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Abstract— Many studies show that the dedicated short range
communication (DSRC) band is insufficient to carry increasing
wireless traffic demands in vehicular networks. The release of
TV white space band by the Federal Communications Commis-
sion (FCC) for cognitive access provides additional bandwidth
to solve the DSRC spectrum scarcity problem. However, FCC
requires portable devices to use significantly lower transmitting
power than fixed devices, which creates a challenging coexistence
environment for portable (e.g., vehicular) and fixed (e.g., IEEE
802.22) networks. In this paper, we address the coexistence
problem between a vehicular and an 802.22 network via resource
allocation. We first formulate the coexistence problem as a mixed-
integer nonlinear programming (MINLP) problem, to which
three algorithms are developed. The first algorithm converts
the MINLP into a convex program and obtains a near-optimal
solution to the initial MINLP. In the other two algorithms, we first
convert the MINLP into an integer programming (IP) problem.
Then, we solve the linear program relaxation of the IP and
obtain a fractional solution. Thereafter, two rounding algorithms
are developed to round the fractional solution based on column-
sparse packing and dependent rounding techniques, respectively.
Finally, we compare the performance of the proposed algorithms
with an optimal MINLP solver through numerical examples.

Index Terms— Cognitive vehicular networks, channel
allocation, linear programming, submodular set function.

I. INTRODUCTION

THE Dedicated Short Range Communication (DSRC)
band with 75 MHz bandwidth was allocated to vehicular

communications in the U.S. more than a decade ago. Then,
the IEEE Wireless Access in Vehicular Environment standard
stack (e.g., including IEEE 802.11p and IEEE 1609.4) was
developed to support vehicular communications in the DSRC
band. However, both theoretical analysis [1] and simulation
results [1], [2] demonstrate that the DSRC band is insufficient
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to support reliable safety message transmissions. Moreover,
some studies (e.g., [3]) show that non-safety use of the
DSRC band has to be severely restricted during peak hours of
traffic to guarantee reliable transmission of safety messages.
More importantly, the spectrum scarcity problem is becoming
severer due to the growth of radio-equipped vehicles as well
as wireless vehicular applications, such as collision avoidance,
safety warning, remote vehicle diagnostic, file downloading,
web browsing, and video streaming [4].

A potential solution to address the DSRC spectrum scarcity
problem is to use the TV White Space (TVWS) band that
has been released by the Federal Communications Commis-
sion (FCC) for cognitive access in the U.S. [5], [6]. Although
the TVWS band is a promising spectrum expansion for vehic-
ular networks, it also raises novel challenges, one of which is
the power asymmetry policy for fixed and portable devices.
Specifically, since portable TVWS devices are required to
use at most 100 mW transmit power while fixed devices can
use up to 4 W transmit power [7], the 802.22 network can
easily starve vehicular networks due to lack of coordination
between the two networks. To the best of our knowledge, this
is the first work dealing with the coexistence issue between
an IEEE 802.22 and a cognitive vehicular network (CVN).
Most existing works on cognitive radio are dedicated to
the coexistence between Secondary User (SU) networks and
Primary User (PU) networks (e.g., [2], [3], [8], [9]) while the
coexistence of heterogeneous SU networks has not received
many attentions. A critical difference between PU-SU coexis-
tence and SU-SU coexistence is that PU-SU coexistence only
considers the protection of PUs, while the SU-SU coexistence
needs to consider not only the protection of PUs, but also the
mutual interference among SU networks.

Although IEEE 802.22 includes an inter-network coexis-
tence scheme, it is dedicated to the coexistence of multiple
IEEE 802.22 networks. In addition, the IEEE 802.19.1 stan-
dard proposes a framework for the coexistence of heteroge-
neous SU networks in the TVWS band. However, it heavily
relies on coexistence entities, which makes it too expensive
for implementation. Although some coexistence mechanisms
have been proposed to enable the coexistence of heterogeneous
networks in the ISM band [10], [11], the proposed methods
depends on the specific network type and include no cognitive
functionality. Finally, the novelty of our work also lies in
that we consider specific PHY and MAC properties of the
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IEEE 802.22 standard and FCC’s rules on TVWS access,
which makes our work more relevant for implementation.

In this paper, we propose an 802.22-CVN coexistence
framework defined as follows. In an 802.22 network, the
upstream scheduling information of 802.22 Consumer Premise
Equipment (CPE) devices is included in the downstream
messages that are periodically broadcast by the 802.22 base
station (BS). After receiving the downstream messages, the
CPE devices access the TVWS channel according to the
upstream scheduling information. Since the vehicular network
is deployed in the same area as the 802.22 network, the
vehicles can also obtain the 802.22 upstream scheduling
information by listening to the downstream messages from
the BS. As an add-on to the high-power 802.22 network,
the low-power vehicular network coexists with the 802.22
network through reusing the same TVWS channel via adaptive
resource allocation based on the 802.22 upstream scheduling
information. Since the coexistence is solely performed in the
vehicular network, no changes are required to the existing
802.22 standard. More importantly, the vehicular and the
802.22 networks are still separately managed and no addi-
tional signaling overhead will be generated between the two
networks.

The theoretical contributions of our work are twofold.
Firstly, we formulate the coexistence problem between a CVN
and an IEEE 802.22 network as a resource allocation prob-
lem, which belongs to NP-complete Mixed-Integer Nonlinear
Programming (MINLP) problems. Secondly, since MINLP
problems are usually intractable, our second contribution is
the development of three algorithms with provable perfor-
mance guarantees. Note that the resource allocation problem
studied in our work bears similarities with the conven-
tional joint power control and channel allocation problem
in wireless communication networks. Since such problems
usually belong to NP-complete MINLP problems, most
existing works only propose heuristic or greedy algorithms
without overall performance guarantees while only a few
works propose algorithms with certain performance guarantees
(e.g., [12]–[14]). Although an approximation algorithm with
performance guarantees is developed in [12], the approx-
imation ratio is quite low. In addition, the dual methods
used in [13] and [14] are proved to achieve the optimum of
the resource allocation problems, but their time complexity
is too high due to slow convergence of the sub-gradient
algorithms used in these methods. More importantly, the
algorithms proposed in [12]–[14] are not suitable to solve
our 802.22-CVN coexistence problem because they do not
consider the PHY/MAC layer features of the IEEE 802.22
standard and FCC’s regulations on the protection of PUs in the
TVWS band. Hence, development of efficient algorithms with
provable performance guarantees for this class of problems is
still an open research issue. Our problem formulation is more
general than the standard joint power control and channel allo-
cation problem as we consider multiple sources of interference
in our constraints as shown in our formulated problem (P.1).
As such, the three algorithms we develop can also solve the
standard joint power control and channel allocation problems
as their special cases.

The remainder of the paper is organized as follows.
The system model and problem formulation are described
in Section II. In Section III, we propose a dual method
and analyze its performance. In Section IV, the coexis-
tence problem is reformulated as an integer program, and
two algorithms are proposed to solve the integer pro-
gram in Section IV and V, respectively. We present numerical
results in Section VI, and conclude our work in Section VII.

II. SYSTEM MODEL AND PROBLEM FORMULATION

The IEEE 802.22 standard was developed to provide
broadband access in low population density areas using the
TVWS band. Every 802.22 network consists of one Base
Station (BS) and multiple CPEs. According to the standard,
an MAC layer frame is 10 milliseconds long. The frame is
dynamically partitioned into a downstream sub-frame and an
upstream sub-frame by the BS. Upstream scheduling infor-
mation (e.g., power and burst assignment) is included in
downstream messages, which is broadcast by the BS every
10 milliseconds.

Similar to existing works on cognitive vehicular net-
works [2], [3], [15] as well as the IEEE 802.22 standard, we
consider a centralized and periodic scheduling model where
the resource allocation in a vehicular network is performed
by a Road Side Unit (RSU). As shown in Fig. (1a), a road
is divided into segments with an RSU in each segment.
Whenever a vehicle moves from a segment to another seg-
ment, it must register with the RSU in the new segment
to send resource allocation requests and obtain schedul-
ing results. For example, if the average speed of a vehi-
cle is 20 m/s and average transmission range of RSUs is
500 meters, then the vehicle needs to register with RSUs
every 50 seconds. At the beginning of each scheduling period,
the RSU listens to the downstream messages from the 802.22
base station, performs the resource allocation, and broadcasts
the scheduling information to the vehicles in its segment.
In IEEE 1609.4 (a standard for vehicular communications in
the DSRC band), the MAC layer scheduling period (i.e., length
of MAC layer frame) is 50 milliseconds. Similarly, we also
use a periodic scheduling model, where the scheduling period
is 10 milliseconds to be consistent with the IEEE 802.22
standard.

Our objective is to schedule vehicles to 802.22 upstream
sub-frames to maximize the total weighted throughput of
the vehicular network. Let N be the number vehicles and
M be the number of CPE bursts. In 802.22, a “burst” is
defined as a two-dimensional segment of OFDM sub-carriers
(frequency domain) and symbols (time domain). For example,
there are four bursts allocated to four CPEs in Fig. (1b).
According to the standard, there are two types of upstream
bursts. Type 1 burst is mapped over the full upstream sub-
frame in the time domain (e.g., burst 1 in Fig. (1b)) while a
normal type 2 burst is mapped over an interval with 7 upstream
slots (e.g., burst 2 and 3 in Fig. (1b)). But if a type 2
burst is the last burst of an upstream, its duration can be
7 to 13 slots (e.g., burst 4 in Fig. (1b)) [7]. Based on the
length of a normal type 2 burst, the upstream sub-frame is
split into “burst intervals” (BIs) in the time domain, and let L
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Fig. 1. System model and problem formulation.

be the number of BIs in the upstream sub-frame. According
IEEE 802.22, L ∈ {1, 2, 3, 4} [7]. For example, there are
two BIs in Fig. (1b). Let C jl ∈ {0, 1} be a BI indicator,
and C jl = 1 if burst j belongs to B Il . Moreover, FCC
requires that total transmit power of portable SUs on a single
TVWS channel must be less than a threshold denoted as Pmax

(currently being 100 mW [5]). Since multiple vehicles share
one channel, the total transmit power of vehicles must be less
than the threshold in every BI. For example, in Fig. (1b), both
total transmit power of V 1, V 3, V 4, and total transmit power
of V 2, V 3 must be less than Pmax . Let Tj and B j be the
duration and bandwidth of burst j , respectively. Let pc

j be
the transmit power of CPE j on burst j , and G ji be the
channel gain from CPE j to vehicle i . We assume that all
channel gain information can be obtained by either vehicles’
measurements or from the BS. In IEEE 802.11p, packets are
classified into four Access Categories with decreasing priority:
AC[0] · · · AC[3], so we associate each priority class AC[p]
with a weight A p such that higher priority packets have larger
weights. The maximum transmit rate of vehicle i on burst j
is determined by its transmit power and the transmit power of

CPE j , i.e., Rij = B j log2

(
1 + pi j Gii

pc
j G ji+N0

)
, where pi j , Gii

denote transmit power of vehicle i on burst j and channel
gain from vehicle i to its receiver, and N0 is the noise power
spectrum density.

PUs’ occupancy of a TVWS channel is modeled via a
random variable tp , which is defined as residual time until
the return of a PU to the channel. We assume that proba-
bility density function (PDF) f j (tp) and cumulative density
function (CDF) Fj (tp) of tp is known by RSUs.

Since exact behaviors of PUs are unknown, vehicular trans-
missions scheduled on a burst can be interrupted by PU
transmissions with non-zero probabilities. In our model, trans-
missions of a vehicle before a PU returns are assumed to
be successful and all remaining packets are assumed to be
lost (one possible reason is that high transmit power of PUs
blocks vehicular transmissions). Therefore, let t j be the time
between the starting time of burst j and the starting time of the
current upstream sub-frame. If PUs return to the burst after the
vehicle finishes its transmission, the valid transmission time of
the vehicle is Tj (i.e., Tj · 1{t p≥t j+Tj } in the first equation of
Equation (1), as shown at the bottom of this page). However,
if the PUs return to the burst during the vehicle’s transmission
(e.g., at time tp), then the valid transmission time of the vehicle
is only tp −t j (i.e., (tp −t j )·1{t j ≤t p≤t j+Tj )} in the first equation
of Equation (1)). Since tp is a random variable, the expected
transmission time of a vehicle on burst j can be computed
in Equation (1). Since t j , Tj and F(tp) are all known at the
RSUs, and thus T̄ j is a constant.

Given the above definitions, our objective is to maximize the
weighted expected throughput (interchangeable with “utility”)
of vehicles via joint burst allocation and power control. Let
xi j ∈ {0, 1},∀i, j be assignment variables (i.e., xi j = 1 if
vehicle i is scheduled to burst j , and xi j = 0 otherwise), and
the problem can be formulated as

max
xi j ∈{0,1}

pi j ≥0

N∑
i=1

M∑
j=1

1

T
Ai xi j Ri j T̄ j

s.t.: C1 :
N∑

i=1

xi j pi j G BS
i ≤ β j , ∀ j ∈ {1, 2 · · · M},

T̄ j =
∫ ∞

0
(Tj · 1{t p≥t j+Tj } + (tp − t j ) · 1{t j ≤t p≤t j+Tj )}) f (tp)dtp

=
∫ ∞

t j +Tj

Tj · f (tp)dtp +
∫ t j +Tj

t j

(tp − t j ) f (tp)dtp = Tj [1 − F(t j + Tj )] +
∫ t j +Tj

t j

(tp − t j )d F(tp)

= Tj [1 − F(t j + Tj )] + Tj F(t j + Tj ) −
∫ t j +Tj

t j

F(tp)dtp = Tj −
∫ t j +Tj

t j

F(tp)dtp. (1)
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C2 :
N∑

i=1

M∑
j=1

C jl xi j pi j ≤ Pmax ,∀l ∈ {1, 2 · · · L},

C3 :
M∑

j=1

xi j ≤ 1, ∀i ∈ {1, 2 · · · N},

C4 :
N∑

i=1

xi j ≤ 1, ∀ j ∈ {1, 2 · · · M}, (P.1)

where G BS
i denotes the channel gain from vehicle i to the

802.22 BS, and T represents the total length of the current
upstream sub-frame. C1 means that the interference caused
by vehicular transmissions on the upstream transmission of
CPE j cannot be larger than β j . C2 is to meet FCC’s
requirement that total transmit power of SUs on a TVWS
channel must be less than a threshold. C3 constraints mean
that a vehicle can be scheduled to at most one burst for
fairness among vehicles, and C4 constraints mean that a burst
can be be assigned to at most one vehicle to avoid mutual
interference.

The 802.22-CVN coexistence problem (P.1) is different
from the conventional PU-SU coexistence problem as follows.
Firstly, the PU-SU coexistence problem is usually formulated
to maximize SU network throughput subject to PU protec-
tion [16]–[18]. In addition to PU protection, we also guarantee
that the low-power CVN safely coexists with the high-power
802.22 network. More importantly, we consider specific net-
work types such that we have to consider PHY/MAC features
of the CVN and 802.22 network, while most existing works
like [16]–[18] only consider general PU and SU networks.
Secondly, the 802.22-CVN coexistence problem is faced with
novel technical difficulties as follows. Firstly, in the PU-SU
coexistence problem, throughput at a SU i is usually com-
puted as Ri × λi (t) × Pof f (t), where Ri is a rate constant,
λi (t) ∈ {0, 1} denotes its channel access decision at slot t ,
and Pof f (t) ∈ [0, 1] represents the probability that PUs are
not using the channel at slot t [16]–[18]. We can see that this
throughput function only has binary decision variable λi (t),
and is linear over λi (t). In contrast, the throughput function in
our work has both binary decision variable xi j and continuous
decision variable pi j ≥ 0, and is nonlinear over these decision
variables. Secondly, existing PU-SU coexistence problems
are usually formulated as decentralized spectrum sensing
problem [17], cooperative spectrum sensing problem [16], or
power control problem [18], while our 802.22-CVN coexis-
tence problem is a joint power control and burst allocation
problem.

We can see that (P.1) belongs to MINLP problems that
are generally NP-complete [19]. Hence, these problems are
usually solved using numerical algorithms such as branch
and bound, Bender’s decomposition, outer approximation
and extended cutting plane [19]. Although most of these
solutions are guaranteed to attain near-optimal solutions,
they have exponential time complexity. In the following
three sections, we propose three efficient algorithms with
provable performance guarantees and more favorable time
complexity.

III. DUAL METHOD

The difficulty of MINLP problems results from integer
constraints and non-convexity. Given this observation, our dual
method works as follows. Firstly, all integer constraints of
(P.1) are relaxed. Next, the problem is converted to a convex
program by replacing variables pi j with yi j = xi j pi j ,∀i, j .
Then, we propose a dual algorithm to solve the convex
program. Specifically, we first optimize yi j variables given
the assignment and dual variables, which enables us to obtain
the optimal power allocation policy (denoted by p∗

i j ,∀i, j ).
Then, we plug p∗

i j ,∀i, j back to the Lagrangian function and
optimize assignment variables xi j ,∀i, j , which turns out to be
the linear programming relaxation of the classic assignment
problem. The last step is to optimize dual variables, which
is proved to be a non-smooth convex optimization prob-
lem. Using an accelerated sub-gradient method [20] enables
us to obtain a near-optimal solution to the dual problem.
Since the assignment variables are guaranteed to be inte-
gers, the obtained solution is also a near-optimal solution
to (P.1).

A. Convert (P.1) to a Convex Program

By relaxing the integer constraints and replacing
power variables pi j with yi j = pi j xi j ,∀i, j in (P.1),
we have

max
xi j ∈[0,1]

yi j ≥0

N∑
i=1

M∑
j=1

1

T
Ai xi j R

′
i j T̄ j

s.t.:
N∑

i=1

yi j G BS
i ≤ β j , ∀ j ;

N∑
i=1

M∑
j=1

C jl yi j ≤ Pmax , ∀l,

M∑
j=1

xi j ≤ 1, ∀i ;
N∑

i=1

xi j ≤ 1, ∀ j, (P.2)

where R
′
i j = 0 if xi j = 0 and R

′
i j =

B j log2

(
1 + yi j Gii

xi j (pc
j G ji+N0)

)
if xi j > 0.

Lemma 1: (P.2) is a convex program without duality
gap.

Proof: Firstly, domain of (P.2) (i.e., xi j ∈ [0, 1],
yi j ≥ 0,∀i, j ) forms a convex set. Secondly, all functions in
the constraints are linear (thus convex). Finally, we show the
objective function is concave. Since the objective function is
sum of single utility functions fi j (xi j , yi j ) = 1

T Ai xi j R
′
i j T̄ j ,

we only need to show fi j (xi j , yi j ) is concave. Since
fi j (xi j , yi j ) = 0 at xi j = 0, we only need to consider xi j > 0.
In this case, fi j (xi j , yi j ) is the perspective function of a

concave function gi j (yi j ) = 1
T Ai T̄ j B j log2

(
1 + yi j Gii

pc
j G ji+N0

)
.

Therefore, fi j (xi j , yi j ) is also concave. Next, we show that
(P.2) has no duality gap by proving it satisfies Slater’s condi-
tion. Let xi j = 0, yi j = 0,∀i, j and we obtain strict inequal-
ities in all the constraints, and thus the Slater’s condition
holds. �
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Next, we compute Lagrangian function of (P.2) by dualizing
its C1 and C2 constraints

L(	x, 	y, 	u, 	v) =
N∑

i=1

M∑
j=1

1

T
Ai xi j R

′
i j T̄ j

−
M∑

j=1

u j

(
N∑

i=1

yi j G BS
i − β j

)

−
L∑

l=1

vl

⎛
⎝ N∑

i=1

M∑
j=1

C jl yi j − Pmax

⎞
⎠ , (2)

where 	u := {u j |u j ≥ 0,∀ j}, 	v := {vl |vl ≥ 0,∀l} are
Lagrangian multipliers.

B. Optimize Power Control

In this step, we find the optimal 	y∗ that maximizes the
Lagrangian function given the assignment and dual variables.
Firstly, when xi j = 0, we have y∗

i j = xi j p∗
i j = 0. For the

case of xi j > 0, the optimal y∗
i j can be obtained by letting

∂L(	x,	y,	u,	v)
∂y∗

i j
= 0, which is

y∗
i j = xi j

(
Ai B j T̄ j

(u j G BS
i + ∑L

l=1 vlC jl)T ln 2
− pc

j G j i + N0

Gii

)
.

(3)

Since y∗
i j = xi j p∗

i j , we can obtain the optimal power allocation
policy

p∗
i j =

(
Ai B j T̄ j

(u j G BS
i + ∑L

l=1 vlC jl)T ln 2
− pc

j G j i + N0

Gii

)+
,

(4)

where (x)+ := max{x, 0}, and p∗
i j only depends on dual

variables u j and 	v . Hence, we have obtained the optimal power
control policy given the dual variables.

C. Optimize Burst Assignment

In this step, we plug the optimal power values back to the
Lagrangian function, and continue to find the optimal burst
assignment policy. Before we solve this problem, we introduce
some new notations to make the problem formulation more
concise. Define di j and E as

di j := Ai T̄j

T
log2

(
1 + p∗

i j Gii

pc
j G j i + N0

)

− p∗
i j (u j G BS

i +
L∑

l=1

vl C jl), E :=
M∑

j=1

u jβ j +
K∑

k=1

vl Pmax .

(5)

Then, the problem of optimizing over burst assignment
variables can be formulated as

max
xi j ∈[0,1]

N∑
i=1

M∑
j=1

di j xi j − E,

s.t.:
M∑

j=1

xi j ≤ 1, ∀i ;
N∑

i=1

xi j ≤ 1, ∀ j, (P.3)

where both di j ,∀i, j and E become constants given the
dual variables. This problem is the linear programming (LP)
relaxation of the classic assignment problem, the objective
of which is to assign a set of people to different jobs to
maximize total profit. The LP relaxation of the assignment
problem has the property that if it has a feasible solution at all,
then it has an optimal integer solution [21]. Hence, an optimal
integer solution can be acquired by solving (P.3). Many
algorithms have been proposed to solve this problem like the
Hungarian algorithm whose time complexity is O(n3) [21]
(n = max{M, N}). Although we can obtain the optimal burst
assignment policy, there is no explicit formula for the optimal
assignment variables x∗

i j ,∀i, j .

D. Solve the Dual Problem

After optimizing over all primal variables, we continue to
solve the following dual problem

min
	u,	v

L(	x∗(	u, 	v), 	y∗(	u, 	v), 	u, 	v)

s.t.: 	u ≥ 	0; 	v ≥ 	0, (P.4)

where y∗
i j = x∗

i j p∗
i j ,∀i, j . Since we cannot obtain closed

form solutions to (P.3), (P.4) becomes a non-smooth convex
problem. Sub-gradient based algorithms have been widely
used to solve non-smooth convex problems. Although those
algorithms can obtain near-optimal solutions, their conver-
gence rate can be rather slow [20]. Hence, we solve (P.4)
using an “accelerated” sub-gradient method [20].

Before presenting our proposed algorithm, we first discuss
fundamental ideas of the accelerated sub-gradient methods to
solve a general non-smooth optimization problem

min
	x∈Q

f (	x), (P.5)

where f (	x) is a non-smooth convex function and Q is
a nonempty closed convex set. (P.5) can be solved via a
dual method. Different from normal sub-gradient algorithms,
the accelerated sub-gradient algorithm requires two different
updating sequences of parameters {λt }, {θt } with different
functionality. Similar to the normal sub-gradient algorithms,
the {λt } sequence satisfies λt > 0, λt → 0,

∑∞
t=0 λt = ∞,

which is used to guarantee the convergence of the updating
process xt+1 = xt − λt g(xt). Here g(xt ) denotes sub-gradient
of f (x) at iteration t . However, further theoretical analysis
demonstrates that new sub-gradients have diminishing weights
in the updating process, which contradicts to general principle
of iterative schemes that new information is more impor-
tant than old information [22], [23]. Given this observation,
another sequence {θt } is used to attach larger weights to
newer sub-gradients. Specifically, the {θt } sequence satisfies
θ0 = 1, θt+1 = θt + 1

θt
. In addition, let d(x) be any strongly

convex and continuously differentiable function on Q, and
accelerated sub-gradient algorithm updates {xt} be

xt+1 = argmin
x∈Q

(λt [ f (xt ) + g(xt )(x − xt )]

+ θtd(x) − θt−1[d(xt) + ḋ(xk)(x − xt )]), (6)
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Algorithm 1 Dual Algorithm
Require: Initial 	u and 	v values, {λt }, {θt }, f (x), d(x), ε
1: Solve for p∗

i j ,∀i, j and x∗
i j ,∀i, j using Equation (4) and

Hungarian algorithm, respectively
2: for j = 1 to M do
3: sub-gradients: g j (	u, 	v) = ∑N

i=1 y∗
i j G BS

i − β j

4: end for
5: for l = 1 to L do
6: sub-gradients: gl(	u, 	v) = ∑

i, j C jl y∗
i j − Pmax

7: end for
8: while |q(	u(t + 1), 	v(t + 1)) − q(	u(t), 	v(t))| > ε do
9: Update 	u(t + 1) and 	v(t + 1) according to Equation (6)

10: Repeat Step 1 to Step 7
11: end while
12: return x∗

i j ,∀i, j and p∗
i j ,∀i, j

where ḋ(x) denotes derivative of d(x) [20]. The accelerated
sub-gradient method achieves an ε-solution (i.e., | f (	x) −
f ∗| ≤ ε) within O( J 2 R2

ε2 ) iterations, where f ∗ is the
optimal solution of (P.5), J := sup{||g(	x)||}, and R :=
sup{|| f (	x)||} [20]. This method is proved to achieve the
least complexity among all sub-gradient algorithms attaining
ε-solutions [20].

E. The Whole Dual Algorithm
Given the above analysis, our proposed dual algorithm is

shown in Algorithm 1. Since the complexity of the Hungarian
algorithm is O(n3), total complexity of the dual algorithm is
O( J 2 R2n3

ε2 ), where n = max{M, N}. Since the complexity of
Algorithm 1 can be fairly high for large scale coexistence
problems, we propose another two algorithms with more
favorable complexity based on integer programming.

IV. SPARSE PACKING BASED METHOD

Similar to [8], [24], we assume that only a fixed number
of transmit power levels are supported in the CVN, which
are {pk|∀k ∈ 1, 2 · · · K } with p1 = 0 and pK = Pmax .
This assumption is based on the fact that most real wireless
systems use a fixed number of power levels [8], [24]. Given
this assumption, (P.1) can be reformulated as an Linear Integer
Program (LIP):

max
xi jk∈{0,1}

N∑
i=1

M∑
j=1

K∑
k=1

xi jkri j k

s.t.: C1 :
N∑

i=1

K∑
k=1

xi jk pkG BS
i ≤ β j , ∀ j,

C2 :
N∑

i=1

M∑
j=1

K∑
k=1

C jl xi j k pk ≤ Pmax , ∀l,

C3 :
M∑

j=1

K∑
k=1

xi jk ≤ 1, ∀i,

C4 :
N∑

i=1

K∑
k=1

xi jk ≤ 1, ∀ j, (P.6)

where ri j k = 1
T Ai T̄ j B j log2

(
1 + pk Gii

pc
j G ji+N0

)
.

Algorithm 2 CSP-Based Method

Require: Normalize constraints to the form: a 	x ≤ 	1
1: Solve LP relaxation of (P.6), and obtain fractional 	x∗

2: Select item j independently with probability
x∗

j
α(L+3) , and

let Cold be the set of selected items
3: for j = 1 to n do
4: Delete item j if any of the two events happen:

• Event E1
j : there exists an item l ∈ Cold\{ j}, which is

“big” for constraint i , or
• Event E2

j : sum of sizes of items in Cold that are
“small” for i is larger than 1.

5: end for
6: return Left items in Cold (denoted by Cnew)

Since LIP problems are usually NP-hard, (P.6) cannot be
solved directly in polynomial time. Hence, we first solve
LP relaxation of (P.6) to acquire a fractional solution. Then,
we propose two rounding algorithms to round the fractional
solution in this section and Section V, respectively.

A. CSP Problems

Before presenting the first rounding algorithm, we show
that (P.6) belongs to column-sparse packing (CSP) problems.
Packing problems are usually formulated as:

max
	x∈{0,1}n

	wT 	x s.t.: A	x ≤ 	b, A ∈ Rm×n (P.7)

where all vectors and matrices are non-negative. A k-CSP
problem is defined as follows.

Definition 2 (CSP Problem): (P.7) is a k-column-sparse
packing problem if every variable xi ∈ 	x appears in at most k
constraints.

Next, we show that (P.6) is an (L + 3)-CSP problem.
Lemma 3: (P.6) is a an (L + 3)-CSP problem.

Proof: Recall that C1 denotes the interference limit
constraints of “orthogonal” bursts. Here “orthogonal” means
that a vehicle can be scheduled to at most one burst. Hence,
a variable xi jk only appears in the j -th constraint of C1. The
variable also only appears in the j -th constraint of C4 for
the same reason. Similarly, C3 denotes assignment constraints
of “orthogonal” vehicles. Here “orthogonal” means that a
vehicle can be assigned to at most one vehicle. Hence, the
variable xi jk only appears in the i -th constraint of C1. Since
C2 contains L constraints, xi jk can participate in at most
L constraints in C2. Therefore, xi jk can participate in at most
L + 3 constraints. In particular, all Type 1 bursts belong to all
burst intervals, and thus all variables containing Type 1 bursts
particulate in exactly L + 3 constraints. �

B. Proposed Randomized Rounding Algorithm

Next, we develop a rounding algorithm based on the idea of
“randomized rounding with alteration” [25]. Let n = M · N · K
and m = 2M + N + L be the number of variables and con-
straints in (P.6), respectively. In this section, we refer to every
variable xi jk in (P.6) as an “item”. Hence, selecting/deleting
an item simply means setting its corresponding variable xi jk
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to one/zero. Moreover, let α and β be constant values to be
optimized, and we normalize constraints of (P.6) to the form
a 	x ≤ 	1, where a := {ai j |ai j ∈ [0, 1],∀i, j}. An item j is
called “big” for constraint i if ai j > β, and “small” if ai j ≤ β.

Given these definitions, we present our randomized round-
ing scheme in Algorithm 2. Although our rounding idea is
similar to the one in [25], our work is a generalization of [25].
More specifically, Bansal et al. [25] set the boundary between
“big” and “small” items to 1/2 without studying its impact on
the performance of the algorithm. In our work, we consider a
more general case, where we set the boundary to β, which is
a random variable to be optimized. The trade-off of deciding
β is that if we increase β, the probability that item j is
deleted due to E1

j decreases (E1
j , E2

j are defined in Step 4
of Algorithm 2), while the probability that item j is deleted
due to E2

j increases, and vice versa. Feasibility analysis of
Algorithm 2 is similar to [25] and thus is omitted here.
Instead, we focus on studying the impact of β on the rounding
performance. Given the definition of E1

j , E2
j in Algorithm 2,

we show that the probabilities that the two events happen are
upper bounded. Let Bi , Si be the set of items that are big and
small for constraint i respectively, Fi := ∑

l∈Bi
x∗

l , and we
show the bounds of the two probabilities in Lemma 4 and 5.

Lemma 4: Pr [E1
j | j ∈ Cold ] ≤ Fi

α(L+3) , i.e., the probability
that item j is deleted from Cold due to E1

j is upper bounded.
Proof: Recall that for any item that is big for i , we have

ai j > β. Therefore,

Fi =
∑
l∈Bi

x∗
l <

∑
l∈Bi

ail

β
x∗

l = 1

β

∑
l∈Bi

ail x
∗
l ≤ 1

β
, (7)

where x∗
l is defined in Step 1 and the last inequality is due to

a 	x ≤ 	1. Moreover, we have

Pr [E1
j | j ∈ Cold ] = Pr [∃l ∈ Bi\{ j}| j ∈ Cold ]

≤
∑

l∈Bi\{ j }
Pr [l ∈ Cold | j ∈ Cold ] =

∑
l∈Bi\{ j }

Pr [l ∈ Cold ]

=
∑

l∈Bi\{ j }

x∗
l

α(L + 3)
≤ Fi

α(L + 3)
, (8)

where the first inequality is due to union bound, the second
equality is due to mutual independence of choosing items, and
the last inequality is due to definition of Fi . �

Lemma 5: Pr [E2
j | j ∈ Cold ] ≤ (1 − β Fi )

α(L + 3)(1 − β)
, i.e., the

probability that item j is deleted due to E2
j is bounded.

Proof: In this case, if item j is big for constraint i , then
we have Si = Si\{ j}, and total size of items in Si must be
larger than 1. Furthermore, we have

Pr [E2
j | j ∈ Cold ] = Pr

⎡
⎣∑

l∈Si

ail > 1| j ∈ Cold

⎤
⎦

= Pr

⎡
⎣ ∑

l∈Si\{ j }
ail > 1| j ∈ Cold

⎤
⎦

≤ Pr

⎡
⎣ ∑

l∈Si\{ j }
ail > 1 − β| j ∈ Cold

⎤
⎦ , (9)

where the second equality is due to Si = Si\{ j}, and the last
inequality is because β ∈ [0, 1]. In contrast, if j is small for
constraint i , then E2

j occurs only if the total size of items in
Si is larger than 1. Since ai j ≤ β, the total size of items in
Si\{ j} must be larger than (1 − β), Equation (9) still holds.
Hence, we can conclude that

Pr [E2
j | j ∈ Cold ] ≤ Pr

⎡
⎣ ∑

l∈Si\{ j }
ail > 1 − β| j ∈ Cold

⎤
⎦ . (10)

Furthermore, the expected total size of items in Si\{ j} is

E

⎡
⎣ ∑

l∈Si\{ j }
ail | j ∈ Cold

⎤
⎦ =

∑
l∈Si\{ j }

ail
x∗

j

α(L + 3)

≤ 1

α(L + 3)

⎛
⎝1 −

∑
l∈Bi

ail x
∗
j

⎞
⎠ ≤ 1 − β Fi

α(L + 3)
, (11)

where the last inequality is due to Equation (7). We can further
extend Equation (10) as

Pr [E2
j | j ∈ Cold ] ≤ Pr

⎡
⎣ ∑

l∈Si\{ j }
ail > 1 − β| j ∈ Cold

⎤
⎦

≤
E

[∑
l∈Si\{ j } ail | j ∈ Cold

]
1 − β

≤ 1 − β Fi

α(L + 3)(1 − β)
,

(12)

where the second inequality is due to Markov Inequality, and
the third inequality is due to Equation (11). �

Finally, we show performance of the Algorithm 2 as follows.
Theorem 6: Algorithm 2 is a 1

8

(
1 − 1

L+3 + 1
(L+3)2

)
-

approximation algorithm to (P.6).
Proof: Given Lemma 4 and 5, the total probability that

item j is deleted in Step 4 is

Pr [ j /∈ Cnew | j ∈ Cold ]
= Pr [E1

j | j ∈ Cold ] + Pr [E2
j | j ∈ Cold ]

≤ Fi

α(L + 3)
+ 1 − β Fi

α(L + 3)(1 − β)

= 1

α(L + 3)

(
1 − 2β

1 − β
Fi + 1

1 − β

)
. (13)

To improve the approximation ratio, we need to delete as few
items as possible on condition that all constraints are satisfied.
In other words, we should minimize Pr [ j /∈ Cnew| j ∈ Cold ]
by choosing β. Since β ∈ [0, 1], we consider two cases: (1)
β ∈ [0, 1/2] and (2) β ∈ [1/2, 1].

Case 1: β ∈ [0, 1/2]. Recall that Fi ∈ [0, 1
β ]. Hence

(1 − 2β) ≥ 0, and Equation (13) implies

Pr [ j /∈ Cnew| j ∈ Cold ] ≤ 1

α(L + 3)

(
1 − 2β

1 − β
Fi + 1

1 − β

)

≤ 1

α(L + 3)

(
1 − 2β

1 − β
· 1

β
+ 1

1 − β

)
= 1

α(L + 3)
· 1

β
,

(14)

where the right hand side is minimized for β = 1/2.
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Case 2: β ∈ [1/2, 1]. In this case, we have (1 − 2β) ≤ 0,
and Equation (13) implies that

Pr [ j /∈ Cnew | j ∈ Cold ] ≤ 1

α(L + 3)

(
1 − 2β

1 − β
Fi + 1

1 − β

)

≤ 1

α(L + 3)

(
1 − 2β

1 − β
· 0 + 1

1 − β

)
= 1

α(L + 3)
· 1

(1 − β)
,

(15)

where the right hand side is also minimized for β = 1/2.
Hence β∗ = 1/2, and we have Pr [ j /∈ Cnew| j ∈ Cold ] ≤

2
α(L+3) . Finally, the probability of choosing set Cnew is

Pr [ j ∈ Cnew] = Pr [ j ∈ Cold ] · Pr [ j ∈ Cnew| j ∈ Cold ]
= Pr [ j ∈ Cold ] · (1 − Pr [ j /∈ Cnew| j ∈ Cold ])
≥ x∗

j

α(L + 3)

(
1 − 2

α

)
. (16)

It is easy to see that the right hand side is maximized for

α = 4, and thus Pr [ j ∈ Cnew] ≥ x∗
j

8(L+3) . Let 	x O PT be the
optimal solution to (P.6), and Equation (16) implies

∑
j∈Cnew

w j x∗
j ≥ 1

8(L + 3)

∑
j∈Cold

w j x∗
j

≥ 1

8(L + 3)

(
L + 3 − 1 + 1

L + 3

) n∑
j=1

w j x O PT
j

= 1

8

(
1 − 1

L + 3
+ 1

(L + 3)2

) n∑
j=1

w j x O PT
j (17)

where the second inequality is because LP relaxation of the
k-CSP problem has an integrality gap of k − 1 + 1

k [25]. �
Since there are totally n iterations and each iteration has

(m + n) operations, complexity of the proposed algorithm is
merely O(n(m + n)).

V. DEPENDENT ROUNDING BASED METHOD

Although Algorithm 2 has more favorable complexity than
Algorithm 1, its approximation ratio is still low. In this section,
we develop a more efficient algorithm to round the fractional
solution obtained from (P.8) (i.e., LP relaxation of (P.6)) into
an integer solution to (P.6).

max
xi jk∈[0,1]

N∑
i=1

M∑
j=1

K∑
k=1

xi jkri j k

s.t.: C1, C2, C3, C4 of (P.6) (P.8)

A. Basics of Dependent Rounding

As discussed in [26]–[28], dependent rounding algorithms
iteratively round fractional variables1 into binary values with-
out violating linear constraints A	x ≤ 	b. The rounding idea in
a single iteration t is as follows. After treating variables with
binary values as constants, one can obtain an n-dimensional
fractional solution 	x(t) that satisfies the following constraints:

1In this section, a fractional variable x means 0 < x < 1, and an integer
variable x means x ∈ {0, 1}.

(1) regular tight (i.e., equality) constraints: A1	x(t) = 	b1, where
A1 ∈ R

m1×n, 	b1 ∈ R
m1 ; (2) regular untight (i.e., inequality)

constraints: A2	x(t) < 	b2, where A2 ∈ R
m2×n, 	b2 ∈ R

m2 ;
(3) domain constraints: 	x(t) ∈ (0, 1)n . Then, a new solution
	x(t + 1) is found such that: (1) E[	x(t + 1)] = E[	x(t)];
(2) tight constraints are still satisfied, i.e., A1 	x(t + 1) = 	b1;
(3) at least one entry of 	x(t) is rounded into a binary value or
at least one regular untight constraint becomes tight.

The three guarantees are accomplished as follows. Firstly,
assume that null space of A1 is nontrivial, and thus
S = {	s ∈ R

n|A1	s = 	0} contains at least one nonzero
element. Then, randomly choose one nonzero vector from S,
e.g., 	s ∈ S, 	s �= 	0. Afterwards, we must be able to find a
positive scalar θ1 such that: (1) all entries of 	x(t) + θ1	s lie
in [0, 1]; (2) at least one entry of 	x(t) + θ1	s becomes integer
(i.e., a fractional variable is rounded to an integer) or at least
one entry of A2(	x(t)+θ1	s)− 	b2 becomes zero (i.e., an untight
constraint becomes tight). Similarly, we must be able to find
another positive scalar θ2 such that: (1) all entries of 	x(t)−θ2	s
lie in [0, 1]; (2) at least one entry of 	x(t)−θ2	s becomes integer
or at least one entry of A2(	x(t) − θ2	s) − 	b2 becomes zero.
Finally, the new solution is obtained as follows:

	x(t + 1) =

⎧⎪⎨
⎪⎩

	x(t) + θ1	s, with probability
θ2

θ1 + θ2
,

	x(t) − θ2	s, with probability
θ1

θ1 + θ2
.

(18)

The three aforementioned guarantees can be verified as
follows. Firstly, E[	x(t + 1)] = E[	x(t)] will be proved in
Lemma 8. Secondly, since 	s is taken from null-space of A1,
we have A1	s = 	0, and thus all tight constraints are still tight
(i.e., A1(	x(t) + θ1	s) = A1	x(t) = 	b1, or A1(	x(t) − θ2	s) =
A1	x(t) = 	b1). The third guarantee is accomplished through
the criteria of choosing θ1, θ2 as described above. We can
see that the dependent rounding algorithm rounds at least
one fractional variable into an integer or tightens at least one
constraint in every iteration.

However, the necessary condition for the success of the
rounding algorithm is that the linear system consisting of the
tight constraints is underdetermined (i.e., null-space of A1
is nontrivial). If not, some constraints must be dropped or
combined, which can result in violations of these constraints.
More importantly, no common procedure exists for dropping
or combining constraints to guarantee the success of the
dependent rounding algorithm. Instead, the criteria of con-
straint dropping and combining depend on specific problem
structures. Next, we propose a dependent rounding algorithm
with an efficient constraint dropping procedure for (P.8).
Although our dependent rounding algorithm can also violate
some constraints, we prove that the worst constraint violations
are upper bounded.

B. Proposed Dependent Rounding Algorithm

The proposed algorithm rounds the fractional variables
iteratively with the following invariants.

1) Once a variable is rounded into 0 or 1 , it will never
change in remaining iterations.
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Algorithm 3 Dependent Rounding Algorithm
Input: Fractional solution obtained by solving (P.8): X∗ =

{x∗
i j k |0 ≤ x∗

i j k ≤ 1,∀i, j, k}
Output: Integer solution: X = {xi jk |xi jk ∈ {0, 1},∀i, j, k}

Initialization : 	x(0) = X∗
1: while there exist fractional variables in 	x(t) do
2: treat all integer variables in 	x(t) as constants and update

all constraints by moving constant items to the right hand
side of equalities

3: if �(t) is determined then
4: if |F(t)| > 2L then
5: for bursts in F1(t), F2(t), drop their corresponding

C1(t) and C4(t) constraints from �(t) (if any); for
bursts in F3(t), F4(t), drop their corresponding C1(t)
constraints from �(t) (if any)

6: else
7: drop all C2(t) constraints from �(t) (if any); for

bursts in F1(t), F2(t), drop their corresponding C1(t)
and C4(t) constraints from �(t) (if any); for bursts
in F3(t), F4(t), drop their corresponding C1(t) con-
straints from �(t) (if any)

8: end if
9: end if

10: find the null-space S of the new A(t)
11: choose a nonzero vector 	s ∈ S
12: find scalars θ1, θ2 as described above Equation (18).
13: compute 	x(t + 1) using Equation (18)
14: end while
15: return 	x(t + 1)

2) Once a constraint becomes tight, it remains tight in the
remaining iterations.

3) Once a constraint is dropped, it will never be reinstated.

Firstly, we define the set of remaining fractional variables at
iteration t as X (t) := {xi jk |0 < xi jk(t) < 1,∀i, j, k}. Further-
more, we define Fm(t) to be the set of bursts with m fractional
variables in X (t), i.e., for any burst j ∈ Fm(t), there are
exactly m vehicle-power pairs (i, k) such that 0 < xi jk < 1.
Since a burst can be assigned to at most N × K vehicle-power
pairs, the set of remaining fractionally assigned bursts can be
defined as F(t) := F1(t) ∪ F2(t) ∪ F3(t) · · · FN×K (t). Let
|Fm(t)| be the number of bursts in Fm(t), and the number of
fractionally assigned bursts is

|F(t)| =
N×K∑
m=1

|Fm(t)|. (19)

Hence, X (t) being nonempty implies |F(t)| > 0. Similar to
the definition in Section V-A, let

�(t) : A(t)	x(t) = 	b(t) (20)

be the linear system defined by the tight constraints in (P.8)
with fractional variables at t .

Given the above definitions, we propose Algorithm 3 to
round the fractional solution obtained from (P.8) into an integer
solution to (P.6). Remainder of this section concentrates on

analyzing feasibility and performance of Algorithm 3. We first
show feasibility of Algorithm 3.

Lemma 7: Algorithm 3 rounds the fractional solution from
(P.8) to an integer solution to (P.6).

Proof: As discussed in Section V-A, to show the success
of a dependent rounding algorithm, we only need to prove
that the linear system consisting of tight constraints is always
underdetermined. Hence, in Algorithm 3, we must prove that
the new linear system �(t) in Equation (20) is underde-
termined after constraint dropping. Let Nv (t), Nc(t) be the
number of remaining fractional variables and the number of
linearly independent tight constraints with fractional variables
at t , respectively, and we must prove that Nc(t) < Nv (t) after
dropping constraints.

Firstly, we define |C1(t)|, |C2(t)|, |C3(t)|, and |C4(t)| as
the number of remaining tight constraints in C1(t), C2(t),
C3(t), and C4(t) with fractional variables at iteration t .
From (P.8), we can see that any burst j has one corresponding
constraint in both C1(t) and C4(t) (not necessarily tight).
Therefore, any remaining tight constraint j in C1(t) (or C4(t))
with fractional variables corresponds to a fractionally assigned
burst j in F(t). However, a fractionally assigned burst j may
not necessarily have a corresponding tight constraint in C1(t)
(or C4(t)) because (1) the corresponding constraint j can be
untight, or (2) the corresponding constraint j has been dropped
in previous iterations. Therefore, we must have

|C1(t)| ≤ |F(t)|, |C4(t)| ≤ |F(t)|. (21)

Next, based on Step 4 of Algorithm 3, we prove this lemma
by considering two cases:

Case 1: |F(t)| > 2L. Notice that in this case, only
constraints in C1(t) and C4(t) can be dropped. Hence, we
have

Nc(t) ≤ |C1(t)| + |C2(t)| + |C3(t)| + |C4(t)|
= |C1(t)| + L + |C3(t)| + |C4(t)|, (22)

where the inequality is because remaining tight constraints
may not necessarily be linearly independent, and the equality
is because the number of C2(t) constraints is L. Since Fm(t)
denotes the set of bursts with m vehicle-power pairs (i.e., m
fractional variables), we have

Nv (t) = ∑N×K
m=1 m × |Fm(t)|. (23)

Moreover, each remaining tight C(3) constraint with frac-
tional variables in �(t) contains at least two fractional vari-
ables because all remaining variables in this constraint are
between (0, 1), and sum of these variables equals to 1.
Therefore, we have

Nv (t) ≥ 2 × |C3(t)|. (24)

Equation (23) and (24) imply that

Nv (t) ≥ |C3(t)| +
N×K∑
m=1

m

2
× |Fm(t)|. (25)

Given the above equations, we can obtain Equation (26),
as shown at the top of the next page, where the first
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Nc(t) ≤ |C1(t)| + L + |C3(t)| + |C4(t)|
≤ |F(t)| + L + |C3(t)| + |F(t)|

= |C3(t)| +
∑N×K

m=1 |Fm(t)|
|F(t)| L + |F3(t)| + |F4(t)| +

N×K∑
m=5

2 × |Fm(t)|

= |C3(t)| + L

|F(t)| (|F1(t)| + |F2(t)|) +
4∑

m=3

|F(t)| + L

|F(t)| |Fm(t)| +
N×K∑
m=5

2|F(t)| + L

|F(t)| |Fm(t)|

< |C3(t)| + 1

2
|F1(t)| + |F2(t)| + 3

2
|F3(t) + 2|F4(t)| +

N×K∑
m=5

m

2
|Fm(t)| = |C3(t)| +

N×K∑
m=1

m

2
|Fm(t)| ≤ Nv (t) (26)

Nc(t) ≤ |C1(t)| + |C3(t)| + |C4(t)| ≤ |F(t)| + |C3(t)| + |F(t)| = |C3(t)| + |F3(t)| + |F4(t)| +
N×K∑
m=5

2|Fm(t)|

< |C3(t)| + 1

2
|F1(t)| + |F2(t)| + 3

2
|F3(t)| + 2|F4(t)| +

N×K∑
m=5

m

2
|Fm(t)| ≤ Nv (t) (27)

inequality is due to Equation (22), the second inequal-
ity is due to Equation (21), the first equality is due
to Equation (19) and constraint dropping in Step 5 of
Algorithm 3, the strict inequality is due to |F(t)| > 2L, and
the last inequality is due to Equation (25).

Case 2: |F(t)| ≤ 2L. In this case, Equation (25) still holds
because no C3(t) constraints are dropped, and thus we can
obtain Equation (27), as shown at the top of this page, where
the first equality is because not all remaining tight constraints
are linearly independent after constraint dropping in Step 7, the
second inequality is due to Equation (21), the equality is due
to the constraint dropping in Step 7, the strict inequality is due
to |F(t)| > 0, and the last inequality is due to Equation (25).

Therefore, we have Nv (t) > Nc(t) in both the two cases,
which finishes the proof. �

Next, we show performance of Algorithm 3.
Lemma 8: Let X∗ be the fractional solution obtained from

(P.8), and X be the integer solution returned by Algorithm 3.
Then, we have E[X] = X∗.

Proof: We prove this lemma through induction. Firstly,
Step 13 of Algorithm 3 implies

E[xi jk(t + 1)|xi jk(t)] = θ2

θ1+θ2
(xi jk(t) + θ1si j k )

+ θ1

θ1+θ2
(xi jk(t)−θ2si j k) = xi jk(t),

(28)

where si j k is the corresponding element of xi jk in 	s obtained
in Step 11 of Algorithm 3. Hence,

E[xi jk(t + 1)] = E[E[xi jk(t + 1)|xi jk(t)]] = E[xi jk(t)]. (29)

Since 	x(0) = X∗ as shown in the Initialization Step of
Algorithm 3, we have

E[xi jk] = E[xi jk(t + 1)] · · · = E[xi jk(0)] = x∗
i j k, (30)

which finishes the proof. �

Next, we first define constraint violation ratio in Definition 9
and then show the constraint violation ratios in Algorithm 3
in Lemma 10.

Definition 9 (Violation Ratio): For any inequality con-
straint A j 	x ≤ b j , its violation ratio is defined as δ j =
A j X − b j

b j
, for an integer solution X returned by Algorithm 3.

Lemma 10: The integer solution returned by Algorithm 3
can violate constraints of (P.6) as follows: (1) violation ratio
of C1 constraints is at most 2; (2) violation ratio of C2
constraints is at most 2L, where recall that L ∈ {1, 2, 3, 4}
according to IEEE 802.22 [7]; (3) no C3 constraints are
violated; (4) violation ratio of C4 constraints is at most 1.

Proof: Since constraints can be dropped in both Step 5
(when |F(t)| > 2L) and Step 7 (when |F(t)| ≤ 2L) of
Algorithm 3, we prove this lemma by considering the two
cases.

Case 1: |F(t)| > 2L. In Step 5, for bursts in F1(t)− F2(t),
both their C1(t) and C4(t) constraints are dropped from �(t)
(if any). However, we can see that F1(t) must be empty in
�(t). Specifically, assume there exists a burst j ∈ F1(t) and
its corresponding fractional variable is xi∗ j k∗ ∈ (0, 1), then we
have the following C4(t) constraint

xi∗ j k∗ +
∑

(i,k) �=(i∗ ,k∗)
Xijk = 1, (31)

where Xijk ∈ {0, 1},∀(i, k) �= (i∗, k∗) because they are
already rounded into integers. Hence, Equation (31) cannot
hold, and thus F1(t) must be empty. Next, we consider bursts
in F2(t) and their dropped tight C1(t), C4(t) constraints in
Step 5. These constrains can be expressed as

C1(t) : q1x1 + q2x2 + d = β j , C4(t) : x1 + x2 = 1, (32)

where x1, x2 ∈ (0, 1) denote the two fractional variables
associated with burst j , q1 = pk1 G BS

i1
, q2 = pk2 G BS

i2
for some
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(i1, k1), (i2, k2), and 0 ≤ d < β j is a constant. Let X1, X2 be
the final integer values of x1, x2, and we have

C1(t) : δ j = q1 X1 + q2 X2 + d − β j

β j

≤ q1 + q2 + d − β j

β j
= q1(1 − x1) + q2(1 − x2)

β j

≤ q1 + q2

β j
≤ β j + β j

β j
= 2,

(33)

where the third inequality is due to the assumption
max(i,k){pkG BS

i } ≤ β j . In addition, we have

C4(t) : δ j = X1 + X2 − 1 ≤ 1 + 1 − 1 = 1. (34)

According to Step 5, for bursts in F3(t), F4(t), only C1(t)
constraints are dropped from �(t) (if any). Similar to
Equation (32), we express tight C1(t), C4(t) constraints of
a burst j ∈ F3(t) as

C1(t) : q1x1 + q2x2 + q3x3 + d = β j ,

C4(t) : x1 + x2 + x3 = 1. (35)

Similarly, we can also bound the violation as

C1(t) : δ j = q1 X1 + q2 X2 + q3 X3 + d − β j

β j

<
q1x1 + q2x2 + q3x3 + q∗ + d − β j

β j
= q∗

β j
≤ 1,

(36)

where q∗ = max1≤i≤3 qi , and the inequality is due to q1 X1 +
q2 X2 + q3 X3 ≤ q∗ < q1x1 + q2x2 + q3x3 + q∗ [27]. The
violation bound of C1(t) constraints for bursts in F4(t) can
be proved in the same way as Equation (36).

Case 2: |F(t)| ≤ 2L. Here, we consider the con-
straint dropping in Step 7. Similar to the constraint drop-
ping in Step 5, F1(t) must be empty in �(t). For a
burst j ∈ F2(t), its constraint violation ratios are the
same as Equation (33) and (34). The violation ratio of
C1(t) constraints for bursts in F3(t), F4(t) is the same
as Equation (36).

Finally, we study the violation ratio of C2(t) constraints.
In Step 7, tight C2(t) constraints in �(t) are dropped.
For any burst interval l, we can rewrite its constraints
in �(t) as

C2(t) :
∑

(i, j,k):xi jk ∈(0,1)

C jl xi j k pk + d = Pmax ,

C3(t) :
∑

( j,k):xi jk∈(0,1)

xi jk = 1, ∀i,

C4(t) :
∑

(i,k):xi jk ∈(0,1)

xi jk = 1, ∀ j, (37)

where 0 ≤ d < Pmax is a constant. Moreover, |F(t)| ≤ 2L
implies that∑

j

C jl × 1{∃(i,k):xi jk ∈(0,1)} ≤ |F(t)| ≤ 2L, ∀l, (38)

where the first inequality is because no burst interval can
contain more than |F(t)| number of unassigned bursts. Finally,
we can compute the violation of C2(t) constraints as

C2(t) : δ j

=
∑

(i, j,k):xi jk ∈(0,1) C jl Xi jk pk + d − Pmax

Pmax

=
∑

j C jl × 1{∃(i,k):xi jk ∈(0,1)}
∑

i,k Xi jk pk + d − Pmax

Pmax

≤ 2L × q∗ + d − Pmax

Pmax
<

2L × Pmax

Pmax
= 2L, (39)

where q∗ := max1≤k≤K pk ≤ Pmax , and the inequality is due
to Equation (37), (38) as well as

∑
i,k Xi jk pk ≤ q∗ (because∑

i,k Xi jk = ∑
i,k xi j k = 1).

Given the above analysis, we can conclude that the violation
ratios of C1, C2, C4 constraints are at most 2, 2L and 1,
respectively. Finally, since no C3 constraints are dropped
and Algorithm 3 never violates remaining constraints, no C3
constraints are violated, which finishes the proof. �

Finally, we summarize the performance of Algorithm 3.
Theorem 11: Algorithm 3 rounds the fractional solution X∗

from (P.8) into an integer solution X with time complexity of
at most O(n4), where n = M · N · K +2M + N + K . Moreover,
X is optimal (in expectation) to (P.6) with bounded constraint
violations.

Proof: As mentioned in Section V-A, in every iteration,
the proposed dependent rounding algorithm either rounds at
least one fractional variable into an integer, or makes at least
one untight constraint become tight. Hence, Algorithm 3 must
terminate after at most n iterations, where n denotes the total
number of variables and constraints in (P.8) [27]. Moreover,
in each iteration, all operations have linear complexity over
n except for computing null-space of matrix A(t) in Step
10. Since computing the null-space takes at most O(n3)
time using methods like QR decomposition, singular value
decomposition and Gaussian elimination etc [29], the total
complexity of Algorithm 3 is at most O(n4). Since (P.8) is
linear programming relaxation of (P.6), utility achieved by X∗
is an upper bound of the optimal utility in (P.6). Moreover,
according to Lemma 8, E[X] = X∗. Therefore, X is optimal
to (P.6) in expectation. Moreover, the worst case violation is
upper bounded as shown in Lemma 10. �

VI. NUMERICAL RESULTS

We consider the coexistence of a CVN with an 802.22
network in a 5km × 5km square region, and the BS is placed
at the center of the region. CPEs are uniformly distributed in
the whole region, and vehicles are in an 1km × 10m road.

A. Simulation Setup

Channel gain between a transmitter and its receiver is
determined by the product of power gains caused by path
loss (denoted as G P L), shadowing (denoted as GS D), and
multipath fading (denoted as GM F ) [30], i.e., G = G P L ·
GS D · GM F . Specifically, the power gain caused by path loss
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Fig. 2. Performance of the four algorithms.

can be approximated as G P L = A
(ht hr )

2

d4 , where A = 10 is

assumed to antenna gain, ht = hr = 1 m are heights of the
transmitter and receiver, and d is the distance between them.
Shadowing loss is assumed to be log-normally distributed, i.e.,
10 log GS D ∼ N(0, 1). GM F is assumed to be a constant
number (e.g., 1) representing a large sacle fading factor [30].

A 6 M H z TVWS channel is used and return time of PUs
on this channel (i.e., tp) is assumed to follow from a Gamma
distribution whose CDF is F(tp) = 1 − e−5t p − 5tpe−5t p . This
channel is divided into 20 sub-carriers with equal bandwidth.
Hence, each sub-carrier has a bandwidth of 300 k H z. Suppose
there are M = 44 bursts. Bursts 1 to 12 are Type 1 bursts
with length T = 9 ms, and the other 32 bursts are uniformly
distributed in L = 4 burst intervals with the length of T/4.
Four priority factors (i.e., available A p values) take values in
{1, 2, 3, 4}. Transmit power of CPEs (i.e., pc

j ) takes value from
0 W to 4 W uniformly [5]. The maximum transmit power of
vehicles on a channel (i.e., Pmax ) is set to 100 mW [7]. The
noise power at both CPE and vehicular receivers (i.e., N0)
is set to −100 d Bm. The length of upstream sub-frames T
is set to 9 milliseconds. The CPE interference limit at the
BS for CPE j (i.e., β j ) is chosen based on the criterion
that SINR at the BS is no less than 10 d B , i.e., SI N R j =
pc

j G
BS
j

β j + N0
≥ 10, where G BS

j denotes the channel gain between

CPE j and the BS. N takes values from 5 to 60, and for
each N we run the algorithms for 100 upstream sub-frames.
Since Algorithm 2 and 3 dependes on the discretization of
transmit power in (P.6), we consider two simulation scenarios:
K = 10, and K = 20. We compare the performance of our
proposed three algorithms with an optimal MINLP solver [31].
The MINLP solver uses the outer approximation algorithm to
find the optimal solution to (P.1), which, has exponential time
complexity [19], [31].

B. Simulation Results

The main metrics we use to compare the proposed
algorithms with the optimal MINLP solver are utility (i.e., the
expectation of weighted throughput) of the whole vehicular
network and time complexity. In addition, since Algorithm 3
can violate some constraints, we also study the average con-
straint violation ratio as well as the worst case (i.e., largest)
constraint violation ratio. Note that in this section, we use
OS, DA, CSP and DR to denote the Optimal (MINLP) Solver,

Dual Algorithm (i.e., Algorithm 1), Column Sparse Packing-
based algorithm (i.e., Algorithm 2) and Dependent Rounding-
based algorithm (i.e., Algorithm 3), respectively.

a) Utility: Fig. (2a) and (2b) compare the utility achieved
by the four algorithms. We can see that DR achieves higher
utility than OS because DR can violate some constraints.
Specifically, (P.8) can be viewed as a relaxed problem of
the initial MINLP (P.1). Therefore, the optimum of (P.8) is
no less than the optimum of (P.1). Since we have proved in
Lemma 8 that DR is optimal in expectation, it can achieve
higher utility than the optimal solver for (P.1). Comparing
Fig. (2a) and Fig. (2b), we can see that larger K values result
in higher utility in both CSP and DR because larger K values
imply more accurate approximation of the real number trans-
mit power values in (P.1). Fig. (2a) and (2b) also show that
all the algorithms achieve higher utility with more vehicles.

b) Time complexity: In Fig. (2c), we compare the time
complexity of the four algorithms. Although the practical
running time of the four algorithms depends on the hardware
platform, the comparison of running time is still meaningful
because all the algorithms run on the same hardware platform.
All our MATLAB simulation codes run on a Windows work-
station with 8 G B memory. Fig. (2c) shows that the running
time of DA is higher than CSP and DR.

c) Constraint violation: The worst case constraint
violation and average constraint violation in DR are shown
in Fig. (3) and Fig. (4), respectively. Firstly, Fig. (3)
demonstrates that the worst case constraint violations sat-
isfy the upper bounds derived in Lemma 10. More
specifically, in this lemma, the worst case violations
for C1, C2, and C4 constraints are proved to be upper
bounded by 2, 2 × L = 8, and 1, respectively. Fig. (3) shows
that the worst case violations for C1, C2, and C4 constraints
are all less than 1, which verifies Lemma 10. Secondly,
Fig. (3) and (4) show that both larger N and K values result
in lower worst case and average constraint violations. This
is because larger N and K values introduce more random
variables than constraints.

d) Overall comparison: The simulation results show
that our proposed Algorithm 1 (DA) is able to achieve a
near-optimal solution. However, its time complexity is much
higher than the others. Therefore, it applies to scenarios where
near-optimal solution is required while time complexity can
be handled with sufficiently powerful hardware. Although
Algorithm 2 achieves the lowest utility, it has the lowest
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Fig. 3. Worst case constraint violations in the DR algorithm.

Fig. 4. Average constraint violations in the DR algorithm.

time complexity. Hence, it applies to scenarios where time
complexity is the main concern. Finally, Algorithm 3 achieves
the highest utility with moderate time complexity. Since it can
violate some constraints, it applies to scenarios where both
high utility and moderate time complexity are required while
small constraint violations are tolerable.

VII. CONCLUSION

In this paper, we study the coexistence problem between a
CVN and an 802.22 network. We formulate the coexistence
problem as an MINLP resource allocation problem and pro-
pose three efficient centralized algorithms. The first algorithm
converts the coexistence problem to a convex program and
solves the convex program using near-optimal dual method.
In addition, we convert the coexistence problem into an LIP
by assuming that a fixed number of power levels are used.
After solving the LP relaxation of the LIP, we propose two
algorithms to round the obtained fractional solution into an
integer solution. Finally, the proposed three algorithms are
compared with an optimal MINLP solver using numerical
examples. The design of distributed algorithms with provable
performance guarantees is one of our future works.
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