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Abstract—Three-phase permanent magnet brushless dc motors
are widely used. As a function of the rotor position, the torque pro-
duced by these machines has a pulsating component in addition to
the dc component. This pulsating torque has a fundamental fre-
quency corresponding to six pulses per electrical revolution of the
motor. The shape of the torque waveform and, thus, the frequency
content of the waveform can be influenced by several factors in the
motor design and construction. This paper addresses the various
factors that influence the torque waveshape. It is shown that in ad-
dition to the basic induced electromotive force (EMF) waveshape,
the magnetic saturation in the stator core, and the accuracy in the
skewing are also key factors in determining the torque waveshape.
Computer simulation using finite element technique has been con-
ducted to study the torque waveform. Simulation results success-
fully duplicated the torque waveforms measured in experiments
under different excitation currents.

Index Terms—Brushless machines, cogging, design method-
ology, finite element methods, permanent magnet machines,
permanent magnet motors, torque ripple.

I. INTRODUCTION

TORQUE ripple is a critical concern in many applications
where low acoustic noise, high efficiency, or friendly

human-machine interactions are highly demanded. In the au-
tomotive industry, electrical power steering systems are being
developed to replace the traditional hydraulic systems, where
an electric motor is used as the actuator. In such a system,
the motor shaft is connected to the steering wheel through a
gearbox. Therefore, the motor torque pulsation must be small
enough so that the driver would not be able to feel it.

Permanent magnet (PM) brushless dc motors have been
widely used for their ease of control. However, a drawback
of this type of machine, which limits their applications, is
the characteristic torque ripple caused by the commutation of
current from one phase to another, nontrapezoidal back-emf,
and cogging. Therefore, as a candidate for electrical power
steering actuator, this type of motors cannot be practically
applied until the torque ripple problem is solved. Much research
has been performed to analyze and reduce the torque ripple
of PM brushless dc motors. Some have considered the torque
ripple problem mainly from a design aspect, such as [1]–[14],
while others have emphasized drive and control aspects, such
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Fig. 1. Expected and observed torque ripple shapes.

as [15]–[17]. However, a phenomenon observed from experi-
mental test data of a PM brushless dc motor, which is believed
design related, has not been addressed by existing research.
Experimental measurement of the torque of the motor [7] at
low speed showed unexpected dips on the ripple of the torque
waveform as a function of rotor position. This phenomenon is
illustrated conceptually in Fig. 1, where the solid curve refers
to the measured torque ripple. The position and shape of the
dips vary with excitation current. The cause of such unexpected
behavior is a serious concern for machine designers, especially
in applications where torque ripple is critical. Recognition
of the formation mechanism of the dips is undoubtedly the
first step in determining whether anything, such as to control
the magnitude or the position of the dip by changing design
parameters either in geometry or materials, can be done in the
machine design to reduce net torque ripple.

Finite element analysis (FEA) is a powerful and econom-
ical approach to characterize the torque ripple of a given design
without hardware prototyping, and makes it easy to change pa-
rameters to run different design scenarios. Therefore, it has been
used in previous research concerning torque ripple of PM brush-
less dc machines as presented in [3], [7], [12], [18], and [19]. In
this research, two-dimensional (2-D) FEA has been conducted
to compute the torque waveform of the motor that was studied
in [7]. The goal of the simulation is to compare the computed
torque waveforms with the actual torque waveforms measured
under various excitation currents and analyze the causes of the
dip on the torque ripple.

In this paper, the machine model will be introduced, the
method of analysis will be presented, the FEA-based simulation
results will be validated using experimental data and Fourier
analysis, and the effects of excitation current and skew angle
will be discussed based on analysis of the FEA results.

II. MODEL OF THE MACHINE

The PM brushless dc motor analyzed in this paper is a
three-phase, six-pole, 18-slot machine. For torque ripple

0885-8969/04$20.00 © 2004 IEEE



DAI et al.: TORQUE RIPPLE ANALYSIS OF A PM BRUSHLESS DC MOTOR USING FINITE ELEMENT METHOD 41

Fig. 2. Bifurcated tooth stator structure.

reduction considerations, a bifurcated tooth structure is used on
the stator teeth as shown in Fig. 2.

Bifurcation reduces the variation in reluctance as seen by the
magnet and consequently reduces the cogging torque and dou-
bles the frequency of cogging [7]. The bifurcated tooth structure
has been optimized to obtain the maximum reduction in cogging
torque. The dummy slot formed by the bifurcation acts as a true
slot from the view of rotor magnets. Therefore, a half stator slot
skew can be used to minimize the cogging torque and mean-
while avoid making the line-to-line induced voltage waveform
more sinusoidal than trapezoidal [7]. For manufacturing conve-
nience, the stator slots are straight slots and the skewing effect
is implemented by skewing the rotor magnets or rotor magne-
tization pattern. The rotor of the motor has six nonsalient, high
energy Nd–Fe–B magnet poles that are magnetized in the radial
direction.

III. METHOD OF ANALYSIS

A. FEA and the Software Used

2-D time stepping finite element analysis has been performed
to compute the magnetic field and the torque generated by the
motor at different rotor positions under different excitation cur-
rents. The FEA software tool Magsoft Flux2d® was used in this
simulation. The preprocessing, calculation, and postprocessing
were performed following [20]. The fundamental theory of fi-
nite element method behind the software can be found in [21].
The equiflux lines on a 60 cross-section model at a certain rotor
position are shown in Fig. 3.

B. Issues in the Simulation

A three-phase brushless dc motor fed by an inverter (as
shown in Fig. 4) has six switching patterns , ,

, , , and , sequentially. Each of
the switching patterns lasts for a period of 60 electrical degrees
(20 mechanical degrees for a six-pole machine). During each
switching period, two of the three phases are conducting. In
steady state, the electromagnetic torque generated in the air-gap
repeats itself in different switching periods. Therefore, it is
enough to study the torque within only one switching period.

Under a stationary stator magnetomotive force (MMF) gener-
ated by any certain switching pattern, motoring electromagnetic
torque is generated while the center axis of the rotor MMF ro-
tates from the position of 180 electrical degrees apart from the
center axis of the stator MMF to the position aligned with the
center axis of the stator MMF. The torque waveform over this
180 (electrical) region is approximately trapezoidal plus cog-
ging as shown in Fig. 5.

Fig. 3. Equiflux lines under 25-A current on a 60 cross section model when
the rotor has rotated for 7.5 from its starting position.

Fig. 4. Drive system for a three-phase brushless dc motor.

Fig. 5. Torque waveform over 180 (elec.) under a fixed switching pattern.

In practical applications, only 60 (elec.) out of the 180 is
conducting due to the commutation. In order to maximize the
output torque, the 60 region is centered at 90 . The conducting
region is selected to be from 60 to 120 (the area between the
dashed lines in Fig. 5). Therefore, the FEA study of the motor
only needs to cover this 60 (elec.) region. Since the PM motor
studied has a rotor magnet skew angle of a half slot pitch (10
mechanical degrees), skew effect must be considered when cal-
culating the torque. However, 2-D FEA does not output torque
waveforms with skew effects directly.



42 IEEE TRANSACTIONS ON ENERGY CONVERSION, VOL. 19, NO. 1, MARCH 2004

C. Simulating the Skew Effects

An equivalent result of torque waveform with skewing effects
can be obtained by averaging the 2-D FEA results over the skew
angle based on the trapezoidal integration formula

(1)

where is the torque value with skewing at point , is
the torque value at point without skewing, and
angle/step length [7]. A linearization is involved to approx-
imate the skewing effects using (1) based on 2-D FEA although
the nonlinear effect due to the variations of flux in axial direc-
tion is usually negligible. If the origin of the torque waveform is
placed at the center of the skewing, the above equivalent method
of skewing will not introduce any phase shift, which can be
briefly proved as follows.

It can be assumed that the fundamental component of the
torque waveform computed by FEA as shown in Fig. 5 is ap-
proximately represented by

(2)

where is the angle between the center axis of the rotor MMF
and that of the stator MMF in electrical degrees. Since the origin
of the waveform is at the center of the skewing, the integration
(or averaging) region should be from to , where is
the skew angle. The torque after averaging the values over the
skew angle becomes

(3)

Therefore, the torque waveforms with and without skewing
are in phase.

IV. SIMULATION RESULTS AND ANALYSIS

A. Validation of the Simulation Results

FEA has been performed based on the above topology for
various excitation currents: 25, 35, 45, 55, 65, and 75 A. Exper-
imental tests have also been conducted. Electromagnetic torque
has been computed while the rotor rotated from the position
where the center axis of the rotor magnet MMF is 60 (mech.)
apart from that of the stator MMF under a fixed switching pat-
tern, to the position where the two center axes are aligned. The
step length is 0.5 (mech.). For each excitation, a torque wave-
form with 121 points, as a function of rotor position, has been
obtained by FEA.

The algorithm (1) for the skewing effect process has been ap-
plied to the torque waveforms obtained by FEA under different
excitation currents. The effectiveness of skew in reducing the
cogging torque has been demonstrated by the simulation results
under zero stator current excitation, where the computed torque
pulsation by FEA is nothing but the cogging torque (Fig. 6).

The processed torque waveforms over 120 (one electrical
revolution) have been plotted together with the corresponding

Fig. 6. Cogging torque with and without skewing.

Fig. 7. Simulation and test torque waveforms under different currents over an
electrical revolution (120 mech).

test results and shown in Fig. 7. The test results are obtained
through torque measurement calibrated and kept under QS 9000
requirements. The accuracy is about . Fig. 7 shows
that the simulation-based torque waveforms (10 skew) are gen-
erally close to the test results, except for two major differences.
First, in most cases, the mean torque value of the simulation-
based torque is slightly greater than that of the test-based torque.
Second, the test torque exhibits a slightly more significant dip
on top of each ripple. The first difference is due to the mechan-
ical and core losses, measurement, modeling, and computation
errors. The cause of the second difference will be explained later
in this section.

Fourier contents of these signals have been computed to com-
pare the simulation-based ripples with the test-based ones. The
Fourier decomposition shows that the harmonics with an order
above three are insignificant and negligible. Fig. 8 compares the
magnitudes of the first three harmonics (the fundamental, the
second, and third harmonics) of simulation data to the test-based
ones under different excitations. Similarity between the two has
been exhibited in that the absolute value differences between
the two groups of data are in a reasonable range and the relative
relation of the first three harmonics of the simulation data are
generally the same as that of the test data. Please also note that
the analysis did not consider miscellaneous effects like position
sensor accuracy and skewing accuracy.
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Fig. 8. Fourier contents in simulation and test torque ripples under different excitation currents.

Fig. 9. Effects of underskew and overskew to the torque ripple at 25 A.

In Fig. 8, the simulation results are provided with a skew of
10 (mech.). Because of the nonideal skewing and other effects,
the tested machine had about 6 mN-m peak-to-peak cogging
torque that is not included in the simulation. This torque ripple
practically remains the same irrespective of the current. At small
current, this becomes a large percentage of the total torque while
at higher currents, this becomes an insignificant percentage of
the total torque. This explains the cause of the difference be-
tween the simulation and test results in Fig. 8, and why it is
smaller at higher current.

B. Effects of Underskew and Overskew

In order to study the influence of various skewing angles on
the torque waveforms, FEA and torque computation have also
been performed for nonstandard skewing cases. Five skewing
conditions have been studied—standard half stator slot skew
( skew, mech.), 0.5 underskew (9.5 skew), 1 underskew
(9 skew), 0.5 overskew (10.5 skew), and 1 overskew (11
skew). Fig. 9 shows the torque waveforms under these skew con-
ditions over a 20 (mech.) region for 25-A current excitation.
The same simulations under other excitation currents have also
been performed and the results are similar to the 25-A case.

From Fig. 9, it can be observed that generally either under-
skew or overskew increases the ripple on the torque waveform,
and the greater the magnitude of underskew or overskew, the
stronger the ripple. Underskew and overskew have opposite ef-
fects on the torque—for any rotor position, if underskew de-

Fig. 10. Peak values of the fundamental torque ripple (six per electrical
revolution) under different skew angles (in percentage of the corresponding dc
component).

Fig. 11. Peak values of the second-order torque harmonics (12 per electrical
revolution) under different skew angles (in percentage of the corresponding dc
component).

creases the torque, then overskew must increases it, and vice
versa. Moreover, each of the waveforms can be segmented into
four sections approximately separated by the points at 20 , 25 ,
and 30 positions. The waveform within one section tends to
have an increasing/decreasing trend opposite to that of the adja-
cent sections. Therefore, the shape of the torque waveforms, in-
cluding the dips and the peaks, can be changed by skewing. Dif-
ferent skewing schemes, even though vary slightly, may reshape
the torque waveform by changing a dip into a peak or vice versa.
Based on the above discussion, underskew or overskew causes
extra dips or peaks on the ripple. Therefore, it is very likely that
the dips on the test based torque waveforms in Fig. 7 are caused
by overskew or underskew due to manufacturing imperfection.
This statement can be further confirmed by the successful re-
peat of the “moving” dip phenomenon using simulation under
underskew condition shown in Section IV-C.

Underskew and overskew each have a different impact on dif-
ferent torque ripple harmonics. Figs. 10 and 11 illustrate the in-
fluences of skew angles on the fundamental torque ripple and the



44 IEEE TRANSACTIONS ON ENERGY CONVERSION, VOL. 19, NO. 1, MARCH 2004

Fig. 12. “Moving” dip phenomenon shown by simulation.

second order torque ripple harmonics. The peak torque values
of the fundamentals and the harmonics are represented as a per-
centage of the corresponding dc component of the ripple. Ac-
cording to Fig. 10, skew angle change does not affect the funda-
mental torque ripple significantly. However, based on Fig. 11,
the skew angle greatly changes the magnitude of the second
order torque ripple harmonics. For each individual excitation
current, there exists an optimal skew angle where the magni-
tude of the second order harmonics is minimized. The optimal
skew angle varies with excitation current—the greater the ex-
citation current, the larger the optimal skew angle. The skew
angle’s impact on the second order torque ripple harmonics can
also be seen from Fig. 9. Since the range of the figure covers
one period in terms of the fundamental ripple, it is apparent
that all of the ripples imposed on the 10 skew torque curve are
the second order harmonics. Since the skew angle does not in-
fluence the fundamental torque ripple much, the overall torque
ripple mainly depends on the second harmonics. It can be ob-
served from Fig. 11 that a small overskew between 10 to 10.5 is
ideal in minimizing the overall torque ripple, though it does in-
crease the cogging torque, thus increasing the percentage torque
ripple at lower current.

C. “Moving” Dip

From Fig. 7, it can be observed that the position of the dip on
the test-based torque waveform moves from the right side to the
left side of a ripple when the excitation current increases from
25 to 75 A. This phenomenon can be reproduced by FEA sim-
ulation. Since a nonideal skew angle could produce a dip on a
torque ripple, a 9.5 skew angle has been used in the simulation
to reproduce the “moving” dip phenomenon. The simulation re-
sult is shown in Fig. 12. In Fig. 12, it is apparent that the dip
makes two peaks (i.e., the left peak and the right peak), on one
ripple. Fig. 13 shows the relations between the two peaks when
current changes.

According to Fig. 13, the height of the left peak does not
change when excitation current increases while the height of
the right peak increases linearly when current increases. At low
current, the right peak is lower than the left one and the dip
appears to be at the right side of the ripple. However, at high
current, the right peak is higher than the left one and accordingly

Fig. 13. Heights of the left and right peak on a torque ripple under different
currents.

Fig. 14. Simulation torque over 60 (mech.) without skewing.

the dip seems to be at the left side of the ripple. Therefore, the
cause of the “moving” dip is the height change of the right peak
when current changes.

By definition, cogging torque is not related to stator current.
However, due to the operating principle, under any switching
pattern, only two of the three phases are conducting. There-
fore, the tooth flux density will not be evenly distributed along
the air-gap (i.e., flux density is stronger under some teeth and
weaker under others due to the stator current), or affected more
by stator current under some teeth and less under others. Conse-
quently, this unevenness of tooth flux density causes additional
current related “cogging” torque component. This current re-
lated “cogging” torque cannot be 100% eliminated by skewing.
Fig. 14 demonstrates the existence of the current-related “cog-
ging” (notice the peaks at about 37 ).

The successful repeat of the “moving” dip phenomenon,
which is observed from the test results, using simulation under
underskew condition has additionally demonstrated that the
cause of the observed dip is caused by the nonstandard skew.

V. CONCLUSION

FEA-based simulations have been performed to compute the
torque waveforms of a PM brushless dc motor under different
excitations. The computed torque waveforms have been vali-
dated using the experimental data measured under the same con-
ditions. For the motor analyzed in this paper, the following con-
clusions can be drawn on the basis of the above discussions:

Both underskew and overskew have significant impacts on
the torque waveform. The dip on the test-based torque ripple
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is caused by a nonideal skew angle due to manufacturing in-
accuracy. The skew angle influences the torque ripple mainly
by affecting its second-order harmonics. Under a certain cur-
rent, an optimal skew angle exists in terms of the second-order
torque ripple harmonics, where it is minimized. The optimal
skew angle increases from the standard skew angle while ex-
citation current increases. For the machine configuration ana-
lyzed in this paper, a small overskew between 10 and 10.5 is
ideal in minimizing the overall torque ripple, though it is adding
the cogging torque, thus increasing the percentage torque ripple
at lower current. Also for this machine, there are two peaks on
the torque waveform within the 20 (mech.) switching period.
The change of the relative heights of the two peaks causes the
“moving” dip.
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