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Abstract

Next Generation Wireless Networks (NGWN) are proposed to achieve the goal of ubiquitous broadband network-

ing by utilizing multiple wireless access subnetworks serving overlapping areas. Location management schemes play a

very important role in NGWN since mobile users roam in coverage areas of these subnetworks simultaneously. The

performance of location management schemes directly affect the overall performance of NGWN at large. In this paper,

signaling performance bounds achievable by a location management scheme in the wireless portion of NGWN are pre-

sented. Assuming complete knowledge about user mobility, call arrival patterns, detailed maps of subnetworks cover-

age areas, and other NGWN parameters, equations for signaling performance achievable by an idealized location

management scheme over the wireless interface has been derived. The performance bounds presented in this paper serve

as an upper bound for the performance of any other location management scheme designed for NGWN. These bounds

are intended to serve as a benchmark to determine how well a proposed location management scheme operates in

NGWN and will help to determine how much room for improvement exists.
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1. Introduction

Location management is one of the key factors

determining the performance of wireless networks.

Location management in wireless networks in-

volves tracking the location of the mobile termi-

nals (MTs) in the service area. Existing cellular
ed.
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systems such as IS-41 [1] and GSM [2] utilize loca-

tion management techniques primarily based on

tracking users at the location area (LA) granular-

ity, which is a predetermined set of cells where

MTs are not required to refresh their location
information unless they cross LA boundaries.

MTs are located by paging them in all cells in

the last known LA. In literature, other location

management techniques have also been proposed

to achieve higher performance. The location up-

date techniques based on the time elapsed between

successive location registrations, number of cells

crossed, and the physical distance between last reg-
istered location and current location have been

analyzed in [3]. In [4], a movement-based location

update mechanism and a selective paging proce-

dure have been introduced. An improved version of

the movement-based location registration scheme

has been presented in [5]. The movement-based

location update approach was also extended from

cells to location areas in [6] and [7]. An example of
the distance-based location management technique

where the paging is performed based on MT�s esti-
mated location is presented in [8]. In [9], an adap-

tive distance-based location update algorithm is

proposed aiming to compute optimal location up-

date boundary for individual MTs.

Next Generation Wireless Networks (NGWN)

are proposed to achieve the goal of ubiquitous
broadband networking. NGWN architectures pro-

posed in the literature [10–13] all envision varying

levels of collaborative use of multiple wireless ac-

cess techniques ranging form high capacity pico-

cells to satellite-based cells to provide world-wide

coverage and high data rates. To provide seamless

integration with the Internet, packet-based access

systems are proposed for data communications
in second and third generation (2G and 3G) [14]

cellular systems, which will eventually evolve into

all-IP wireless systems [15]. Location management

issues for next generation wireless networks are

presented in [16] and [17]. Among the specific solu-

tions targeting the location management problem

in next generation wireless, methods presented in

[18–20] propose using boundary location registers
and boundary interworking units to allow the

movement of MTs among tiers of multi-tier wire-

less systems. Forming dynamic boundary location
areas between the tiers of the wireless system, effi-

cient transitions from one tier to the next is accom-

plished. These solutions focus on improving

location management performance near the

boundary of different tiers of the network and do
not address the overall location management

problem in NGWN.

We aim to look at NGWN beyond the genera-

tions as they are currently defined and propose an

alternative NGWN architecture that serves as a

superset of all proposed NGWN architectures.

The new NGWN architecture assumes coexistence

of multiple cellular systems of possibly different
characteristics, such as coverage, access tech-

niques, and bandwidth, connected to each other

over a common backbone network and a set of

management nodes. The cellular systems that con-

stitute the NGWN is referred to as subnetworks.

Our new NGWN architecture does not assume

any predefined relationship between the subnet-

works. This will enable our NGWN architecture
to include all intermediary systems that will be

generated by combining existing systems and add-

ing new wireless systems to the existing ones.

Within the NGWN framework, we assume that

mobile terminals can directly communicate with

any set of subnetworks.

In this paper, we study the performance bounds

of location management schemes in the wireless
portion of NGWN. Using our new proposed net-

work architecture as the basis, we will explore

how different system parameters affect the location

management signaling cost on the wireless link.

Following an analytical approach, we derive equa-

tions to assess the highest location management

signaling performance achievable in NGWN con-

sidering the wireless interface between the NGWN
infrastructure and the wireless devices. These per-

formance bounds are intended to serve as bench-

marks for new proposed schemes and will help to

comprehend how well a proposed scheme per-

forms or if it can be further improved.

The remainder of the paper is organized as fol-

lows: in Section 2.1, the new Next Generation

Wireless Network Architecture (NGWN) and the
idealized location management system are intro-

duced. The signaling performance measures for

location management in NGWN are presented in
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Section 3. Location management performance

bounds and effect of a set of parameters are pre-

sented in Section 4 for sample system parameters.

Finally, Section 5 concludes this paper.
2. System description

2.1. NGWN architecture

In current wireless systems, the applications

enabled in the system are determined by the band-

width availability and the coverage area, which are
in general conflicting characteristics. Although

improvements in bandwidth are expected in next

generation wireless systems, designing NGWN as

a heterogeneous architecture that will include all

existing as well as all future wireless systems is a

more viable solution. By defining NGWN as a col-

lection of subnetworks, the flexibility in gradual

network deployment and in network expansion is
introduced.

Our new NGWN architecture can be viewed as

a collection of various wireless access networks

that are connected over a common backbone net-

work, i.e., the Internet, and share a common re-

source and network management system. In Fig.

1, the components of NGWN are depicted. The

system consists of N subnetworks Si; i ¼ 1; . . . ;
N, and the Internet as the backbone. Although

all subnetworks in this figure are different, subnet-

works of same technology are permitted even in
INTERNETGLS

TDB

SLS 2

S1

(Satellite)

SLS 1

S2

(Microcell PCS)

Fig. 1. Next Generation Wirele
the case of overlapping coverage. Every subnet-

work Si is served by a Subnet Location System

SLSi. SLSs perform the location management

functions for the mobile terminals for which they

carry the location management responsibility.
SLSs can be compared to current location man-

agement systems consisting of HLRs and VLRs

and can be replaced by them. NGWN also em-

ploys another entity located in the backbone that

can be regarded as the counter part of SLS. The

Global Location System GLS acts as a coordinator

that collects information from SLSs and tracks

MTs across the system in all subnetworks. De-
tailed topology information of the NGWN cover-

age area is maintained in a global database called

Topology Database TDB. GLS uses the topology

information stored in TDB to pinpoint an MT pre-

cisely across all subnetwork coverage areas.

The coverage area of each subnetwork is di-

vided into cells. The entire coverage area of

NGWN, denoted as CT is the set union of the cov-
erage areas in of the individual subnetworks, i.e.,

CT ¼
S

i¼1;...;NCi, where C
i is the coverage area of

the subnetwork Si. We assume that the coverage

area of subnetworks heavily overlap. Overlapping

coverage areas increase the overall network availa-

bility as well as the diversity in available resources.

Every subnetwork coverage area Ci is composed of

a set of cells Ci
j; j ¼ 1; . . . ;NC

i , where NC
i is the

number of cells of the subnetwork Si. The cell def-

inition used in current PCS and satellite systems is

extended to include the WLAN coverage served by
4S
(3G/4G)

SLS 4

SLS3

S3

TDB: Topology Database

S: Subnetwork
SLS: Subnet Location System
GLS: Global Location System

(Macrocell PCS)

ss Network architecture.
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individual WLAN access points. In general, the

system can be expanded to include all wireless sys-

tems where MTs can reach the fixed network over

a single wireless hop. The cells of the four subnet-

works of Fig. 1 covering the same service are de-
picted in Fig. 2. Note that no special relationship

between cell sizes or orientation is assumed

according to the principle of NGWN being a col-

lection of subnetworks.

Location tracking of mobile terminals is pre-

formed at the location area (LA) level. A location

area is composed of a set of neighboring cells

belonging to the same subnetwork. In NGWN,
every subnetwork Si is partitioned into mutually

exclusive location areas LAi
j; j ¼ 1; . . . ;NLA

i , where

NLA
i is the number of location areas in the subnet-

work Si. The location areas belonging to different

subnetworks may (fully or partially) overlap.

MTs are assumed to be equipped with wireless

interfaces enabling them to communicate with

multiple subnetworks simultaneously. Further-
more, MTs are also assumed to be able to main-

tain multiple simultaneous data flows over the

same or different subnetworks. However, MTs

only need to perform very basic location update

operations and need to respond to simple paging

queries. Effectively, the bulk of the location man-

agement functions are shifted from MTs to the

network.
3G/4G Cell

Satellite Cell

Microcell

Macrocell

Fig. 2. Sample cellular coverage area of four subnetworks.
2.2. Idealized location management scheme

In the new proposed NGWN architecture, the

location management systems of the subnetworks

are abstracted to SLSs. SLSi of a subnetwork Si
is responsible for processing the location registra-

tion messages as well as paging MTs in the cover-

age area of Si. We assume that all registration

messages are collected at the GLS, which processes

the paging requests, as well. Let us consider a case

of a mobile terminal MTi moving in the coverage

area of NGWN. Let us also assume that MTi is

tracked at LA granularity in a subset of subnet-
works TSi={Sk1, . . .,SkP} where P is the number
of subnetworks in the set. Note that fStgNt¼1 �
TSi, i.e., there may be subnetworks in NGWN

which can deliver calls to MTi, but which do not

track MTi�s location. When MTi crosses an LA
boundary of a subnetwork Sj, it sends a registra-

tion message to SLSj only if Sj is tracking its

location, i.e., Sj 2 {Sk1, . . .,SkP}. All location regis-
tration messages sent to SLSj are directly for-

warded to GLS. Note that MTi updates its

location information only when it does not have

any active connections over any subnetwork.

While a connection is in progress, we assume that

system can calculate the location of MTi in TSi.

Upon completing all active connections, MTi re-

sumes with updating its location in subnetworks
listed in TSi.

If MTi has active connections over a set subnet-

works ASi={Sc1, . . .,ScA} and a call over another
subnetwork Sn 62 ASi is received, then MTi can

be queried about its location in Sn over one of

the subnetworks Sx 2 ASi without requiring pag-

ing. Paging is required when MTi has no active

connections when a call is received. In this case,
GLS is responsible for creating a paging set in

which MTi should be paged. The paging set PS

is constructed by intersecting the last known loca-

tion areas of MTi where it is tracked and mapping

it onto the coverage area of the subnetwork St
where the call is received. Formally, paging set

PSi can be defined as PSi ¼ Mtð
TP

q¼1LA
kq
sq
Þ, where

fLAk1
s1
; . . . ; LAkP

sP
g is the set of most recent LAs in

subnetworks Sk1, . . .,SkP where MTi has registered
its location, and Mnð	Þ is a function returning the
set of cells in subnetwork Sn that covers the area
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Fig. 3. Creation of the paging set.
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passed as the argument. Note that Sn does not nec-
essarily track MTi�s location. After GLS deter-
mines the paging set PSi, it sends the paging

request to SLSn, which, in turn, pages MTi in cells

specified PSi. An example scenario is shown in Fig.

3. In this figure, MTi is tracked in subnetworks S1,

S2, and S3, and has registered its location most re-

cently in LA1X ; LA2Y , and LA3Z , respectively. When a
call arrives for MTi in subnetwork S4, GLS creates
the paging set PS by calculating the intersection

area of LA1X ; LA2Y , and LA3Z (shaded region), and
determining the cells of subnetwork S4 that fully

covers the intersection area (dashed hexagons).

The paging is then performed only in the cells

belonging to PSi.

One of the questions that remains unanswered

is how the set of subnetworks tracking a particular
MT is determined. In the ideal case, GLS should

be able to accurately predict the movement behav-

ior of all MTs individually. Similarly, the call arri-

val patterns and call characteristics are also

tracked for individual MTs. Based on these inputs,

GLS calculates the set of subnetworks tracking a

particular MT such that the overall signaling cost

is minimized. 1 As will be presented in Section 3,
1 It is assumed that all call deliveries have strict delay

constraints and MTs must be located within one paging cycle.
this set will be determined by considering all

non-empty subsets of subnetworks of NGWN.

Hence, to determine the ideal subset, one needs

to consider 2N 
 1 subnetwork combinations,

where N is the total number of subnetworks in
NGWN. Note that this selection must be per-

formed for all MTs to achieve the lowest location

management signaling cost and must be updated

whenever call arrival and mobility rates change.

Although the location registration and paging

methods described above provide lowest signaling

cost, it is extremely difficult, if not impossible, to

realize these solutions in practice. The main rea-
sons for this can be summarized as follows:

1. GLS is responsible for all location management

functions and therefore constitutes a bottle-

neck. Although distributed implementations

can be adopted, an entity that supervises all

location management functions is required to

achieve the same degree of performance as the
system described above.

2. In practice, it is impossible to maintain a high

precision global map of all subnetworks at cell

granularity. Furthermore, since all paging re-

quests will create queries to TDB, TDB is an-

other potential bottleneck of the system.

3. Determining the set of subnetworks where MTs

will be tracked is very hard to accomplish given
the amount and detail level of information

needed. Although utilizing user mobility pat-

terns with varying degrees of regularity have

been proposed in literature [21], it is potentially

infeasible to implement high precision real-time

user tracking systems in networks with very

high user population, very large coverage area,

and multiple subnetworks of picocells.

Due to reasons presented above, the Idealized

Location Management Scheme is not suitable for

implementation. However, the focus of this paper

is not to introduce a new location management

scheme, either. In this paper, we intend to intro-

duce a very generalized and flexible network archi-

tecture and present the bounds of location
management signaling performance in this new

environment for the purpose of serving as a bench-

mark for new location management schemes.
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Should new advancements enable more feasible

implementations of concepts introduced in this

section, the performance of the location manage-

ment schemes employing these concepts will ap-

proach the bounds that will be introduced in
Section 3.
O 1

λi,j
c

µi,j
c

2

λ i,j
cλi,j

c

µi,j
c2 µi,j

c3

3 ...

Fig. 4. Isolated connection state for MTi in subnetwork Sj.
3. Performance bounds of NGWN

In this section, we will study the performance

measures of the idealized location management

scheme in NGWN and derive the equations to cal-
culate these measures. We are interested in the cost

incurred by the location management scheme in

the wireless portion of NGWN as the wireless links

are more likely to constitute bottlenecks that may

limit the performance of NGWN. The signaling

and processing costs inside the wired portion of

NGWN are excluded from the calculations.

3.1. Call arrivals

The connections destined to a mobile terminal

MTi can arrive from any of the subnetworks in

NGWN. The matching of the subnetworks and

the connections depends on various factors such

as characteristics of mobile terminal, connection

requirements, subnetwork characteristics, and
location and connectivity of the other party. The

choice of the subnetwork for individual connection

requests is beyond the scope of this paper. We will,

however, assume that the connection requests over

different subnetworks are independent from each

other. Furthermore, it is assumed that connections

over different subnetworks arrive at different rates

and have different call holding times. We also as-
sume that all subnetworks can support an arbi-

trary number of connections to the same mobile

terminal. For the sake of simplicity of notation,

the calls generated by the mobile are not included

in the calculations. However, the outlined calcula-

tions can be used to incorporate the mobile-gener-

ated calls, as well. Without loss of generality,

connection arrival and holding processes can for-
mally be described as follows.

Let the connection arrivals for MTi over a sub-

network Sj follow a Poisson distribution with rate
kc
i;j, where Sj 2 fSi; i ¼ 1; . . . ;Ng. Consequently,
the time between call arrivals tci;j for MTi over sub-
network Sj is exponentially distributed with

f c
i;jðtÞ ¼ kc

i;je

kci;jt. Furthermore, let f h

i;jðtÞ ¼ lh
i;je


lhi;jt

be the connection holding time thi;j of MTi in sub-
network Sj, where the mean connection holding

time is E½thi;j� ¼ 1=lh
i;j. The connection state

ðN 1i ; . . . ;NN
i Þ represents the number of active con-

nections Nj
i of MTi in all subnetworks Sj,

j ¼ 1; . . . ;N. In Fig. 4, Markov chain for the iso-

lated connection state Nj
i of MTi in subnetwork Sj

is shown. The steady-state probability Pr½Nj
i ¼ k�

that the number of active connections of MTi in
subnetwork Sj is k is calculated as follows:

Pr½Nj
i ¼ k� ¼ Pr½Nj

i ¼ 0�
ðqi;jÞ

k

k!
; ð1Þ

where Pr½Nj
i ¼ 0� ¼ e
ðqi;jÞ and qi;j ¼ kc

i;j=l
h
i;j.

The steady-state probability of the connection

state of MTi over all subnetworks Pr½ðN 1i ; . . . ;
NN

i Þ ¼ ðk1; . . . ; kNÞ� is the product of individual
steady-state probabilities Pr½Nj

i ¼ kj�; j¼ 1; . . . ;N:

Pr½ðN 1i ; . . . ;NN
i Þ ¼ ðk1; . . . ; kNÞ� ¼

YN
j¼1
Pr½Nj

i ¼ kj�:

ð2Þ
Then, the probability that an MT is idle, i.e.,

that it has no active connections, is given by the

following equation:

Pr½MTi is idle� ¼
YN
j¼1
Pr½Nj

i ¼ 0�

¼ exp 

XN
j¼1

qi;j

 !
; ð3Þ

where qi;j ¼ kc
i;j=l

h
i;j.
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3.2. Location registration

As described in Section 2.2, a mobile terminal

MTi�s location is tracked at LA granularity in a
subset of subnetworks TSi={Sk1, . . .,SkP}. When
MTi moves in the NGWN coverage area, it gener-

ates location registration messages when it crosses

the location area boundaries of subnetworks in TS

when it is idle. As shown in Fig. 2, there is no pre-

defined relationship between sizes and positions of

the location areas and cells of different subnet-

works. Therefore, we can model the movement

of MTi in different subnetworks as independent
events, i.e., as MTi moves in overlapping coverage

areas of subnetworks in TS, it generates mutually

independent registration messages. Based on this

observation, we will derive the distribution of

number of registration messages between two ac-

tive periods of MTi.

Let f m
i;jðtÞ be the probability density of the resi-

dence time tmi;j of MTi in the location areas of the
subnetwork Sj with the mean LA residence time

E½tmi;j� ¼ 1=k
m
i;j. To calculate the distribution of the

number of registration messages Ki,j generated by

MTi in subnetwork Sj, we need to consider the

overall connection arrival process since MTi gener-

ates location registration messages only when it is

idle. A call arrival over any subnetwork pauses the

location registration process of MTi. Since individ-
ual connection arrival processes are independent

Poisson processes with rates kc
i;j, the resulting over-

all connection arrival process is also a Poisson

process with rate equal to the sum of the original

rates. The overall connection arrival rate kc
i;R is cal-

culated as follows:

kc
i;R ¼

XN
j¼1

kc
i;j; ð4Þ

where N is the total number of subnetworks in

NGWN. The movement of an MT in the coverage

area of a single network has been analyzed in [22].

Using the same approach, the probability distribu-

tion ai,j (K) of the number of registration messages
Ki,j created by MTi in Sj is calculated as

ai;jðKÞ ¼
1
 ð1
 ai;jÞ=ci;j; K ¼ 0;
ð1=ci;jÞ½1
 ai;j�2½ai;j�K
1; K > 0;

(
ð5Þ
In Eq. (5), ci;j ¼ kc
i;R=k

m
i;j is the call-to-mobility ratio

defined in [23]. Furthermore, ai,j is calculated as

follows:

ai;j ¼ f m
i;j ðk

c
i;RÞ; ð6Þ

where f m
i;j ð	Þ is the Laplace transform of the resi-

dence time density f m
i;jðtÞ of MTi in location areas

of the subnetwork Sj. The z-transform az
i;jðzÞ of

the distribution ai,j (K) is calculated as

az
i;jðzÞ ¼

X1
q¼0

zqai;jðqÞ

¼ 1
 1
 ai;j
ci;j

þ ð1
 ai;jÞ2

ci;j

z
1
 zai;j

; ð7Þ

where ai,j is as defined in Eq. (5) and jzai,j j < 1.
The derivative of az

i;jðzÞ with respect to z is also
given by

d

dz
az
i;jðzÞ ¼

ð1
 ai;jÞ2

ci;jð1
 zai;jÞ2
: ð8Þ

The total number of registration messages Ki,R
generated during an idle period of MTi is the
sum of the number of messages Ki,j generated in

the subnetworks that track MTi�s location, where
Sj 2 TSi. Let Ki,R follow the distribution ai,R (K).
The z-transform az

i;RðzÞ of the distribution ai,R (K)
is calculated as

az
i;RðzÞ ¼

YkP
j¼k1

az
i;jðzÞ; ð9Þ

where az
i;jðzÞ is defined in Eq. (7) and the indices

j=k1, . . . ,kP are taken from the set of subnetworks
TSi={Sk1, . . . ,SkP} where MTi is tracked. The ex-
pected value E[Ki,R] calculated by taking the deriv-
ative of az

i;RðzÞ with respect to z and evaluating it at
z=1:

E½Ki;R� ¼
d

dz
az
i;RðzÞ

����
z¼1

¼ d

dz

YkP
q¼k1

az
i;qðzÞ

�����
z¼1

¼
XkP
j¼k1

d

dz
az
i;jðzÞ

	 
 YkP
q¼k1; q6¼j

az
i;qðzÞ

" #
z¼1

: ð10Þ

Evaluating Eqs. (7) and (8) at z=1 we obtain

az
i;jðz ¼ 1Þ ¼ 1


1
 ai;j
ci;j

þ 1
 ai;j
ci;j

¼ 1; ð11Þ

d

dz
az
i;jðzÞ

����
z¼1

¼ 1

ci;j
: ð12Þ
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Substituting Eqs. (11) and (12) into Eq. (10),

E[Ki,R] can be calculated

E½Ki;R� ¼
d

dz
az
i;RðzÞ

����
z¼1

¼
XkP
j¼k1

1

ci;j
; ð13Þ

where ci;j ¼ kc
i;R=k

m
i;j and P is the number of subnet-

works in TSi. Note that E[Ki,R] calculated in Eq.

(13) gives the expected value of the number of reg-

istration messages generated only by a particular

mobile terminal MTi that is tracked in subnet-
works TSi when it is idle. We aim to achieve the

best location management signaling performance

by optimizing the tracking sets TS for individual

mobile terminals.
3.3. Paging

Paging under idealized location management
scheme relies extensively on the location informa-

tion gathered by the subnetworks and on the

detailed map of LAs system-wide. The basic princi-

ple is to calculate the smallest area in which an MT

is known to reside in and then to send paging signal

in the cells of the subnetwork over which the con-

nection request has been received. Paging has

significance only when a connection request is re-
ceived during the idle periods of an MT. In case

the MT has already active connections, its location

is known to the system. Even though the known

position of the MT may be too general to locate

the exact cell location in the subnetwork of interest,

it is possible to pinpoint the necessary information

by sending a small query packet in one the cells

where MT is known to maintain connections.
Let a mobile terminal MTi maintain active

connections in a set of subnetworks ASi={Sc1, . . .,
ScA}. When a new connection request Rc

i;n over

subnetwork Sn for MTi is received, it is handled

as follows:

1. If MTi is not idle, i.e., ASi 6¼ ;:
(a) If Sn 2 ASi, i.e., new connection request ar-

rives over a subnetwork in which MTi al-

ready maintains an active connection, then

GLS knows exactly in which cell MTi re-

sides in subnetwork Sn, hence, no paging

is necessary.
(b) If Sn 62 ASi, i.e., new connection request ar-

rives over a subnetwork which does not car-

ry an active connection for MTi:

� GLS instructs SLSx of subnetwork

Sx 2 ASi to send a paging request to

MTi in the cell in which it resides.

� MTi replies with the cell-level location

information in subnetwork Sn.
2. If MTi is idle, i.e., ASi=;:
� GLS forms the paging set PSi as described in

Section 2.2.

� GLS instructs SLSn to page MTi in the cells

MnðPSiÞ, whereMnð	Þ is the function return-
ing the set of cells in subnetwork Sn covering

a given area.

� Upon receiving paging signal, MTi replies
with its cell-level location information in sub-

network Sn.

In the paging scheme described above, the cost

of paging for Case 1a is 0 since no paging signal is

being sent. The probability that a connection re-

quest Rc
i;n is received over subnetwork Sn 2 ASi is

given by

Pr½Sn 2 ASi� ¼ Pr½Nn
i > 0� ¼ 1
 e
qi;n ; ð14Þ

where Nn
i is the number of active connections of

MTi over subnetwork Sn and qi;n ¼ kc
i;n=l

h
i;n.

Extending this result to a general case, the prob-

ability that any call arrival is received over a sub-

network that already has an active connection for
MTi is calculated as follows:

Pr½Paging 0 cells� ¼
XN
q¼1
Pr½Sn ¼ Sq�Pr½Nq

i > 0�

¼
XN
q¼1

kc
i;q

kc
i;R

ð1
 e
qi;qÞ; ð15Þ

whereN is the number of subnetworks in NGWN

and kc
i;R is given in Eq. (4).

For Case 1b, the paging cost is equal to the cost

of paging in a single cell of any subnetwork

Sx 2 ASi. The probability that a new connection

request arrives over a subnetwork Sn 62 ASi and
ASi 6¼ ; can be calculated as
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Pr½Sn 62 ASi;ASi 6¼ ;�

¼ e
qi;n 1

YN

r¼1;r 6¼n

e
qi;r

 !
; ð16Þ

where qi;r ¼ kc
i;r=l

h
i;r. Once again, this probability

can be generalized to obtain the probability that

a single cell paging is required to learn about the
cell location of MTi in subnetwork Sn

Pr½Paging 1 cell�

¼
XN
q¼1
Pr½Sn ¼ Sq�Pr½Sq 62 ASi;ASi 6¼ ;�

¼
XN
q¼1

kc
i;q

kc
i;R

e
qi;q 1

YN

r¼1;r 6¼q

e
qi;r

 !" #
: ð17Þ

Finally, Case 2 involves multiple-cell paging in

subnetwork Sn. The probability of such an occur-

rence is equal to the probability of MTi being idle,

which is given in Eq. (3). However, in this case, the

calculation of the number of cells to be paged is
not trivial. In the following, we will present the

equations necessary to calculate the number of

cells to be paged.

3.3.1. Average size of the paging set

An idle mobile terminal MTi can be located

using the location area information fLAk1
s1
; . . . ;

LAkP
sP
g in the subnetworks TSi={Sk1, . . .,SkP} where

it is tracked. The intersection area of known LAs

is calculated with the exact mapping of LAs to

coverage areas maintained in TDB. Let AR
i ¼TP

q¼1LA
kq
sq
be the reduced location area for MTi.

If AR
i is modeled as a circular region, its radius

r1	 	 	P is given by the following equation:

r1			P ¼

ffiffiffiffiffiffi
AR

i

p

s
: ð18Þ

If the connection request is received over the

subnetwork Sn, MTi is paged in the cells of

Sn. Considering that the cells of Sn can fully or

partially fall into AR
i , the number of cells

NC (r1	 	 	P jSn) belonging to Sn is approximated

for an intersection area of radius r1	 	 	P as follows:

NCðr1			P jSnÞ ¼
ðr1			P þ rcnÞ

2

ðrcÞ2
; ð19Þ
n

where rcn is the radius of the cells of the subnetwork
Sn.

3.3.2. Radius of the reduced location area

Eq. (19) is useful only if we can calculate the
radius r1	 	 	P of the reduced location area. For this

purpose, we will assume that the location areas are

circular regions. Furthermore, it is assumed that

the subnetworks in TSi are ordered according to

increasing size of the location area radius, i.e., gi-

ven TSi{Sk1, . . .,SkP}, kx < ky () rx < ry, where

rx and ry are radii of LAs of subnetworks Skx
and Sky, respectively. Let g (r, r1, r2) be defined as
the density of the radius r of the intersection area

given that circles with radii r1 and r2 intersect. We

also denote the radius of the intersection area of b

location areas as r1	 	 	b, where 1 < b6P. We define

fi,r1	 	 	P (r) as the probability density of radii of the

intersection areas of LAs belonging to subnet-

works in TSi, where P is the number of the subnet-

works in TSi. The probability density function
fi,r1	 	 	P (r) can be calculated as follows:

fi;r12ðrÞ ¼ gðr; rk1 ; rk2Þ; ð20Þ

fi;r123ðrÞ ¼
Z rk1

r12¼0
gðr; r12; rk3Þgðr12; rk1 ; rk2Þdr12;

ð21Þ

fi;r1234ðrÞ ¼
Z r12

r123¼0

Z rk1

r12¼0
gðr; r123; rk4Þgðr123; r12; rk3Þ

� gðr12; rk1 ; rk2Þdr12dr123: ð22Þ

Eqs. (20)–(22) can be extended to include arbitrary

number of location areas, i.e., the radius rðAR
i Þ ¼

r1			P of the reduced location area A
R
i can be calcu-

lated for any TSi. Note that Eqs. (20)–(22) are

based on the assumption that the LAs as well as
the intersection areas of arbitrary number of LAs

are circular. The derivation of the pdf g (r, r1, r2)

of the radius r of the intersection area of two cir-

cles of radii r1 and r2 is presented in Appendix A.
3.4. Signaling cost generated by a mobile terminal

In previous two sections, we have presented how
the expected value of the location registrations be-

tween two busy periods and the estimated number
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of cells to be paged are calculated. The best selec-

tion of subnetworks TSi in which a mobile terminal

MTi is tracked is determined considering the aver-

age cost of location management signaling per unit

time for all possible selections of subnetworks to be
included in TSi. Below, we present the location

management signaling cost LMCi (TSi) calculation

caused by MTi given a tracking set TSi.

A mobile terminal MTi attempts to register its

location only when it crosses an LA boundary of a

subnetwork Sj 2 TSwhileMTi is idle. The probabil-

ity that MTi is idle is given in Eq. (3). The expected

value of location registrations E[Ki,R] during an idle
period is calculated in Eq. (13). In order to find the

number of registration attempts per unit time, we

approach the problem as follows: E[Ki,R] corre-

sponds to the expected number of location registra-

tions given that MTi was idle upon connection

request arrival, which marks the end of the period

in which the LA crossings are counted. Let us as-

sume that an observer does not actually count LA
boundary crossings, but tries to guess how many

LA crossings have occurred since the previous con-

nection request arrival. To create a guess, the obser-

ver checks the condition of MTi every time a new

connection request arrives. When receiving a new

connection request, if MTi does not have any active

connections, i.e., if MTi is idle, then this means that

MTi could have potentially been sending registra-
tion messages. In this case, the guess of the observer

will be E[Ki,R]. If MTi has active connections when

the new connection request arrives, this indicates

that MTi was not in idle state, and therefore, was

not sending any new location registration messages

since the previous connection request arrival. Con-

sidering that total connection arrival rate is kc
i;R,

the rate LRRi (TSi) at whichMTi sends location reg-
istration messages can be computed as follows:

LRRiðTSiÞ ¼ kc
i;R 	 Pr½MTi is idle� 	 E½Ki;R�

¼ kc
i;R 	 e
qi;R 	

XkP
q¼k1

1

ci;q

¼ kc
i;R 	 e
qi;R 	

XkP
q¼k1

km
i;q

kc
i;R

¼ e
qi;R 	
XkP
q¼k1

km
i;q; ð23Þ
where P is the number of subnetworks in TSi and

qi,R is given in Eq. (24):

qi;R ¼
XN
j¼1

qi;j; ð24Þ

where N is the total number of subnetworks in

NGWN and qi;j ¼ kc
i;j=l

h
i;j.

When paging a mobile terminal, a paging packet

is broadcast in all cells in the paging set. The paging

packets sent per unit time PRi (TSi) for MTi when

tracked by subnetworks in TSi consists of two com-

ponents. The first component is the single cell pag-

ing packet caused by Case 1b of Section 3.3. The
probability of Case 1b is given in Eq. (17). The sec-

ond component is the multiple cell paging cost

caused by Case 2 of Section 3.3. Eq. (19) gives an

approximation for the number of cells to be paged

given that MTi is idle, tracking set is TSi, and the

connection request is received over the subnetwork

Sn. Let the expected value of the radius r1	 	 	P of the

intersection of the LAs of subnetworks in TSi be
E[r1	 	 	P], where r1	 	 	P is distributed with fi,r1	 	 	P (r).

Considering that new connection requests arrive

at a combined rate of kc
i;R, paging packets sent per

unit time PRi for MTi when tracked by subnet-

works in TSi is calculated as follows:

PRiðTSiÞ

¼ kc
i;R 	 1 	 Pr½Paging 1 cell�

þ kc
i;R 	 Pr½MTi is idle�

XN
q¼1

NCðE½r1			P �jSnÞ

� Pr½Sn ¼ Sq�

¼ kc
i;R 	
XN
q¼1

kc
i;q

kc
i;R

e
qi;q 1

YN

r¼1;r 6¼q

e
qi;r

 !" #

þ kc
i;R 	 e
qi;R

XN
q¼1

ðE½r1			P � þ rcqÞ
2

ðrcqÞ
2

kc
i;q

kc
i;R

¼
XN
q¼1

kc
i;qe


qi;q 1

YN

r¼1;r 6¼q

e
qi;r

 !" #

þ e
qi;R
XN
q¼1

kc
i;qðE½r1			P � þ rcqÞ

2

ðrcqÞ
2

; ð25Þ
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where N is the number of subnetworks in

NGWN, and qi,R is defined in Eq. (24).
The overall location management signaling cost

LMCi (TSi) per unit time generated by MTi when

tracked in subnetworks of TSi can be defined in
many ways depending on the definition of the

‘‘cost’’ of a location registration message sent by

an MTi and the ‘‘cost’’ of broadcasting a paging

packet in a cell. These costs usually depend on

the procedures used to process the location regis-

tration messages and to generate and broadcast

the paging messages. The term ‘‘cost’’ can also be

define to reflect the bandwidth usage as well as
processing power required. To serve a wide range

of cost definitions, we normalize the cost of a loca-

tion registration message to 1 and introduce a scal-

ing factor b to adjust the relative cost of paging an
MT in a single cell, assuming the total contribution

of the paging cost is directly proportional to the

number of cells a paging message is broadcast in.

Consequently, we define the location management
cost LMCi (TSi) per unit time as follows:

LMCiðTSiÞ ¼ LRRiðTSiÞ þ b 	 PRiðTSiÞ; ð26Þ
LRRi (TSi) and PRi (TSi) are given in Eqs. (23) and

(25), respectively, and b is the scaling factor for the
paging cost.

Note that the total registration cost given in Eq.
(26) is calculated for a particular MTi and for a

particular choice of the tracking set TSi. To deter-

mine the optimal TSi selection, all subsets of the

subnetworks in NGWN must be considered and

the subset with the lowest registration cost must

be determined. For the lowest signaling cost in

NGWN, this operation must be repeated for all

MTs and must be refreshed when the connection
arrival and mobility characteristics of MTs change.

Hence, given the mobility parameters km
i;1; . . . ; km

i;N,

the connection parameters kc
i;1; . . . ; kc

i;N and

lh
i;1; . . . ; lh

i;N for mobile terminal MTi, and the net-

work parameters for S1; . . . ;SN, the minimum

location management cost LMCmini is calculated

as follows:

LMCmini ¼ min
TSi�fS1;...;SNg

fLMCiðTSiÞg; ð27Þ

where LMCi (TSi) is given in Eq. (26) andN is the

total number of subnetworks of NGWN.
4. Numerical examples

In this Section, we present several numerical

examples based on the performance measures de-

rived in Section 3. Overall performance of the loca-
tion management schemes in NGWN depends on

several factors including the number of subnet-

works, subnetwork-related parameters such as size

and distribution of the cells and location areas,

mobility characteristics, and connection request ar-

rival rates for the users. Instead of trying to cover

the entire parameter space, we will consider two

example cases of NGWN architectures consisting
of three subnetworks each and present the effect

of changing connection request arrival andmobility

rates. The NGWN architecture of the first case cor-

respond to an urban environment covered by three

subnetworks with similar cell but different location

area sizes. The mobile terminal we consider in this

example receives connection requests evenly distrib-

uted among the three subnetworks. The second case
considers an architecture composed of three subnet-

works utilizing pico-, micro-, and macrocells,

respectively. The mobile terminal in this scenario

utilizes primarily the microcellular system. In both

cases, we assume uninterrupted service area for all

subnetworks and assume that the scaling factor

b=0.1, where b was introduced in Eq. 26. The ef-
fects of b is also presented based on the second sce-
nario. The base parameters for these experiments

are given in Table 1.

Note that the choice of parameters for the

numerical examples presented in this section re-

flects two particular scenarios. The performance

measures will clearly be different for different

choices of both NGWN composition, e.g., number

of subnetworks, and individual subnetwork and
user parameters.

4.1. Case I: three similar subnetworks

The first set of numerical examples focus on the

performance bounds in a system composed of

three similar subnetworks. The subnetworks utilize

approximately same size cells and have different
LA sizes. Here, we aim to mimic the behaviour

of a user that commutes to work, remains station-

ary for longer periods of time before moving to



Table 1

Base parameters for the numerical examples

Case Cell radii LA radii Mobility rate Conn. arrival Conn. holding b

rc1 rc2 rc3 r1 r2 r3 km1 km2 km3 kc1 kc2 kc3 lh
1 lh

2 lh
3

I 1 1 1 10 15 20 1

20; 000

1

20; 000

1

20; 000

1

5200

1

3600

1

5200

1

600

1

600

1

600
0.1

II 1 5 15 10 50 150
1

1200

1

6000

1

30; 000

1

72; 000

1

1800

1

72; 000

1

60

1

300

1

500
0.1
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another location area. The user we consider for

this scenario is assumed to be located at the vicin-

ity of the LA boundaries of all subnetworks in an

urban area, spending approximately 5.5 h on the

average before switching to another location area

in the same subnetwork. The user also receives

connection requests from all subnetworks at com-

parable rates as shown in Table 1. The average
connection inter-arrival time in the first and third

subnetworks is approximately 1 h 25 min, and in

the second subnetwork 1 h. In all subnetworks,

the average connection duration is 5 min.

Location management cost, paging and, location

registration rates have been studied for varying lev-

els of connection arrival rates in subnetwork S2.

The connection arrival rate is uniformly increased
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Fig. 5. Total location manag
from kc
2 ¼ 1

36000
to kc

2 ¼ 1
620
. In Fig. 5, the overall

location management cost LMC is depicted for all

choices of tracking sets TS. For all values of kc
2,

tracking the user in all subnetworks yields the best

overall performance. This behavior is better under-

stood when the paging packet rate PR presented in

Fig. 6 and the location registration rate LRR pre-

sented in Fig. 7 are considered. Since the location
registration events occur relatively infrequently

when compared with connection request arrivals,

the paging rate becomes the dominating factor in

the calculation of the overall location management

cost. Tracking the mobile terminal in a higher num-

ber of subnetworks decreases the size of the paging

set, and consequently, the number of cells paged

upon connection request arrival. The numerical
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evaluation of the expected value of intersection area

radii of two and three LAs are presented in Appen-
dix A. As shown in Fig. 6, the subnetworks with

smaller LAs contribute more to the reduction of



2 Remaining subsets have very high total cost values and

increase the y-range of the plot, negatively affecting clarity of

lower values.
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paging sets. This becomes more apparent when the

paging packet rates PR for different tracking sets

TS are compared. For example, keeping S1 fixed

in TS, we can see that a subnetwork with smaller

LA size (in this case S2) reduces the location man-
agement cost more than a subnetwork with larger

LA size (in this case S3) because (PR({S1})

PR({S1,S2})) > (PR({S1})
PR({S1,S3})). Includ-
ing all subnetworks in the tracking set, the mini-

mum packet paging rate and total location

management cost is achieved.

Another important point to note in Fig. 6 is the

shape of all curves. The number of paging packets
per unit time starts increasing as the offered load

increases. However, at the same time, the ratio of

non-idle times also increases, which reduces the

need for paging upon connection request arrival.

The increase in the number of paging packets per

unit time stops approximately between kc
2 ¼ 1�

10
3 and kc
2 ¼ 1:25� 10


3 for different paging sets,

and the rate declines for higher kc
2 values. Similar

results are obtained when the mobility of the user

is changed.

The location registration signaling heavily de-

pends on the mobility of the user. However, the

rate of connection request arrivals also affects the

number of registrations per unit time. As shown

in Fig. 7, the average number of location registra-

tions per unit time are grouped according to the
size of the tracking set TS since all subnetworks

share the same average LA residence times. As

more subnetworks are included in the tracking

set, the number of location registrations per unit

time increases. This average is a decreasing func-

tion of kc
2 because increasing kc

2 decreases the prob-

ability of the mobile being idle, and also the need

for location registration when crossing LA bound-
aries.

4.2. Case II: pico-, micro-, and macrocellular

subnetworks

The second set of numerical examples refers to

an environment that includes pico-, micro-, and

macrocellular subnetworks. The cell sizes of these
subnetworks are chosen as 1, 5, and 15 units,

respectively. The LA radii of three subnetworks

are 10 times their respective cell radii. The mobile
terminal we consider in this scenario remains in a

location area on the average 20 min, 1 h 40 min,

and 6 h 20 min in S1, S2, and S3, respectively.

The connection request arrival rate is negligible

in S1 and S3, and twice every hour in S2. A connec-
tion lasts 2.5 min on the average. The movement

behavior considered in this example is similar to

the movement patterns of a person who is always

on the move, such as a delivery person.

We have considered the effects of both connec-

tion arrival rate as well as the mobility on the per-

formance metrics of the system. In all experiments,

the connection arrival rate in S2 is varied between
kc
2 ¼ 0:11� 10


3 and kc
2 ¼ 3:2� 10


3. Further-

more, we have analyzed the effect of mobility

wherein the LA residence rate km
3 for S3 was kept

constant and the base values km
1 and km

2 for S1
and S2 given in Table 1 was multiplied with the

mobility factor km, 0.5 6 km 6 2. Keeping km
3 con-

stant, we create a scenario where the movement

patterns within a locality changes and the long term
movement patterns remain the same. In Fig. 8, the

minimum location management costs for the above

mentioned parameter ranges are shown. As op-

posed to the case presented in Section 4.1, the min-

imum location management cost is not achieved by

a particular tracking set alone. As the mobility and

connection arrival rates change, different tracking

sets provide better performance. The points on
the surface correspond to the minimum location

management cost introduced in Eq. (27), and are

marked with circles, squares, and triangles accord-

ing to the tracking set that generates those values.

In this example, when kc
2 is low, tracking the mobile

terminal in S1 gives the best performance. As the

connection arrival rate increases, TS={S1,S2}

and TS={S1,S3} provide better performance
depending on the mobility and connection arrival

rates. This shows that utilizing a fixed tracking

set may not always provide the best performance.

Fixing the mobility factor km=1, the total

location management cost LMC is plotted for

four tracking sets with lowest total location man-

agement costs 2 in Fig. 9. The total location
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management cost difference between TS={S1}

and TS= {S1,S3} is very small for lower values

of kc
2. For kc

2 > 0:5� 10

3, TS={S1,S3} starts

resulting in lower total cost, which last until
kc
2 ¼ 1:45� 10


3. For larger kc
2, lowest overall cost

is achieved by TS={S1,S2}. It is also worth noting

that tracking the mobile in all subnetworks be-

comes increasingly close to the lowest total cost,
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Fig. 12. Effect of b on total location management cost for Case II, km=1.
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although it never provides the lowest cost in the gi-
ven kc

2 or km ranges.

The number of paging packets generated for

and the number of registration messages generated

by the mobile terminal in this scenario is shown in

Figs. 10 and 11. Unlike in the case presented in

Section 4.1, the paging packet rate does not dom-

inate the overall location management cost. In Fig.

10, we observe an increasing packet paging rate
(with negative second derivative) shown for the

same tracking sets as in Fig. 9. The decreasing idle

period lengths reduce growth the paging packet

rate for the higher values of the kc
2 range. Similarly,

the same effect is observed in Fig. 11 for the loca-

tion registration rate. As more connections arrive,

the need for location registration upon crossing

LA boundaries decreases monotonically. It is also
important to note that tracking sets TS={S1,S2}

and TS={S1,S2,S3} have very similar values in

terms of LRR, PR, and LMC.

4.3. Effect of the scaling factor b

One of the most important parameters of the

total location management cost calculation is the
selection of the scaling factor b. As used in Eq.
(26), taking the cost of a location registration as
the unit cost, b determines the relative cost of
broadcasting a paging packet in a cell. Since the

cost of paging as well as location registration can

vary from implementation to implementation, we

have chosen to employ a relative scaling factor in

the total location management cost calculation.

In Fig. 12, the total location management cost

of the case presented in Section 4.2 is plotted for

km=1 while changing kc
2 and b, 0.01 6 b 6 0.2.

The range of b values is between 0.01 and 0.2.
The surface in this figure contains the points mark-

ing the minimum location management cost

LMCmin for the given set of parameters. The data

points in this surface are marked with circles,

squares, triangles, and crosses according to the

tracking set that generates those values. It can be

observed that LMC is highly sensitive to changes
in b. To achieve correct location management
signaling cost bounds, determining the relative

cost of registration and paging plays an important

role. As an example, choosing b as 0.13 instead of
0.1 in experiments of Section 4.2 would have in-

cluded the tracking set TS={S1,S2,S3} into the

performance graphics. Therefore, the selection

of b must be done in such a way that the actual
anticipated relative overheads are reflected in the

calculations.



Fig. A.1. Intersection of two circles.
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5. Conclusion

In this paper, we studied the performance

bounds of location management schemes in the

wireless portion of NGWN. The NGWN archi-
tecture we consider is composed of multiple

subnetworks serving overlapping coverage areas.

Assuming complete and perfect knowledge about

the network parameters, user mobility informa-

tion, and connection patterns, we have presented

an idealized location management scheme and de-

rived equations to calculate the location registra-

tion, paging, and overall location management
signaling costs over the wireless medium. The sign-

aling performance bound equations presented in

this paper are intended to be used as benchmarks

for the performance of other location management

systems developed for NGWN. We also presented

the performance results of two sample scenarios

which correspond to two architectures composed

of subnetworks with similar and different cell sizes,
respectively. Using these network configurations,

effects of user related connection arrival and

mobility parameters on the performance metrics

as well as the effect of paging cost weight are stud-

ied. These studies show that tracking a user in a

fixed predetermined set of subneworks does not

necessarily provide the best location management

signaling cost in the wireless portion. Another
important observation is that the relative weight

of location registration and paging signaling has

a big influence on the overall location management

cost, and hence, must be selected carefully.
Appendix A. Derivation of g (r, r1, r2)

Let us consider two circles C1 and C2 with radii

r1 and r2, where r16 r2, as shown in Fig. A.1. The

intersection area A (d) is a function of the distance

d between the circle centersM1 andM2. The inter-

section area is calculated as follows:

AðdÞ ¼

pr21; 06 d < r2 
 r1;

r21
2
ð2a1 
 sinð2a1ÞÞ þ

r22
2
ð2a2 
 sinð2a2ÞÞ;

r2 
 r16 d 6 r2 þ r1;

8>><
>>:

ðA:1Þ
where

a1 ¼ cos
1
d2 þ r21 
 r22
2dr1

	 

; ðA:2Þ

a2 ¼ cos
1
d2 þ r22 
 r21
2dr2

	 

: ðA:3Þ

In a general case, it is complicated to use A (d)

as it is. Instead, we approximate the region

r2
r16 d6 r2+ r1 with a linear function. This ap-
proach yields the approximation function A 0 (d)

A0ðdÞ ¼
pr21; 06 d < r2 
 r1;

pr1
r1 þ r2 
 d

2

	 

; r2 
 r16 d6 r2 þ r1:

8<
:

ðA:4Þ
The approximation function simplifies the com-

putation of the intersection area with negligible

amount of error. Fig. A.2 shows three examples

of A (d) and A 0 (d) for r2=2r1, r2=5r1, and

r2=10r1. As shown in this figure, the error intro-

duced by using A 0 (d) is small even for circles of

similar sizes.

The next step is the calculation of the pdf of the

intersection area A12. Using Eq. (A.4), the pdf
fA12 (a) of A12 can be computed as follows:

fA12ðaÞ ¼

2

pr1ðr1 þ r2Þ
; 06 a < pr21;

r2 
 r1
r2 þ r1

; a ¼ pr21:

8>><
>>: ðA:5Þ

We will approximate the intersection area with

a circle of the same area. This approach reduces
the complexity of calculation of the intersection
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area of multiple circular regions. Considering that

an intersection area a of two circles with radii

r1 and r2 corresponds to a circle with radius

r ¼
ffiffiffiffiffiffiffiffi
a=p

p
and using Eq. (A.5), we obtain the pdf

g (r, r1, r2)

gðr; r1; r2Þ ¼

4r
r1ðr1 þ r2Þ

; 06 r < r1;

r2 
 r1
r2 þ r1

; r ¼ r1:

8>><
>>: ðA:6Þ

The expected value E[r] of the radius r of the

intersection area is calculated as

E½r� ¼ r1ðr1 þ 3r2Þ
3ðr1 þ r2Þ

: ðA:7Þ

If three circles with radii r1, r2, and r3 are inter-
sected, the pdf fr123 (r) of the radius of the intersec-

tion area defined in Eq. (21) can be expressed as

follows:

fr123ðrÞ ¼

4r
r1ðr1 þ r2Þ

4 ln
r1 þ r3
rþ r3

þ r3 
 r
r3 þ r

	 

; 06 r < r1;

r2 
 r1
r1 þ r2

; r ¼ r1:

8>>><
>>>:

ðA:8Þ

The expected value E[r123] of the intersection
area radius r123 is given by
E½r123� ¼
r1ðr2
 r1Þ
r2þ r1

þ
4 r21ðr1þ3Þþ r3ð1
6r1r3Þþ6r33 ln

r1þ r3
r3

	 

9r1ðr1þ r2Þ

:

ðA:9Þ
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