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Consider a zero mean {Y(.)} process which can modeled by ARMA (n, m)

Y(K) = ¢ Y(k-1)+ oo On Y(K-N) + et WKL) + rrvvrrrr + Oram W(k-m) + W(K)

Y@ =01y(-D+......... Ony (J-n) + dnsr yyw (-1) + e + Onem Yyw (-M) + vyw ()

Note that Y (k-j) depends only on the disturbances up to the time k-j, therefore for j > m+1

Vo (3= =7 (M) =0

or

j>m+1

yy""(j_m)|j:m+1 =7yw(l):0

Also o(J) _7Q4)
7o
pA)=¢1p(-1)+d1p(-2)+......... + ¢n p (j-n) for j > m+1

P =¢1p(-1)+01p(2)+......... +6n p (j-n)

*+ Onet Pyw (-1) F oo + On+m Pyw (J-mM) forj<m



For pure ARMA (0, m)

* will reduce to

PG) =bnepyw (1) + oo + ¢nemp (-m)  forj<m
o () =0 forj>m

If m = m* (say 2), then **
p() =0 for j <m*
p() #0 for j > m*

Which means that autocorrelation functions of an MA(m*) process are zero or “Cut off” after the m*th lag.

Therefore for determining the order of MA model

1) Calculate p(j), j=L12,.......... mm+21.......
2) Plot

| | | | |
J=0 J=1 J=2 J(3) J(m)

3) If the process is pure MA (i.e. can be modeled by a pure MA model), then fora m = m*

p(m*+1) is "Cut off"

Ex. Given {Y(.)} and po(j) 1=12,.......... ,mm+1

J=0 J=1 J=2 J(3) J(m)



Determine MA model which should be used as candidate for this process.
Sol. m* = 2; MA(2)
Suppose we consider a pure autoregressive process (i.e. ARMA (n, 0)), then

(I)n+]_ = ¢n+2 = e + (I)n+m = O

If n=1, then
p () =¢1p (-1) when(n=1)

Note that when n = 1, then
Y (K)=¢1Y (k-1)
Y (k-1) =1 Y (k-2)
Y (k-2) =1 Y (k-3)

Y (k-n) = ¢1 Y (k-n-1)
Similarly
p(-1)=¢1p(-2)
p(-2)=¢1p (-3)

Which results in
p () =0:"p (-2) = 0:° p (-3) = ¢
But
-1<p (<1
Therefore

1<l

p (j) is said to “tail off” as j increases for ¢; positive

p (i) = o7



i

Autocorrelation functions decays exponentially

For ¢; negative

i

Autocorrelation functions decays exponentially and oscillates

The tailing — off pattern holds true for any pure AR(n) process.

The Partial Autocorrelation

Initially, we do not know which order of autoregressive process to fit to an observed sequence.

Assume the process can be modeled by a pure AR(K).

p()=pup(-L)+. .o + p k-1 P (-K+1) + p ik p (-K); ji=1,2,...... k
Example
Letk=2
j=1,2

pPL)=pap@+papl2) >p@Q)=pap@)+pap(l)
PP =pap@)+p2p0) —->p@=pap@)+p2p()
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Solving * for k = 1, 2, 3 successively, we obtain

Fork=1 [L1[pul=[pPyw]
p‘11:P(1)

Fork=2

1 p@) {P\21:| _ {p(l) }
P2 p(2)
p@) 1
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The quantity p«); regarded as a function of the lag k, is called the partial correlation function.
Comments

e For an AR(r*), the partial autocorrelation function p g will be nonzero for k less than or equal (n*)
and zero for k greater than n*.

e The partial autocorrelation function of a n*the order AR process has a cut off after lag P.

Estimation of the partial autocorrelation function
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