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Abstract − This paper analyzes the robust stability of a 
voltage and current control solution for a stand-alone 
distributed generation (DG) unit using structured singular 
value or µ-framework based method. The voltage and 
current control solution consists of a discrete-time sliding 
mode (DSM) current controller and a perfect Robust 
Servomechanism Problem (RSP) voltage controller, which 
has been shown effective in transient response and 
harmonic minimization in previous study without 
considering parametric uncertainty. The stability 
robustness of the system and its transient performance are 
investigated under various tuning parameters of the 
controller. The analysis results presented in this paper 
demonstrate that the controller parameters can be tuned 
and verified to satisfy a certain transient performance 
requirement and at the same time guarantee robust 
stability under system parameter uncertainties and load 
variations. 
 
Index terms – pulse width modulated inverters, digital 
signal processors (DSP), robust stability, structured 
singular value. 
 

I. INTRODUCTION 

A feedback control system is said to achieve robust 
stability if it remains stable for all considered 

perturbations in the plant. The stability robustness of the 
system is evaluated by its tolerance to perturbations. In 
feedback controlled PWM inverter systems, e.g., an inverter 
based three-phase distributed generation (DG) unit operated in 
stand-alone mode, load disturbance, noise, and parametric 
uncertainty of the electrical components in the circuit are the 
major plant perturbations that have significant impacts on both 
system stability and performance and therefore warrant 
detailed investigation. Robust stability related topics about 
PWM inverter based systems have been addressed in 
literature. Czarkowski et al. [1] have studied a state feedback 
control method of a PWM dc-dc converter for its robust 
stability under parametric uncertainty. This study uses the 
Kharitonov's theorem [2] which checks whether the feedback 
system is stable by applying the Routh-Hurwitz stability tests 
but does not tell the stability margin or how stable the system 
is. Grundling et al. [3] have developed a robust model 
reference adaptive control technique for uninterruptible 
power supplies (UPS) which was expected to handle model 
inaccuracy but no robust stability property of the technique 

was presented. Lee et al. [4] have proposed an H∞ loop-
shaping robust controller design technique for UPS with 
robust stability analysis. However, this technique does not 
perform well under nonlinear load, which significantly 
undermines its value for power supply applications. Lin et al. 
[5] have designed a dc-dc power converter controller using 
structured singular value (µ) concept, which evaluates how 
stable the system is under the worst case of perturbation. This 
study uses admittance instead of resistance to model the dc 
load, which is proved convenient in the analysis. However, 
this design only considers load disturbances and no parametric 
uncertainties are included in the perturbation. Mohamed [6] 
has proposed a robust controller for a current source inverter 
(CSI) fed induction motor drive. Both H∞ loop-shaping and µ-
analysis techniques are applied in the research but no 
parametric uncertainty is considered which undermines the 
strength. Ye et al. [7] have proposed a robust controller design 
method for high frequency resonant inverters. This approach 
applies H∞ robust controller synthesis method provided in 
Matlab® Robust Control Toolbox but only includes load and 
external input voltage in the perturbation. 
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A perfect Robust Servomechanism Problem (RSP) 
controller has been developed in [8], which guarantees exact 
asymptotic tracking of the fundamental frequency reference 
and error regulation of the load disturbance at each of the 
harmonic frequency included in the servo compensators. The 
perfect RSP guarantees this property independent of any 
perturbations in the plant as long as they do not destabilize 
system. The perfect RSP guarantees stability under nominal 
plant without perturbation, however the stability under 
perturbation is not guaranteed and this issue is not addressed 
in [8]. Therefore, it is important to analyze the stability 
property of the controller under possible disturbances in order 
to ensure proper operation of the converter over its intended 
operating range.  

In this paper, the stability robustness of the system with the 
controller developed in [8] will be investigated using 
structured singular values or µ-framework. Specifically, 
perturbations due to load variations and parameters 
uncertainties of the system components are considered. A 
linear quadratic cost function with separate weighting scalars 
for plant states and servo compensator states have been used 
to find solutions to the perfect RSP. In this paper, the stability 
robustness and transient response of the resulting control 
system will be investigated for different choices of these 
weighting scalars. The transient performance of the system is 
evaluated by performing moving window RMS calculations of 
the three phase output voltages under transient load change 
from zero to 100% resistive load.  

A review of the voltages and current controller developed in 
[8] is first presented followed by a summary of robust stability 
theory using structured singular value or µ-framework. The 



uncertainty model is then developed and used for verifying the 
robust stability of the system. 

 

 
Fig. 1 PWM inverter based DG system in stand-alone mode. 

 
 

II. VOLTAGES AND CURRENTS CONTROL 
 
Fig. 1 shows a PWM inverter used for the DG system, 

where a constant dc voltage source is used to approximate 
most typical distributed generation sources, such as fuel cell, 
photovoltaic, wind, and microturbine generation systems. This 
approximation is surely reasonable when these sources work 
together with a stiff voltage regulation and secondary energy 
storage when necessary, such as the systems shown in [9] and 
[10]. The approximation is also reasonable even with an 
unregulated DC bus due to the adaptability of the PWM 
inverter as long as the DC voltage is high enough to generate 
the control command. 

The DG system shown in Fig. 1, if operated in standalone 
mode, is typically used as standalone on-site power or standby 
emergency power when the utility grid is not available or the 
utility power is accidentally lost due to fault.  

A state space model of the system in DQ0 stationary 
reference using per-unit notation can be developed and is 
given by (1) [11]. 

( ) invqdqdqd cdsniinvidtinvvd ′⋅−=
rrr  (1.a) 

( ) invqdqdqdinvqd lpwmvinvvinvirdtinvid rrr
+−⋅−=  (1.b) 

( ) loadqdqdqd cdloaidsnidtdloavd ′−′=′
rrr  (1.c) 

( ) TqdqdqdTqd ldloavinvvdsnirdtdsnid ′−+′⋅−=′ rrrr
 (1.d) 

( ) loadciloadisnddtdvload 000 −=  (1.e) 
( ) loadT cvloadisndrdtdisnd 000 −⋅−=  (1.f) 

where the following per-unit capacitances, inductances, and 
resistances are defined from their corresponding per-unit 
values: 

( )invfinv xcc ⋅≡ ω1 ; ( )loadfload xcc ⋅≡ ω1 ; finvinv xll ω≡ , 

fTtrans xll ω≡ ; ;  invinv xrr ≡ TT xrr ≡
The per-unit values of the capacitances, inductances, and 
resistances are calculated from: 

1ZLxl invfinv ω≡ , 1ZRxr invinv ≡ , ( ) 131 ZCxc invfinv ω≡ , 
2ZLxl TfT ω≡ , 2ZRxr TT ≡ , ( ) 21 ZCxc loadfload ω≡  
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where the base impedances Z1 and Z2 are defined as: 

111 IVZ ≡  222 IVZ ≡  

with V1 and V2 denote the rated line-to-neutral primary and 
secondary transformer voltages, and I1 and I2 denote the rated 
primary and secondary currents, respectively. The voltages 
and currents in equations (1) are the DQ0 stationary reference 
frame variables of the per-unit voltages and currents in ABC 
given as: 

1VpwmVpwmv abcabc

rr
= ,     1VinvVinvv abcabc

rr
=  

1IinvIinvi abcabc

rr
= ,            2VloadVloadv abcabc

rr
=  

1IloadIloadi abcabc

rr
=   

where the actual ABC voltages and currents are defined as 
follows: 

[ ] 3T
cabcababc VpwmVpwmVpwmpwmV =

r
 

[ ] 3T
cabcababc VinvVinvVinvinvV =

r
 

[ ]T
cbaabc VloadVloadVloadloadV =

r
,  

[ ]T
cbaabc IloadIloadIloadloadI =

r
 

[ ]T
cbaabc IsndIsndIsndsndI =

r
,  

[ ] 3,, T
accbbaabc IinvIinvIinvIinvIinvIinvinvI −−−=

r

The following changes of variables have been used for the 
secondary transformer currents, load currents, and load 
voltages in (1):  

qdqdqd snditridsni
rr

⋅=′  (2.a) 

qdqdqd loaditridloai
rr

⋅=′  (2.b) 

qdqdqd loadvtrvdloav
rr

⋅=′ −1  (2.c) 
with matrices and defined as: qdtri qdtrv

[ ] ⎥
⎦

⎤
⎢
⎣

⎡
−

−
=⋅⋅= −

10
01

2,1
2,1

1

col
rowSisqd KtrKtri  (3.a) 

[ ] ⎥
⎦

⎤
⎢
⎣

⎡
−

−
=⋅⋅= −

10
01

2,1
2,1

1

col
rowSvsqd KtrKtrv  (3.b) 

Matrices  and  in (3) denote currents and voltages 
transformations of a particular delta-wye transformer, e.g.: 

itr vtr

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−

−
=

211
121
112

3
1

itr ,        

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−

−
=

100
010
001

vtr



From equations (1) it can be seen that the zero variables are 
not affected by the control inputs, and therefore need not be 
considered in the controller design. Moreover, the D and Q 
axis are completely decoupled and have the same dynamics. 
Therefore, a controller can be developed and analyzed for one 
of the dq axis and the same controller can be used for the 
other.  

Fig. 2 shows the voltages and currents control developed in 
[8]. An RSP controller is used for the voltage control and a 
discrete-time sliding mode (DSM) controller is used for the 
current control.  

 
Fig. 2 The RSP and DSM controllers. 

The DSM controller is used in the current loop to limit the 
inverter current under overload condition because of the fast 
and no overshoot response it provides. Suppose a discrete 
form of the LC filter dynamics given in equations of (1.a) and 
(1.b) are given by: 

( ) ( ) ( ) ( )kdEkuBkxAkx 1
*

1
*

11
*

11 1
rrrr

++=+  (4) 

where the states are [ ]inviinvvx
rrr

,1 = , the inputs vpwmu = and 

disturbances isndd =1

r
. Note the subscript dq has been 

dropped since the controller is designed for one axis but apply 
for both. To force the inverter currents to follow their 
commands, the sliding mode surface is chosen as: 

( ) ( ) ( )kicmdkxCks −+⋅= 111

r
 where ( ) ( )1111 +=+⋅ kiinvkxC

r
, 

so that when discrete sliding mode occurs, we have ( ) 0=ks
r

 
or . The existence of the discrete sliding 
mode can then be guaranteed if the control is given by: 

( ) (kicmdkiinv =+ 1

 3

)

 
( ) ( ) ( )( )kdECkxACcmdiBCkvpwm 1

*
111

*
11

1*
11)(

rrr
−−=

−  (5) 
 
The RSP is adopted for voltage control due to its capability 

to perform zero steady state tracking error under unknown 
load and eliminate harmonics of any specified frequencies 
with guaranteed system stability for nominal plant parameters 
and load variations. The theory behind the RSP is based on the 
solution of robust servomechanism problem [12] where the 
internal model principle [13] and the optimal control theory 
for linear systems are combined. The RSP controller consists 
of a discrete form of the continuous servo compensator:  

Vcc eBA += ηη
r&r ,       (6)  VloadVrefeV −=

where  
[ ]T

nηηηη
r

L
rrr

,, 21=  niRi K
r

,2,1,2 =∈η  
[ ]nc AcAcAcA ,,, diagblock 21 L=  

[ ]T
nc BcBcBcB ,,, 21 L=  

with 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=
0
10

2
i

iAc
ω

,   ni K,2,1=

( )T
iBc 10= , ni K,2,1=  

Note that each of the blocks Vqdiii eBcAc
rr&r += ηη 1 represents a 

state space implementation of the continuous transfer function: 
( )221 is ω+  where each ii fπω 2=  represents the fundamental 

frequency to track and each of the harmonic frequencies to be 
eliminated. For a 60-Hz DG system with desire to eliminate 5th 
and 7th harmonics, for example, we use 6021 ⋅= πω , 

60522 ⋅⋅= πω , and 60723 ⋅⋅= πω  
To design the voltage controller using the perfect RSP, we 

need to consider a combination of the true plant in (1) and the 
discrete time sliding mode current controller (5) as the 
equivalent ‘plant’ seen by the outer voltage loop. Assuming a 
discrete form of (1) given 
by ( ) ( ) kvpwmBkxAkx pppp

**** 1 +=+ ( )rr
, the augmented true 

plant and discrete sliding mode current controller can be found 
as in  

( ) ( ) )(1 ** kicmdBkxAkx dpdp ⋅+=+
rr

 (7) 
with  

( ) ( )12
*
111

*
1

1*
11

** CECBBCBAA ppd +−=
−

 

( ) 1*
11

* −
= BCBB pd  

⎥
⎦

⎤
⎢
⎣

⎡
=

00010
00001

11C  

[ ]0100012 =C   
The complete perfect RSP voltage controller is given by 

states feedback:  
)()()( 1

*
0 kKkxKkicmd p η+=  (8) 

where the gains [ ]10 KKK = are found by minimizing a 
certain linear quadratic cost function for the augmented 
‘equivalent plant’ (7) and a discrete form of the servo 
compensator (6):  

( )
( )

( )
( ) ( )ku

DB
B

k
kx

ACB
A

k
kx

c

dp

cc

dp
1*

*

**

* 0
1
1

⎥
⎦

⎤
⎢
⎣

⎡
−

+⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
−

=⎥
⎦

⎤
⎢
⎣

⎡
+
+

ηη

rr

  (9) 

To achieve desired transient performance and guarantee 
robust stability under plant uncertainties, the following linear 
quadratic cost function has been used in this paper: 
 

∑ ∑
∞

= ⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛

⋅+⋅′+

⋅′⋅+⋅⋅
=

0
'

111
*'*

)()()()(

)()()()(

k
h

hhSH

Sppp

kukukkw

kkwkxkxw
J εηη

ηη
ε

 

 (10) 
where ,  and represent weighting scalars for plant 

states ( ), fundamental servo compensator states (
pw Sw SHw
*
px 1η ), and 

harmonics servo compensator states ( hη ). Solution to this 
linear quadratic optimization problem is well known and can 
be found using Matlab command dlqr [14]. 

The effectiveness of the technique can be demonstrated by 
experimental results shown in Fig. 3, which exhibits well 
regulated sinusoidal output voltage waveforms under various 
types of load. 

 



III. ROBUST STABILITY ANALYSIS USING 
STRUCTURED SINGULAR VALUE µ 
 

Structured Singular Value µ can be used to analyze and 
evaluate the stability robustness of a Multi-Input-Multi-Output 
(MIMO) linear system under structured perturbations. In order 
to use the µ-framework to analyze robust stability of a linear 
system under perturbation, the problem needs to be recast into 
a feedback loop diagram of Fig. 3 where M represents a 
known stable MIMO transfer function of the linear system 
with n inputs and n outputs and  a structured uncertainty 
matrix of the form (11) [15,16]: 

∆

 

 
(a) 

 

 
(b) 

 
(c) 
 

Fig. 3 Experimental results of the standalone DG system under different 
scenarios, where the top traces are three-phase output voltages and the bottom 
traces are three-phase load currents - (a) transient response at load stepping up 
from 0 to 100%; (b) transient response at load stepping down from 100% to 0; 
(c) steady state performance under three-phase nonlinear load. 

 
[ ]{ }jj xmm

jiFrssr CCIIdiag ∈∆∈∆∆= ,:,, 111 δδδ KK∆     (11) 

where . ∑∑
==

=+
F

j
j

S

i
i nmr
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The structured singular value of M with respect to the 
uncertainty set ∆ is defined as: 
 

( ) ( ) ( ){ }0det,:min
1

=∆−∈∆∆
=∆ MI

M
∆σ

µ  

 
The Generalized Small-Gain Theorem provides robust 

stability result of the system using the structured singular 
value. It states that, if nominal M(s) is stable then the 
perturbed system ( ) 1−∆− MI is stable for all stable i∆ for 

which 1≤∆
∞i  if and only if ( )( ) 1<∆ ωµ jM  for all R∈ω  

[15, 16]. 
A. Uncertain Open-Loop Model  

In order to use the µ-framework to analyze robust stability, 
the problem needs to be recast to that of Fig. 4. A class of 
general feedback loops called linear fractional 
transformations (LFT) can be used to achieve this. For 
complete discussion of the LFT and its use in representing 
model uncertainties, refer to [15]. Using the state space model 
(1), a single-phase equivalent circuit of the converter with RL 
load can be derived as shown in Fig. 5. This represents the 
open-loop model of the plant. 

 
Fig. 4 Representation of a linear system with uncertainties. 

 

 
Fig. 5 Open loop model of the nominal plant. 

The dynamic equations of the plant are given by 
 

( ) invcisndiinvdtdvinv '⋅−=  (12.a) 
( ) invinv lvpwmvinviinvrdtdiinv +−⋅−=  (12.b) 

( ) loadLloadsnd civloadgisnddtdvload −−= ''  (12.c) 
( ) TT lvloadvinvisndrdtdisnd ''' −+⋅−=  (12.d) 

'vloaddtdi loadL λ=  (12.e) 

Lloadloadload ivgi += ''  (12.f) 
 
where gload=1/rload is the per-unit conductance of the load and 

loadload l1=λ is the inverse of the per-unit load inductance. 
Let us assume that the following parameter variations exist 

in the system due to manufacturing tolerances of the 
components used and/or errors in the parameters identification 
processes: 
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• Inverter filter capacitor tolerance: ±6% 
• Inverter filter inductor tolerance: ±15% 
• Inverter filter inductor losses tolerance: ±50% 
• Output filter capacitor tolerance: ±6% 
• Transformer filter inductor tolerance: ±15% 
• Transformer filter inductor losses tolerance: ±50% 

Furthermore, the specification of the unit requires that it 
operates stably without degradation in performance for load 
from zero to 200% with power factor of 0.8 lagging at 
maximum load. This specification represents variation of the 
resistive load from zero to 160%, and inductive load from zero 
to 120%.  

The above parameter variations due to manufacturing 
tolerances and load variations can be precisely written as 
follows: 
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cinvcinvinvinv cc
 

( ), 1<cinvδ  (13.a) [δτ ⋅+= 10

( ) ,  (13.b) [linvlinvinvinv ll δτ ⋅+= 10

), 1<cloadδ  (13.c) [
1<linvδ

( cloadcloadloadload cc δτ ⋅+= 10

( ) ,  (13.d) lTlTTT ll δτ ⋅+= 10

) ,  (13.e) 
1<lTδ

( rinvrinvinvinv rr δτ ⋅+= 10

( rTrTTT rr δτ ⋅+= 10 ,  (13.f) 
1<rinvδ

)
), 1<gloadδ  (13.g) 
1<rTδ

( gloadgloadloadload gg δτ ⋅+= 10

( ),  (13.h) [loadloadloadload λλ δτλλ ⋅+= 10 1<loadλδ
where the terms with subscript zero indicate the nominal 
values of the parameters and τ terms denote their percentage 
tolerances given above. The following load parameters can be 
used to represent the desired load variation above: 

, 8.00 =loadg fload ωλ 6.00 =  with τgload=τλload=1.0. 
Parameters cinv, linv, cload, and lT appear in denominators in 

(12) and can be represented using lower LFT similar to that 
shown in Fig. 6(a) for 1/cinv. LFTs for rinv, rT, rload, and loadλ  
are constructed similar to that of Fig. 6(b) for rinv, where  

rinvinvinv rdr τ⋅= 0 , (14.a) 

rTTT rdr τ⋅= 0 ,  (14.b) 

gloadloadload gdg τ⋅= 0 , and  (14.c) 

loadloadloadd λτλλ ⋅= 0 ,  (14.d) 
  

 
(a)   (b) 

Fig. 6 LFTs for (a) 1/cinv- inverse term (b) rinv - non-inverse term. 

For each uncertain term, the corresponding LFT as in Fig. 6 
can be substituted into the dynamic model of equation (12) as 
shown in Fig. 7 with the uncertain perturbation (δ) blocks 
separately represented by ∆(s) as shown in Fig. 8, where ∆(s) 
is given by {δCinv, δLinv, δCload, δLT, δRinv, δRT, δGload, δΓload}. The 
block P(s) in Fig. 8 contains all the known model information 
of the plant and will be referred to as the nominal open-loop 
plant model. The combination of P(s) and ∆(s) forms the 
uncertain open-loop model. 

The state space model of the nominal plant P can be derived 
by inspection of Fig. 7 with the following states, inputs, and 
outputs variables: 
 
States:  [ ]T

Lsndloadinvinv iivivX = . 

Inputs:  [ ]TT
pwm WvU = , where 

]TloadgloadrTrinvlTcloadlinvcinv wwwwwwwwW λ= . 

Outputs:  ]TT
loadloadinvinv ZivivY = , where 

]TloadgloadrTrinvlTcloadlinvcinv zzzzzzzzZ λ= . 
 
The state space equations are given as: 

UBXAX PP +=&  
UDXCY PP +=  (15) 

where  

]nomP AA = , [ ]delnomP BBB = , , .  ⎥
⎦

⎤
⎢
⎣

⎡
=

del

nom
P C

C
C ⎥

⎦

⎤
⎢
⎣

⎡
=

del

nom
P D

D
D

The terms with subscription nom are the nominal model 
parameters derived from (12) and the ones with subscription 
del are defined in (16), (17), and (18), respectively. 

 
B. Uncertain Closed-Loop Model  

In order to use the µ-framework to analyze the robust 
stability of the system, the system needs to be recast in to that 
of Fig. 4. In this case, the system M comprises of the nominal 
open loop plant P(s) and the controller loop closed around it as 
illustrated in Fig. 8 where the vectors X, W, and Z as defined 
above. Matlab with its Control System Toolbox [14] and µ-
Analysis and Synthesis Toolbox [15], has been utilized to 
achieve this purpose. 

Since the controller is implemented in the discrete time 
system, the following steps are necessary to obtain the closed 
loop plant model: 
1. Apply a Zero Order Hold transformation to the 

continuous plant P, to include the effect of the sample and 
hold process of the digital sampling process. 

2. Transform the discretized plant back to continuous system 
in the w-plane by applying an inverse Tustin 
transformation. This transformation has the property of 
preserving the frequency response of the discrete time 
systems 

3. Obtain state space representations of the RSP and Discrete 
Sliding Mode controller with inputs and outputs 
definitions as shown in Fig. 2. The combined controller 
state-space system can  be calculated using sysic ( µ -
Toolbox) command in Matlab [15] 



4. The combined controller system is then transformed into 
the w-plane in continuous domain using the inverse 
Tustin transformation 

5. Finally, the closed loop plant model M is obtained by 
invoking the Matlab sysic command for the transformed 

nominal plant model from step 2 and the controller 
system obtained in step 4. 
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Fig. 7 Block diagram of the nominal plant P(s) with LFTs of the uncertain parameters.

 

 
 

Fig. 8 Uncertain closed-loop model. 

IV. TUNING THE CONTROLLER PERFORMANCE 
 

Recall earlier that the , , and  in cost function 
(10) are the weighting scalars for the plant states, fundamental, 
and harmonic servo compensator states respectively. The 
selection of values of these scalars provides a way of tuning 
the controller for desired transient performance and stability 
robustness. The structured singular value discussed in the 
previous sections will be used to evaluate the robust stability 
of each controller resulting from different choices of 
weighting scalars. A time response simulation of the single-
phase equivalent circuit will be used to compare the transient 
performance of each controller. To quantify the transient 

pw Sw SHw
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performance, it is common in the industry to use the deviation 
of the RMS output voltage from its nominal value during a 
100% resistive load change as a performance measure. A less 
than 5% deviation of output voltage under 100% resistive load 
transient is not an uncommon specification in the industry for 
a high performance DG unit. 

Consider the following cases of weighting scalars below. 
 
Case 1: wp=0.5, ws =5×105, and wSH = wS
Case 2: wp=0.1, ws =5×105, and wSH = wS
Case 3: wp=0.05, ws =5×105, and wSH = wS
Case 4: wp=0.005, ws =5×105, and wSH = wS
Case 5: wp=0.0001, ws =5×105, and wSH = wS

 
In all the cases above, equal weighting scalars are applied to 

the fundamental compensator states and the harmonic states 
(wSH = wS), while the plant states weighting wp in each case is 
decreased from 0.5 all the way down to 0.0001. The time 
response simulations for Case 1 is illustrated in Fig. 9 showing 
the output voltage, reference voltage, load current, and RMS 
variation of the output voltage during both 0 to 100% and 
100% to 0% resistive load transients. From Fig. 9 it can be 
seen that the output voltage RMS deviates as much as close to 
20% for Case 1. 

 

 
 

Fig. 9 Transient response for Case 1: wp=0.5, ws =5×105, and wSH = wS. The 
top trace is the output voltage and its reference, the middle trace is the load 
current, and the bottom trace is RMS variations of the output voltage, all 
versus time (sec.). 
 

The time response similar to Fig. 9 was obtained for each of 
the cases 1 to 5 and the resulting RMS output voltage 
variations are plotted collectively in Fig. 10. It can be seen that 
as the scalar weighting wp decreases, the transient performance 
improves, with the RMS variation as little as 2% for the case 
wp=0.0001. These results are not unexpected since the 
weighting scalars represent the penalty applied to each state in 
the system. Intuitively, decreasing wp while keeping the 
compensator states weighting the same, decreases the penalty 
cost applied to the plant states in the cost function to be 
minimized. This results in allowing the plant states to move 
more freely and hence faster response. Notice, however, that 
only Case 4 and Case 5 results in RMS variations of less than 
5%.  
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To analyze the robust stability, the upper bound of the 
structured singular value in each case is plotted in Fig. 11. It 
can be seen that only Case 1, Case 2, and Case 3 achieve 
robust stability under the considered structured perturbations 

with the peak value of ( )( )ωµ jM∆  in each case being less 
than 1. Case 4 and case 5 --the only cases with acceptable 
transient performances-- do not achieve robust stability with 
the peak values of  ( )( )ωµ jM∆  being 1.1 and 4 respectively.  

 

 
Fig. 10 RMS output voltage variations during 0 to 100% and 100% to 0 for 
different wp, and wSH = wS. 

 
 

Fig. 11 Upper bound of the structured singular values for different wp, and wSH 
= wS. 

Consider now the following cases of scalars weighting: 
 
Case 6: wp=0.5, ws =5×105, and wSH = 0.01×wS
Case 7: wp=0.1, ws =5×105, and wSH = 0.01×wS
Case 8: wp=0.05, ws =5×105, and wSH = 0.01×wS
Case 9: wp=0.005, ws =5×105, and wSH = 0.01×wS
Case 10: wp=0.0001, ws =5×105, and wSH = 0.01×wS
 
In the cases 6 to 10 the is assigned the same value as in 
Cases 1 to 5 respectively, but smaller weighting is used for the 
harmonic compensator states as compared to the 
fundamental’s. Fig. 12 shows the RMS variations for all cases. 
Comparing Fig. 10 and Fig. 12, it can be seen that the transient 
response improves for each of the last 5 cases, with Case 9 and 
Case 10 now result in only 2% and 1% RMS variations 
respectively.  

Pw

Fig. 13 shows the upper bound of the structured singular 
value in Cases 6 to 10. It can be seen that reducing 

improves the stability robustness of each of the cases 
previously considered. The counterpart of Case 4 (Case 9) 

SHw



now achieves robust stability with ( )( )ωµ jM∆ peak value of 

0.7 giving robust stability margin of 17.0
1 > . Case 10 still 

does not achieve robust stability with peak value of  
( )( )ωµ jM∆  still greater than one. 

 

 
 

Fig. 12 RMS output voltage variations during 0 to 100% and 100% to 0 for 
different wp, and wSH = 0.01×wS. 

 

 
Fig.13 Upper bound of the structured singular values for different wp, and wSH 
= 0.01×wS. 

Comparing all the above cases, it can be seen that Case 9 
gives the best transient performance while still maintaining 
stability robustness of the system under the structured 
perturbations considered.  

Continuing with the analysis, it is instructive to see how 
each parameter perturbation affects the stability robustness of 
the system. For this purpose, the frequency response of each 
individual perturbation can be plotted as shown in Fig, 13 for 
the system with controller in Case 9. It can be seen from Fig. 
14 that for all the perturbations, the frequency response values 
are less than 1.0, which confirms the stability robustness result 
of the structured singular value presented earlier. The inverter 
filter inductor has the highest peak frequency response value, 
with peak value of around 0.7, which means that an individual 
perturbation in this parameter will be the closest to the margin 
of making the system to be unstable. Closed loop pole-zero 
map of the uncertain closed loop system in Fig. 8 with all 
other ’s set to zero except for the δ linvδ can be obtained for 

different values of linvδ less than 1 and greater than 1. This is 

illustrated in Fig. 15. The system is stable at nominal 
inductance value ( 0=linvδ ), 5.0−=linvδ , and at the lowest 
value of the component tolerance ( 0.1−=linvδ ).  As the value 

linvδ is decreased further the system finally becomes unstable 

at linvδ slightly less than -1.4. 
 
 

 
 

Fig. 14 Individual-perturbation frequency response for system with controller 
in Case 9. (X-axis in each plot is frequency in rad/sec). 

 
Fig. 15 Pole (x)-zero (o) map of closed loop uncertain system for different 
values of individual-perturbation in inverter filter inductance parameter. 

 
 

V. CONCLUSIONS 
The stability robustness of the control system proposed in 

[8] was verified using Structured Singular Value Method 
under structured perturbations due to component parameters 
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errors and linear load variations. It was shown that the scalar 
weighting in the optimal control cost function provides a way 
of tuning the transient performance of the controller while 
maintaining stability robustness of the system under 
perturbations due to plant parameter uncertainties. 
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