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Abstract

In spatially random sensor networks, estimating the Euclidean distance covered by a packet in a given number of hops
carries a high importance for various functions such as localization and distance estimations. The inaccuracies in such esti-
mations motivate this study on the distribution of the Euclidean distance covered by a packet in spatially random sensor
networks in a given number of hops. Although a closed-form expression of distance distribution cannot be obtained,
highly accurate approximations are derived for this distribution in one-dimensional spatially random sensor networks.
Using statistical measures and numerical examples, it is also shown that the presented distribution approximation yields
very high accuracy even for small number of hops. Furthermore, the distribution of hop distance that covers a given
Euclidean distance is also approximated.
Published by Elsevier B.V.
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1. Introduction

The Euclidean distance between two nodes in a
sensor network can be measured in various ways,
such as using the coordinates of the nodes. When
the coordinate information is not available or the
coordinates cannot be computed, other methods
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are needed to estimate the distance. A candidate met-
ric for indicating how far away one sensor is from
another is the hop distance between the sensors.
For networks in which sensor positions are determin-
istic, the relation between the hop distance and the
Euclidean distance can be obtained using simple geo-
metric and algebraic calculations. However, in the
case of spatially random networks, the randomness
of sensor positions creates random inter-sensor
distances. Hence, the Euclidean distance of a hop
becomes a random variable. Therefore, relating
Euclidean distances with hop distances needs to be
accomplished by means of a stochastic study.
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Using the hop distance between sensors to obtain
distance estimations is a technique applied to posi-
tion estimation [5,6]. An average size of one hop is
estimated using hop distances to a number of land-
marks. The average hop distance is then used to
estimate the Euclidean distances of sensors to the
landmarks. In order to obtain approximate node
locations, trilateration is performed using these dis-
tance estimates. Hop-TERRAIN algorithm in [7]
finds the number of hops from a node to each of
the anchors nodes in a network and then multiplies
this hop count by a shared metric (average hop dis-
tance) to estimate the range between the node and
each anchor. The known positions of anchor nodes
and these computed ranges are used to perform a
triangulation to obtain estimated node positions.
The problematic issues in these schemes is their sen-
sitivity to the accuracy of the initial position esti-
mates, the magnitude of errors in the range
estimates, and the fraction of anchor nodes.

Relating hop distance with Euclidean distance
could be used by schemes that require distance esti-
mations without localization of sensors [4,8]. The
maximum Euclidean distance that can be attained
for a given number of hops can be used to find
approximate boundaries of regions where sensor
nodes are estimated to exist. Nagpal et al. [4] use
the hop distances of sensor nodes from one or more
designated sources in order to obtain estimates of
inter-sensor Euclidean distances which are used to
locate sensor positions. The use of the maximum
communication range of a sensor node as the
expected distance of a single hop results in errors
in estimations. This is due to the fact that the dis-
tance to the furthest node is not necessarily equal
to communication range and changes according to
node density.

The simulation study in [8] has shown that sen-
sors that are at particular hop distances from two
sources in a dense sensor network can be grouped
according to these hop distances. Furthermore, the
groups are found to be confined within well-defined
regions. The boundaries between regions are formed
by those sensors that are maximally distant from the
sources. However, for a given hop distance from a
source, the distance of the boundary sensors from
the source node is not a scalar multiple of the com-
munication range. Additionally, the locations of
boundary sensors are not deterministic. Therefore,
the distribution of the maximum distance for a
given hop distance from sources must be used to
determine possible boundary locations. As many
sensor networks are randomly deployed, such an
analysis involves probability density function of
Euclidean distances.

The probabilistic evaluation of the distance
between randomly deployed nodes is presented in
[10,11], and [12] from different perspectives. In
[10], the probability that two nodes at a certain
Euclidean distance can communicate in one or two
hops is derived. Furthermore, the expected hop dis-
tance is evaluated by analytical bounds and experi-
mentations. However, an exact analytical formula
for expected hop distance is not derived. In [12],
the pdf of distance between two locations is investi-
gated for uniform and Gaussian distributed node
locations. Since the connectivity between selected
locations is not considered, [12] does not cover the
relation between hop distance and Euclidean dis-
tance. In [11], an expression for the expected num-
ber n of relay nodes, hence expected value of hop
distance, between two randomly located nodes is
derived using an analytical expression of connectiv-
ity in n or less number of hops. The expression for
connectivity in one or two hops is derived and con-
nectivity in more than two hops is calculated using
an iterative formula. However, the generalization
from two hops to more than two hops, hence the
validity of the general connectivity expression, is
based on intuition alone, without the support of a
comparison with any experimental results. In [9],
the experimental investigation of the impact of
directional transmission on hop distance and the
impact of network diameter on maximum hop dis-
tance are presented.

The problem of estimation of the maximum
Euclidean distance that can be covered in a given
number of hops is not addressed extensively in the
literature. In fact, the maximum Euclidean distance
corresponding to a certain hop distance is a practi-
cal metric for modeling spatially random sensor net-
works. Specifically, the capacity of multi-hop
communication in terms of estimating the area of
multi-hop packet reception is defined by the maxi-
mum distance that can be covered in multi-hop
paths. Hence, this metric is related with coverage
area estimations and data dissemination capability
of sensor networks. Furthermore, the maximum
Euclidean distance is directly related with estima-
tion of hop distance since hop distance is equal to
the least number of hops over all multi-hop paths
between any two locations.

Cheng and Robertazzi [1] derive the probability
density function of a single hop maximal distance
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in a one-dimensional network. In [1], the expected
value of the single hop maximal distance is used
for the purpose of determining the expected number
of broadcast cycles formed before broadcast perco-
lation ceases. Furthermore, it is claimed that this
expected distance value is true for any single hop.
Although the inter-dependency of single hop dis-
tances is mentioned, no results are derived for the
probability density function of the maximal Euclid-
ean distance for a given hop distance.

Similar to the problem of distance estimation for
a given hop distance, the reverse problem of deter-
mination of the hop distance between two sensor
nodes at a certain Euclidean distance is of profound
importance for several sensor network functions.
For instance, estimation of the minimum number
of retransmissions in a multi-hop path, hence the
hop distance, is closely related with the estimation
of required total energy consumption. However,
when sensor nodes are randomly located in the
network, hop distance is not deterministic, but a
random variable, which is dependent on the com-
munication range of sensor nodes and the node den-
sity of the network. Therefore, the hop distance
between two sensors that are a certain Euclidean
distance apart from each other is randomly distrib-
uted with a conditional probability mass function.

In this paper, the distribution of the maximum
Euclidean distance for a given hop distance is ana-
lyzed for one-dimensional sensor networks. This
analysis provides a mathematical model of the
information dissemination capability in applications
such as vehicular networks [3]. For instance, the
locations of vehicles on a road at a specific time
instance forms spatially random distribution of sen-
sors embedded to the vehicles that are parts of the
same network. Furthermore, distributing sensors
to a road by a moving vehicle to monitor road activ-
ity creates a spatially random network of sensors.
Vehicular networks is a direct application of the
analysis, applicability of the one-dimensional distri-
bution results is not limited to vehicular networks.
In fact, one-dimensional distance distribution is a
powerful information that can be applied to any
one-dimensional network with random node
locations.

Extension of the one-dimensional network analy-
sis to two-dimensional spatially random networks
poses a challenging problem. The definition of max-
imum Euclidean distance as well its modeling and
analysis in two-dimensional networks are more
complicated than one-dimension networks. This is
due to the geometric complexity of the spatial distri-
bution of node locations and the definition of hop
distance in two dimensions. Although a single line
uniquely defines the path between two locations in
one-dimensional networks, in two-dimensional net-
works, there can be multiple paths between any
two sensor nodes. In this paper, in addition to the
one-dimensional analysis, a model for analyzing
the maximum Euclidean distance for a given hop
distance in two-dimensional networks is outlined.
The analysis of two-dimensional networks is a
future study using this model.

In this paper, the theoretical expressions for the
expected value and the standard deviation of Euclid-
ean distance are presented. Since these expressions
are computationally costly, efficient approximation
methods are proposed. Furthermore, the similarity
between the distribution of the multi-hop distance
and the Gaussian distribution is evaluated using
the mean square difference and the kurtosis [2] of
the multi-hop distance distribution. Finally, the
probability mass function of hop distance for a
given Euclidean distance is determined.

The remainder of the paper is organized as fol-
lows: In Section 2, the distribution of the multi-
hop distance for a given hop distance is studied.
Theoretical expressions for multi-hop distance dis-
tribution are presented in Section 2.1. Furthermore,
approximation equations for multi-hop distance
statistics along with their derivations are provided
in Section 2.4. The Gaussianity of multi-hop-dis-
tance distribution is studied in Section 3. The kurto-
sis of a single-hop-distance is approximated in
Section 3.2, and the method to obtain an approxi-
mation to the kurtosis of the multi-hop-distance is
derived in Section 3.3. In Section 4, the probability
mass function of hop distance corresponding to a
given Euclidean distance is derived. Performance
analysis of the proposed approximation methods
are provided in Section 5 with comparisons to
experimental and theoretical results. Section 6 pro-
vides a proposed model for analyzing maximum
Euclidean distances in two-dimensional sensor net-
works as a future work. Finally, Section 7 concludes
the paper.
2. Distribution of multi-hop-distance for a given hop

distance

In this section, the distribution of the maximum
distance covered in a given number of hops is stud-
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ied. Sensor nodes are uniformly distributed and
have a fixed communication range R. Furthermore,
sensors are able to receive every packet within their
communication range. It is assumed that there is no
mobility and no node failure.

Before proceeding to the derivations and related
discussions, two definitions that are frequently used
throughout the text are provided as follows:

Single-hop-distance (r): the maximum possible
distance covered in a single hop. This variable is
used with the corresponding hop number, e.g. ri,
which designates the single-hop-distance of hop i
and ri 6 R for all i = 1,2,3, . . .

Multi-hop-distance (d): the maximum possible
distance covered in multiple hops. This variable is
used with the given hop distance N as dN. Multi-
hop-distance dN is the sum of individual single-
hop-distances ri for i = 1,2, . . .,N.

The distribution fdN
ðdN Þ of the multi-hop-dis-

tance dN is investigated by the expected value E[dN]
and standard deviation rdN

of dN. Determination
of E[dN] and rdN

is achieved by studying the expected
value E[ri] and standard deviation rri

of single-hop-
distance. Therefore, the study of fdN

ðdNÞ involves
the probability distribution of a single-hop-distance
fri
ðriÞ. Furthermore, the similarity of fdN

ðdN Þ and a
Gaussian distribution with the same mean and stan-
dard deviation is inspected.

In the following two sections, theoretical expres-
sions of fri

ðriÞ and fdN
ðdN Þ are provided.
2.1. Theoretical expressions for fri
ðriÞ and fdN

ðdNÞ

2.1.1. Probability density function fri
ðriÞ of single-

hop-distance
The probability density function fri

ðriÞ of the sin-
gle-hop-distance ri is provided in the study of Cheng
and Robertazzi [1] for one-dimensional networks.
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Fig. 1. Illustration of single-hop-dist
The following two definitions are taken from [1]
and used throughout this paper.

Definition. Pi: furthest point covered in hop i. The
distance between Pi and the furthest point Pi�1 of
hop i � 1 is equal to the single-hop-distance ri of
hop i.

Definition. rei�1
: the length of the vacant segment

from the point Pi to the location R away from the
point Pi�1 at the same direction, where rei

6 R for
all i = 1,2,3, . . .. By the definition of ri and rei

, the
following is true for all hops i:

rei
þ ri ¼ R: ð1Þ
The random variables ri and rei

for i = 1,2,3, . . .,
N are shown in Fig. 1.

In [1], fri
ðriÞ is given by

fri
ðriÞ ¼

ke�kðR�riÞ

1� e�kðR�rei�1
Þ ; ð2Þ

where k is node density.
Since ri þ rei

¼ R, frei
ðreiÞ ¼ fri

ðR� reiÞ is true
with a change of variables. Hence, using Eq. (2),
the pdf frei

ðreiÞ is obtained as

frei
ðreiÞ ¼

ke�krei

1� e�kðR�rei�1
Þ : ð3Þ

Calculating E[ri] using frei
ðreiÞ is possible due to the

relation in Eq. (1), and is easier than the calculation
with fri

ðriÞ. Hence, E[ri] is determined with the pdf
frei
ðreiÞ.
The dependency between consecutive single hops

is obvious in Eqs. (2) and (3) and is mentioned in [1].
Due to this dependency, the pdf of multi-hop-dis-
tance is a very complex expression and is not dis-
cussed in [1]. In the following section, fdN

ðdNÞ is
provided and its first-order statistics are calculated.
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2.1.2. Probability density function fdN
ðdN Þ of multi-

hop-distance

The probability distribution fdN
ðdN Þ of the multi-

hop-distance dN can be written as follows:

fdN
ðdN Þ ¼ fdeN

ðNR� dN Þ

fdeN
ðdeN Þ ¼

Z R

0

Z R�re1

0

� � �
Z R�reN�1

0

ke�kreN

1� e�kR�reN�1

� � � ke�kre2

1� e�kR�re1

ke�kre1

1� e�kR
dreN � � � dre2

dre1
;

ð4Þ

where deN
is the sum of the N vacant lengths rei

for
i = 1,2, . . .,N given by

deN
¼
XN

i¼1

rei
: ð5Þ

Using Eq. (4) for individual single-hop-distances,
the following expression is obtained for multi-hop-
distance dN and deN

:

dN ¼ NR�
XN

i¼1

rei
: ð6Þ

Since NR is a deterministic quantity, fdN
ðdN Þ ¼

fdeN
ðNR� dN Þ holds.

fdN
ðdNÞ in Eq. (4) is a nested integral which can-

not be reduced to a closed-form expression to the
best of our knowledge. Since a distribution can be
evaluated with statistical values, such as expected
value and standard deviation, E[dN] and rdN

are
studied.

The expressions for the expected value of the
multi-hop-distance and that of the variance can be
written as follows:

E½dN� ¼
Z R

0

Z R�re1

0

� � �
Z R�reN�1

0

dNke�kreN

1� e�kR�reN�1

� � � ke�kre2

1� e�kR�re1

ke�kre1

1� e�kR
dreN . . . dre2

dre1
; ð7Þ

r2
dN
¼
Z R

0

Z R�re1

0

� � �
Z R�reN�1

0

ðdN � dNÞ2ke�kreN

1� e�kR�reN�1

� � � ke�kre2

1� e�kR�re1

ke�kre1

1� e�kR
dreN � � � dre2

dre1
; ð8Þ

where dN is given in Eq. (6) and dN ¼ E½dN�. Eqs. (7)
and (8) are nested integrals like the pdf expression in
Eq. (4), which makes them computationally costly.
Therefore, some approximation methods are de-
rived as will be presented in Section 2.4.

Before proceeding to the approximation of E[dN]
and rdN

, expected distance E[ri] and standard devia-
tion rri
of single-hop-distance ri are calculated in the

following section. These values are used in E[dN]
and rdN

approximations.

2.2. Expected single-hop-distance

As mentioned in Section 2.1.1, it is easier to cal-
culate E½rei

� with frei
ðreiÞ than E[ri] with fri

ðriÞ. The
relation in Eq. (1) implies E½ri� þ E½rei

� ¼ R. Hence,
E½rei
� can be used calculate to E[ri]. In [1], E½rei

� is
calculated to be the following:

E½rei
� ¼ 1� e�kðR�rei�1

Þð1þ kðR� rei�1
ÞÞ

k 1� e�kðR�rei�1
Þ� � : ð9Þ

In Eq. (9), rei�1
is replaced with its expected value

E½rei�1
� which is then substituted by E½rei�1

� ¼
R� E½ri�1�.

The equivalence of the expected single-hop-dis-
tances is assumed in [1]. Hence, ri can be replaced
by its expectation E[ri] to give

E½ri� ¼ E½ri�1� ¼ �r: ð10Þ

With the assumption in Eq. (10), E[ri�1] can be fur-
ther replaced by �r. Similarly, E½rei

� on the left-hand
side of Eq. (9) is equal to E½rei

� ¼ re ¼ R� E½ri� ¼
R� �r. As a result, the following expression for find-
ing the approximation of the expected single-hop-
distance is obtained:

ln 1� k�r
kR� k�r � 1

� �
¼ k�r: ð11Þ

Expression (11) is an implicit expression. Therefore,
the values of �r are obtained numerically. �r is used to
derive closed form equations of the statistics of the
single-hop-distance, which in turn prove to be han-
dy in calculating the statistics of the multi-hop-
distance.

2.3. Variance of single-hop-distance

The standard deviation rri
of single-hop-distance

ri can be calculated using the variance of rei
more

easily than a calculation using fri
ðriÞ. After calculat-

ing rrei
, the following proposition is used to obtain

rri
.

Proposition. The variance of the single-hop-distance

ri is equal to the variance of total of the singlehop

vacant region length, rei
. Hence,

r2
ri
¼ r2

rei
: ð12Þ
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Proof. The variance of ri can be written as

E½ðri � �rÞ2� ¼ E½ðR� rei
� �rÞ2�

¼ E½ðR� rei
Þ2 � 2�rðR� rei

Þ þ �r2�
¼ E½R2 � 2Rrei

þ r2
ei
� 2�rRþ 2�rrei

þ �r2�

¼ R2 � 2Rre þ E½r2
ei
� � 2�rRþ 2�rre þ �r2

¼ R2 � 2Rre þ E½r2
ei
� � 2ðR� reÞR

þ 2ðR� reÞre þ R2 � 2reRþ re
2

¼ E½r2
ei
� � re

2;

r2
ri
¼ r2

rei
:

Hence, the variance of ri can be found by determin-
ing the variance of rei

. h

Then, the variance of single-hop-distance becomes

r2
ri
¼ r2

rei
¼ E½r2

ei
� � re

2 ¼ E½r2
ei
� � ðR� �rÞ2: ð13Þ

The second moment of rei
in Eq. (13) can be found

similar to the way outlined in [1] for finding E½rei
�

and is obtained as follows:

E½r2
ei
� ¼ � e�kðR�rei�1

Þ

1� e�kðR�rei�1
Þ ðR� rei�1

Þ2

� e�kðR�rei�1
Þ

1� e�kðR�rei�1
Þ

2

k
ðR� rei�1

Þ

þ 1

1� e�kðR�rei�1
Þ

2

k2
� 2

k2
e�kðR�rei�1

Þ
� �

: ð14Þ

In Eq. (14), rei�1
is replaced by its expected value

E½rei�1
� which is further substituted by R� rei�1

¼ �r
to give:

E½r2
e � ¼
��r2e�k�r � 2

k�re�k�r þ 2
k2 � 2

k2 e�k�r

1� e�k�r
: ð15Þ

Substituting Eq. (15) into Eq. (13), the variance of
the single-hop-distance can be found. However, tak-
ing E½r2

ei
� ¼ E½r2

e � in Eq. (15) is not a result of the
approximation in Eq. (10). In fact, it is assumed that
single-hop-distances are identically distributed but not

independent. In Section 3, higher order statistical
values such as E½r4

i � of the single-hop-distance are
taken to be identical for every single hop, which is
a result of this assumption.

2.4. Expected value and standard deviation of multi-

hop-distance

In this section, E½ri� ¼ �r is used for the derivation
of expected multi-hop-distance E[dN] and standard
deviation rdN

.

Since multi-hop-distance dN is the sum of single-
hop-distances as given by Eq. (6), E[dN] can be
approximated using the assumption that single-
hop-distance variables ri are identically distributed
with mean given by Eq. (10). Hence, the expected
value of the multi-hop-distance for N hops is
approximated by

E½dN� ¼ E
XN

i¼1

ri

" #
¼ N�r: ð16Þ

The standard deviation rdN
of the multi-hop-dis-

tance for N hops can be calculated with the follow-
ing equation:

E ðdN� dN Þ2
h i

¼ E
XN

i¼1

ri

 !
�

XN

i¼1

ri

 ! !2
2
4

3
5

¼ E
XN

i¼1

ri

 !2

� 2
XN

i¼1

ri

 ! XN

i¼1

ri

 !2
4

3
5

þE
XN

i¼1

ri

 !2
2
4

3
5

¼ E
XN

i¼1

ri

 !2
2
4

3
5�N 2�r2:

ð17Þ

Eq. (17) requires E½d2
N � ¼ E½ð

PN
i¼1riÞ2�. This term

can be calculated by Eqs. (29) and (30) presented
in Section 3.3.

3. Gaussianity of the multi-hop-distance distribution

Experimental distribution fdN
ðdN Þ of multi-hop-

distance dN is illustrated in Fig. 2 for N = 1,2,3,
. . ., 10. Each experimental distribution fdN

ðdNÞ is
compared with a corresponding Gaussian distribu-
tion with mean E[dN] and standard deviation rdN

.
In Fig. 2, the multi-hop-distance distribution

curves become more similar to a Gaussian curve
with increasing hop distance. This similarity sug-
gests that the multi-hop distance dN distribution
can be approximated by the well-known Gaussian

distribution, which is only described by its mean
and standard deviation. Furthermore, Eqs. (16)
and (17) provide effective ways of approximating
the mean and the variance of dN.

Due to the statistical dependence between consec-
utive single-hop-distances, Central Limit Theorem
does not apply to claim that multi-hop-distance
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has a Gaussian distribution. Hence, it should be
noted that Gaussian pdf is an approximation to
the multi-hop-distance density function.

Although Fig. 2 presents an illustration of
increasing Gaussian character in multi-hop-distance
distribution, a quantitative method to test the Gaus-
sianity of multi-hop-distance is required. Section 3.1
introduces such a measure called kurtosis, and Sec-
tions 3.2 and 3.3 explain how the kurtosis values
of single-hop-distance and multi-hop-distance dis-
tributions are determined, respectively.

3.1. Kurtosis as a measure of Gaussianity

As a quantitative measure of similarity to Gauss-
ian pdf, a statistical quantity called ‘‘kurtosis’’ can
be used [2]. Kurtosis is a measure of the peakedness
of a probability distribution. Gaussian pdf has a
kurtosis value of 3. In general, the kurtosis of a ran-
dom variable x is defined as the ratio of the fourth-
order central moment and the square of the
variance:

kurtðxÞ ¼ E½ðx� �xÞ4�
E½ðx� �xÞ2�2

: ð18Þ

Another definition of kurtosis is ‘‘kurtosis excess’’,
which is 3 less than the general kurtosis expression
(Eq. (18)). For a normal distribution, the kurtosis
excess of a normal distribution is zero. Hence, in or-

der to obtain a more Gaussian-like distribution, the

absolute value of kurtosis-excess should be mini-

mized. In the remainder of the paper, the term kur-

tosis is used to refer to kurtosis excess.
In Fig. 3, the experimental kurtosis of the multi-

hop-distance is shown as a function of number of
hops N in case of a node density of k = 0.05
nodes/m and a communication range of R =
100 m. The kurtosis value and hence the non-Gaus-
sianity has a decreasing character with increasing
number of hops. After approximately N = 50 hops,
the kurtosis value settles within a range of [0 0.2].
3.2. Gaussianity of the single-hop-distance
distribution

In this part of our study, the Gaussianity of the
pdf of the single-hop-distance r is inspected. To
achieve this, Eq. (18) is expanded and the variable
x is replaced by r to obtain the kurtosis of the sin-
gle-hop-distance as follows:

kurtðrÞ ¼ E½r4� � 4E½r3�E½r� þ 6E½r2�E½r�2 � 3E½r�4

ðE½r2� � E½r�2Þ2
:

ð19Þ

In this section, any single-hop-distance is referred as
r and any single-hop vacant region as re, without
using a subscript i to denote the hop count. In Eq.
(19), all terms are moments E½rj

ei
� of the single-

hop-distance r without a reference to hop number
due to the assumption that single-hop-distances
are identically distributed. Hence, E½rj

ei
� ¼ E½rj

e�.
In Eq. (19) the kurtosis expression involves the

fourth and the third-order moments of the single-
hop-distance r. Calculating the third and the fourth
moments of the vacant length re is much easier than
calculating the corresponding moments of the dis-
tance r. Therefore, the moments of the single-hop-dis-
tance r are calculated with the moments of the vacant
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region re. Since re + r = R holds, the relationship
between the moments of re and r is found as follows:

E½r3� ¼ R3 � 3R2ðR� E½r�Þ þ 3RE½r2
e � � E½r3

e �; ð20Þ
E½r4� ¼ R4 � 4R3ðR� E½r�Þ þ 6R2E½r2

e �
� 4RE½r3

e � þ E½r4
e �: ð21Þ

The expressions for the third moment E½r3
ei
� and

fourth moment E½r4
ei
� of r are calculated as

E½r3
ei
� ¼ e�kðR�rei�1

Þ

1� e�kðR�rei�1
Þ ð�ðR� rei�1

Þ3Þ

� e�kðR�rei�1
Þ

1� e�kðR�rei�1
Þ

3

k
ðR� rei�1

Þ2

� e�kðR�rei�1
Þ

1� e�kðR�rei�1
Þ

6

k2
ðR� rei�1

Þ þ 6

k3

� �

þ 6

k3ð1� e�kðR�rei�1
ÞÞ
; ð22Þ

E½r4
ei
� ¼ e�kðR�rei�1

Þ

1� e�kðR�rei�1
Þ ð�ðR� rei�1

Þ4Þ

� e�kðR�rei�1
Þ

1� e�kðR�rei�1
Þ

4

k
ðR� rei�1

Þ3

� e�kðR�rei�1
Þ

1� e�kðR�rei�1
Þ

12

k2
ðR� rei�1

Þ2 þ 24

k4

� �

þ 1

1� e�kðR�rei�1
Þ

24

k4
� 24

k3
ðR� rei�1

Þ
� �

:

ð23Þ

After deriving E½rj
ei
�, where j = 1,2,3, . . ., the vari-

ables rei
and rei�1

are both replaced by re. Similarly,
ri and ri�1 are both changed to be r. In the same
way, the third and the fourth moments of re can
be found as follows:

E½r3
e � ¼

e�k�r

1� e�k�r
��r3 � 3

k
�r2 � 6

k2
�r � 6

k3

� �

þ 6

k3 1� e�k�rð Þ
; ð24Þ

E½r4
e � ¼

e�k�r

1� e�k�r
��r4 � 4

k
�r3 � 12

k2
�r2 � 24

k4

� �

þ 1

1� e�k�r

24

k4
� 24

k3
�r

� �
: ð25Þ

The expected single-hop-distance r in Eq. (10) is
substituted in Eqs. (24) and (25) to get the third
and the fourth moments of re, respectively. Then,
the results are used in Eqs. (20) and (21) to get the
third and fourth moments of r, respectively. Using
the third moment (Eq. (20)), the fourth moment
(Eq. (21)), the second moment (Eqs. (13) and (15))
and the expected value of the single-hop-distance
(Eq. (10)), Eq. (19) is evaluated to obtain the kurto-
sis of the single-hop-distance.
3.3. Gaussianity of the distribution of multi-hop-
distance dN

In this section, the Gaussian character of the
multi-hop-distance destination is investigated.
Using the approximation for the expected single-
hop-distance, Eq. (10), and the definition of kurtosis
in Eq. (18), the expression to compute the kurtosis
of the multi-hop-distance kurt(dN) can be obtained
as follows:
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kurtðdNÞ¼
E½ðdN� �dN Þ4�
E½ðdN� �dÞ2�2
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E
PN

1 ri�
PN

1 ri

� �4
h i
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1 ri�
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� �2
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� � PN
1 ri

� �h i :
ð26Þ

Eq. (26) can be simplified by distributing the expec-
tation operations since expectation is a linear
operator. The terms like 4ð

PN
1 riÞ3ð

PN
1 riÞ, where

E½ri� ¼ ri can also be recognized. In such multiplica-
tions, ð

PN
1 riÞ is the sum of the N expected single-

hop-distances. Since the sum of expected values is
a constant, ð

PN
1 riÞ becomes a scalar multiplier of

E½ð
PN

1 riÞ3�. In general, the expectation of any term
of the form ð

PN
1 riÞpð

PN
1 riÞs, where p and s are some

integers and p,s > 0, involving ð
PN

1 riÞ as a multi-
plier, can be evaluated as follows:

E
XN

1

ri

 !p XN

1

ri

 !s" #

¼
XN

1

ri

 !s

E
XN

1

ri

 !p" #
: ð27Þ

Using Eqs. (27), (26) can be modified to obtain:

kurtðdÞ¼
E
PN

1 ri

� �4
h i

�4
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1 ri
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:

ð28Þ

In Eq. (28), the terms in the form of E½ð
PN

1 riÞj� for
j = 2,3,4 are calculated as follows: let fj(N) be
defined as fjðNÞ � E½ð

PN
1 riÞj�, where N is the hop
distance and j is the power term. Then, fj(N) is com-
puted recursively as

f2ðNÞ ¼ f2ðN � 1Þ þ 2ðN � 1Þ�r2 þ E½r2�;
f3ðNÞ ¼ f3ðN � 1Þ þ 3f 2ðN � 1Þ�r

þ 3ðN � 1Þ�rE½r2� þ E½r3�;
f4ðNÞ ¼ f4ðN � 1Þ þ 4f 3ðN � 1Þ�r

þ 6f 2ðN � 1ÞE½r2�
þ 4ðN � 1Þ�rE½r3� þ E½r4�:

ð29Þ

The functions fj(N) can be computed directly for
N = 2 and j = 2,3,4:

f2ð2Þ ¼ 2E½r2� þ 2�r2;

f3ð2Þ ¼ 2E½r3� þ 6E½r2��r;
f4ð2Þ ¼ 2E½r4� þ 6E½r2�2 þ 8E½r3��r:

ð30Þ

The values of the terms like E½ð
PN

1 riÞj� for j = 2,3,4
are very easy to compute since there is no random
quantity inside the expectation operator. According
to Assumption (10), E½ri� ¼ ri is simply �r, for all i.
Hence, E½ð

PN
1 riÞj� ¼ E½ðN�rÞj� holds. N�r and the

powers of N�r are deterministic quantities. The
expectation of ð

PN
1 riÞj for j = 1,2,3, . . . is then:

E
XN

1

ri

 !j" #
¼ E½ðN�rÞj� ¼ N j�rj: ð31Þ

Eqs. (31) and (29) are then used in Eq. (28) to get
the kurtosis of a multi-hop-distance consisting of
N single-hop-distances.

4. Estimation of the probability mass function of hop

distance for a given euclidean distance

In this section, the pmf PNjD(NjD) of hop dis-
tance N corresponding to a given Euclidean distance
D is estimated in a one-dimensional sensor network.
Using Bayes’ Rule, PNjD(NjD) can be stated as
follows:

P N jDðN jDÞ ¼
P DjN ðDjNÞP ðNÞP1

i¼1P DjN ðDjiÞP ðiÞ
: ð32Þ

In Eq. (32), PDji(Dji) is the probability of reaching
distance D in i hops and P(i) is the probability of
the hop distance i. Note that hop distance i = 0 is
not included in the sum at the denominator of
Eq. (32) since this is equivalent to loss of connectiv-
ity. P(i) is the probability of the hop distance i and is
equal to the ratio of the expected number of nodes
that have a hop distance i to the total number of
nodes in the network. Hence, using the definition
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of maximal distance di in Section 2, P(i) can be
found by

PðiÞ¼Expected number of nodes found on ½di�1;di�1þR�
Total number of nodes

:

ð33Þ

Since sensor nodes are uniformly distributed with
density k and sensor nodes have equal communica-
tion range R, the expected number of nodes that can
be found on any distance interval of length R is a
function of R and k, and is independent of the loca-
tion of the interval. Hence, the numerator of Eq.
(33) is the same for all i = 1,2,3, . . . and P(i) is uni-
formly distributed with respect to hop distance i.
Therefore, Eq. (32) can be simplified to

P NjDðN jDÞ ¼
P DjN ðDjNÞP1
i¼1P DjNðDjiÞ

: ð34Þ

The term PDji(Dji) in Eq. (34) is the probability of
reaching distance D for the given hop distance i.
The denominator in Eq. (34) includes all positive
integer values of hop distance i. Note that
PDjN(DjN) is different than the pdf of the maximum
distance covered in N hops which is approximated
as following a Gaussian distribution as shown in
Section 3. However, this sum includes redundant
terms and can be reduced using Lemma 1 as will
be presented shortly.

4.1. Preliminary discussion

Before proceeding with the derivation of
PNjD(NjD), some definitions given in previous sec-
tions need to be re-emphasized and some additional
ones provided. In Fig. 4a, the source node S broad-
casts a packet in a one-dimensional sensor network.
Multiple nodes can receive the packet at the same
number of hops. Such nodes have the same hop dis-
tance to S. For a particular hop distance i, let the set
of nodes that are i hops away from S be denoted as
Si. Among the sensors in Si, one sensor node, Pi has
the maximum distance to S. The distance of Pi to S

is di, and the single-hop-distance (the distance
between nodes Pi�1 and Pi) of hop i is ri, as defined
in Section 2. Hence, di is defined as the maximum
distance covered in i hops. For instance, d4 = d4 in
Fig. 4a is the maximum hop distance to source node
S among all nodes in set S4.

In Fig. 4b, set S4 consists of nodes X,Y, and P4.
The multi-hop-distance d4 is the distance of P4 to
node S. On the other hand, the distance values DX

and DY of nodes X and Y to S are less than d4.
Therefore, these nodes do not contribute to the
multi-hop-distance d4 covered in 4 hops. In fact, a
multi-hop-distance, as defined in Section 2, is possi-
ble by hopping through nodes Pi, i = 1,2,3, . . .,
which provide the furthest single-hop-distance in
each hop. Hence, the single hops from P3 to X

and from P3 to Y are ‘‘redundant’’ in forming the
multi-hop-distance d4,d5, . . ., etc. Such single hops
are called ‘‘redundant hops’’.

To find the hop distance between a node A and
source S in Fig. 4b, the single-hop-distance values
r1, r2, r3, . . . are taken into account. Hence, P1,P2,
P3, . . . are the nodes of the multi-hop path from S
to A. The last hop from P4 to A in Fig. 4b, does
not provide the maximum distance in hop 5, since
node P5 is more distant to P4 compared to the dis-
tance between nodes A and P4. In general, the last
hop distance does not have to be maximized since
the selected node, such as node A in Fig. 4b, does
not have to be one of the nodes Pi, i = 1,2,3, . . .
4.2. Mathematical foundations for the derivation

of PNjD(NjD)

In this section, some mathematical axioms and
lemmas that are required for deriving PNjD(NjD)
are provided. All lemmas apply to one-dimensional
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sensor networks with random sensor locations. The
following definitions are used throughout the
section.

• D: the given Euclidean distance for which PNj

D(NjD) is to be determined.
• R: sensor communication range.
• S: source node.
• Si: set of all nodes that are at a hop distance i to

S.
• Pi: the furthest node to S in Si.
• di: (multi-hop-distance) maximum distance cov-

ered in i hops (also equal to the distance of Pi

to S).
• ri: (single-hop-distance) maximum distance cov-

ered in the ith hop.
• mi: minimum distance covered in i hops.
Lemma 1. N is upper bounded by an integer Nmax

and lower bounded by an integer Nmin such that

Nmin ¼ dDRe 6 N 6 N max ¼ 2bDRc þ 1.
Proof of Lemma 1. For a single-hop-distance ri,
n < ri < 1 with 0 < n� 1 is true by definition. The
multi-hop-distance is minimized without having any
redundant hops if R < ri + ri+1 = R + n holds for all
consecutive single-hop-distance pairs. The mini-
mum multi-hop-distance is then equal to the sum
r1 + r2 + r3 + r4 + � � � = n + R + n + R + � � �.

Hence, the multi-hop-distance for a given hop
distance M is lower bounded by bM2 cR. On the other
hand, if all single-hop-distance values are chosen to
be ri = R, then maximum distance is covered and is
equal to MR. Therefore, the multi-hop-distance for
M hops is bounded as

M
2


 �
R 6

XM

i¼1

ri 6 MR: ð35Þ

For a given multi-hop-distance D, the following
expression holds for at least one integer N:

N
2


 �
R 6 D 6 NR; ð36Þ

N
2


 �
6

D
R
6 N : ð37Þ

Since N is an integer and D
R 6 N , the minimum num-

ber of hops Nmin that covers distance D is

Nmin ¼
D
R

� 
6 N : ð38Þ
Similarly, since N is an integer and bN
2
c 6 D

R, the
maximum number of hops Nmax that covers dis-
tance D satisfies

Nmax

2


 �
¼ D

R


 �
: ð39Þ

Hence,

D
R


 �
6

N max

2
<

D
R


 �
þ 1; ð40Þ

2
D
R


 �
6 N max < 2

D
R


 �
þ 2: ð41Þ

Eq. (41) is satisfied by N max ¼ 2bDRc and Nmax ¼
2bDRc þ 1. The latter choice gives a larger N. Hence,
N is lower bounded by an integer Nmin and upper
bounded by an integer Nmax as

D
R

� 
6 N 6 2

D
R


 �
þ 1; ð42Þ

which concludes the proof of Lemma 1. h

According to Lemma 1 and Eq. (42), PNjD(NjD)
given by Eq. (34) reduces to

P NjDðN jDÞ ¼
P DjN ðDjNÞP2 D

Rb cþ1

i¼ D
Rd e P DjiðDjiÞ

; ð43Þ

where dDRe 6 N 6 2bDRc þ 1 and R is the sensor com-
munication range.

Computation of PNjD(NjD) with Eq. (43)
requires the computation of the term PDji(Dji),
where i 2 {1,2,3, . . .}. PDji(Dji) stands for the prob-
ability of reaching D at a given hop distance i, as
defined before. It must be noted that PDji(Dji) is
not equal to fdiðdiÞ which is the probability of reach-
ing a maximum distance of di at a given hop dis-
tance i. However, derivation of PDji(Dji) can be
made using fdiðdiÞ using Lemma 3 as will be pro-
vided shortly. Since the proof of Lemma 3 requires
Lemma 2, Lemma 2 is first provided as follows.

Lemma 2. If a sensor node A in SN has a distance D

to source node S, then D � R 6 dN�1 < D.
Lemma 2 states that if a node A has a Euclidean
distance D and a hop distance N from the source
node S, then PN�1 must be located within one com-
munication range of A towards S. However, this is a
necessary but not sufficient condition for node A to
have a hop distance of N to S and Lemma 3 pro-
vides the sufficient conditions. The following is the
proof of Lemma 2.
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Proof of Lemma 2. Assume dN�1 < D � R. Then,
dN�1 + R < D. Since dN�1 < dN 6 dN�1 + R, dN < D

must hold. However, this implies that the hop
distance of node A to S is larger than N. Hence,
dN�1 P D � R by contradiction.

Secondly, assume dN�1 > D. Since mN > dN�1,
mN > D holds with this assumption. However, this
implies that A is not in SN. Hence, for A to be in SN,
dN�1 < D must hold. h

Using Lemma 2, Lemma 3 can be presented and
proved as follows:

Lemma 3. A node A at a distance D to the source
node S has a hop distance N from S, if D � R 6

dN�1 < D and if dj < D � R for all j < N � 1.

Lemma 3 simply states that for a node A, which
is a distance D away from the source node S, to be
in the set SN, there are two necessary and sufficient
conditions. The first condition is that node PN�1

must be located within one communication range
of A towards S. In other words, D � R 6 dN�1 < D.
The second condition is that all the previous maxi-
mal points Pj before N � 1 with j < N � 1 must be
located at more than one communication range dis-
tance to A towards S. Hence, 0 < dj < D � R.

Proof of Lemma 3. According to Lemma 2,
D � R 6 dN�1 < D if node A has a hop distance N
D–R
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Fig. 5. Proof of Lemma 3.
to source node S. This is shown in Fig. 5a. However,
the reverse statement is not necessarily true. By
definition, dj < dN�1 for all j < N � 1. However, if
D � R 6 dj < dN�1 holds true for any j < N � 1,
then node A is in the communication range of Pj,
since dj < D 6 dj + R, as shown in Fig. 5b. This
requires node A to have a hop distance j + 1 to S,
but not N. Furthermore, PN�1 is now in the
communication range of Pj, which forces PN�1 to
be in Sj+1. However, this is a contradiction since if
j < N � 2, then point PN�1 becomes a previous
furthest point Pj+1. Moreover, if j = N � 2, then
PN�1 is either node A, which is further away, or
some other node even further than node A within
the communication range of Pj. Hence, dj < D � R

for all j < N � 1 must be true in addition to the
requirement that D � R 6 dN�1 < D. h
4.3. Derivation of PNjD(NjD)

According to Lemma 3, the probability of reach-
ing distance D at a given hop distance i is obtained
as follows:

P DjiðDjiÞ ¼ ProbðD� R 6 di�1 < DÞ

:
Yi�2

j¼1

Probð0 < dj < D� RÞ: ð44Þ

Computation of Eq. (44) requires the pdf of di,
pdi
ðdiÞ, for i 2 {1,2,3, . . .}. In previous sections,

pdi
ðdiÞ is shown to be well estimated with a Gaussian

distribution. The computation of pdi
ðdiÞ requires

only the mean multi-hop-distance, E[di], and the
standard deviation of the multi-hop-distance, rdi

,
as shown in the following equation:

pdi
ðdiÞ ¼

1ffiffiffiffiffiffi
2p
p

rdi

e

�ðdi�E½di �Þ2

2r2
di ; ð45Þ

where E[di] and rdi
are found by Eqs. (16) and (17),

respectively.
Using the Gaussian pdf in Eqs. (45) and (44) can

be written as

ProbðD in i hopsÞ ¼
Z D

D�R
pdi�1
ðxÞdx

� �

�
Yi�2

j¼1

Z D�R

0

pdj
ðxÞdx

� �
: ð46Þ

Finally, Eq. (46) is substituted in Eq. (43) for indi-
vidual values of hop distance i to compute PNjD
(NjD) as follows:
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P NjDðN jDÞ

¼

R D
D�R pdN�1

ðxÞdx
� �

:
QN�2

j¼1

R D�R
0

pdj
ðxÞdx

� �
P2dDRe

i¼ D
Rd e

R D
D�R pdi�1

ðxÞdx
� �

�
Qi�2

j¼1

R D�R
0 pdj

ðxÞdx
� �h i :

ð47Þ

The integral terms in the computation of PNjD(NjD)
in Eq. (47) can be substituted by equivalent ‘‘error
functions’’ since the integrants are Gaussian pdfs.
The following two definitions are used to simplify
Eq. (47):

Y 1ðiÞ¼ erf
D�E½di�
rdi

ffiffiffi
2
p

 !
� erf

D�R�E½di�
rdi

ffiffiffi
2
p

 !
; ð48Þ

Y 2ðiÞ¼ erf
D�R�E½di�

rdi

ffiffiffi
2
p

 !
þ erf

E½di�
rdi

ffiffiffi
2
p

 !
: ð49Þ

Eq. (50) below is the final form of the conditional
probability mass function PNjD(NjD) using Eqs.
(48) and (49):

P NjDðN jDÞ ¼
Y 1ðN � 1Þ

QN�2
j¼1 Y 2ðjÞP2 D

Rb cþ1

i¼ D
Rd e Y 1ði� 1Þ

Qi�2
j¼1Y 2ðjÞ

� � : ð50Þ

The computation of PNjD(NjD) in Eq. (50) is simple
with the use of error functions. The parameters of
Eq. (50) are the given sensor communication range
R, multi-hop distance D, and the values E[di] and
rdi

, i 2 1,2,3, . . ., which are computed by Eqs. (16)
and (17).
5. Performance evaluation

In this section, the numerical results of theoreti-
cal and approximated expressions for single-hop
and multi-hop Euclidean distance distributions
fr(r) and fdN

ðdN Þ are introduced. Experimental
results of distance distributions are provided and
compared with the theoretical and approximation
results to evaluate their validity. Furthermore, the
derived approximation of the hop distance distribu-
tion PNjD(NjD) is evaluated by comparing it with
the experimentally obtained hop distance pmf.

The expressions that are evaluated are as follows:

• Expected single-hop and expected multi-hop-dis-
tances (Eq. (7)).

• Standard deviation of single-hop and multi-hop-
distances (Eq. (8)).

• Kurtosis of single-hop-distance (Eq. (19)).
• Kurtosis for multi-hop-distance (Eq. (28)).
• Probability mass function of hop distance for a
given Euclidean distance (Eq. (50)).

First, which particular mathematical expressions
are used in performance evaluation is explained.
Then, the obtained graphs for distance distributions
are provided and discussed. Theoretical, experimen-
tal, and approximation results are compared to
demonstrate the validity of our approximations. After-
wards, how the kurtosis graphs reflect the Gaussian
behavior of multi-hop-distance distributions is dis-
cussed. Finally, the approximation for hop distance
pmf is compared with experimental results.

5.1. Implementations

5.1.1. Theoretical expressions

The theoretical distribution expressions of the
expected single-hop-distance E[r] and expected
multi-hop-distance E[dN] are implemented accord-
ing to Eq. (7). To find the expected single-hop-dis-
tance of a particular hop, say k, Eq. (7) is
evaluated for N = k and N = k � 1 separately. The
difference of these two results gives the theoretical
expectation of the single-hop-distance in hop k.
Similarly, the theoretical expressions of the stan-
dard deviation of single-hop-distance rr and stan-
dard deviation of multi-hop-distance rdN

are
implemented according to Eq. (8). Taking N = 1,
the standard deviation of the first single-hop-dis-
tance is obtained, while for N > 1 the standard devi-
ation of multi-hop-distance is found.

The maximum number of hops that is imple-
mented for multi-hop-distance case is limited to 5
due to the computational cost of the multi-hop
expressions which are in the form of nested inte-
grals. As will be demonstrated in the following sec-
tion, our approximation methods applied to these
expressions are quite accurate.

5.1.2. Approximation expressions

The approximation expressions are derived to
avoid the computational cost of the theoretical ones.
Eq. (10), which is the assumption in [1], is used to
obtain the expected single-hop-distance (Eq. (11))
and expected multi-hop-distance (Eq. (16)). Using
the approximated single-hop-distance value of Eq.
(10), the standard deviation of single-hop and
multi-hop-distances (Eqs. (13) and (17)) are calcu-
lated. Furthermore, kurtosis of single-hop-distance
and multi-hop-distance are calculated according
to (Eq. (19)) and Eq. (28), respectively. The pmf
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PDjNDjN of hop distance for a given Euclidean dis-
tance is approximated using Eq. (50).

5.1.3. Experimental study

In order to evaluate the validity of the theoretical
and approximation results, 10,000 independent
experiments are performed using one-dimensional
spatially random sensor networks with uniform
node density and fixed sensor communication range.

5.2. Results

5.2.1. Expectation and standard deviation of single-
hop-distance

In Fig. 6, the theoretical value of the expected
single-hop-distance E[r] is found to be approaching
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Fig. 6. Comparison of theoretical values of ri with E[r]. R = 10,
k = 0.1, and i = 1,2,3,4,5.

0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
80

82

84

86

88

90

92

94

96

node density

E[r]

Experimental, Theoretical and Approximated Mean of Single–hop Distance

experimental
theoretical
approximation

σ
r

a b

Fig. 7. Comparison of theoretical, approximated and experimen
to the approximation. The hop distances are found
to have a decaying oscillatory character around E[r].
This shows that the approximation in Eq. (10) is not
accurate for the first few hops and improves for lar-
ger hop numbers to match the approximated value.
Due to the computational cost of the numerical
implementation of the theoretical expressions, the
expected distance values for up to five hops is shown
in this figure.

In Fig. 7a, the analytical, experimental, and
approximated values of the expectation of a single-
hop-distance are presented. As it can be observed,
the approximated values are very accurate since
the curve of the theoretical values is closely
matched. The approximated and the theoretical
results resemble the experimental results almost per-
fectly, which shows their validity. Fig. 7b illustrates
the comparison of the analytical, experimental, and
approximated values of the standard deviation of a
single-hop-distance. As it is the case in Fig. 7a, the
approximated and the theoretical results match the
experimental results almost perfectly, which demon-
strates the success of the approximations and the
validity the theoretical expressions for calculating
standard deviations.
5.2.2. Expectation and standard deviation of multi-

hop-distance

In Fig. 8, the change in the standard deviation of
multi-hop-distance in N hops for changing node
density k is shown for N = 1,2,3, . . ., 10. The
increase in deviation with decreasing node density
is apparent. This shows that the distribution of
0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2
4

6

8

10

12

14

16

18

20

node density

Experimental, Approximated and Theoretical Standard Deviation of Single–Hop Distance

approximated
experimental
theoretical

tal E[r] and rr for changing k. R = 100: (a) E[r] and (b) rr.



1 2 3 4 5 6 7 8 9 10
5

10

15

20

25

30

35

40

45

50

hops

σ
d

N

Standard Deviation of Hop Distance r for Different Node Densities

L=0.05
L=0.07
L=0.09
L=0.11
L=0.13
L=0.15
L=0.17
L=0.19

Fig. 8. Experimental values of the standard deviation of the
multi-hop-distance with N hops, rdN

, for N = 1,2,3, . . ., 10, in case
of different node densities. R = 100.

S. Vural, E. Ekici / Computer Networks 51 (2007) 3727–3749 3741
multi-hop-distance becomes less concentrated
around its mean as the node density decreases. This
is an expected result since less node density causes
more randomness in sensor locations. Another
observation in Fig. 8 is that the standard deviation
curves are not linearly proportional to the number
of hops N. This is an indication that the single-

hop-distances are not independent, since the standard
deviation of the sum of identically distributed inde-
pendent random variables is rY = MrX, where X is
a single random variable and Y is the sum of M
identically distributed single random variables. This
is also an expected result, since it is known that the
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distribution of the single-hop-distance in a hop is
dependent on the single-hop-distance in the previ-
ous hop.
5.2.3. Effect of node density on multi-hop-distance
Fig. 9a shows the change of the mean of a multi-

hop-distance for two selected node densities. The
results of theoretical, approximated, and experimen-
tal implementations are compared. Since the com-
putations of the integral expressions are costly,
results of up to N = 5 hops are illustrated. As it
can be observed, the three results overlap which
shows the validity of our approximation for the
expected multi-hop-distance value. The expected
value of multi-hop-distance is found to be linearly
proportional to the mean of single-hop-distance as
suggested in Eq. (16).

Fig. 9b, illustrates the expected distance of N

hops, N = 1,2,3, . . ., 10, obtained by experimenta-
tion and approximation. In order to present a larger
number of hops, theoretical results are not shown in
Fig. 9b. The standard deviations rdN

of the total dis-
tance dN are shown by using error bars around the
expected distance values. The figure shows the
results for selected high (k = 0.2 nodes/m) and low
(k = 0.05 nodes/m) node densities. The experimen-
tal and approximated results are quite similar and
they overlap. The linearity of experimental expected
distance curves suggests that E[dN] is linearly
proportional to the number of hops as claimed in
Eq. (16). The standard deviation values found by
Eq. (17) and the experimental values are also quite
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similar and they appear to be represented by a single
deviation error bar. The increase in deviation with
decreasing node density and increasing number of
hops can be observed in Fig. 9b, which was also
shown in more detail in Fig. 8.

5.2.4. Gaussianity of multi-hop-distance

In Fig. 10, it can be observed that the behaviors
of the kurtosis curves with changing node density k
and changing number of hops N are similar in
experiments and approximation results. Generally,
it is observed that Gaussianity of the multi-hop-dis-
tance is higher for large number of hops and also for
low node density. This is an expected result since
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Fig. 11. Effect of communication range on Gaussianity, obtained by exp
of dN and (b) experimental kurtosis of dN.
Gaussian distribution is the most ‘‘random’’ distri-
bution among those distributions having the same
mean and standard deviation and for low densities
the distribution of nodes present a more random
character. For large densities, the number of nodes
found per unit area is close to the overall node
density, whereas for smaller node densities this is
more unlikely. Fig. 10b illustrates how the kurtosis,
hence the Gaussianity of the multi-hop-distance, is
affected by the change in node density. This figure
is obtained using Eq. (28), hence it shows approxi-
mated values. Experimental results for the effect of
node density on the Gaussianity of the multi-hop-
distance are shown in Fig. 10a.
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Increasing the communication range R is found
to cause a decrease in the Gaussianity of multi-
hop-distance dN, as shown in Fig. 11a and b.
Fig. 11a illustrates how the non-Gaussianity of
multi-hop-distance is affected by the change in sen-
sor communication range R. This figure is obtained
by Eq. (28), hence it shows approximated values.
The experimental results are illustrated in
Fig. 11b. In both figures, the multi-hop-distance dis-
tribution becomes more Gaussian for larger number
of hops. The consistency between the experimental
1 2 3 4 5 6 7 8 9 10
0

0.005

0.01

0.015

0.02

0.025

0.03

hops

M
S

E

MSE between Gaussian and Multi–hop–distance Distributions for Different Node Densities

λ=0.20
λ=0.15
λ=0.10
λ=0.08
λ=0.05
λ=0.03

a b

Fig. 12. Mean square error between experimental gaussian distribution
and (b) changing R. k = 0.1 nodes/m.

0 2 4 6 8 10
0

1

2

3

4

5

6

7

8

hops

K
ur

to
si

s

λ = 0.08

0 2 4 6 8 10
0

1

2

3

4

5

6

7

8

hops

K
ur

to
si

s

λ = 0.15

experimental
approximation

approximation
experimental

Fig. 13. Comparison of experimental and approximated kurto
results and the approximations shows the accuracy
of our kurtosis approximation expression given by
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An alternative way of investigating the similarity
between two probability distributions is to find the
mean square error between them. For a particular
distribution p, a decrease in mean square error
between p and a Gaussian distribution means an
increasing Gaussian character of p. The mean
square error (MSE) curves between the multi-hop-
distance distribution and Gaussian distribution are
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shown in Fig. 12a and b for changing node density
and changing communication range, respectively. In
these figures, the decaying nature of the non-Gaus-
sianity for increasing number of hops is obvious.
The MSE results are consistent with the results in
Figs. 10b and 11a. In Fig. 12b, changing the R val-
ues seems to have little effect on MSE, yet in fact,
Gaussianity decreases for increasing R.

The experimental and the approximated values
of the kurtosis of the multi-hop-distance dN for
N = 1,2,3, . . ., 10 are compared for four different
node densities in Fig. 13. Approximation results
are closer to experimental results if node density k
is larger, although a higher Gaussianity of multi-
hop-distance is observed for low node density. In
Fig. 14, the effect of changing the communication
range R on the kurtosis of dN is shown. Approxima-
tion results are closer to experimental results if com-
munication range R is larger, although a higher
Gaussianity of multi-hop-distance is observed for
smaller communication ranges. In general, the
graphs illustrate that the approximation results are
found to be similar to experimental results.
5.2.5. The pmf PNjD(NjD)

The pmf PNjD(NjD) of hop distance N for a given
Euclidean distance D is calculated by Eq. (50) in
Section 4.3. In this section, the comparison of exper-
imental and approximation results obtained for
PNjD(NjD) are provided. Furthermore, we also elab-
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orate on the effect of node density and the choice of
the distance D on PNjD(NjD).

The comparison between the approximated and
experimental pmfs PNjD(NjD) is shown in Fig. 15.
In this figure, the horizontal axis represents distance
D. In each plot, there are five values of distance D.
The third distance value is equal to the maximum
distance of the fifth hop D = E[d5] and the samples
of D are chosen with increments of 20 m. The choice
of the fifth hop is completely random. The pmf of
hop distance N is represented with a corresponding
bar plot over each distance value in Fig. 15. As it
can be observed, the change in D affects the pmf
of N. Furthermore, when D is changed additional
N values with a non-zero probability can emerge
while some others can disappear. For instance, in
Fig. 15a, hop number N = 4 exists for D = 367 m
while it disappears for D = 427 m. Moreover, hop
number N = 6 is negligibly small for D = 367 m
while it becomes the dominant component of the
pmf when D = 447 m. In fact, Fig. 15a–c illustrate
the transition from a pmf with hop number N = 5
being the dominantly large component to a pmf
with hop number N = 6 being the largest compo-
nent for node densities of k = 0.05 nodes/m,
k = 0.1 nodes/m, and k = 0.2 nodes/m, respectively.
Furthermore, the probability of N = 5 in Fig. 15a
first increases and then decreases with increasing
distance D and the rising values of the probability
of N = 6 can be observed. If the pmf is shown for
a larger range of distance D, it is observed that this
0 1 2 3 4 5 6 7 8 9 10
0

1

2

3

4

5

6

hops

K
ur

to
si

s

R=100

0 1 2 3 4 5 6 7 8 9 10
0

1

2

3

4

5

6

hops

K
ur

to
si

s

R=60

exp.
app.

app.
exp.

the multi-hop-distance dN for changing communication range.



0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

pm
f

Approximated vs Experimental P
N|D

(N|D) for σ = 0.05 nodes/m

Approximation Experimental

D=407mD=367m D=387m D=427m D=447m

N=5

N=5

N=5
N=5

N=5

N=6

N=6

N=6

N=6

N=4

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

pm
f

Approximated vs Experimental P
N|D

(N|D) for σ = 0.1 nodes/m

Approximation Experimental

D=410m D=430m D=450m D=470m D=490m

N=5 N=5

N=5

N=5

N=6

N=6

N=6

N=5

N=6

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

pm
f

Approximated vs Experimental P
N|D

(N|D) for σ = 0.2 nodes/m

Approximation Experimental

D=435m D=455m D=475m D=495m D=515m

N=5 N=5

N=5

N=6

N=6

N=5

N=6

a b

c

Fig. 15. Comparison between approximated and experimental PNjD(PjD): (a) k = 0.05 nodes/m; (b) k = 0.1 nodes/m and (c) k = 0.2
nodes/m.

0 100 200 300 400 500 600 700
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

0.05

pd
f

Distance (m)

Multi–hop–distance distribution p (d ) curves for σ = 0.05 nodes/m

0 100 200 300 400 500 600 700
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

Multi–hop–distance distribution p (d ) curves for σ = 0.1 nodes/m

pd
f

Distance (m)
0 100 200 300 400 500 600 700

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Distance (m)

Multi–hop–distance distribution p (d ) curves for σ = 0.2 nodes/m

pd
f

a b c

Fig. 16. Effect of node density on multi-hop-distance pdf curves: (a) k = 0.05 nodes/m; (b) k = 0.1 nodes/m and (c) k = 0.2. nodes/m.

S. Vural, E. Ekici / Computer Networks 51 (2007) 3727–3749 3745
behavior of the probability of N = 5 is observed for
all values of N.
Fig. 15 shows that the largest difference between
the experimental and the approximation results is
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observed at the third distance values in each plot. In
fact, these distance values are found at locations
where the largest difference between the Gaussian
pdf approximation and the multi-hop-distance pdf
occurs. Such locations can be observed around the
peak of the pdf curves in Fig. 16. These locations des-
ignate the expected furthest points of each hop, hence
the expected starting point of the next hop. There-
fore, it is not surprising to see that these distances also
correspond to the starting point of the above men-
tioned transition in the pmf of hop distance in Fig. 15.

The effect of node density on multi-hop-distance
distributions is illustrated in Fig. 16. As observed in
this figure, individual multi-hop-distance distribu-
tion curves corresponding to different hop numbers
become separated from each other with increasing
node density. The separation of distance pdf curves
suggest that as the node density is increased, the hop
distance N corresponding to a given Euclidean dis-
tance D becomes more deterministic. In other
words, increasing the node density is expected to
cause the pmf PNjD(NjD) to get closer to unity at
a single value of N. This effect of node density on
pmf can also be observed in Fig. 15. When node
density is increased, the pmf of N becomes more
deterministic and has one dominantly large compo-
nent for individual values of distance D as observed
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observed simultaneously.

The effect of node density on PNjD(NjD) is specif-
ically shown in Fig. 17 for three randomly selected
values of distance D. Two observations can be made
in this figure. Firstly, when the node density is
increased, a dominantly large component of the
pmf emerges, which makes PNjD(NjD) more deter-
ministic. Secondly, as the node density increases,
the probability given to small hop distance values
increases while the probability of larger hop dis-
tance values decreases. Here, it must be noted that
the range of possible hop distance values N for a
given distance D is calculated by Eq. (42). For
instance, in Fig. 17 when D = 443 and k = 0.05
nodes/m, the probability of N = 6 is larger than
the probability of N = 5. However, when k = 0.1
nodes/m, probability of N = 5 is much larger than
that of N = 6 and is almost 1 when k = 0.2 nodes/
m. This can be explained as follows: The multi-
hop-distance, hence the covered distance corre-
sponding an individual hop distance N, increases
with increasing node density. Therefore, smaller val-
ues of N have increasing probability of covering a
given distance D. This in turn causes low values of
N to have increasing weights in PNjD(NjD).
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6. A model for the analysis of two-dimensional

maximum multi-hop Euclidean distance

The analysis of the distance distribution in two-
dimensional sensor networks poses a more challeng-
ing problem compared to the one-dimensional net-
works. The definition, modeling, and calculation of
distance distributions is complicated due to the geo-
metric complexity of these networks. Multiple paths
can exist between two given locations and these
paths are randomly located due to random node
locations. In contrast, the path between two nodes
is restricted to a line in a one-dimensional network.

Fig. 18 is provided for the purpose of observing
the hop distances of sensors to a specific sensor.
This sensor may be considered as a source sensor
broadcasting packets to the network. The packets
propagate radially outward hop by hop and at each
hop, a number of sensors receive the broadcast
packet. This outwards propagation of hop distance
to a specific sensor node further illustrates the
increasing Euclidean distances to this sensor for
increasing hop distances.

The definition of the maximum Euclidean dis-
tance in a two-dimensional network is however
not trivial. This definition requires a definition of
the direction of propagation. When the propagation
direction is fixed, the results of one-dimensional net-
Fig. 18. Coverage areas of broadcast propagation
work analysis can be applied to two-dimensional
networks. A thin rectangular corridor along the
fixed direction of propagation can be used. This thin
corridor can be regarded as a line with a small thick-
ness. However, sensors of multi-hop paths are not
found on one-dimensional paths in general. Hence,
searching the multi-hop paths inside a corridor
can provide accurate results only for sufficiently
dense networks.

Another model for analyzing the maximum
Euclidean distance in two-dimensional networks
can be proposed as follows. Fig. 18 shows that
longer multi-hop paths can be created by searching
the sensor nodes in directions outwards from the
source sensor P1. Hence, the furthest sensors to
the source sensor can be located in each hop of a
multi-hop path with a given hop distance to maxi-
mize the Euclidean distance to the source sensor.
This model is shown in Fig. 19. This second model
considers a series of single hops to establish a
multi-hop path. At each single hop, next sensor of
the path is searched within an angular communica-
tion area. The angular range of such an area is a and
the radial range is R which is the sensor communi-
cation range. At each hop, the furthest sensor to
the source sensor is located within an angular com-
munication area which is directed outwards from
the direction from the source sensor. Furthermore,
for three hops in a two-dimensional network.
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Fig. 19. Directional propagation model.
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an area, designated as Ai in Fig. 19, is known to be
vacant as the furthest node Pi is located at hop i.

Since the direction of propagation changes at
each hop but remains to be outwards from the
source sensor, this model is named as the ‘‘Direc-
tional Propagation Model’’. The vacant area Ai in
this model are analogous to vacant line segment
length rei in the one-dimensional analysis. Further-
more, the length of a single hop ri corresponds to
the radial distance of the located sensor Pi to the
previous sensor Pi�1. However, multi-hop-distance
is not the scalar sum of the single-hop-distance val-
ues. The model should consider the change of the
direction angle at each hop of the multi-hop path
to determine the multi-hop-distance. Directional
Propagation Model is a topic of future study to
approximate the distribution of maximum Euclid-
ean distances corresponding to given hop distances
for two-dimensional sensor networks.

7. Conclusion

In this paper, the probability distribution of the
maximum Euclidean distance for a given hop dis-
tance is inspected in case of a one-dimensional sen-
sor network with uniform distribution of sensors.
The maximum distance distribution provided is
related with the information propagation capability
in sensor networks. Hence, it can be applied to
applications such as coverage area estimation, and
distance estimations in emergency scenarios where
information should be quickly moved to as far loca-
tions as possible. Furthermore, the reverse problem
of estimation of the hop distance between any two
location is an equally important topic. Hop distance
designates the least number of hops over all multi-
hop paths between two locations in a sensor net-
work and provides valuable information to network
engineers. Applications such as estimation of multi-
hop transmission delays between two given sensor
nodes and multi-hop power consumption in packet
transmissions are directly related with hop distance.
In this paper, the relation between hop distance and
maximum Euclidean distance is approximated with
Gaussian pdf and analytical methods to calculate
the parameters of the Gaussian pdf are provided.
Furthermore, the maximum Euclidean distance dis-
tribution is used to estimate the distribution of the
hop distance corresponding to a given Euclidean
distance.

The analysis can be summarized as follows.
Approximations of the mean and standard devia-
tion of the distance in a single hop is used to derive
approximation expressions for the distance in multi-
ple hops. Additionally, the similarity between the
multi-hop-distance distribution and the Gaussian
distribution is inspected and Gaussianity of multi-
hop distance is shown to be higher for increasing
hop distance values. A statistical measure called
‘‘kurtosis’’ is used for measuring the Gaussianity
of multi-hop-distance and an effective way of
approximating the kurtosis formula for multi-hop-
distance is derived. The effect of node density and
sensor communication range on the expected
multi-hop distance and Gaussianity of multi-hop-
distance is investigated. Furthermore, an approxi-
mation expression for the pmf of the hop distance
corresponding to a given distance is derived using
the multi-hop-distance distribution modeled with
the Gaussian pdf. Comments on the effect of node
density and the choice of the given Euclidean dis-
tance on the pmf of hop distance are provided.

An extensive number of experiments are con-
ducted for the purpose of evaluating the validity
of our approximation expressions. The approxima-
tions and the numerical results of the theoretical
expressions are found to be highly consistent with
the experimental results.
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