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Abstract—Recent studies show that the Dedicated Short Range
Communication (DSRC) band allocated to vehicular networks
is insufficient to carry the wireless traffic load generated by
emerging applications for vehicular systems. A promising band-
width expansion possibility presents itself through the release of
large TV band spectra by FCC for cognitive access. One of the
primary challenges of the so-called TV White Space (TVWS)
access in vehicular networks is the design of efficient channel
allocation mechanisms in face of high vehicular mobility and
spatial-temporal variations of TVWS. In this paper, we address
the channel allocation problem for multi-channel cognitive ve-
hicular networks with the objective of system-wide through-
put maximization. We show that the problem is a NP-hard
combinatorial optimization problem, to which we present two
solution approaches. We first propose a probabilistic polynomial-
time (1 − 1/e)-approximation algorithm based on linear pro-
gramming. Next, we prove that our objective function can be
written as a submodular set function, based on which we develop
a deterministic polynomial-time constant-factor approximation
algorithm with a more favorable time complexity. Finally, we
show the efficacy of our algorithms through numerical examples.

I. INTRODUCTION

Recent studies show that the DSRC band allocated to vehic-

ular networks is unlikely to meet the bandwidth demands of

emerging wireless applications in vehicular networks [1] [2].

One of the challenges of using TVWS in vehicular networks is

the design of efficient channel allocation mechanisms that can

cope with high vehicular mobility and spatial-temporal varia-

tions of TVWS. However, IEEE 802.11p, which is designed

for vehicular networks based on CSMA/CA principle, is not

suitable for Cognitive Radio Networks (CRNs) for the lack of

cognitive radio capability.

The channel allocation problem in CRNs has been studied

extensively in the literature. A number of works model the

primary user (PU) activity with discrete time Markov chains

and channel allocation is made in each time slot. In [3], the

spectrum sensing and access process of secondary users (SUs)

is modeled as a Partially Observable Markov Decision Process

(POMDP). Based on this POMDP model, the authors derive

optimal and sub-optimal strategies for SUs to decide which

channel to sense and access to maximize system throughput.

Similarly, the availability of primary channels is modeled as

an alternating renewal process in [4]. However, these models

only apply to static CRNs. Due to the high vehicular mobility

and spatial-temporal variations of TVWS, new and low time

complexity channel allocation mechanisms are needed that

utilize both statistical and instantaneous channel availability

information.

A joint rate control and channel allocation problem is

studied in [5] to maximize long-term system throughput of

single-hop CRNs. This work has been extended to address the

same issue for multi-hop CRNs to maximize the throughput

of SUs while stabilizing the CRNs in [6]. However, these

methods focus on maximizing long-term system throughput

and can fail to meet vehicles’ short-term throughput maxi-

mization requirements. Moreover, they assume that each SU

is associated with a uniform and fixed priority while the

priority of a vehicle varies with the priority of its packets.

In vehicular networks, short-term throughput maximization

requirement is very important due to the real time requirements

of associated applications. Therefore, algorithms for long-term

utility maximization are not well suited for vehicular networks.

In this paper, we propose a throughput-efficient channel

allocation framework for multi-channel cognitive vehicular

networks. In contrast to existing works, we study the channel

allocation problem with the objective of maximizing vehicular

short-term utility. We also consider high vehicular mobility,

spatial-temporal variations of TVWS as well as collision

probability constraints imposed by PUs. More specifically,

we consider a TDMA model where available channels are

allocated to vehicles at the beginning of each scheduling cycle

aiming to cope with rapidly changing vehicle locations. The

allocation is based on vehicles’ packet priorities and packet

sizes, expected remaining idle time of each TVWS channel as

well as collision probability constraint of each channel.

The theoretical contributions of our work are threefold.

First, we formulate the problem of short-term utility max-

imization via channel allocation for vehicular networks in

TVWS and show that the problem is NP-hard by reducing it

to the Generalized Assignment Problem. Second, we propose

a probabilistic polynomial time (1−1/e)-approximation algo-
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rithm based on linear programming. Third, we prove that our

objective function can be written as a submodular set function,

based on which we develop a deterministic polynomial-time

constant-factor approximation algorithm with a more favorable

time complexity.

The rest of the paper is organized as follows. The system

model and problem formulation are described in Section II.

In Section III, we propose our method based on linear pro-

gramming and analyze its performance and time complexity.

Then, our objective function is proved to be a submodular

set function and a deterministic polynomial time algorithm

is developed in Section IV. We present simulation results in

Section V and conclude our work in Section VI.

II. SYSTEM MODEL AND PROBLEM FORMULATION

We consider a cognitive vehicular network consisting of

N vehicles. We assume that there are M available TVWS

channels in the network. In vehicular networks, packets are

classified into four Access Categories with decreasing priority:

AC[0] · · ·AC[3]. Therefore, in our model, we associate each

priority class AC[i] with a weight Ai subject to Ai >
Aj , ∀i < j. In our model, we assume that Roadside Channel

Monitors (RCMs) constantly sense and estimate usage patterns

of all available TVWS channels. Time is partitioned into

equal scheduling cycles with length T and RCMs are also

responsible for assigning channels to vehicles at the beginning

of every scheduling cycle. The value of T is determined by

properties and requirements of a specific vehicular network.

The TVWS occupancy is modeled through a random vari-

able tj , which is defined as the residual time until the return

of a PU to channel j. We assume that both the probability

density function (PDF) fj(tj) and cumulative distribution

function (CDF) Fj(tj) of tj are known to RCMs. Since

exact behaviors of PUs are unknown to RCMs, vehicular

transmissions scheduled on a channel can conflict with PU

transmissions with non-zero probabilities. However, in our

model, we assume that PUs can tolerate a certain collision

probability, i.e., the collision probability caused by scheduled

vehicles on a channel j must not exceed a predetermined

bound γj , which is a system parameter determined by the

PU network. With this collision probability constraint, RCMs

can compute the maximum allowed scheduling time period

on each channel which is denoted by T r
j . Then, the collision

probability Pcoll can be computed as follows:

Pcoll = Pr{tj ≤ T r
j } =

∫ T r
j

0

fj(tj)dtj = Fj(T
r
j ) ≤ γj ,

(1)

and thus the maximum T r
j can be computed by solving

Equation (1). Therefore, the maximum allowed scheduling

duration on channel j is min{T r
j , T}.

In our model, we assume that the transmissions of a vehicle

before a PU returns are successful and all remaining packets

are thought to be lost (one possible reason is that high transmit

power of PUs starves vehicular transmitters). The vehicle

would try to transmit the lost packets in following cycles. Let

Figure 1. An example of the channel allocation model

Li be the number of packets vehicle i tends to transmit in the

current cycle. Note that Li is not necessarily the real packet

queue length of vehicle i. For example, Li can be the amount

of emergent safety-related packets vehicle i wants to transmit

in the current cycle. Instead of tracking the packet queue length

of each vehicle, we assume that Li value is included in the

vehicle’s requesting messages to the RCM. Then, the RCM

determines required transmission time of vehicle i on channel

j by the following formula:

tij = min{Li/Rj , T
r
j , T},

where Rj denotes the transmission rate of vehicles on channel

j. Let xij be our channel assignment variable, i.e., xij = 1
if vehicle i is scheduled on channel j and xij = 0 otherwise.

We use Uij to denote the expected weighted throughput, i.e.,

utility of vehicle i on channel j in the current scheduling cycle:

Uij =
1

T
AiRj

∫ ∞

0

(tijxij · 1{tj≥∑i
k=1 tkjxkj}

+ (tj −
i−1∑
k=1

tkjxkj) · 1{∑i−1
k=1 tkjxkj≤tj≤

∑i
k=1 tkjxkj})fj(tj)dtj

=
1

T
AiRj

[
tijxij −

∫ ∑i
k=1 tkjxkj

∑i−1
k=1 tkjxkj

Fj(tj)dtj

]
.

(2)

Note that we let
∑0

k=1 tkjxkj = 0 when i = 1, and thus

U1j = 1
T A1Rj

[
t1jx1j −

∫ t1jx1j

0
Fj(tj)dtj

]
. An example of

our channel allocation model is shown in Figure 1.

Our goal is to maximize the total weighted throughput of all

vehicles, i.e.,
∑

i,j Uij , by scheduling disjoint set of vehicles

on available TVWS channels. Since more than one vehicle

can be scheduled on a channel, the expected throughput of a

vehicle is affected by vehicles scheduled ahead of it according

to Equation (2). Therefore, the transmission order of vehicles

on a channel will affect the total weighted throughput of these

vehicles. Lemma 1 states that priority-ordered transmission

maximizes the total weighted throughput on a channel.

Lemma 1: Given a set of vehicles to be scheduled on a

channel, higher priority vehicles must be scheduled earlier than

lower priority vehicles in order to maximize the total weighted
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throughput, while the transmission order of vehicles of the

same priority does not affect the total weighted throughput.

Proof. First, we prove that for any two vehicles v1, v2 sched-

uled on the same channel, scheduling the vehicle with higher

priority ahead of the other vehicle is more rewarding in terms

of total weighted throughput of the two vehicles. Let A1 and

A2 be their priority weights with A1 > A2 and t1, t2 be

their scheduled transmission durations. Suppose time duration

(0, t0) has been assigned to other vehicles, therefore the first

transmitter of the two vehicles starts transmitting at t0. Let

U1−2 be their total utility when scheduling v1 ahead of v2
and U2−1 be the total utility for the reverse order. Let U1

1j

and U1
2j be the expected throughput of the two vehicles when

v1 is scheduled ahead of v2, and U2
1j and U2

2j be the expected

throughput of the two vehicles when v2 is scheduled ahead of

v1. According to Equation (2), we compute U1−2 and U2−1

in Equation (3) and (4), respectively:

U1−2
Δ
= U1

1j + U1
2j

=
1

T
Rj(A1t1 +A2t2 −A1

∫ t0+t1

t0

Fj(tj)dtj

−A2

∫ t0+t1+t2

t0+t1

Fj(tj)dtj)),

(3)

U2−1
Δ
= U2

1j + U2
2j

=
1

T
Rj(A1t1 +A2t2 −A2

∫ t0+t2

t0

Fj(tj)dtj

−A1

∫ t0+t2+t1

t0+t2

Fj(tj)dtj)).

(4)

Then we compare the values of U1−2 and U2−1 by subtracting

U2−1 from U1−2 and get Equation (5):

U1−2 − U2−1 =
1

T
Rj(A1 −A2)(

∫ t0+t2+t1

t0+t2

Fj(tj)dtj

−
∫ t0+t1

t0

Fj(tj)dtj).

(5)

Since A1 > A2, we now compare the two integral parts

which have the same integral function and same interval length

t1. Because Fj(tj) is a CDF, it is non-decreasing. Since the

starting point of the first integral’s interval is larger, i.e. t0 +
t2 > t0, we have

∫ t0+t2+t1
t0+t2

Fj(tj)dtj ≥
∫ t0+t1
t0

Fj(tj)dtj .

Therefore, we have U1−2 ≥ U2−1, which proves the first part

of Lemma 1. Furthermore, if the two vehicles have the same

priority, i.e., A1 = A2, we can immediately conclude from

Equation (5) that U1−2 = U2−1, which proves the second part

of Lemma 1. �
In our model, vehicles are ordered and renamed as

{v1, v2, · · · vN} such that A1 ≥ A2 · · · ≥ AN and Li ≥
Lj , ∀i ≤ j when Ai = Aj . It means that high priority vehicles

are scheduled ahead of low priority vehicles and vehicles with

the same priority are ordered with the decreasing order of their

Li values.

Now our channel allocation problem can be formulated as

follows:

max
xij∈{0,1}

N∑
i=1

M∑
j=1

1

T
AiRj(tijxij −

∫ ∑i
k=1 tkjxkj

∑i−1
k=1 tkjxkj

Fj(tj)dtj)

s.t.

N∑
i=1

tijxij ≤ cj , ∀j ∈ {1, 2 · · ·M}
M∑
j=1

xij ≤ 1, ∀i ∈ {1, 2 · · ·N}

tij = min{Li/Rj , T
r
j , T}; cj = min{T r

j , T}.
(6)

In this work, we schedule vehicles based on their priorities

and Li values and not on the long-term evolution of their

queues. Therefore, our approach is suitable for highly mobile

vehicular networks where message lifetimes are short and

messages are expunged from queues if they are not transmitted

by their deadlines. Moreover, our approach only requires Ai

and Li values for each of the N vehicles in each scheduling

cycle, which can be easily obtained even under high mobility

scenarios.

Theorem 1: The channel allocation Problem (6) is NP-hard.

Proof. This theorem is proved by reducing Problem (6) to the

Generalized Assignment Problem (GAP). GAP is to assign

different sets of items to bins subject to bin capacity con-

straints to maximize the overall profit, where both the size sij
and profit pij are constant metrics. GAP has been proved to

be NP-hard [7]. In Problem (6), we consider the case where

Pr{tj < T} = 0. This is a simplified version of our problem

where PUs always return at least T time after the beginning

of a scheduling cycle, i.e., the TVWS channels are always

available. In this case, Problem (6) is reduced to the following

problem:

max
xij∈{0,1}

N∑
i=1

M∑
j=1

1

T
AiRjtijxij

s.t.

N∑
i=1

tijxij ≤ T, ∀j ∈ {1, 2 · · ·M}
M∑
j=1

xij ≤ 1, ∀i ∈ {1, 2 · · ·N}

tij = min{Li/Rj , T}.

(7)

This reduced problem is a GAP, where T is the capacity of

all bins, tij is the size of item i in bin j, and 1
T AiRjtij is the

profit of assigning item i to bin j. This mapping proves that

Problem (6) is NP-hard. �

III. SOLUTION 1: LINEAR PROGRAMMING ALGORITHM

The general form of Problem (6) is much harder than GAP

since the profit values pij in GAP are fixed. In contrast, the

utility function of each vehicle in Problem (6) is coupled

with other vehicles. Here, “coupling” means that the expected
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throughput of a vehicle is affected by the vehicles scheduled

ahead of it. For a given set of vehicles assigned to a channel,

however, the utility of each vehicle on the channel (i.e., the

“profit” in GAP) is fixed due to the throughput maximization

transmission ordering rule (see Lemma 1).

With this observation, our linear programming based (LP)

algorithm works as follows. We first formulate an equivalent

integer programming (IP) problem for the initial channel

allocation problem, i.e., choosing exactly one set of vehicles

Sj for each channel j such that the total utility on all channels

is maximized. Let Xj(Sj) ∈ {0, 1} denote the decision

variable indicating the assigned set of vehicles to channel j. By

relaxing this constraint to be Xj(Sj) ∈ [0, 1], we obtain a LP

problem. However, this LP problem has exponential number

of variables due to exponential number of possible sets of

vehicles to be assigned to a channel. Even though this LP

problem cannot be solved in polynomial time, dealing with

its dual problem helps to reduce the number of its variables

with no performance loss. Although the dual problem has

exponential number of constraints, it is proved in [8] that

such problems can be solved in polynomial time by using

ellipsoid algorithm associated with a separation oracle (to

be defined later). When solving the dual problem with the

ellipsoid algorithm iteratively, one is guaranteed to obtain at

most one feasible variable for the primal LP problem in each

iteration. Since the ellipsoid algorithm is proved to terminate

in polynomial iterations, one can obtain at most polynomial

number of variables. These variables are sufficient to solve

the primal problem with no performance loss [9]. In this

way, the primal LP problem becomes a new LP problem

with polynomial number of variables, which can be solved in

strongly polynomial time [10]. After solving the LP problem,

we obtain a fractional solution {Xj(Sj)}. Then, we propose a

rounding algorithm to round the fractional solution into an

integer solution with the approximation factor greater than

or equal to (1 − 1/e). Since the optimal solution of the LP

problem is an upper bound of the optimal solution of the IP

problem, we are guaranteed to achieve at least (1 − 1/e) of

the IP optimum. The detailed procedure of the LP algorithm

is as follows.

A. Formulating the LP Problem

Let Gj(Sj) be the utility of assigning the set of vehicles

Sj to channel j and Ij be the set of all feasible assignments

of vehicles to channel j. Problem (6) can be reformulated as

a LP problem as follows:

max
Xj(Sj)∈[0,1]

M∑
j=1

∑
Sj∈Ij

Gj(Sj)Xj(Sj)

s.t.
M∑
j=1

∑
Sj∈Ij :i∈Sj

Xj(Sj) ≤ 1, ∀i ∈ {1, 2, · · ·N}
∑
Sj∈Ij

Xj(Sj) = 1, ∀j ∈ {1, 2, · · ·M},

(8)

where Gj(Sj) can be computed as follows:

Gj(Sj) =
∑
i∈Sj

1

T
AiRj(tijxij −

∫ ∑i
k=1 tkjxkj

∑i−1
k=1 tkjxkj

Fj(tj)dtj).

(9)

The first constraint means that each vehicle can be scheduled

on at most one channel and the second constraint means only

one set of vehicles can be scheduled on a channel.

B. Reducing the Number of Primal Variables Using the Dual
Problem

The Lagrangian equation and dual problem of Problem (8)

are as follows:

L(X,μ,λ) =

M∑
j=1

∑
Sj∈Ij

Gj(Sj)Xj(Sj)

+
N∑
i=1

μi(1−
M∑
j=1

∑
Sj∈Ij :i∈Sj

Xj(Sj)) +

M∑
j=1

λj(1−
∑
Sj∈Ij

Xj(Sj)),

(10)

min
μ,λ

N∑
i=1

μi +

M∑
j=1

λj

s.t.
∑
i∈Sj

μi + λj ≥ Gj(Sj), ∀i, Sj ∈ Ij

μi ≥ 0, ∀i ∈ {1, 2, · · ·N}.

(11)

Even though the dual Problem (11) has exponential number

of constraints, it is guaranteed to be solved in polynomial

time by using the ellipsoid algorithm. Before we solve this

LP problem, we give some definitions and theorems on the

ellipsoid algorithm. Here, we only introduce the general case

of the ellipsoid algorithm in solving existence problems,

i.e., whether there exists an x in a convex set defined by

P ∈ {x|Ax ≤ b} where A ∈ Rm×n, b ∈ Rm. For the

optimization problem {max cTx|Ax ≤ b}, the idea is very

similar to the existence problem and a detailed procedure of

the ellipsoid algorithm can be found in [8].

The ellipsoid algorithm works as follows to solve the

existence problem. It starts with a big ellipsoid E that is

guaranteed to contain P . It then checks whether the center

of the ellipsoid a is in P . If it is, the algorithm terminates.

Otherwise, it finds an inequality Aix ≤ bi violated by the

center, where Ai is the i-th row of matrix A and bi is the

i-th element of b. The ellipsoid is split into two parts by

the hyperplane defined by Aix ≤ Aia. By choosing the

feasible part, the new set becomes E
⋂{x|Aix ≤ Aia}. The

procedure iterates in polynomial time until a feasible x is

found or it determines that there is no such x ∈ P .

Definition (Separation Oracle [8]): A separation oracle

for a linear programming problem with n variables is an

algorithm, such that for a given solution x ∈ Rn, the algorithm

is able to decide whether x is a feasible solution of the linear

programming problem, and finds a constraint that is violated

by x if it is not feasible.
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Theorem 2 [8]: For the linear programming problem

{max cTx|Ax ≤ b} where A ∈ Rm×n and b ∈ Rm, c ∈ Rn,

let Q be the maximal bit-encoding length of any value in A and

b, and S be the maximal bit-encoding length of any value in c,

then given a separation oracle of constraints Ax ≤ b running

in polynomial time, the ellipsoid method can optimize the the

linear programming problem in time polynomial in n,Q and

S.

Proof. A detailed proof is given in [8]. �
According to Theorem 2, we can solve Problem (11) once

we are able to find a polynomial time separation oracle of

the constraints, i.e., given a set of solutions (λj ,μ), decide

whether these exists Sj ∈ Ij such that
∑

i∈Sj
μi + λj ≥

Gj(Sj) and return the violated constraint if the solution is not

feasible. Note that Uij is the utility of vehicle i on channel j
such that Gj(Sj) =

∑
i∈Sj

Uij , the constraint can be written

as follows:

λj ≥
∑
i∈Sj

(Uij − μi), ∀j ∈ {1, 2, · · ·M}. (12)

The separation oracle now becomes equivalent to finding a

feasible set Sj such that
∑

i∈Sj
(Uij − μi) is maximized for

a given μ. This problem is equivalent to a knapsack problem:

assigning a set of items into a knapsack to maximize the

overall profit subject to a capacity constraint. Each item has a

size si and profit pi, and the bin has a capacity of W .

There are three general algorithms to solve the knapsack

problem in polynomial time. The first one is an exact pseudo

polynomial time algorithm which is applicable to knapsack

problems with integer item size and bin capacity [11]. An-

other (1/2)-approximation algorithm works by sorting items

according to their profit-to-size ratio pi/si [11]. The third one

is a β-approximation algorithm which is used in [12]. The

algorithm works by scaling down and rounding the profit pi
into small integers and further using the pseudo polynomial

algorithm mentioned at the beginning of this paragraph to

solve the reduced knapsack problem. Both the second and third

algorithms require the profits of each item to be fixed.

Note that the profit functions in our problem are coupled

and thus the second and third algorithms cannot be used.

Therefore, the first pseudo polynomial time algorithm becomes

our only choice. It can be shown that the algorithm applies to

knapsack problems with coupled profit functions. A detailed

description of the algorithm is given in [11], and thus we only

show why the algorithm applies to our problem.

The pseudo polynomial time algorithm is a dynamic pro-

gramming algorithm and the core idea is to solve the sub-

problems recursively to finally solve the initial knapsack

problem. Let N and W be defined as the total number of items

and the knapsack capacity of a knapsack problem, respectively.

Let V [i, w] be the maximum profit achieved by choosing

a subset of items with at most i elements, 1 ≤ i ≤ N ,

where the sum of their size is smaller than or equal to w,

0 ≤ w ≤ W . The sub-problem is to determine the values of

V [i, w] recursively and in the last step determine V [N,W ].

The values of V [i, w] can be computed using the following

lemma.

Lemma 2: For 1 ≤ i ≤ N and 0 ≤ w ≤W

V [i, w] = max{V [i− 1, w], pi + V [i− 1, w − si]} (13)

Proof. A detailed proof can be found in [11]. �

The values V [i, w] can be obtained with time complexity

O(NW ). The optimal value of the initial knapsack problem is

V [N,W ] and its corresponding set can be found by tracking

back the procedure of computing V [N,W ] with time com-

plexity O(NW ). Therefore, the total time complexity of this

algorithm is also O(NW ).
Next we show that the algorithm can be used to solve

our knapsack problem with coupled profit functions. The key

observation is that, although the profit function of each vehicle

is coupled with other vehicles, the profit of a vehicle becomes

fixed when the set of vehicles scheduled ahead of it is known.

It is because their transmission order is determined by Lemma

1. In Lemma 2, V [i − 1, w − si] denotes the maximum sum

profit achieved by choosing vehicles from {v1, v2 · · · vi−1}
with total size at most w − si. Let Si−1 be the optimal set

attaining V [i − 1, w − si]. Thus Si−1 must be a subset of

{v1, v2 · · · vi−1} and must be scheduled ahead of vi. Since

Si−1 is known in the current iteration, the profit of of vi
becomes fixed. Therefore, we can further compute V [i, w]
using Lemma 2. By using Lemma 2 for O(NW ) iterations,

we are guaranteed to solve our knapsack problem [11].

One issue of using the dynamic programming algorithm as

our separation oracle is that tij and cj in Problem (6) are not

necessarily integers. This problem can be solved by requiring

that the system is time slotted and and thus each vehicle can

only request integer number of slots in each scheduling cycle.

Slotted time approach is widely used in many scheduling

problems in the literature such as [5] and [6]. Another issue

with the algorithm is that it is pseudo polynomial instead of

polynomial and its time complexity is O(NW ). However, this

algorithm can be bounded to be polynomial in our case. First,

the algorithm is fully polynomial in N , i.e., the number of

vehicles. Second, although the algorithm is pseudo polynomial

in W (i.e., cj in our case), we can bound the value of W . Let

Wj be the number of maximum scheduling slots on channel

j. Given the length of a time slot t0, we can bound Wj as

follows:

Wj =
cj
t0

=
min{T, T r

j }
t0

≤ T

t0
. (14)

With this bound, we can make sure our separation oracle is

a polynomial-time oracle (see Equation (12)). According to

Theorem 2, we can solve Problem (11) in polynomial time.

C. Solving the Primal LP Problem

By using the ellipsoid algorithm, we can reduce the number

of variables in the primal LP without performance loss [9].

Since the ellipsoid algorithm always runs for polynomial

number of iterations and only one set Sj is returned in each

iteration, the total number of sets for the primal Problem
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(8) is also polynomial. Therefore, Problem (8) becomes a

typical linear programming problem with polynomial number

of variables and constrains, and thus can be solved much more

easily in polynomial time in N .

D. Rounding the Fractional Solution

Since we can obtain a fractional solution {Xj(Sj)} by

solving Problem (8), we continue to round it to an integer

solution with certain performance guarantees. The rounding

method works as follows. First, for a given solution to the

LP problem, we schedule one set of vehicles Sj to its

corresponding channel j with probability Pj(Sj) which is

computed as follows:

Pj(Sj) =
Xj(Sj)∑

Sj∈Ij Xj(Sj)
. (15)

It is possible that some vehicles are scheduled on more than

one channel since they may be contained in multiple sets. In

this case, let gij be the expected throughput of vehicle i given

it is scheduled on channel j which is computed in Equation

(17). If a vehicle is scheduled on more than one channel, it is

assigned to the channel with the maximum gij value. Before

computing gij , we define fij(Sj) as the throughput of vi on

channel j when it is in the set Sj . The utility of vi is affected

by the vehicles scheduled ahead of it. However, when the set

of vehicles ahead of it is known, its utility is also fixed and

can be computed in O(N) as follows:

fij(Sj) =
1

T
AiRj(tijxij −

∫ ∑i
k=1 tkjxkj

∑i−1
k=1 tkjxkj

Fj(tj)dtj). (16)

Given vi is scheduled on channel j, its expected throughput

can be computed as follows:

gij =
∑

Sj∈Ij :i∈Sj

fij(Sj)
Xj(Sj)∑

Sj∈Ij :i∈Sj
Xj(Sj)

. (17)

Since the number of sets obtained by the LP problem is

always polynomial in both the number of vehicles and number

of channels, and the time complexity of computing fij(Sj) for

a given Sj is O(N), the time complexity of computing gij is

polynomial, as well.

Before we proceed to prove the performance guarantee of

our rounding algorithm, we recall the following lemma:

Lemma 3: For any Yj ≥ 0, l > 1,
∑

j Yj ≤ 1 and gi1 ≥
gi2 ≥ · · · ≥ gil ≥ 0, the following inequality holds:

Y1gi1 + (1− Y1)Y2gi2 + · · · (
l−1∏
j=1

(1− Yj)Ylgil)

≥ (1− (1− 1

l
)l)

l∑
j=1

gijYj .

(18)

Proof. The proof can be found in [12]. �
Define OPTLP as the maximum total weighted throughput

obtained by solving Problem (8), and we have the following

theorem.

Theorem 3: The total weighted throughput of our rounded

solution is at least (1− 1/e)OPTLP .

Proof. For any vehicle vi, let Yj be the probability

that it is scheduled on channel j computed as: Yj =∑
Sj∈Ij :i∈Sj

Xj(Sj).
Let li be the number of channels including vi. Then order

and rename all the channels including vi in the non-increasing

order of gij such that gi1 ≥ gi2 ≥ · · · ≥ gili . According to our

rounding method, vehicle i always chooses the channel with

the maximum gij value, hence the final throughput of vehicle

i is gi1 with probability Y1. Similarly, the final throughput of

vehicle i is gi2 with probability (1 − Y1)Y2. In this way, we

can compute the expected throughput of vehicle i as follows:

E[gij ] = Y1gi1 + (1− Y1)Y2gi2 + · · · (
li−1∏
j=1

(1− Yj)Yligili)

≥ (1− (1− 1

li
)li)

li∑
j=1

gijYj

= (1− (1− 1

li
)li)

li∑
j=1

∑
Sj∈Ij :i∈Sj

fij(Sj)Xj(Sj)

≥ (1− 1

e
+

1

32l2i
)

li∑
j=1

∑
Sj∈Ij :i∈Sj

fij(Sj)Xj(Sj)

≥ (1− 1

e
)

li∑
j=1

∑
Sj∈Ij :i∈Sj

fij(Sj)Xj(Sj)

(19)

The first inequality is due to Lemma 3 and the second

inequality is proved in [12]. Note that the contribution

of vehicle i in the objective function of Problem (8) is∑li
j=1

∑
Sj∈Ij :i∈Sj

fij(Sj)Xj(Sj). Therefore, each vehicle is

guaranteed to achieve at least (1 − 1/e) of the throughput

achieved in the LP problem and thus the total throughput is

also guaranteed to have an approximation ratio of (1− 1/e),
which proves Theorem 3. �

E. Time Complexity

The time complexity of the LP algorithm is largely de-

termined by the ellipsoid algorithm. The ellipsoid algorithm

requires O(n2L) iterations [13], where n = M + N is the

dimension of our problem and L = NT is the length of

the input data in bits in our case. Each iteration requires

O(MN+2(M+N)2) operations [13]. Therefore, the number

of variables in the primal LP problem is O(NT (M + N)4).
As discussed earlier (see part B of this section, Equation (14)),

the value of T can be bounded, and thus Problem (8) becomes

an LP problem with O(N(M +N)4) number of variables.

IV. SOLUTION 2: SUBMODULAR SET FUNCTION BASED

ALGORITHM

Although the LP algorithm can be guaranteed to run in

polynomial time, the time complexity is still high for large

problem instances. Thus, more time efficient algorithms are
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needed. Submodular set functions have been used to solve

many NP-hard combinatorial optimization problems as well

as resource allocation problems at low time complexity [14].

In this section, we first prove that our objective function of

Problem (6) can be written as a non-decreasing submodular

function. Then, we propose a deterministic constant-factor

approximation algorithm based on the work in [15]. Below

are some basic definitions and properties of submodular set

functions from [16].

Definition 1 (Submodularity): Let S be a non-empty finite

set and f be a mapping from the power set of S to non-

negative real numbers. f is said to be submodular if it satisfies

f(A ∪ {v})− f(A) ≥ f(B ∪ {v})− f(B) for all v ∈ S \ B
and all A ⊆ B ⊆ S.

Definition 2 (Monotonicity): Let S be a non-empty finite

set and f be a mapping from the power set of S to non-

negative real numbers. Then f is non-decreasing if it satisfies

f(A) ≤ f(B) for all A ⊆ B ⊆ S.

Lemma 4: A positive linear combination of submodular

functions is submodular.

Now we proceed to show the submodularity and monotonic-

ity of our objective function by proving the following theorem.

Theorem 4: The objective function in Problem (6) can be

written as a non-decreasing submodular set function.

Proof. Recall that Sj has been defined as the set of vehi-

cles scheduled on channel j. We further define fj(Sj)
Δ
=∑

i∈Sj

1
T AiRj(tijxij−

∫∑i
k=1 tkjxkj

∑i−1
k=1 tkjxkj

Fj(tj)dtj) and write the

objective function as follows:

G(x) =

N∑
i=1

M∑
j=1

1

T
AiRj(tijxij −

∫ ∑i
k=1 tkjxkj

∑i−1
k=1 tkjxkj

Fj(tj)dtj)

=

M∑
j=1

fj(Sj).

(20)

Since the objective function is a positive linear combination

of fj(Sj), we only need to prove fj(Sj) is submodular for all

j to prove the submodularity of the initial objective function

according to Lemma 4. Similarly, if we prove fj(Sj) is non-

decreasing for all j, then the initial objective function is also

non-decreasing.

First, we prove fj(Sj) is non-decreasing. Suppose A and

B to be two sets of vehicles scheduled on channel j with

A ⊆ B ⊆ Sj . Set B can be further partitioned into two parts:

A and C = B\A. When scheduling vehicles in set B, assume

vehicles in part A are scheduled ahead of vehicles in part C
and let fj(C|A) be the overall weighted throughput of vehicles

in C after A has been scheduled. Hence, according to Lemma

1, fj(B) ≥ fj(A)+fj(C) because there may be some vehicles

in C whose priorities are higher than some vehicles in A.

Therefore, fj(B) ≥ fj(A) + fj(C) ≥ fj(A), which proves

the monotonicity of fj(Sj).
Now we continue to prove the submodularity of fj(Sj). Let

A and B be two sets of vehicles scheduled on channel j with

A ⊆ B ⊆ Sj . Both vehicles in A and B can be partitioned

into four parts based on the priorities of their packets and

higher priority vehicles are always scheduled ahead of lower

priority vehicles. Let tAl and tBl be the total duration of packets

with priority l in A and B respectively where l ∈ {0, 1, 2, 3}.
Since A ⊆ B, it is easy to see that tAl ≤ tBl , ∀l ∈ {0, 1, 2, 3}.
Therefore, we can rewrite fj(A) and fj(B) as follows:

fj(A) =
∑
i∈A

1

T
AiRj(tijxij −

∫ ∑i
k=1 tkjxkj

∑i−1
k=1 tkjxkj

Fj(tj)dtj)

=
1

T
Rj

3∑
l=0

Al(t
A
l −

∫ ∑l
k=0 tAk

∑l−1
k=0 tAk

Fj(tj)dtj),

fj(B) =
1

T
Rj

3∑
l=0

Al(t
B
l −

∫ ∑l
k=0 tBk

∑l−1
k=0 tBk

Fj(tj)dtj).

(21)

Now we schedule a new vehicle v on channel j whose duration

and priority are tv and lv , respectively. First, suppose the

new vehicle is added to set A. According to Lemma 1, we

can always schedule v at the end of vehicles of priority lv .

Thus the remaining scheduled time interval (
∑lv

0 tAl ,
∑3

0 t
A
l )

is shifted backwards by tv and thus the new time interval

becomes (
∑lv

0 tAl + tv,
∑3

0 t
A
l + tv). We first consider the

case where tv ≤ tAlv+1 and we will show our theorem also

holds when tv > tAlv+1. In the first case, the marginal utility

of v consists (4− lv) parts and in each part the corresponding

interval is replaced with higher priority packets. Since there

are no packets of priority “4”, we let A4 = 0. Therefore, we

can evaluate the marginal utility of v for both A and B as

follows:

fj(A ∪ {v})− fj(A)

=
1

T
Rj

3∑
l=lv

(Al −Al+1)(tv −
∫ ∑l

k=0 tAk +tv

∑l
k=0 tAk

Fj(tj)dtj),

fj(B ∪ {v})− fj(B)

=
1

T
Rj

3∑
l=lv

(Al −Al+1)(tv −
∫ ∑l

k=0 tBk +tv

∑l
k=0 tBk

Fj(tj)dtj).

(22)

Hence, we can obtain the following result:

[fj(A ∪ {v})− fj(A)]− [fj(B ∪ {v})− fj(B)]

=
1

T
Rj

3∑
l=lv

(Al −Al+1)(

∫ ∑l
k=0 tBk +tv

∑l
k=0 tBk

Fj(tj)dtj

−
∫ ∑l

k=0 tAk +tv

∑l
k=0 tAk

Fj(tj)dtj))

≥ 0.

(23)

The last inequality is due to the facts that (1) Ai > Aj , ∀i < j,

(2) tAl ≤ tBl , ∀l ∈ {0, 1, 2, 3} and (3) the CDF Fj(tj)
is non-decreasing. Inequality (23) proves the theorem when

tv ≤ tAlv+1. When tv > tAlv+1, it is easy to see from the

equality in (20) that more parts of the initial scheduled time
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interval are replaced by higher priority packets, which further

enlarges the difference between the two integral parts. The

proof follows the same steps and details are omitted here due

to space limitation. �

Our problem becomes the maximization of a monotone

submodular set function under linear packing constraints. We

first show that the algorithm proposed in [15] applies to our

problem. In [15], the authors study the problem of maximizing

a monotone submodular set function f(S) subject to linear

packing constraints Ax ≤ b, where f : 2[n] → R,A ∈
[0, 1]m×n, b ∈ [1,∞)m. Since we have proved the objective

function of Problem (6) is a monotone submodular set func-

tion, we now proceed to show that the constraints of Problem

(6) can be written as Ax ≤ b, where A ∈ [0, 1]m×n, b ∈
[1,∞)m. Recall the capacity constraints of the initial problem

are
∑N

i=1 tijxij ≤ cj , ∀j ∈ {1, 2 · · ·M}. We define the

new constraint matrix as follows: Aij =
tij

maxk{tkj} , bj =
cj

maxk{tkj} , ∀i, j. According to the network model, we have

cj = min{T, T r
j } ≥ tij = min{T, T r

j , Li/Rj} and thus

A ∈ [0, 1]m×n, b ∈ [1,∞)m. By writing the set S as

{x11, x21, · · ·xN1, x12, x22, · · ·xN2, x1M , · · ·xNM}, ∀xij ∈
{0, 1}, we have transformed the assignment constraints∑M

j=1 xij ≤ 1, ∀i ∈ {1, 2 · · ·N} into a set constraint. There-

fore, Problem (6) becomes a standard problem of maximizing

a monotone submodular set function subject to linear packing

constraints as studied in [15].

The algorithm in [15] is based on a multiplicative update

method and works as follows. The algorithm maintains a

set of weight factors that are updated in multiplicative way.

The factors are designed to indicate the extend to which

each constraint is close to be violated under the current

solution. The algorithm has only one loop and it extends the

current solution with a non-selected element that minimizes a

normalized sum of weights in each iteration. After the loop

terminates, the final solution is returned as long as it is feasible,

otherwise, either the last selected element or the resulting

solution without the last solution is returned. The detailed

algorithm is given in Algorithm 1.

Theorem 5: Algorithm 1 is a deterministic polynomial-

time algorithm that achieves an approximation ratio of 1/(e×
M (1/P )+1) for maximizing a monotone submodular function

subject to linear packing constraints, where P = min(bj/Aij :
Aij > 0). The algorithm attains the approximation factor

(1 − 4ε)(1 − 1/e) for any ε > 0, by using update factor

λ = eεP in the algorithm when P ≥ max{(lnM)/ε2, 1/ε}.
Proof. A detailed proof is given in [15]. �

The time complexity of the submodular set function-based

algorithm can be computed as follows. Algorithm 1 will

terminate after at most N iterations since the algorithm selects

at least one element from the N elements in each iteration.

Moreover, in each iteration, there are O(NM) operations since

the algorithm computes the
∑M

j=1 Aijwi/GS(i) value of each

element. Therefore, the time complexity of Algorithm 1 is

O(MN2).

Algorithm 1 Submodular Set Function Method

Require: The total weighted throughput function G(x) =∑M
j=1 fj(Sj) and its marginal value function GS(i) =

G(S ∪{i})−G(S), knapsack constraints Ax ≤ b, an up-

date factor λ = ePM , where P = min{bi/Aij : Aij > 0}
1: S ← ∅

2: for j = 1 to M do
3: wj = 1/bj
4: end for
5: while

∑M
j=1 bjwj ≤ λ and |S| < N do

6: Let i ∈ [N ] \ S be the element with minimal∑M
j=1 Aijwi/GS(i)

7: S ← S ∪ {i}
8: for j = 1 to M do
9: wj = wjλ

Aij/bj

10: end for
11: end while
12: if Ax ≤ b then
13: STOP

14: else
15: if G(S \ {i}) ≥ G({i}) then
16: S ← S \ {i}
17: else
18: S = {i}
19: end if
20: end if
21: return A subset S of [N ] =
{x11, x21, · · ·xN1, x12, x22, · · ·xN2, x1M , x2M , · · ·xNM}

V. NUMERICAL RESULTS

We simulated a cognitive vehicular network with N vehicles

and M TVWS channels, where N ∈ {10, 20 · · · 80} and

M ∈ {5, 15}. For each given pair of (N,M) values, we run

the two channel allocation algorithms for 100 iterations, each

iteration consisting of 100 scheduling cycles. We then compare

the performance of the two algorithms in terms of vehicles’

average utility per cycle.

Our network parameters are set as follows. The scheduling

cycle T is five seconds and the duration of each time slot is

set to 0.2 seconds in the LP algorithm. The transmission rate

of all channels is set to 8Mbps. The arrival rates of packets

in four access categories follow from Poisson processes with

different λ values {100, 150, 200, 150} (packets per second)

with 1280-byte packets. PU activities in each channel are

modeled by the probability that the channel is unavailable at

the beginning of each scheduling cycle. The probability is set

to 0.1 for all channels. All 15 channels are classified into three

groups with the same set of parameters. Below are parameters

of TVWS channels in each group. Residual idle time of the

channels are all set to follow from Gamma distributions with

kj = 2, ∀j ∈ {1, 2, 3, 4, 5} and β ∈ {5, 10, 10, 15, 20}. The

collision probability constraints γj of five channels are set to

{0.03, 0.06, 0.06, 0.08, 0.06}. Priority weights of four access

categories are set to {8, 4, 2, 1}. At each scheduling cycle, a
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Figure 2. Comparison of LP and Submodular Methods in terms of Utility
Per Cycle
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Figure 3. Comparison of LP and Submodular Methods in terms of Approx-
imation Factor

vehicle transmits one of the four priority packets with equal

probabilities. Each vehicle can only transmit packets of single

priority in each scheduling cycle.

In Figure 2, the system utility is plotted as a function of

the number of vehicles. Along with the average utility values,

we compute their 95% confidence intervals. It can be seen

that the LP method performs much better than the submodular

method in terms of system utility. Although the submodular

algorithm is a deterministic constant factor approximation

method, its constant factor is significantly smaller than that of

LP. In contrast, although LP method is a probabilistic method,

its practical performance is still satisfying. In Figure 3, we

compare the two algorithms in terms of their approximation

factors. The approximation factor of LP method is fixed

while that of submodular method is determined by system

parameters P (see Theorem 5). Note that all these factors are

lower bounds of the algorithms. It can be seen from Theorem

5 that the constant factor is an increasing function of P . In

our system setting, the value P = min(bj/Aij : Aij > 0)
decreases with both the number of channels and vehicles, and

thus the constant factor also decreases with the number of

channels and vehicles as shown in Figure 3.

VI. CONCLUSION

In this paper, we studied the throughput-efficient channel

allocation problem in cognitive vehicular networks in TVWS

spectrum. We show that our problem is NP-hard and give

two constant-factor approximation algorithms with polynomial

running time. Our simulation results support our theoretical

analysis. The design of algorithms with both good approxi-

mation factor and low time complexity is an important topic

for our future work. Further research topics also include

study of the channel allocation problem in multi-hop cognitive

vehicular networks and design of distributed channel allocation

algorithms.
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