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Abstract— Many studies show that the dedicated short range
communication band allocated to vehicular communications is
insufficient to carry the wireless traffic generated by emerging
vehicular applications. A promising bandwidth expansion pos-
sibility presents itself through the release of large TV band
spectra (i.e., the TV white space spectrum) by the Federal
Communications Commission for cognitive access. One primary
challenge of the so-called TV white space (TVWS) spectrum
access in vehicular networks is the design of efficient channel
allocation mechanisms in face of spatial-temporal variations of
TVWS channels. In this paper, we address the channel allocation
problem for multi-channel cognitive vehicular networks with
the objective of system-wide throughput maximization. We show
that the problem is an NP-hard non-linear integer programming
problem, to which we present three efficient algorithms. We first
propose a probabilistic polynomial-time (1−1/e)-approximation
algorithm based on linear programming. Next, we prove that
the objective function can be written as a submodular set
function, based on which we develop a deterministic constant-
factor approximation algorithm with a more favorable time
complexity. Then, we further modify the second algorithm to
improve its approximation ratio without increasing its time
complexity. Finally, we show the efficacy of our algorithms
through numerical examples.

Index Terms— Cognitive vehicular networks, channel
allocation, linear programming, submodular set function.

I. INTRODUCTION

THE 5.9 GHz Dedicated Short Range Communica-
tion (DSRC) band was allocated to vehicular communi-

cations by FCC in the United States more than a decade ago.
Then, the IEEE Wireless Access in Vehicular Environment
standard stack (e.g., IEEE 802.11p and IEEE 1609.4) was pro-
posed to support vehicular communications in the DSRC band.
However, both theoretical analysis [1], [2] and simulation
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results [1]–[3] demonstrate that the DSRC band is insufficient
to provide reliable safety message transmissions. Moreover,
it is shown that non-safety use of the DSRC band has to be
severely restricted during peak hours of traffic to guarantee
reliable transmission of safety messages. For example, [4]
demonstrates that merely 10% of the DSRC bandwidth is left
for non-safety applications at medium traffic density if 95%
reliability of transmissions must be guaranteed for safety appli-
cations. More importantly, the spectrum scarcity problem is
becoming severer due to growing vehicles as well as increasing
wireless vehicular applications, such as collision avoidance,
safety warning, remote vehicle diagnostic, file downloading,
web browsing, and video streaming [5], [6].

A potential method to alleviate the spectrum scarcity prob-
lem is to unload some non-safety data traffic from the DSRC
band to the unlicensed TV White Space (TVWS) band,
which has been released by FCC for cognitive access [7]–[9].
One primary challenge of using the TVWS band in vehic-
ular networks is the design of efficient channel allocation
mechanisms that can cope with spatial-temporal variations
of TVWS channels [7], [10]. However, the contention-based
IEEE 802.11p Medium Access Control (MAC) scheme is not
suitable for Cognitive Vehicular Networks (CVNs) due to the
lack of cognitive radio capability.

In this paper, we propose a throughput-efficient channel
allocation framework for multi-channel cognitive vehicular
networks with the objective of maximizing network-wide
throughput. In particular, we consider special characteristics
of the TVWS channels such as spatial-temporal variations of
channel availability and FCC’s regulations on the protection
of primary users of the band. Moreover, to cope with high
mobility of vehicles, we leverage the existing IEEE 1609.4
standard for the design of upper MAC layer. Specifically, in
IEEE 1609.4, each Universal Time Coordinated (UTC) second
is split into 10 MAC cycles, and thus each MAC cycle is
100 milliseconds long. The MAC cycle is composed of a
CCH interval for the exchange of control information and
an SCH interval for data delivery. Both the CCH interval
and the SCH interval are 50 milliseconds long. In particular,
distributed channel contention is also performed in the CCH
interval. Similar to this framework, our channel allocation
algorithm is also performed at the beginning of each MAC
cycle. One difference, however, is that we consider a
centralized channel allocation model as our first step due to
the great difficulty of TVWS access in vehicular networks and
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identify the development of distributed algorithms as one of
our future works. Another significant difference is that, instead
of using contention-based channel allocation schemes, we
optimize the channel usage based on transmission demands
of vehicles as well as the aforementioned characteristics of
the TVWS channels.

The theoretical contributions of our work are threefold.
First, we formulate the channel allocation problem in CVNs,
which is proved to be NP-hard. Second, we propose a prob-
abilistic polynomial time (1 − 1/e)-approximation algorithm
based on linear programming. Third, we show that our objec-
tive function can be written as a submodular set function,
based on which we develop a deterministic polynomial-time
constant-factor approximation algorithm with a more favor-
able time complexity. Since the second algorithm has a low
approximation ratio, we further modify the algorithm to obtain
a new constant-factor approximation algorithm. The improved
algorithm is proved to achieve higher approximation ratio
without increasing time complexity.

The rest of the paper is organized as follows. Related works
are investigated in Section II. The system model and problem
formulation are introduced in Section III. In Section IV, we
propose our method based on linear programming and analyze
its performance. Then, our objective function is proved to be
a submodular set function and two deterministic polynomial
time algorithms are developed in Section V. We present
simulation results in Section VI, followed by a conclusion of
our work in Section VII.

II. RELATED WORKS

Some recent papers have been published that address the
channel allocation problem in cognitive radio networks. For
example, a centralized quality-of-experience driven channel
allocation framework is proposed in [11] by considering sta-
tistical properties of primary channels. Although both analytic
and simulation results are provided to demonstrate perfor-
mance of the proposed framework, no optimality properties
are guaranteed. In contrast, all the algorithms developed in
our paper have provable performance guarantees. In addition, a
channel cooperation scheme is proposed in [12] to address the
resource allocation problem in an OFDMA-based cooperative
cognitive radio network. This work is different from ours
because we assume no SU-PU cooperation. Moreover, [13]
studies the joint relay scheduling, channel access and power
allocation problem, which particularly considers the imperfect
sensing scenario and the tradeoff between system capacity
and energy consumption. Since neither spectrum sensing nor
energy consumption is critical to our problem formulation, the
joint scheduling algorithm in [13] cannot accommodate the
channel allocation problem in our work. The channel alloca-
tion problem is also studied in [14], in which a receiver-based
channel allocation model is proposed. Although the model is
proved to be more superior than conventional models, only a
heuristic algorithm is developed to solve the formulated NP-
hard mixed integer linear program. In contrast, we devise three
algorithms to solve the formulated NP-hard channel allocation
problem, which all have provable performance guarantees.

Fig. 1. An example of roadside units

The channel allocation problem is usually formulated as
an NP-hard non-linear integer programming (NIP) problem.
For example, [15] maximizes the total network throughput
while guaranteeing quality-of-service (QoS) requirements of
both video and data services through channel allocation. The
channel allocation problem is formulated as an NIP problem,
to which two heuristic algorithms are proposed. Reference [16]
also studies the problem of supporting multiple services over
CR networks using channel allocation. The channel allocation
problem is formulated as an NIP problem, to which two greedy
algorithms are proposed. Similarly, [17] proposes a heuristic
algorithm to the formulated channel allocation problem for
smooth video delivery over CR networks, which is also an
NIP problem. As we can see from these works, due to the
difficulty of solving the NIP problems, they only develop
heuristic algorithms without theoretical guarantees. Different
from these works, although the channel allocation problem is
also formulated as an NIP problem in this paper, we devise
three efficient algorithms with both provable performance
guarantees and polynomial time complexity. Details of the
system model and the proposed algorithms are presented in
the following sections.

III. SYSTEM MODEL AND PROBLEM FORMULATION

We consider a cognitive vehicular network consisting of N
vehicles and M available TVWS channels. In IEEE 802.11p,
packets are classified into four Access Categories with decreas-
ing priority: AC[0] · · · AC[3]. Therefore, in our model, we
associate each priority class AC[i ] with a weight Ai subject
to Ai > A j ,∀i < j . Similar to existing works on cognitive
vehicular networks, in our model, the high mobility of vehicles
is handled using Road Side Units (RSUs) [3], [4], [18]–[20].
As shown in Fig. 1, a road is divided into segments with
an RSU in each segment. Whenever a vehicle moves from a
segment to another segment, it must register with the RSU
in the new segment to send channel allocation requests and
obtain channel allocation results. For example, if the average
speed of a vehicle is 20 m/s and average transmission range
of RSUs is 500 meters, then the vehicle needs to register with
RSUs every 50 seconds. Similar to IEEE 1609.4, in our model
time is partitioned into equal scheduling cycles with length T
and RSUs allocate channels to vehicles at the beginning of
every scheduling cycle. As discussed in Section I, T is set to
100 milliseconds to cope with high mobility of vehicles.

The occupancy of a free TVWS channel j is modeled
through a continuous random variable t j , which is the residual
time until the return of PUs to channel j . We assume that
the cumulative distribution function (CDF) Fj (t j ) of t j is
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known to RSUs. Note that since spectrum sensing is believed
to be not sufficiently accurate to protect PUs in the TVWS
band, it has been regulated as only an “optional” functionality
for TVWS devices by FCC, while the more accurate geo-
location/database access technology has been regulated as
a “mandatory” functionality for TVWS devices [9]. More
importantly, it is shown in [19] that neither spectrum sharing
nor database access along can provide sufficient protection of
TVWS PUs in a vehicular environment. Therefore, we assume
that RSUs estimate usage patterns of available TVWS channels
using both appropriate spectrum sensing techniques [21] and
geo-location/database access [8], [9]. Moreover, although the
channel allocation algorithms in our paper were initially
designed for TVWS channels, they also apply to the joint
allocation of TVWS and DSRC channels. The reason is that, in
our model a free TVWS channel is modeled by the return time
of PUs on this channel. Similarly, a DSRC channel can also
be modeled by the return time of PUs on this DSRC channel,
which is always equal to infinity because there are no PUs
on DSRC channels. Moreover, since our proposed methods
do not require specific distributions of PUs’ return time, they
also apply to DSRC channels.

Since exact behaviors of PUs are unknown to RSUs,
vehicular transmissions scheduled to a channel can conflict
with PU transmissions with non-zero probabilities. Similar
to existing works on CR networks [22], [23], we assume
that PUs can tolerate a certain collision probability, i.e.,
the collision probability caused by scheduled vehicles on a
channel j must not exceed a predetermined bound γ j , which
is a system parameter determined by the PU network [24].
With this collision probability constraint, RSUs can compute
the maximum allowed scheduling time on each channel which
is denoted by T r

j . Then, the collision probability Pcoll can be
computed as

Pcoll = Pr{t j ≤ T r
j } =

∫ T r
j

0
f j (t j )dt j = Fj (T r

j ) ≤ γ j , (1)

and thus the maximum T r
j can be computed by solving

Equation (1). Since the channel allocation is performed at the
beginning of each scheduling cycle, the maximum allowed
scheduling duration on channel j is c j = min{T r

j , T }.
In our model, we assume that the transmissions of a vehicle

before a PU returns are successful and all remaining packets
are thought to be lost (one possible reason is that high transmit
power of PUs starves low-power vehicular transmitters). The
vehicle will try to retransmit the lost packets in following
cycles. Notice that our system model applies to both packet-
based (ON-OFF) primary systems and non-packet based pri-
mary systems (e.g., TV broadcast). The reason is that we make
no assumptions on the specific type of PU systems. Instead, we
only consider the residual time that PUs return to a channel
given the channel is idle at the beginning of a scheduling
cycle. Therefore, how the PU system behaves on the channel
doesn’t affect our model. For example, in a TV system, we
only consider the residual time that next TV broadcast starts on
a channel given that the TV broadcast is idle at the beginning
of a scheduling cycle. Furthermore, let Li be the number of
packets vehicle i tends to transmit in the current cycle, i.e.,

transmission demand of the vehicle in the current scheduling
cycle. Note that Li is not necessarily the real packet queue
backlog of vehicle i . For example, Li can be the amount
of a particular type of packets vehicle i wants to transmit
in the current cycle. Instead of tracking the packet queue
length of each vehicle, we assume that Li value is included
in the vehicle’s requesting messages to the RSU. Then, the
RSU determines required transmission time of vehicle i on
channel j as

ti j = min{Li/R j , T r
j , T }, (3)

where R j denotes the transmission rate of vehicles on
channel j depending on the bandwidth of the channel. Notice
that we assume appropriate power control methods will be
adopted by vehicles to achieve the transmission rate of R j on
channel j [25], [26]. Moreover, in our model, the transmission
rates are assumed to be constants instead of decision variables.
Hence, the proposed channel allocation schemes also apply to
scenarios where vehicles have different transmission rates on
the same channel. Note that it is possible for each vehicle
to know the amount of data to be transmitted in a MAC
frame. For example, in the polling-based MAC design of
IEEE 802.11ad (an amendment of Wi-Fi for millimeter wave
communications), a station must specify the amount of time it
requests to the access point (AP) such that the AP can allocate
sufficient time for its transmissions. The amount of data to be
transmitted is computed based on the current queue length,
channel measurement results and quality-of-service require-
ments of the running application [27], [28]. Moreover, constant
transmission rates can also be guaranteed using proper modu-
lation and coding schemes and power control policies [27]. For
example, similar to IEEE 802.11ad [27] and IEEE 802.22 [29],
a channel measurement field can be added to the header of
PHY frames, which can be used to measure the background
noise. In this case, power control schemes can be utilized to
overcome the varying background noise level, e.g., increasing
the transmit power level when background noise increases.

Let xi j be our channel assignment variable, i.e., xi j = 1 if
vehicle i is scheduled to channel j and xi j = 0 otherwise.
As shown in Equation (2), as shown at the bottom of the next
page, we use Uij to denote the expected weighted throughput
achieved by scheduling vehicle i to transmit on channel j .
Note that, in Equation (2) we let

∑0
k=1 tkj xkj = 0 when i = 1,

and thus U1 j = 1
T A1 R j

(
t1 j x1 j −

∫ t1 j x1 j
0 Fj (t j )dt j

)
.

An example of our channel allocation model is shown
in Fig. 2, where vehicle 1 and 3 are scheduled to TVWS
channel 1 and vehicle 2 is scheduled to TVWS channel 2.
Our goal is to maximize the total weighted throughput of all
vehicles (i.e.,

∑
i, j Ui j ) by scheduling disjoint sets of vehicles

to available TVWS channels. Since more than one vehicle
can be scheduled to a channel, the expected throughput of a
vehicle is affected by vehicles scheduled ahead of it according
to Equation (2). Therefore, the transmission order of vehicles
on a channel will affect the total weighted throughput of these
vehicles. Lemma 1 states that priority-ordered transmission
maximizes the total weighted throughput on a channel, which
is proved in Appendix A.
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Fig. 2. Example of the channel allocation model

Lemma 1: Given a set of vehicles to be scheduled to a
channel, higher priority vehicles must be scheduled earlier than
lower priority vehicles in order to maximize the total weighted
throughput, while the transmission order of vehicles of the
same priority does not affect the total weighted throughput.

In our model, vehicles are sorted and renamed as
{v1, v2, · · · vN } such that A1 ≥ A2 · · · ≥ AN and Li ≥
L j ,∀i ≤ j when Ai = A j . It means that vehicles are
sorted with non-increasing priorities and vehicles with the
same priority are ordered with the decreasing order of Li

values.
Given the above definitions, our channel allocation problem

can be formulated as

max
xi j∈{0,1}

N∑
i=1

M∑
j=1

1

T
Ai R j

(
ti j xi j −

∫ ∑i
k=1 tkj xkj

∑i−1
k=1 tkj xkj

Fj (t j )dt j

)

s.t . C1 :
N∑

i=1

ti j xi j ≤ c j ,∀ j ∈ {1, 2 · · ·M}

C2 :
M∑

j=1

xi j ≤ 1,∀i ∈ {1, 2 · · · N}

ti j = min{Li/R j , T r
j , T }, c j = min{T r

j , T },∀i, j

where C1 means that the total transmission time of vehicles
scheduled to channel j must be less than the maximum
allowed transmission time of the channel, C2 means that every
vehicle i can be scheduled to at most one channel. As we
can see from Problem (4), we schedule vehicles based on
their particular transmission demands in the current scheduling
cycle, and thus our approach is suitable for highly mobile
vehicular networks where message lifetimes are short and
messages are expunged from queues if they are not transmitted
by their deadlines. Moreover, our approach only requires Ai

and Li values from vehicles in each scheduling cycle, which
can be easily obtained even under high mobility scenarios.
Next, we show the difficulty of Problem (4) by proving
Theorem 1, which guides us to develop the algorithm in
Section IV.

Theorem 1: The channel allocation problem (4) is NP-hard.
Proof: This theorem is proved by reducing Problem (4)

to the Generalized Assignment Problem (GAP). GAP is to
assign different sets of items to bins subject to bin capacity
constraints to maximize the overall profit, where both the size
si j and profit pi j are constant metrics. GAP has been proved to
be NP-hard [30]. In Problem (4), we consider the case where
Pr{t j < T } = 0. This is a simplified version of our problem
where PUs always return at least T time after the beginning of
a cycle, i.e., the TVWS channels are always available. In this
case, Problem (4) is reduced to the following problem:

max
xi j∈{0,1}

N∑
i=1

M∑
j=1

1

T
Ai R j ti j xi j

s.t .
N∑

i=1

ti j xi j ≤ T,∀ j ∈ {1, 2 · · ·M}
M∑

j=1

xi j ≤ 1,∀i ∈ {1, 2 · · · N}
ti j = min{Li/R j , T }. (4)

Uij = 1

T
Ai R j

∫ ∞
0

(
ti j xi j · 1{t j≥∑i

k=1 tkj xkj } +
(

t j −
i−1∑
k=1

tkj xkj

)
· 1{∑i−1

k=1 tkj xkj≤t j≤∑i
k=1 tkj xkj }

)
f j (t j )dt j

= 1

T
Ai R j

(
ti j xi j

∫ ∞
∑i

k=1 tkj xkj

f j (t j )dt j +
∫ ∑i

k=1 tkj xkj

∑i−1
k=1 tkj xkj

(
t j −

i−1∑
k=1

tkj xkj

)
f j (t j )dt j

)

= 1

T
Ai R j

(
ti j xi j

(
1− Fj (

i∑
k=1

tkj xkj )

)
+

∫ ∑i
k=1 tkj xkj

∑i−1
k=1 tkj xkj

(
t j −

i−1∑
k=1

tkj xkj

)
d Fj (t j )

)

= 1

T
Ai R j

(
ti j xi j − ti j xi j Fj (

i∑
k=1

tkj xkj )

)

+ 1

T
Ai R j

(
(

i∑
k=1

tkj xkj −
i−1∑
k=1

tkj xkj )Fj (

i∑
k=1

tkj xkj )−
∫ ∑i

k=1 tkj xkj

∑i−1
k=1 tkj xkj

Fj (t j )dt j

)

= 1

T
Ai R j

(
ti j xi j − ti j xi j Fj (

i∑
k=1

tkj xkj )

)
+ 1

T
Ai R j

(
ti j xi j Fj (

i∑
k=1

tkj xkj )−
∫ ∑i

k=1 tkj xkj

∑i−1
k=1 tkj xkj

Fj (t j )dt j

)

= 1

T
Ai R j

(
ti j xi j −

∫ ∑i
k=1 tkj xkj

∑i−1
k=1 tkj xkj

Fj (t j )dt j

)
. (2)
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This reduced problem is a GAP, where T is the capacity of
all bins, ti j is the size of item i in bin j , and 1

T Ai R j ti j is the
profit of assigning item i to bin j . This mapping proves that
Problem (4) is NP-hard.

IV. SOLUTION 1: LINEAR PROGRAMMING-BASED

ALGORITHM

Notice that Problem (4) is much harder than GAP since
the profit values pi j in GAP are fixed. In contrast, the utility
function of each vehicle in Problem (4) is coupled with
other vehicles. Here, “coupling” means that the expected
throughput of a vehicle is affected by the vehicles sched-
uled ahead of it. For a given set of vehicles assigned to a
channel, however, the utility of each vehicle on the channel
(i.e., the “profit” in GAP) is fixed due to the ordering rule
in Lemma 1.

With this observation, our linear programming based (LP)
algorithm works as follows. We first formulate an equivalent
integer programming (IP) problem for the initial channel
allocation problem, i.e., choosing exactly one set of vehicles
Sj for each channel j such that the total utility of all channels
is maximized. Let X j (Sj ) ∈ {0, 1} be the decision variable
indicating assigning set Sj to channel j . By relaxing this
constraint to be X j (Sj ) ∈ [0, 1], we obtain an LP problem.
However, this LP problem has an exponential number of
variables due to the exponential number of possible sets
of vehicles to be assigned to a channel. Although this LP
problem cannot be solved in polynomial time, dealing with
its dual problem helps to reduce the number of its variables
with no performance loss. Although the dual problem has an
exponential number of constraints, it is proved in [31] that such
problems can be solved in polynomial time using ellipsoid
algorithm associated with a separation oracle (to be defined
later).

When solving the dual problem with the ellipsoid algorithm
iteratively, one is guaranteed to obtain at most one feasible
variable for the primal LP problem in each iteration. Since
the ellipsoid algorithm terminates in polynomial iterations,
one can obtain at most polynomial number of variables.
These variables are sufficient to solve the primal problem
with no performance loss [32]. In this way, the primal LP
problem becomes a new LP problem with a polynomial
number of variables, which can be solved in strongly poly-
nomial time [33]. After solving the LP problem, we obtain
a fractional solution {X j (Sj )}. Then, we propose a rounding
algorithm to round the fractional solution into an integer
solution with the approximation ratio greater than or equal
to (1− 1/e). Since the optimal solution of the LP problem is
an upper bound of the optimal solution of the IP problem,
we are guaranteed to achieve at least (1 − 1/e) of the IP
optimum. The detailed procedure of the LP algorithm is as
follows.

A. Formulating the LP Problem

Let f j (Sj ) be the utility of assigning the set Sj to channel
j , and I j be the set of all feasible assignments of vehicles
to channel j obtained from the constraints in Problem (4).

Problem (4) can be reformulated as an LP problem as

max
X j (S j )∈[0,1]

M∑
j=1

∑
S j∈I j

f j (Sj )X j (Sj )

s.t .
M∑

j=1

∑
S j∈I j :i∈S j

X j (Sj ) ≤ 1,∀i ∈ {1, 2, · · · N}
∑

S j∈I j

X j (Sj ) = 1,∀ j ∈ {1, 2, · · ·M},

where f j (Sj ) can be computed as

f j (Sj ) =
∑
i∈S j

1

T
Ai R j

(
ti j xi j−

∫ ∑i
k=1 tkj xkj

∑i−1
k=1 tkj xkj

Fj (t j )dt j

)
, (5)

the first constraint means that each vehicle can be scheduled
to at most one channel and the second constraint means only
one set of vehicles can be scheduled to a channel.

B. Reducing the Number of Primal Variables
Using the Dual Problem

The Lagrangian equation and dual problem of Problem (5)
are as follows:

L(X,μ,λ) =
M∑

j=1

∑
S j∈I j

f j (Sj )X j (Sj )

+
N∑

i=1

μi

⎛
⎝1−

M∑
j=1

∑
S j∈I j :i∈S j

X j (Sj )

⎞
⎠

+
M∑

j=1

λ j

⎛
⎝1−

∑
S j∈I j

X j (Sj )

⎞
⎠ , (6)

min
μ,λ

N∑
i=1

μi +
M∑

j=1

λ j

s.t .
∑
i∈S j

μi + λ j ≥ f j (Sj ),∀i, Sj ∈ I j

μi ≥ 0,∀i ∈ {1, 2, · · · N}.
Although the dual Problem (7) has an exponential number

of constraints, it is guaranteed to be solved in polynomial time
using the ellipsoid algorithm. Before we solve this LP prob-
lem, we give some definitions and theorems on the ellipsoid
algorithm. Here, we only introduce the general case of the
ellipsoid algorithm in solving existence problems, i.e., whether
there exists an x in a convex set defined by P ∈ {x|Ax ≤ b}
where A ∈ Rm×n , b ∈ Rm . For the optimization problem
{max cT x|Ax ≤ b}, the idea is very similar to the existence
problem and a detailed procedure of the ellipsoid algorithm
can be found in [31].

The ellipsoid algorithm works as follows to solve the
existence problem. It starts with a big ellipsoid E that is
guaranteed to contain P . It then checks whether the center
of the ellipsoid a is in P . If it is, the algorithm terminates.
Otherwise, it finds an inequality Ai x ≤ bi violated by the
center, where Ai is the i -th row of matrix A and bi is the
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i -th element of b. The ellipsoid is split into two parts by the
hyperplane defined by Ai x ≤ Ai a. By choosing the feasible
part, the new set becomes E

⋂{x|Ai x ≤ Ai a}. The procedure
iterates in polynomial time until a feasible x is found or it
determines that there is no such x ∈ P .

Definition 1 (Separation Oracle): A separation oracle for a
linear programming problem with n variables is an algorithm,
such that for a given solution x ∈ Rn , the algorithm is
able to decide whether x is a feasible solution of the linear
programming problem, and finds a constraint that is violated
by x if it is not feasible [31].

Theorem 2: For the linear programming problem
{max cT x|Ax ≤ b} where A ∈ Rm×n and b ∈ Rm , c ∈ Rn ,
let Q be the maximal bit-encoding length of any value in
A and b, and S be the maximal bit-encoding length of any
value in c, then given a separation oracle of constraints
Ax ≤ b running in polynomial time, the ellipsoid method
can optimize the the linear programming problem in time
polynomial with respect to n, Q and S [31].

Proof: A detailed proof is given in [31].
According to Theorem 2, we can solve Problem (7) once we

find a polynomial time separation oracle of the constraints, i.e.,
given a set of solutions (λ j ,μ), decide whether there exists
Sj ∈ I j such that

∑
i∈S j

μi + λ j ≥ f j (Sj ) and return the
violated constraint if the solution is not feasible. Note that
Uij is the utility of vehicle i on channel j such that f j (Sj ) =∑

i∈S j
Ui j , and the constraint can be written as follows:

λ j ≥
∑
i∈S j

(Uij − μi ),∀ j ∈ {1, 2, · · ·M}. (7)

The separation oracle now becomes equivalent to finding a
feasible set Sj such that

∑
i∈S j

(Uij −μi ) is maximized for a
given μ. This problem is equivalent to a knapsack problem:
assigning a set of items into a knapsack to maximize the
overall profit subject to a capacity constraint. Each item has a
size si and profit pi , and the knapsack has a capacity of W .

There are three general algorithms to solve the knapsack
problem in polynomial time. The first one is an exact pseudo-
polynomial time algorithm which is applicable to knapsack
problems with integer item size and knapsack capacity [34].
Another (1/2)-approximation algorithm works by sorting
items according to their profit-to-size ratio pi/si [34]. The
third one is a β-approximation algorithm which is used in [35].
The algorithm works by scaling down and rounding the profit
pi into small integers and further using the pseudo-polynomial
algorithm mentioned at the beginning of this paragraph to
solve the reduced knapsack problem. Both the second and third
algorithms require the profits of each item to be fixed.

Note that the profit functions in our problem are coupled and
thus the second and third algorithms cannot be used. There-
fore, the first pseudo-polynomial time algorithm becomes our
only choice. It can be shown that the algorithm applies to
knapsack problems with coupling profit functions. A detailed
description of the algorithm is given in [34], and thus we only
show why the algorithm applies to our problem.

The pseudo-polynomial time algorithm is a dynamic pro-
gramming algorithm and the core idea is to solve the subprob-
lems recursively to finally solve the initial knapsack problem.

Let N and W be defined as the total number of items and
the knapsack capacity of a knapsack problem, respectively.
Let V [i, w] be the maximum profit achieved by choosing a
subset of items with at most i elements, 1 ≤ i ≤ N , where
the sum of their size is smaller than or equal to w, where
0 ≤ w ≤ W . The sub-problem is to determine the values of
V [i, w] recursively and in the last step determine V [N, W ].
The values of V [i, w] can be computed using the following
lemma.

Lemma 2: For 1 ≤ i ≤ N and 0 ≤ w ≤ W

V [i, w] = max{V [i − 1, w], pi + V [i − 1, w − si ]} (8)
Proof: A detailed proof can be found in [34].

The values V [i, w] can be obtained with time complexity
O(NW ). The optimal value of the initial knapsack problem is
V [N, W ] and its corresponding set can be found by tracking
back the procedure of computing V [N, W ] with time com-
plexity O(NW ). Therefore, the total time complexity of this
algorithm is also O(NW ).

Next we show that the algorithm can be used to solve
our knapsack problem with coupling profit functions. The
key observation is that, although the profit function of each
vehicle is coupled with other vehicles, the profit of a vehicle
becomes fixed when the set of vehicles scheduled ahead of it
is known. It is because their transmission order is determined
by Lemma 1. In Lemma 2, V [i − 1, w − si ] denotes the
maximum total profit achieved by choosing vehicles from
{v1, v2 · · · vi−1} with total size at most w − si . Let Si−1 be
the optimal set attaining V [i − 1, w − si ]. Thus Si−1 must
be a subset of {v1, v2 · · · vi−1} and must be scheduled ahead
of vi . Since Si−1 is known in the current iteration, the profit of
vi becomes fixed. Therefore, we can further compute V [i, w]
using Lemma 2. Using Lemma 2 for O(NW ) iterations, we
are guaranteed to solve our knapsack problem [34].

One issue of using the dynamic programming algorithm as
our separation oracle is that ti j and c j in Problem (4) are not
necessarily integers. This problem can be solved by requiring
that the system is time slotted and thus each vehicle can
only request integer number of slots in each scheduling cycle.
Slotted time approach is widely used in many scheduling
problems in the literature such as [22] and [23]. Another issue
with the algorithm is that it is pseudo-polynomial instead of
polynomial and its time complexity is O(NW ). However, this
algorithm can be bounded to be polynomial in our case. First,
the algorithm is fully polynomial with respect to N , i.e., the
number of vehicles. Second, although the algorithm is pseudo-
polynomial with respect to W (i.e., c j in our case), we can
bound the value of W . Let W j be the number of maximum
scheduling slots on channel j . Given the length of a time
slot t0, we can bound W j as follows:

W j = c j

t0
= min{T, T r

j }
t0

≤ T

t0
. (9)

By adjusting T and t0 properly, we can make sure our sepa-
ration oracle is a polynomial-time oracle (see Equation (7)).
According to Theorem 2, we can solve Problem (7) in poly-
nomial time.
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C. Solving the Primal LP Problem

Using the ellipsoid algorithm, we can reduce the number
of variables in the primal LP without performance loss [32].
Since the ellipsoid algorithm always runs for a polynomial
number of iterations and only one set Sj is returned in each
iteration, the total number of sets for the primal Problem (5)
is also polynomial. Therefore, Problem (5) becomes a typical
linear programming problem with a polynomial number of
variables and constraints, and thus can be solved much more
easily in polynomial time.

D. Rounding the Fractional Solution

Since we can obtain a fractional solution {X j (Sj )} by solv-
ing Problem (5), we continue to round it to an integer solution
with certain performance guarantees. The rounding method
works as follows. First, for a given solution to the LP problem,
we schedule one set of vehicles Sj to its corresponding channel
j with probability Pj (Sj ) which is computed as follows:

Pj (Sj ) = X j (Sj )∑
S j∈I j

X j (Sj )
. (10)

It is possible that some vehicles are scheduled to more than
one channel since they may be contained in multiple sets.
In this case, let gi j be the expected throughput of vehicle
i given it is scheduled to channel j which is computed in
Equation (12). If a vehicle is scheduled to more than one
channel, it is assigned to the channel with the maximum
gi j value. Before computing gi j , we define fi j (Sj ) as the
throughput of vi on channel j when it is in the set Sj . The
utility of vi is affected by the vehicles scheduled ahead of it.
However, when the set of vehicles ahead of it is known, its
utility is also fixed and can be computed in O(N) as follows:

fi j (Sj ) = 1

T
Ai R j

(
ti j xi j −

∫ ∑i
k=1 tkj xkj

∑i−1
k=1 tkj xkj

Fj (t j )dt j

)
. (11)

Given vi is scheduled to channel j , its expected throughput
can be computed as follows:

gi j =
∑

S j∈I j :i∈S j

fi j (Sj )
X j (Sj )∑

S j∈I j :i∈S j
X j (Sj )

. (12)

Since the number of sets obtained by solving Problem (7)
is always polynomial with respect to both the number of
vehicles and number of channels, and the time complexity of
computing fi j (Sj ) for a given Sj is O(N), the time complexity
of computing gi j is polynomial.

Before we proceed to prove the performance guarantee of
our rounding algorithm, we recall the following lemma:

Lemma 3: For any Y j ≥ 0, l > 1,
∑

j Y j ≤ 1 and gi1 ≥
gi2 ≥ · · · ≥ gil ≥ 0, the following inequality holds:

Y1gi1 + (1− Y1)Y2gi2 + · · ·
l−1∏
j=1

(1− Y j )Yl gil

≥
(

1−
(

1− 1

l

)l
)

l∑
j=1

gi j Y j . (13)

Proof: The proof can be found in [35].

Define O PTL P as the maximum total weighted throughput
obtained by solving Problem (5), and we have the following
theorem.

Theorem 3: The total weighted throughput of our rounded
solution is at least (1− 1/e)O PTL P .

Proof: For any vehicle vi , let Y j be the probabil-
ity that it is scheduled to channel j computed as: Y j =∑

S j∈I j :i∈S j
X j (Sj ). Let li be the number of channels includ-

ing vi . Then, sort and rename all the channels including vi in
the non-increasing order of gi j such that gi1 ≥ gi2 ≥ · · · ≥
gili . According to our rounding method, vehicle i is scheduled
to the channel with the maximum gi j value, hence the final
throughput of vehicle i is gi1 with probability Y1. Similarly, the
final throughput of vehicle i is gi2 with probability (1−Y1)Y2.
In this way, we can compute the expected throughput of
vehicle i as follows:

E[gi j ] = Y1gi1 + (1− Y1)Y2gi2 + · · · +
li−1∏
j=1

(1− Y j )Yli gili

≥
(

1−
(

1− 1

li

)li
) li∑

j=1

gi j Y j

=
(

1−
(

1− 1

li

)li
) li∑

j=1

∑
S j∈I j :i∈S j

fi j (Sj )X j (Sj )

≥
(

1− 1

e
+ 1

32l2
i

) li∑
j=1

∑
S j∈I j :i∈S j

fi j (Sj )X j (Sj )

≥
(

1− 1

e

) li∑
j=1

∑
S j∈I j :i∈S j

fi j (Sj )X j (Sj ) (14)

The first inequality is due to Lemma 3 and the second
inequality is proved in [35]. Note that the contribution of
vehicle i in the objective function of Problem (5) is

li∑
j=1

∑
S j∈I j :i∈S j

fi j (Sj )X j (Sj ). (15)

Therefore, each vehicle is guaranteed to achieve at least
(1 − 1/e) of the throughput achieved in the LP problem
and thus the total throughput is also guaranteed to have an
approximation ratio of (1− 1/e).

E. Time Complexity

The time complexity of the LP algorithm is largely deter-
mined by the ellipsoid algorithm. The ellipsoid algorithm
requires O(n2 L) iterations [36], where n = M + N is the
dimension of our problem and L = NT is the length of
the input data in bits in our case. Each iteration requires
O(M N +2(M+ N)2) operations [36]. Therefore, the number
of variables in the primal LP problem is O(NT (M + N)4).
As discussed earlier (see Equation (9) and the following
discussions), the value of T is bounded, and thus Problem (5)
becomes an LP problem with O(N(M + N)4) number of
variables that can be solved using common LP methods.
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V. SOLUTION 2: SUBMODULAR SET

FUNCTION-BASED ALGORITHM

Although the LP algorithm can be guaranteed to run in
polynomial time, the time complexity is still high for large
problem instances. Thus, more time efficient algorithms are
needed. Submodular set functions have been used to solve
many NP-hard combinatorial optimization problems as well
as resource allocation problems at low time complexity [37].
In this section, we first prove that our objective function of
Problem (4) can be written as a non-decreasing submodular set
function. Then, we propose two deterministic constant-factor
approximation algorithms based on the work in [38]. Below
are some basic definitions and properties of submodular set
functions from [39].

Definition 2 (Submodularity): Let S be a non-empty finite
set and f be a mapping from the power set of S to non-
negative real numbers. f is said to be submodular if it satisfies
f (A ∪ {v}) − f (A) ≥ f (B ∪ {v}) − f (B) for all v ∈ S \ B
and all A ⊆ B ⊆ S.

Definition 3 (Monotonicity): Let S be a non-empty finite
set and f be a mapping from the power set of S to non-
negative real numbers. Then f is non-decreasing if it satisfies
f (A) ≤ f (B) for all A ⊆ B ⊆ S.

Lemma 4: A positive linear combination of submodular
functions is submodular.

A. Submodularity and Monotonicity of the
Objective Function

In this part, we proceed to show the submodularity
and monotonicity of our objective function by present-
ing the following theorem, and the proof is provided in
Appendix B.

Theorem 4: The objective function in Problem (4) can be
written as a non-decreasing submodular set function.

Note that since there are multiple channels in our system,
once a vehicle is selected to transmit, it is scheduled to the
channel which maximizes its utility.

B. Submodular Set Function-Based Algorithm

Our problem becomes the maximization of a monotone
submodular set function under linear packing constraints.
We first show that the algorithm proposed in [38] applies
to our problem. In [38], the authors study the problem
of maximizing a monotone submodular set function f (S)
subject to linear packing constraints Ax ≤ b, where f :
2[n] → R+, A ∈ [0, 1]m×n, b ∈ [1,∞)m . Since we have
proved the objective function of Problem (4) is a monotone
submodular set function, we now proceed to show that the
constraints of Problem (4) can be written as Ax ≤ b, where
A ∈ [0, 1](M+N)×M N , b ∈ [1,∞)M+N . Recall that the M
packing constraints of the initial problem are

∑N
i=1 ti j xi j ≤

c j ,∀ j ∈ {1, 2 · · ·M}. We define the new constraint matrix
as follows: Aij = ti j

maxk{tkj } , b j = c j
maxk{tkj } ,∀ j ∈ {1, 2 · · ·M}.

According to the network model, we have c j = min{T, T r
j } ≥

ti j = min{T, T r
j , Li/R j } and thus A ∈ [0, 1](M+N)×M N , b ∈

[1,∞)M+N . In contrast, the format of the N assignment

Algorithm 1 Submodular Set Function Method
Require: The total weighted throughput function f (x)x∈S =∑M

j=1 f j (Sj ) and its marginal value function fS({i}) =
f (S∪{i})− f (S), knapsack constraints Ax ≤ b, an update
factor λ = eP(M + N), where P = min{bi/Aij : Aij > 0}

1: S← ∅
2: for j = 1 to M + N do
3: w j = 1/b j

4: end for
5: while

∑M+N
j=1 b jw j ≤ λ and |S| < N do

6: Let i ∈ [N] \ S be the element with minimal∑M+N
j=1 Aij w j/ fS({i}) and ji be its corresponding chan-

nel
7: S ← S ∪ {i} (i.e., xi ji = 1)
8: for j = 1 to M + N do
9: w j = w j λ

Ai j /b j

10: end for
11: end while
12: if Ax ≤ b then
13: STOP
14: else
15: if f (S \ {i}) ≥ f ({i}) then
16: S ← S \ {i}
17: else
18: S = {i}
19: end if
20: end if
21: return A subset S of [N] which is denoted by x =
{x11, x21, · · · xN1, x12, x22, · · · xN2, x1M , x2M , · · · xN M }
where xi j ∈ {0, 1}.

constraints don’t need to be changed since Aij ∈ {0, 1},
b j = 1,∀ j ∈ {M + 1, M + 2 · · ·M + N}. Therefore,
Problem (4) becomes a standard problem of maximizing a
monotone submodular set function subject to linear packing
constraints as studied in [38].

The algorithm in [38] is based on a multiplicative update
method that works as follows. The algorithm maintains a set
of weight factors {w j } that are updated in a multiplicative
way. The factors are designed to indicate the extent to which
each constraint is close to being violated by the current
solution. The algorithm has only one loop and it extends the
current solution with a non-selected element that minimizes a
normalized sum of weights in each iteration. After the loop
terminates, the final solution is returned as long as it is feasible,
otherwise, either the last selected element or the resulting
solution without the last solution is returned. Let [N] be the
set of all vehicles, and the detailed scheduling algorithm is
given in Algorithm 1.

Theorem 5: Algorithm 1 is a deterministic polynomial-time
algorithm that achieves an approximation ratio larger than
1/(2e × (M + N)(1/P) + 2) for maximizing a monotone
submodular function subject to linear packing constraints,
where A ∈ [0, 1](M+N)×M N , b ∈ [1,∞)M+N and P =
min(b j/Aij : Aij > 0).

Proof: See the proof of [38, Lemma 2.4].
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The time complexity of the submodular set function-based
algorithm can be computed as follows. Algorithm 1 will
terminate after at most N iterations since the algorithm selects
at least one element from the N elements in each iteration.
Moreover, in each iteration, there are O(N M) operations since
the algorithm computes the

∑M
j=1 Aij w j / fS({i}) value of each

element. Therefore, the time complexity of Algorithm 1 is
O(M N2).

C. Improved Submodular Set Function-Based Algorithm

In Algorithm 1, we can see that the approximation ratio
1/(2e × (M + N)(1/P) + 2) increases with decreasing P
(which is also called the “width” of the linear packing con-
straints in [38]). In other words, the algorithm achieves higher
approximation ratios for larger P values. In particular, the
approximation ratio approaches 1/(2e+2) for sufficiently large
P values. However, in Problem (4), there are not only M
linear packing constraints, but also N assignment constraints
(which are special cases of packing constraints). Given this
observation, we can directly compute P as P = min{b j/Aij :
Aij > 0} = 1. Hence, the provable approximation ratio of
Algorithm 1 is merely 1/(2e × (M + N) + 2), which is
small compared with the preceding (1 − 1/e)-approximation
LP algorithm.

The reason why Algorithm 1 achieves this low approxima-
tion ratio is that the condition for the termination of the main
loop (i.e.,

∑M+N
j=1 b jw j ≤ λ) is rather conservative (see Line

5 of Algorithm 1). More specifically, the algorithm terminates
far before the linear constraints are violated. Actually, viola-
tion of

∑M+N
j=1 b jw j ≤ λ is merely a necessary condition for

the violation of linear constraints Ax ≤ b, but not a sufficient
condition as will be shown in Lemma 5. In other words, the
linear constraints may not be violated even though the condi-
tion

∑M+N
j=1 b jw j ≤ λ is violated. Therefore, it is reasonable

to replace the loop termination condition
∑M+N

j=1 b jw j ≤ λ
with the exact linear constraints Ax ≤ b, and prove that
the new algorithm achieves a higher approximation ratio
than the initial Algorithm 1 without increasing its time
complexity.

Before we present the proof, we first introduce some nota-
tions consistent with those used in [38] as well as a new
lemma.

1) First, let m = M + N be the dimension of the linear
constraints of Problem (4).

2) Let St be the selected set of vehicles at iteration t
after the termination of the main loop of Algorithm 1
(i.e., from Line 5 to Line 11 in Algorithm 1), and
S0 = ∅. Notice that St may not be feasible since
the main loop itself doesn’t guarantee the feasibility of
selected sets. Actually, the feasibility of the selected set
is considered in Line 12, and the final returned set is
guaranteed to be feasible at the end of each iteration.

3) Let S∗ be an optimal set of vehicles which maximizes
the submodular set function subject to the linear packing
and assignment constraints with the value of f (S∗).
Note that it is possible that f (St ) ≥ f (S∗) since St

may not be feasible.

4) Let w j t be the value of w j at iteration t , and {w j0 =
1/b j ,∀ j} be initial values.

Lemma 5: Violation of
∑m

j=1 b jw j ≤ λ is a necessary
condition for the violation of linear constraints Ax ≤ b, but
not a sufficient condition.

Proof: First, we show that
∑M N

i=1 Aij xi j > b j

(i.e., violation of Ax ≤ b) implies
∑m

j=1 b jw j > λ. Suppose

at iteration t ,
∑M N

i=1 Aij∗xi j∗ = ∑
i∈St

Ai j∗ > b j∗ for some
j∗, then we have

m∑
j=1

b jw j =
m∑

j=1

b jw j t > b j∗w j∗t = b j∗w j∗0
∏
i∈St

λAi j∗ /b j∗

= λ
∑

i∈St Ai j∗ /b j∗ > λ, (16)

which proves the first part of this lemma. In Equation (16), the
first equality comes from the definition of w j t , and the third
equality is due to w j0 = 1/b j ,∀ j (see Line 3 of Algorithm 1).
The first inequality is due to b j > 0, w j t > 0,∀ j , and
the second inequality is due to

∑M N
i=1 Aij∗xi j∗ = ∑

i∈St
Ai j∗ > b j∗ .

Furthermore, we show that
∑m

j=1 b jw j > λ doesn’t neces-

sarily imply
∑M N

i=1 Aij xi j > b j for some j . We prove this by
presenting a counterexample in which

∑m
j=1 b jw j > λ while∑M N

i=1 Aij xi j ≤ b j ,∀ j . Suppose that
∑M N

i=1 Aij0 xi j0 = b j0 for
some j0 and

∑M N
i=1 Aij xi j < b j ,∀ j = j0. Then we have

m∑
j=1

b jw j =
∑
j = j0

b jw j t + b j0w j0t > b j0w j0t

= b j0w j00

∏
i∈St

λAi j0 /b j0

= λ
∑

i∈St
Ai j0 /b j0 = λ, (17)

which shows that
∑m

j=1 b jw j > λ is not a sufficient condition
for violation of linear constraints Ax ≤ b. In Equation (17),
the inequality is due to b j > 0, w j t > 0,∀ j , and the last
equality is due to

∑M N
i=1 Aij0 xi j0 =

∑
i∈St

Ai j0 = b j0 .
Next, we proceed to develop a new constant-factor algo-

rithm based on Algorithm 1 by proving the following theorem.
Theorem 6: Algorithm 1 is still a deterministic polynomial-

time algorithm after replacing the loop termination condition∑m
j=1 b jw j ≤ λ (in Line 5 of Algorithm 1) with the exact

linear constraints Ax ≤ b. The new algorithm achieves
a higher approximation ratio than the initial Algorithm 1
for maximizing a monotone submodular function, subject to
linear packing and assignment constraints. In particular, the
new algorithm becomes a deterministic (1/2)-approximation
algorithm when f (St ) ≥ f (S∗), where t denotes the number
of iterations after which Algorithm 1 terminates.

Proof: Suppose the main loop terminates after t iterations,
and t ≤ N since the algorithm schedules at least one vehicle
at each iteration. Furthermore, notice that the main loop
terminates when either St = [N] or

∑M N
i=1 Aij xi j > b j

for some j ∈ {1, 2 · · ·m}. For the first case, it can be
shown that the returned solution is (1/2)-approximation to
the optimal solution. More specifically, if St is returned by
the algorithm then the outcome is clearly optimal since St
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contains all vehicles without violating any constraint, and if
either St \ { j} or { j} is returned (where { j} is the vehicle
selected at iteration t), then the value of the solution is a
(1/2)-approximation since

max{ f (St \ { j}), f ({ j})} ≥ 1

2
( f (St \ { j})+ f ({ j})

≥ 1

2
f (St ), (18)

where the last inequality is due to the submodularity of f .
Hence, in the remainder of this proof, we assume that St < [N]
and the algorithm terminates only when

∑M N
i=1 Aij xi j > b j for

some j .
First, we prove that new algorithm becomes a deterministic

(1/2)-approximation algorithm when f (St ) ≥ f (S∗), which
is possible since St may not be feasible under the new loop
termination condition

∑M N
i=1 Aij xi j > b j for some j . However,

notice that St−1 (i.e., St \{ j}) must be feasible, since otherwise
the loop would have terminated at iteration (t − 1). Hence,
either St−1 or { j} will be returned by Algorithm 1. Therefore,
Equation (18) implies

max{ f (St−1), f ({ j})} ≥ 1

2
f (St ) ≥ 1

2
f (S∗), (19)

which shows that the new Algorithm 1 achieves an approx-
imation ratio of 1/2 when f (St ) ≥ f (S∗). Furthermore, we
show that the new algorithm achieves a higher approxima-
tion ratio than the initial Algorithm 1. This claim can be
directly obtained from Lemma 5. More specifically, Lemma
5 shows that the initial Algorithm 1 terminates before the new
algorithm, and the selected vehicles by the two algorithms
are the same at each iteration before the termination of the
initial Algorithm 1. Hence, the final returned set of vehicles
by the initial Algorithm 1 is merely a subset of those returned
by the new algorithm. Moreover, notice that both algorithms
guarantee the feasibility of returned set at the end of each
iteration. Therefore, the new algorithm achieves a higher
utility than the initial one due to the monotonicity of the
submodular set function, i.e., the new algorithm achieves a
higher approximation ratio than the initial Algorithm 1.

In addition, notice that the time complexity of the improved
algorithm is still O(M N2), since at least one vehicle is
selected at each iteration and the number of operations at each
iteration does not change.

VI. NUMERICAL RESULTS

In this section, we evaluate the performance of the proposed
algorithms by simulating a cognitive vehicular network with
N vehicles and M TVWS channels, where N ∈ [5, 50] and
M ∈ {5, 10}. For each given pair of (N, M), we run the three
channel allocation algorithms for 100 iterations, each iteration
consisting of 100 scheduling cycles. The scheduling cycle T
is 100 milliseconds and the time slot is 4 milliseconds long
in the first algorithm. The transmission rate of vehicles on all
channels is set to 500 K bps. The arrival rates of packets in
four access categories follow Poisson processes with different
λ values in {100, 150, 200, 150} (packets per second) for

1280-byte packets. Every TVWS channel is free at the begin-
ning of a scheduling cycle with the probability of 0.9.

Residual idle time of the channels are all assumed to
follow Gamma distributions with α j = 2,∀ j ∈ {1, 2 · · · 10},
and �β = {10, 10, 6, 19, 22, 27, 28, 27, 24, 25} for ten TVWS
channels in default. Since the mean of a Gamma distributed
variable is

α

β
, the mean residual idle times of the TVWS

channels are {200, 200, 333, 105, 90, 74, 71, 74, 83, 80} mil-
liseconds. We will also change the �β to evaluate the per-
formance of three algorithms under different amount of PU
activities. Given the above parameters, the CDF of the residual
idle time of channel j is Fj (x) = 1− e−β j x − β j xe−β j x ,∀ j .
The collision probability constraints of ten channels are set
to �γ = {0.04, 0.02, 0.03, 0.02, 0.1, 0.03, 0.1, 0.05, 0.05, 0.08}
in Equation (1). Note that the α j , β j values are chosen
such that the mean return times of PUs on these channels
(i.e., between 80 and 200 milliseconds) are comparable with
the scheduling cycle (i.e., 100 milliseconds). Moreover, small
γ j values are chosen such that PUs are protected sufficiently.
Priority weights of four access categories are set to {8, 4, 2, 1}.
At each scheduling cycle, a vehicle transmits one of the four
types of packets with equal probabilities. Each vehicle can
only transmit packets of single priority in each scheduling
cycle.

In the first simulation, the proposed three algorithms are
compared with an optimal solver of nonlinear integer pro-
gramming problems [40] in terms of achieved utility and time
complexity. Let “OS”, “LP”, “Sub1” and “Sub2” denote the
optimal solver, the first algorithm based on linear program-
ming, the second algorithm based on submodular set function
and the final improved algorithm based on submodular set
function, respectively. Then, we compare the three algorithms
for a different number of TVWS channels, i.e., M ∈ {5, 10}.

In Fig. (3a) and (3b), we can see that “OS”, “LP” and
“Sub2” achieve higher utility with increasing vehicle density
while the utility change of “Sub1” is substantially small. The
reason is that the loop termination condition of “Sub1” is
so conservative that the algorithm is only able to schedule
the most profitable vehicles. More specifically, in Line 6 of
Algorithm 1, “Sub1” selects the vehicle with the minimal∑M+N

j=1 Aij w j / fS({i}) value. Since w j indicates the extent to
which linear constraint j is close to being violated, “Sub1”
tends to schedule the vehicle with the minimal

∑M+N
j=1 Aij w j

value and the maximal marginal utility fS({i}), which can be
defined to be the most “profitable” vehicles. However, since
“Sub1” terminates far before the constraints are violated, it
only achieves a small fraction of optimal utility.

Different from “Sub1”, the main loop in “Sub2” terminates
until at least one of the real linear constraints is violated,
and thus “Sub2” is able to schedule more vehicles than
“Sub1”, which is shown in Fig. (3a) and (3b). In addition,
Fig. (3a) and (3b) also verify that the approximation ratio of
“LP” is larger than (1− 1/e), which is approximately 0.6321.
Moreover, it is shown in Fig 3a an 3b that “Sub2” achieves
an approximation ratio larger than 1/2. However, it may not
be true for other simulation settings because we have not
theoretically derived an approximation ratio larger than 1/2.
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Fig. 3. Comparison of LP and two Submodular algorithms in terms of average system utility per cycle and time complexity.

Fig. 4. Evaluation of the effect of PU activities on the performance of three algorithms.

In Fig. (3c), we can see that “OS” has the highest time com-
plexity because its complexity is exponential while the others
are polynomial. In addition, although “Sub2” is proved to have
the same time complexity as “Sub1”, Fig. (3c) shows that it
has higher complexity than “Sub1”. This is because “Sub2”
will keep scheduling vehicles until some real constraints are
violated while “Sub1” stops scheduling vehicles long before
the constraints are violated.

In the second simulation, we evaluate the performance of
three algorithms with respect to the amount of PU activities
for the case M = 5. Recall that the residual idle time t j

on channel j is assumed to follow a Gamma distribution.
Since α j = 2,∀ j , we can compute the CDF of t j as
F(t j ) = 1 − e−β j t j − β j t j e−β j t j , which is a monotonically
increasing function over β j . It means that there are more PU
activities on channel j when β j increases. In addition, we
keep the collision probabilities constant in our simulations.
Hence, according to Equation (1), we have Pcoll = F(T r

j ) =
1−e−β j T r

j −β j T r
j e−β j T r

j = γ j which is constant. It shows that
the maximum allowed transmission time T r

j also decreases
with increasing β j . We evaluate the performance of three
algorithms under three different {β j } value sets: small (1.5· �β),
medium (3.0 · �β) and large (4.5 · �β), where �β is the setting used
in the first simulation. It is verified in Fig. (4) that the system
utility decreases with increasing �β due to more PU activities.

In particular, notice that performance of the proposed three
algorithms is not affected by the value of scheduling cycle T ,
i.e., the approximation ratios are independent of T . Instead,
the value of T determines the amount of computation load
at the RSU. Even though T is set to 100 milliseconds to be
compatible with IEEE 1609.4, Figure (3c) shows that the two

algorithms based on submodular set function still have superior
scalability property. Therefore, the RSU can accommodate
high vehicle density scenarios using these two algorithms, and
use the linear programming-based algorithm in low vehicle
density scenarios.

VII. CONCLUSION

In this paper, we study the throughput-efficient channel
allocation problem in cognitive vehicular networks. First,
we formulate the channel allocation problem by considering
transmission demands of vehicles and special characteristics
of the TVWS channels. Then, we show that the channel
allocation problem is an NP-hard non-linear integer program-
ming problem. Furthermore, three constant-factor approxima-
tion algorithms are proposed, all with theoretical performance
guarantees and polynomial time complexity. Finally, the theo-
retical analysis is verified by simulation results. The design of
algorithms with both good provable approximation ratio and
low time complexity is an important topic for our future work.
Further research topics also include the study of the channel
allocation problem in multi-hop cognitive vehicular networks
and design of distributed channel allocation algorithms.

APPENDIX A
PROOF OF LEMMA 1

First, we prove that for any two vehicles v1, v2 scheduled to
the same channel, scheduling the vehicle with higher priority
ahead of the other vehicle is more rewarding in terms of
total weighted throughput of the two vehicles. Let A1 and
A2 be their priority weights with A1 > A2 and t1, t2 be
their scheduled transmission durations. Suppose time duration
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(0, t0) has been assigned to other vehicles, therefore, the first
transmitter of the two vehicles starts transmitting at t0. Let
U1−2 be their total utility when scheduling v1 ahead of v2 and
U2−1 be the total utility for the reverse order. Let U1

1 j and
U1

2 j be the expected throughput of the two vehicles when v1

is scheduled ahead of v2, and U2
1 j and U2

2 j be the expected
throughput of the two vehicles when v2 is scheduled ahead
of v1. According to Equation (2), we compute U1−2 and U2−1
in Equation (20) and (21), respectively:

U1−2
�= U1

1 j +U1
2 j

= 1

T
R j

(
A1t1 + A2t2 − A1

∫ t0+t1

t0
Fj (t j )dt j

− A2

∫ t0+t1+t2

t0+t1
Fj (t j )dt j )

)
, (20)

U2−1
�= U2

1 j +U2
2 j

= 1

T
R j

(
A1t1 + A2t2 − A2

∫ t0+t2

t0
Fj (t j )dt j

− A1

∫ t0+t2+t1

t0+t2
Fj (t j )dt j )

)
. (21)

Then we compare the values of U1−2 and U2−1 by subtracting
U2−1 from U1−2:

U1−2 −U2−1 = 1

T
R j (A1 − A2)

( ∫ t0+t2+t1

t0+t2
Fj (t j )dt j

−
∫ t0+t1

t0
Fj (t j )dt j

)
. (22)

Since A1 > A2, we now compare the two integral parts
which have the same integral function and same interval
length t1. Because Fj (t j ) is a CDF, it is non-decreasing. Since
the starting point of the first integral’s interval is larger, i.e.
t0 + t2 > t0, we have

∫ t0+t2+t1
t0+t2

Fj (t j )dt j ≥
∫ t0+t1

t0
Fj (t j )dt j .

Therefore, we have U1−2 ≥ U2−1, which proves the first part
of Lemma 1. Furthermore, if the two vehicles have the same
priority, i.e., A1 = A2, we can immediately conclude from
Equation (22) that U1−2 = U2−1, which proves the second
part of Lemma 1.

APPENDIX B
PROOF OF THEOREM 4

Recall that Sj has been defined as the set of vehi-

cles scheduled to channel j . We define f j (Sj )
�=∑

i∈S j
1
T Ai R j

(
ti j xi j −

∫ ∑i
k=1 tkj xkj∑i−1

k=1 tkj xkj
Fj (t j )dt j

)
and write the

objective function as:

f (x) =
N∑

i=1

M∑
j=1

1

T
Ai R j

(
ti j xi j −

∫ ∑i
k=1 tkj xkj

∑i−1
k=1 tkj xkj

Fj (t j )dt j

)

=
M∑

j=1

f j (Sj ). (23)

Since the objective function is a positive linear combination
of f j (Sj ), we only need to prove f j (Sj ) is submodular for all
j to prove the submodularity of the initial objective function

according to Lemma 4. Similarly, if we prove f j (Sj ) is non-
decreasing for all j , then the initial objective function is
also non-decreasing. First, we prove f j (Sj ) is non-decreasing.
Suppose A and B to be two sets of vehicles scheduled to
channel j with A ⊆ B ⊆ Sj . Set B can be further partitioned
into two parts: A and C = B \ A. When scheduling vehicles
in set B , assume vehicles in part A are scheduled ahead of
vehicles in part C and let f j (C|A) be the overall weighted
throughput of vehicles in C after A has been scheduled. Hence,
according to Lemma 1, f j (B) ≥ f j (A)+ f j (C) because there
may be some vehicles in C whose priorities are higher than
some vehicles in A. Therefore, f j (B) ≥ f j (A) + f j (C) ≥
f j (A), which proves the monotonicity of f j (Sj ).

Now we continue to prove the submodularity of f j (Sj ). Let
A and B be two sets of vehicles scheduled to channel j with
A ⊆ B ⊆ Sj . Both vehicles in A and B can be partitioned
into four parts based on the priorities of their packets and
higher priority vehicles are always scheduled ahead of lower
priority vehicles. Let t A

l and t B
l be the total duration of packets

with priority l in A and B respectively where l ∈ {0, 1, 2, 3}.
Since A ⊆ B , it is easy to see that t A

l ≤ t B
l ,∀l ∈ {0, 1, 2, 3}.

Therefore, we can rewrite f j (A) and f j (B) as follows:

f j (A) =
∑
i∈A

1

T
Ai R j

(
ti j xi j −

∫ ∑i
k=1 tkj xkj

∑i−1
k=1 tkj xkj

Fj (t j )dt j

)

= 1

T
R j

3∑
l=0

Al

(
t A
l −

∫ ∑l
k=0 t A

k

∑l−1
k=0 t A

k

Fj (t j )dt j

)
,

f j (B) =
∑
i∈B

1

T
Ai R j

(
ti j xi j −

∫ ∑i
k=1 tkj xkj

∑i−1
k=1 tkj xkj

Fj (t j )dt j

)

= 1

T
R j

3∑
l=0

Al

(
t B
l −

∫ ∑l
k=0 t B

k

∑l−1
k=0 t B

k

Fj (t j )dt j

)
. (24)

Similarly, for l = 0, define
∑l−1

k=0 t A
k =

∑l−1
k=0 t B

k = 0, and∑l
k=0 t A

k = t A
0 ,

∑l
k=0 t B

k = t B
0 . Now we schedule a new vehi-

cle v on channel j whose duration and priority are tv and lv ,
respectively. First, suppose the new vehicle is added to set A.
According to Lemma 1, we can always schedule v at the end
of vehicles of priority lv . Thus the remaining scheduled time
interval (

∑lv
0 t A

l ,
∑3

0 t A
l ) is shifted backwards by tv and thus

the new time interval becomes (
∑lv

0 t A
l + tv ,

∑3
0 t A

l + tv ). We
first consider the case where tv ≤ t A

l ,∀l > lv and we will show
our theorem also holds when tv > t A

l for some l > lv . In the
first case, the marginal utility of v consists (4− lv ) parts and
in each part the corresponding interval is replaced with higher
priority packets. Since there are no packets of priority “4”,
we let A4 = 0. Therefore, we can evaluate the marginal utility
of v for both A and B as follows:

f j (A ∪ {v})− f j (A)

= 1

T
R j

3∑
l=lv

(Al − Al+1)

(
tv −

∫ ∑l
k=0 t A

k +tv

∑l
k=0 t A

k

Fj (t j )dt j

)
,

f j (B ∪ {v})− f j (B)

= 1

T
R j

3∑
l=lv

(Al − Al+1)

(
tv −

∫ ∑l
k=0 t B

k +tv

∑l
k=0 t B

k

Fj (t j )dt j

)
.

(25)
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Hence, we can obtain the following result:
[

f j (A ∪ {v})− f j (A)
]− [

f j (B ∪ {v})− f j (B)
]

= 1

T
R j

3∑
l=lv

(Al − Al+1)

(∫ ∑l
k=0 t B

k +tv

∑l
k=0 t B

k

Fj (t j )dt j

−
∫ ∑l

k=0 t A
k +tv

∑l
k=0 t A

k

Fj (t j )dt j )

)
≥ 0. (26)

The last inequality is due to the facts that (1) Ai > A j ,∀i <
j , (2) t A

l ≤ t B
l ,∀l ∈ {0, 1, 2, 3} and (3) the CDF Fj (t j )

is non-decreasing. Equation (26) proves the theorem when
tv ≤ t A

l ,∀l > lv . When tv > t A
l for some l > lv , one

can simply partition tv into sufficiently small sub-intervals
tv i ,∀i ∈ {1, 2 · · · Ni } such that tv i ≤ t A

l ,∀l > lv , and
schedule one interval each time. Since all intervals tv i satisfy
Equation (26), we can see that Equation (26) still holds after
scheduling Ni sub-intervals. Therefore, the theorem still holds
when tv > t A

l for some l > lv .
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