noncoherent space–time code achieves full diversity if
its probability of error, with ML decoding, in the absence of
additive noise is given by ,11 where is the
cardinality of the code.

This definition means that for full diversity noncoherent
space–time codes, one is able toidentifythe correct transmitted
signal as well as the channel matrix from the observed
matrix , in the absence of additive noise, unless where
the decoding decision is made randomly.

Proposition 1: A noncoherent space–time code achieves full
diversity in the sense of Definition 2 if and only if the minimum
rank of taken over all distinct codeword pairs
is equal to .

9With N receive antennas, the overall diversity advantage isNr.
10One can easily obtain a linearized system and extend the application of the

sphere decoder to this scenario, as is done for CD codes.
11Obviously, in case of fading coefficients represented by continuous-valued

random variables, identifiability means zero-error probability in the absence of
noise.

The proof is given in Appendix II. One of the implications
of Proposition 1 is that, in the case of unitary modulations, the
usual definition of full diversity based on the error probability of
the generalized likelihood ratio test (GLRT) receiver [49], [55]
coincides with the identifiability definition above. In addition,
this proposition leads to replacing by in (41) where
is now drawn from QAM constellations, where one can easily
verify that if achieves full diversity in the coherent scenario
then will achieve full diversity in the noncoherent scenario
(in the sense established in Proposition 1). This modification
results in doubling the transmission rate, in bits per channel
use, and significant performance gains as shown in the next sec-
tion. In fact, the simulation results in the next section show that
the performance of TAST noncoherent codes match the best
noncoherent codes found through exhaustive computer search
[55] while avoiding the exponential decoding complexity. Fi-
nally, we remark that the proposed codes belong to the class of
training-based schemes. The good performance of this class of
schemes was recently, and independently, observed by Brehler
and Varanasi [56].

VI. SIMULATION RESULTS

Simulation results are presented for transmit
antennas and receive antennas, R-CSI, and N-SCI
Rayleigh quasi-static as well as time-selective fading channels.
Comparisons are done with the codes from [31], [54] and the
codes in [33], [34], at the same rates and SNRs. Unless spec-
ified otherwise, the Diophantine numbers are chosen to be al-
gebraic integers with the smallest degrees such that the TAST
code achieves full diversity. The rotations used are the complex
ones12 from [36], and ML decoding is obtained by the sphere
decoder [34]. The performances are plotted versus the total av-
erage SNRs from all transmit antennas (in a way similar to [31],
[54], for example).

Fig. 4 reports the performance of the TAST code and
the linear dispersion code with over a
quasi-static fading channel. It also presents the performance of
the TAST code with the Diophantine number in order
to shed light on the importance of optimizing the Diophantine
numbers to ensure full diversity. It is shown that both TAST
codes are better than the linear dispersion code; however, opti-
mizing the Diophantine number significantly improves the per-
formance at large SNRs as it allows the TAST code to achieve
full diversity. Over the time-selective channel (thus, by duality,
over frequency-selective channel as discussed in Section IV-C)
the TAST code achieves a larger diversity advantage without
rate reduction, at the expense of increased complexity. In Fig. 5,
the performance of themodifiedTAST code in a time-se-
lective channel with is presented where it is shown that
themodifiedTAST code achieves a diversity of .

Fig. 6 shows the performance of the TAST code and
the linear dispersion code (due to Hassibi and Hochwald) from
[31] with , , and , at the rate of 8 bits per
channel use (using a 16-QAM constellation). Note that the code

12For more details on the advantages/disadvantages of the complex and real
rotations when used with DAST codes, the reader is referred to [46].
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Fig. 4. The performances of the codesTTT (� = 1 and� = e ), and the linear dispersion code(M = 2; T = 2), over quasi-static fading channel with
N = 2 receive antennas.

in [31] sends encoded symbols over symbol pe-
riods and transmit antennas; whereas at the same rate,
the code sends eight symbols during symbol pe-
riods and transmit antennas. While both codes exhibit
similar performance at SNR less than 25 dB, the TAST code has
the advantage of a smaller decoding complexity than the linear
dispersion code from [31], since the former needs to jointly de-
code eight information symbols (with a complexity polynomial
in ) and the latter needs to jointly decode 12 information sym-
bols (with a complexity polynomial in ). It is also shown that
at large SNR ( 25 dB), the TAST code has a better perfor-
mance, since full diversity is ensured by construction, whereas
this is not the case for the linear dispersion code [31]. The slopes
of the curves predict that the gain of the TAST code over the
linear dispersion code will increase for higher SNRs. In addi-
tion, the TAST code has a smaller baseband peak-to-average
power ratio (PAPR), defined as the ratio of the maximum over
the mean value of the output constellations squared norms over
all transmit antennas. For example, when using the complex ro-
tation in [36], the spreaded TAST code in (20), which has
the same performance and decoding complexity as the TAST
code (19), has a PAPR of

(7.717 dB) when using 16-QAM constellation. Computing
the PAPR of the linear dispersion code is computationally

prohibitive because one needs to check the power envelope of
matrices when using the 16-QAM constellation;

however, with a limited computer search, a lower bound of
(10.185 dB) was found.

Fig. 7 presents the performance of the TAST code and
the code from [33], [34], denoted by , with ,
and . In this case, both codes have the same decoding
complexity since they both send 16 rotated information sym-
bols over transmit antennas and symbol periods,
and have a rate of 8 bits per channel use (using a 4-QAM con-
stellation). Also, both codes achieve full diversity by construc-
tion; however, one observes a coding gain of about 0.8 dB for
the TAST code , which can be attributed to the optimized
coding gain. The performance of the uncoded BLAST system,
decoded by the sphere decoder [34], is also reported. Here again,
the TAST code enjoys a smaller PAPR than the code; the
PAPR is of

(5.164 dB) for the TAST code, and of

(11.133 dB) for the code.
Fig. 8 shows the performances of the uncoded V-BLAST with

, the TAST code, (18) with the optimal
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Fig. 5. The performances of the codesTTT (� = e ) over quasi-static(B = 1) and time-selective fading channel(B = 2) withN = 2 receive antennas.

Fig. 6. The performances of the codesTTT and the linear dispersion code(M = 4; T = 6).
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Fig. 7. The performances of the codesTTT and the code��� .

Fig. 8. The performances of the TAST codeTTT and the Heath–Paulraj code forM = N = 3.
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Fig. 9. The performances of the differential TAST codeTTT and the differential code by Hassibi and Hochwald.

real rotation [38] and ,13 and the corresponding code
from [57] when using a 4-QAM constellation, at the same rate
and number of transmit and receive antennas.14 Here again, one
notes the gain offered by the TAST code. In addition, and as in
the preceding figures, the TAST code has a smaller peak power.

Fig. 9 shows the performance of the differential TAST code
with the exhaustive search ML decoder, the differential TAST
code with the suboptimal linearized decoder, and that of the
Hassibi and Hochwald code from [54]. When the exhaustive
ML decoder is used, the Diophantine numbers are optimized
to ensure full diversity, whereas, when the linearized decoder is
used, the best performance is obtained when all the Diophan-
tine numbers are equal to in this scenario. In all cases, we
assume and 6 bits per channel use. One can
easily observe the gain offered by the new code, with the ML or
linearized decoder, compared with Hassibi and Hochwald code
(for example, a gain of 5 and 4 dB is evident at a block error rate
of with the ML and linearized decoders, respectively). In
this setting, the complexity of the ML decoder is still reasonable
due to the limited number of points in the search space (i.e.,).
For larger array sizes and higher rates, the ML decoder com-
plexity is expected to be prohibitive. The gain obtained by the
optimized Diophantine numbers is apparent in the steeper slope
facilitated by the higher diversity advantage.

Fig. 10 shows the performances of the noncoherent TAST
code and the McCloudet al. noncoherent code

13Which is of degree3 over and is found to give a local optima of the
coding gain for a 4-QAM constellation.

14A typographical error in the SNR scaling in the corresponding figure in [57]
was corrected after consultation with the first author.

[55]15 at a rate of 2 bits per channel use. Both schemes
have comparable performances (according to the authors’
knowledge, the code in [55] currently represents the state of
the art). In addition, the TAST code has smaller coding and de-
coding complexity. The fact that the ML decoding complexity
of our scheme is polynomial (that of [55] is exponential in the
rate and number of antennas) further illustrates the advantage
of our framework in rivaling the performance of the best
noncoherent codes while avoiding the prohibitive exponential
complexity. The performance of unitary TAST code, with
in (41) as the Cayley transform of the corresponding signals, at
the same rate (using 4-PAM constellations instead of 4-QAM)
is also shown in Fig. 10, where one can observe the significant
gain obtained by relaxing the unitary constraint.

Finally, it is worth noting that the special cases of the TAST
codes, when , outperform orthogonal design when

as shown in [19], and when , the TAST code
outperforms the Alamouti code as shown in [22].

VII. CONCLUSION AND FUTURE WORK

In this paper, we developed a universal framework for
constructing full-rate and full-diversity space–time codes for
systems with arbitrary numbers of transmit and receive an-
tennas. Furthermore, the proposed framework extends naturally
to time-selective and frequency-selective channels, and is

15We present here symbol error rate performances to be compatible with [54];
in addition, we note that compared to [55, Fig. 3] the performance of the Mc-
Cloudet al.code is shifted 6 dB to the left due to power normalization as com-
municated by the authors [56].
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Fig. 10. The performances of the noncoherent space–time codes forM = N = 2.

suitable for adaptive,16 coherent, differentially coherent, and
noncoherent scenarios. Within this framework, we identified a
special class of signals based on number-theoretic component
codes. The judicious choice of the number of threads and
the lattice structure of the proposed number-theoretic TAST
codes were shown to allow for polynomial complexity ML
decoding using the sphere decoder. Simulation results that
demonstrate the significant gains offered by the new codes
were also presented.

The coding framework proposed in this paper poses many
interesting venues for future work. One can see the proposed
TAST coding framework as an attempt for using codes opti-
mized for SISO channels to construct full rate and full diver-
sity space–time codes for MIMO fading channels. One would
expect that more sophisticated, and hopefully more efficient,
space–time codes can be developed in the future by leveraging
the large body of work available on error-correcting codes for
SISO channels. We hope that our first step will simulate further
research in this direction.

APPENDIX I
PRELIMINARIES

In this appendix, we summarize some key results and defini-
tions from number theory which are relevant to our work. The
interested reader is referred to [36] and [58]–[60].

16As described in [47].

Definition 3: Let , then is called an algebraic number
if there exists a polynomial such that . We
call an algebraic integer if, in addition, one can chooseto be
monic (i.e., with leading coefficient equal to). For algebraic,
there exists a unique irreducible polynomial
with leading coefficient which has as a root. We call
the minimal polynomial of . The degree of , , is defined to
be the degree of . If is complex, one can also define
its minimal polynomial over (i.e., with complex rational
coefficients).

Example 7: The cyclotomic numbers, which are theth
roots of unity , are algebraic integers [59]. The
degree of over equals , the Euler -function [59],
which represents the number of integers and prime
with .

Definition 4: The height of a polynomial is
defined as the maximum modulus of its coefficients. Suppose
that is the minimal polynomial of the algebraic
number . If we multiply by the least common multiple
of the denominators of its coefficients, we obtain a primitive
polynomial such that (a polynomial
in is called primitive if there is no integer greater than
which divides all of its coefficients). Then, the height ofis
defined as the height of . For algebraic, there exists an
integer such that is algebraic integer.

Definition 5: An algebraic number field is a field con-
taining which, considered as a-vector space, is of a finite di-
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mension; is called anextensionof . The dimension of over
is called the degree of over and is denoted by . It

can be proved that given an algebraic number fieldof degree
over , then there exists an algebraic number

of degree such that . Such a number is
called a primitive element. The set generates

and is called a basis of . Each element has
a unique representation

with

The roots of , , are called the conju-
gates of . The size of is defined as

The set of all algebraic integers in , , is a ring, and a free
module [59] of rank over if is defined over ,
or over if is defined over . If is an algebraic
integer, then is called an integral basis if

, or . This
property is important in our work since the PAM and QAM con-
stellations are carved fromand from , respectively. Finally,
a set of number is called free over if
for any set of algebraic numbers , the
equality implies that .
Note that if is a basis of , defined as an
extensionof (respectively, ), then it is free over (re-
spectively, ).

The following proposition is important to understanding the
underlying ideas of the algebraic rotations in [36]–[38], and is
essential to the development in the next section.

Proposition 2: There are exactly embeddings of
in

which are linear, and their images are called the con-
jugate fields of , where the elements of are
algebraic numbers. If is (globally) invariant by the embed-
dings (i.e., , ) it is called normal or
Galoisextensionof [59]. Note that an algebraic number field
can be included in a Galoisextensionof [59]. These embed-
dings define a mapping: by sending
to the -tuple , which is an additive homo-
morphism with trivial kernel. Hence, this mapping preserves the
additive structure in In addition, we have the following.

• For , the quantity

is an algebraic norm over .
• If , if is defined over

, and if is defined over .
Hence, for , .

Recall that a norm over a vector space(defined over or
over ), in the usual Euclidean sense, should have the following
three properties [61].

1) It is multiplicative, i.e., , for or
.

2) For , , and .

3) The triangle inequality: .

The algebraic norm defined in Proposition 2 is multiplica-
tive, and satisfies the relation ; however, it
can take on negative values. Nonetheless, the absolute value of
an algebraic norm defines an Euclidean norm and satis-
fies the three properties above.

The totally real (or totally complex) algebraic rotations con-
structed over Galois algebraic number fields in [36]–[38] guar-
antee that the associated product distance is the algebraic norm

; thus, it is nonzero as shown in the above proposition.
For example, the rotation in (15) is constructed over with

, with the embeddings defined by the conjugates of
: . The mapping between and as-

sociates with each two-dimensional vectorfrom (QAM
constellations) an algebraic integer , where the
associated algebraic norm (product distance) of(or ) equals,
up to a normalization factor of , ,
which is nonzero if , because the imaginary numberis
not a quadratic residue in , i.e., there is no such

that .

Definition 6: If is not algebraic it is called transcendental.

Example 8: , , and are transcendental;
but , is algebraic [58, Ch. 2].

Definition 7 (The Simultaneous Diophantine Approxima-
tion): Given rational numbers , , and an
integer , decide if there exist integers and
an integer such that and for

.

Since is everywhere dense in, it follows that the approxi-
mation in Definition 7 can be made as close as necessary. Thus,
it makes sense to consider its relative closeness, and especially
to answer the question: how small can we make the integer.

A closely related problem is the following [60].

Definition 8 (The Small Linear Form Problem):Given ra-
tional numbers , , and an integer ,
find integers , not all , such that for

and .

The approximation of complex numbers by algebraic num-
bers can also be considered, which is our case of interest in the
proposed framework. Given , consider with
algebraic. Since the field of algebraic numbers is everywhere
dense in [58], it follows that can be approximated arbi-
trarily closely by algebraic. The approximation theory pro-
vides the order of this closeness , which depends on the
algebraic number field . The following theorem gives a
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lower bound on the simultaneous approximation of algebraic
numbers by other algebraic numbers [58, p. 34].

Theorem 8: Suppose that are algebraic num-
bers, and is the minimal degree of an algebraic number field

that contains these numbers. Then, for any polynomial
with degree and

height , either or else

(42)

with constant depending only on ,

(43)

with as an integer such as is algebraic integer for
, and

with as the size of the algebraic number,
(see Definitions 3–5).

The following theorem concerning the behavior of transcen-
dental numbers is due to Lindemann [58, pp. 51–71].

Theorem 9: If are distinct algebraic numbers,
and if are algebraic numbers not all equal to zero,
then

(44)

Lindemann also showed that if is an algebraic number ,
then is transcendental.

APPENDIX II
PROOFS

In this appendix, we give the proofs of Theorems 1–7.
First, the following lemmas establish the underlying ideas

necessary to show that choosing the Diophantine numbers
“badly approximated” by algebraic integers results in full
diversity TAST codes.

Lemma 1: Let , with

representing the information symbols
(or their differences) of theth layer . Let

(45)

then one has

(46)

where , and in case of sym-
metric TAST.

Proof: It is easily seen that

where is the scaled DAST code assigned to theth layer
and is the spatial formatter of theth layer as illustrated
in the general threading approach in Section III. Hence, setting

implies the relation in (46).

In other words, each additional layer adds a new term to the
determinant, which is “independent and separable” from the
other layers. The next lemma illustrates the use of the Diophan-
tine numbers to separate the layers by putting each one in a dif-
ferent algebraic subspace, such that all the layers are transparent
to each others.

Lemma 2: Let

be the Diophantine numbers used in the TAST code
with

and

denoting the information symbols assigned to theth layer
which is rotated by matrix and then multiplied by the
Diophantine number ; then the determinant of matrix

can be written as

(47)

where

the terms contains the crossing terms17 of

and , depends on the positions of layer
in the matrix , and is called the signature of the

layer .
Proof: First, the determinant of the TAST code

can be written as [62, p. 157]

(48)

where , denote the entries of
, is a permutation of the numbers ,

and is called the signature of and depends on the
number of exchanges in. Note that

is the th components of theth thread as shown in (3) and
Section III-B, and , , for .
The sum is taken over all permutations, where each term
is a product of entries , with each row and column repre-
sented once; i.e., each term corresponds to a path that goes down
through the matrix and uses each column once [62].
Second, eachthread of the TAST code occupies the column

(respectively, row ) only once,
by construction (3). We first need to prove that the exponents of

in all the cross terms in (3) are integers. To this end, it suffices
to consider the case when since assuming will

17For some special cases (e.g.,TTT ), the crossing termsX ; . . . ; X

may exhibit nice structures. However, these terms are, in general, complicated
and it is not straightforward to find a structure for them. Looking more closely
into thecross termsmay be helpful in further optimizing the coding gain, which
is the topic of current research.
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only zero-outsome cross terms. In this scenario, the threaded
assignment will result in

(49)

where denotes the exponent ofin the term (for
example, one can easily verify this property in Fig. 1 after sub-
tracting one from each entry). The exponent ofin the term

in (48) will be denoted by for sim-
plicity. The threaded assignment further ensures that

(50)

where , and denotes the - operation with
the convention that the output belongs to . Now
we have the following:

(51)

where one uses the relation .
The result in (51) proves that the exponents of all the cross terms
(i.e., ’s) are integers.

One can further observe that the smallest value of
equals since the exponents of of the differentthreadsare
all positive. This value is attained when

, which is satisfied only when all the are ele-
ments in the firstthread; hence,

where spans the columns occupied by the firstthread
. The largest value of

equals , and is only attained when all the are elements
in the th threadwhere .
In this case, one has

where spans the columns occupied by theth threadgiven
in (3). In addition, when the permutationspans the th layer
time indexes, one has

Finally, denoting the signature of by when spans
the th thread, and using the closeness of the field under
addition and multiplication give the required result in (47).

Lemma 3: When using algebraic rotations constructed on the
Galois number field with the symmetric TAST codes, the
crossing terms in (47) are algebraic integers
in .

Proof: First, recall that , for ;
thus, when using the algebraic rotation constructed over
from [36]–[38], , with the ring of algebraic
integers in the Galois algebraic number field . This is due to
the fact that is a Galoisextensionof , implying that

which is an algebraic integer in the conjugate field
, is also an algebraic integer of since , .

Hence, and since the ring is closed under multiplications and
additions, the crossing terms coefficients are
algebraic integers in .

Note that the coding gain of the TAST code equals

with the minimum taken over all differences of distinct code-
word pairs. An important result of the above lemmas is that, in
general, one cannot prevent the “shrinking” of the coding gain
when the size of the constituent constellation increases. This is
because the coding gain expresses the approximation of the Dio-
phantine numbers by other algebraic num-
bers, where the latter are everywhere dense in; thus, the larger
the constellation used, the closer is this approximation. In some
special setups, where the determinant in (47) is a sum of posi-
tive norms, such as the Alamouti scheme (23), the coding gain
is independent of the size of the constellation used.

In the following, we present the proofs of our main results.

Proof of Theorem 1:We suppose that
is a free set over . Consider the determinant in (47) taken
at , with in the constellation
used. We prove that this determinant is nonzero by induction
over .

1) : In this case, , which is
nonzero since the rotation maximizes the minimum product
distance. In order to have more insight on the proof, we prove
that . To this end, it suffices to compute

(52)

with , and . On the one hand, is
assumed to be free18 over ; on the other hand, the product

18Observe that in this case, it is sufficient to assume thatf1; �g is free over
(i).
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distances . Hence, sup-
posing that implies that , which
contradicts the hypothesis that .

2) Assume that

for all

and suppose that for a certain
. Using (47), and the hypothesis that

is a free set over , one concludes that

Since , and maximizes the minimum product dis-
tance, it follows that . Substituting in (47), all the terms
containing components of disappear as shown by Lemma 1,
and one has

with ; which contradicts the in-
duction hypothesis. Hence, for all

, and the TAST code achieves full diversity over all con-
stellations carved from .

Proof of Theorem 2:Let

be the Diophantine numbers used by . Assuming that
with algebraic ( transcendental), it follows that

are all distinct. Hence, using Lindemann
Theorem 9, it follows that are algebraically in-
dependent, and consequently, forms a free set over. The
rest of the proof follows by induction as in the proof of The-
orem 1.

Proof of Theorem 3:Let

be an multinomial with coefficients from , such that
in (47). First, by Lemma

3, one proves that the crossing terms in (47) are algebraic in-
tegers in the number field , therefore, they are algebraic
integers in the algebraic number field that contains

and . It follows that , over
the basis of considered as anextensionof

of degree . Similarly, , since is an algebraic in-
teger. In addition, the degree of is , and its height

. Second, by Theorem 2,
one has , for ; thus, (43) in The-
orem 8 gives

(53)

with . Since the coding gain is
the minimum of over the constellation used,

and if one defines over the constellation consid-
ered, it follows that

(54)

To prove Corollary 1, it is sufficient to set in (52),
where choosing of degree over ( over ) is sufficient
to ensure full diversity. In this case,is the maximum product
distance of the rotation used.

Proof of Theorem 4:The theme in the proof is similar to
that of Theorems 1–3, and thus, only a sketch is given here.
First, we further assume .19 Therefore, one has an

code matrix with algebraic SISO codes components in
threads, separated by Diophantine numbers. Then, one simply

takes a square submatrix of for , and
proves that it is full rank. This is possible because one keeps the
threaded structure (no spatial or temporal interference within
a thread in a square matrix), required for Theorems 1–3 and
Lemmas 1–3, by taking any submatrix which is easily
seen from (3). Then, using the fact that partial product distances
of the SISO encoders are nonzero means that one can always
choose the square submatrix to have at least one thread whose
elements are all nonzero. One can now use the algebraic nature
of the component codes to complete the proof as done in Theo-
rems 1–3.

Proof of Theorem 5:First, note that the determinant of the
asymmetric TAST code has the same form as in (47) where the
elements of layers are simply a repetition of
information symbols belonging to . Second,
the proof follows by induction as in the proofs of Theorems 1
and 2, where one utilizes the fact that when a component of the
layers equals zero, all the layers disappear from
the determinant expression due to Lemma 1.

Proof of Theorem 6:We prove Theorem 6 by induction
over the number of layers. The proposed D-BLAST codes, with

(26), send DAST codes over the principal
diagonals of an space–time matrix. We prove
that the rank of , with ,
equals .

1) : The code reduces to the DAST code [19], which
achieves the maximum diversity; thus, it has full rank.

2) Suppose that the D-BLAST code has rankfor
layers, and compute the rank of the TAST code when adding a
new layer (DAST code) over theth principal diagonal of the

matrix. Let , denote the
th row of the code, and suppose that it has a rank ; it fol-

lows that there is a nontrivial combination , for
not all zero. Let be the first nonzero

coefficient for . Since the new layer is added
on the th principal diagonal, supposing that the rank of the
code is gives , which implies that due
to the use of the algebraic rotation . Hence, all the coeffi-
cients of the th layer disappear from the linear combination
among the rows of the code, resulting in , with

the rows of the code with layers, which
contradicts the induction hypothesis.

Proof of Theorem 7:Similarly to Lemma 2, one proves
that the determinant of the TAST code with the layering

19For T < M , similar conclusion can be drawn by working on matrix
TTT (uuu) , where full transmit diversity in this case equalsmin (M; T ).
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in (37) has the same form as in (47) because each thread
in (37) occupies one column and one row at a time. This
implies that choosing the Diophantine numbersuch that

are algebraically independent over the
number field containing the rotation implies that the TAST
code achieves full diversity over all constellations carved from

, and consequently, over all PAM constellations. On the
other hand, it is easily seen that if has a rank
when , then in (38), obtained by
multiplying the above diagonal elements by, has also a rank

. It follows that the code matrix defined in (38) has a rank
for all , and it is Hermitian by construction.

Therefore, the differential TAST code obtained by applying the
Cayley transform on in (35) and (36) achieves full diversity
over all PAM constellations as shown in [54].

Proof of Proposition 1: Let denote the non-
coherent space–time code matrix corresponding to the code-
word . One further assumes that the receiver does not know the
channel realization . Under these assumptions, identifiability
in the sense of Definition 2 means that the receiver should be
able to identify the transmitted codeword and the channel ma-
trix from the noiseless received signal, i.e.,
for arbitrary , , and . Therefore, identifiability
is equivalent to for ,20

which is, in turn, equivalent to being full rank for all
.
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